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Abstract

This is the second in a series of papers proving prove an existence theorem
for flat conformal structures on finite-sheeted coverings over a certain class of
Haken manifolds.

1 Introduction

This is the second in the series of papers whose goal is to prove an existence theorem
for uniformizable flat conformal structures on finite-sheeted coverings N over Haken
manifolds M. In the present paper we prove the existence of flat conformal struc-
tures on hyperbolic and Seifert manifolds N; with toral boundary, satisfying certain
“boundary conditions.” These structures appear as the “building blocks” for a flat
conformal structure on N that will be obtained via conformal gluing of the structures
on the manifolds N;. This “assembly” will be done in the subsequent paper [6]. In
the paper we will use extensively definitions from theory of Kleinian groups and flat
conformal structures which the reader can find for instance in [9, 4].

1.1 Outline

The rough idea of the conformal gluing is the following:

Suppose that M;, My are two conformally flat manifolds with boundary and f :
OM; — OMs5 is a homeomorphism, then the manifolds M;, My can be “conformally
glued via f” iff there exists a Moebius homeomorphism h : OM; — OM, which is
isotopic to f. We refer the reader to §12 for the precise definitions. At the moment
we only note that if the conformal structures on My, My are uniformizable then under
certain conditions on the gluing map (Maskit Combination Theorem) the structure
on M; Uy M is uniformizable as well. The reader interested only in the existence
theorem can safely ignore the issues related to Maskit Combination.

In this paper we will use only very special class of conformally flat manifolds with
boundary (M, C):

(1) We will always assume that the structure C' is uniformizable.



(2) M is compact, 3-dimensional and all boundary components of M are homeo-
morphic to the 2-dimensional torus 772.

(3) The “developing image” (the image under the developing map of M) of each
boundary component of M is either a torus of revolution or a cone of revolution
(images of standard tori and cones of revolution in R* under Moebius transformations,
see sections 2.2 and 8 for details).

(4) The holonomy of each boundary component of M is either trivial (in the case
of a torus of revolution) or an infinite cyclic loxodromic group (in the case of a cone
of revolution)

Definition 1.1. A flat conformal manifold (M,C) satisfying the above conditions
will be called toroidal.

We observe that we have the canonical coorientation (directed away from M) on
each boundary component of M and on its developing image.

Suppose now that we are given a compact oriented 3-manifold M with boundary
such that the interior of M admits a complete hyperbolic structure of finite vol-
ume. For each boundary torus 9; of M we pick a basis u;,v; of m1(0;). Given each
(sufficiently large) prime number p let M, — M denote the finite covering given
by Theorem 1.3 in [4] (recall that according to this theorem, the restriction of the
covering M, — M to each boundary torus is the characteristic p*-fold covering).

In Section 3 we prove that for all but finitely many prime numbers p there is a
conformally flat structure C),, on M, such that:

(al) The manifold with boundary (M, C,) is toroidal, moreover the developing image
of each boundary torus is a cone of revolution with the vertex angle /4 (7/4-
cone for short).

(bl) The kernels of the holonomy representations of boundary tori of M, are gener-
ated by the elements .

The structures C), are constructed by applying Thurston’s “cusp closing” theorem.

Now suppose that we are given a Seifert manifold Z = £ xS where ¥ := %, ; is the
compact oriented surface of genus g with £ boundary components. Let o : 0¥ — Z be
a section of the trivial bundle Z — ¥. In §4 we define the Euler number e(Z,0) € Z
of Z relative to 0. We suppose that each boundary component of Z is assigned either
“hyperbolic” label (such component is to be denoted TjH ) or “Seifert” label (in which
case we will use the notation 77 for the component).

Remark 1.2. At this point, the assignment of “hyperbolic” and “Seifert” labels is
arbitrary. However if Z is a maximal Seifert component of a Haken manifold W then
the hyperbolic tori TJH are adjacent to the hyperbolic components of W, and Seifert
tori TZ are adjacent to the Seifert components of W.

In §10 we prove a “relative uniformization theorem” for Z. Namely, suppose we
are given a collection of 7; of loxodromic elements' in Mobs. Each v; preserves a

"'Which will appear as the holonomies along the loops vf discused above.



certain m/4-cone C}; assume also that for each j we are given a 7;-invariant “spiral”
Sj in Oj.

Then for each sufficiently large g there exists a toroidal flat conformal structure on
Z such that:

(a2) The developing images of Seifert boundary components 77 are tori of revolution
which bound solid tori 77 C 53, so that the canonical coorientation is directed
“inward” T7 C S3.

(b2) The developing images of hyperbolic boundary components T are 3 /4-cones,
the holonomy of each loop §; = 0(9%) N TH is a loxodromic element which is
conjugate to v; in Mobs.

(¢2) The developing image of each loop 0, is a spiral on a 37 /4-cone as above which
has the same slope as the corresponding spiral s;.

(d2) For each loop &; € T the developing image is null-homotopic in the solid torus
S3 — TZ, the developing image of each fiber f; C TZ of Seifert fibration is
null-homotopic in T7.

The proof of this theorem is the most technically difficult part of the proof of
the existence theorem of flat conformal structures (Theorem 5.1 of [4]). The proof
consists of two steps:

Step 1. We first find a flat conformal structure on Z with the required properties
provided that e(Z, o) = 0.

Step 2. We modify the construction so that the prescribed relative Euler number
is realized.

We deal with the Step 1 in Section 5. The main tool in this section is a theorem of
A. Weil about the restriction map from the representation variety of the fundamental
group of a surface ¥ with boundary to the product of the representation varieties of
its boundary components. This map is open for a Zariski open and dense subset of the
representation variety Hom(7(X), Mobg). As the result we construct flat conformal
structures on Seifert manifolds with boundary such that the conditions (a2—d2) are
satisfied for the zero value of the relative Euler number.

On the other hand, there are closed Seifert manifolds Z’ with an arbitrary Euler
number provided that the genus of the base is sufficiently large (Theorem 2.1 of
[4]). We then cut out a solid torus from Z’ to get a compact toroidal flat conformal
manifold Z" with boundary. To finish the Step 2 we organize a conformal gluing of
these two types of manifolds: the manifold Z constructed in the Step 1 and of the
manifold Z’. This gluing is performed in Section 10, proof of Theorem 11.2.

We use the above relative uniformization theorem, in the following paper [6] as
follows. Suppose that we have a collection of hyperbolic and Seifert manifolds with
flat conformal structures satisfying the conditions (al), (bl), (a2), (b2), (d2), then
we can glue them conformally so that:

(a) The loops u} on D; C M, are identified with fibers f; of the corresponding
Seifert components.

(b) The loops ¥ on D; are identified with loops ¢; on T/,
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(c) The loops &; C T;7 are identified with the fibers f; C T7 of the adjacent Seifert
manifolds.

This means that we can construct a flat conformal structure on any Haken man-
ifold with the special properties (a-c) of boundary identifications, provided that the
relative Euler numbers are sufficiently small. In [6] we will prove that for any Haken
manifold there exists a finite-sheeted covering such that the gluing maps satisfy all
properties above.

2 Definition and notation

Let (X,dx) be a metric space and C' C X a subset. Then we set d(z,C) :
inf{dx(z,c) : c € C'}. For subsets A, B of (X, dx) we will use the notation dist(A, B)
for the nonsymmetric distance:

dist(A, B) = sup{dx(a, B) : a € A}.
For a connected compact hypersurface S C R", we let ext(S) denote the un-

bounded component of R™ \ S.

2.1 Deformation theory

We will need the following result of A. Weil, [12]. Let G be a reductive real Lie group
with the Lie algebra g; let I' = (71, ...,7,) be a free group of rank n and p: I' - G a
representation. We will denote by ad(p) : I' — Aut(g) the composition of p with the
adjoint representation. Set vy := 71 -7Y2 ... 7n. We will denote by Ad the action of
G on itself by conjugation.

Define PZ; (T, ad(p)) as the space of those cocycles in Z!(T', ad(p)) whose restric-
tion to each (v;) is a coboundary (7 =1,...,n). Let

PZNT,ad(p)) := {z € PZy(T,ad(p)) : 2 |(y) is a coboundary}
Let Zg(A) denote the centralizer of a subgroup A in G.
Theorem 2.1 (A. Weil, [12]). The dimension of PZ*(T',adg o p) equals
—dim(G) +e1+ ...+ e, + ¢,

where

5 = dim(G) — dim Za ({p(3))) = dim B'({13), adg o p),
= dim H°(T, ad(p)) = dim(Zg(p(T))).

Corollary 2.2. Suppose that H°(T,ad(p)) = 0. Then the natural restriction map
reso : PZL(T, ad(p)) = Z*((x0), ad(p))
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Proof. We have er := dim PZ}(T,ad(p)) = e+ ...+ e, ,
dimker(resy) = PZ (T, ad(p)) = er + ey — dim(G)
and
dim Z'({(0), ad(p)) = dim(G) — ey,
which implies the assertion. O

Consider a free group I'onr + s generators
h17h27"'7h7“7017"'7csa

and set

hey1:=hy-ho-...-h.- c1-... cs.

Then the representation variety Hom(T', G) is canonically identified with G"*. Define
the following smooth subvariety in Hom(T", G):

W :=Hom(I',G) N | Ad(G)(p(h1)) X ... x Ad(G)(p(h,)) x G X ... x G

s times

Here Ad(I")(7y) is the G-orbit through v € G under the adjoint action of G on itself.
Let res, 1 : W — Hom((h,+1), G), p; : W — Hom((c;), G) denote the restriction
maps. Corollary 2.2 implies the following

Theorem 2.3. Suppose that H*(T,ad(p)) = 0, i.e. p(T') has finite centralizer in G.
Then the map

(res,s1,p1s- -, ps) : W — Hom((hr11), G) x [ [Hom((c;), G) = G**
i=1
1s a submersion at the point p € W.

2.2 Cones of revolution in S*

Suppose that x,y are distinct points in S% and J C S? is a circular arc connecting
x and y. Then there exists a Moebius transformation v € Mobgs such that y(z) =0
and v(y) = oco. Therefore p = v(J) is a Euclidean ray emanating from the origin.

Let K(p, 6) be denote the solid Euclidean cone of revolution with the axis p and the
angle 0 between the axis and the surface of the cone. We let K(7,0) :=~v1(K(p,0))
denote the cone with the axis J and the angle 6, a 0-cone for short. Observe that
K(p,0) is invariant under the stabilizer of {0,000} in Mobs, thus our definition is
independent of the choice of 7. We provide the boundary of K = K(J,6) with a flat
Riemannian metric dyg invariant under the stabilizer of K in Mobs, normalized so
that in the case K = K(p,#), the metric is the restriction of the metric

s dz? + dy* + dz*
S g
2+ y? + 22

on R? — {0}. We will refer to non-periodic geodesics on 0K as spirals. The slope of
a spiral o is the angle between ¢ and any periodic geodesic on K. Observe that
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if ¢ € Mob; is a loxodromic element preserving K then each axis (i.e. invariant
geodesic) of the induced isometry g : 0K — 0K 1is a spiral 0. Then slope of ¢ and
the choice of g uniquely determine the free homotopy class of the projection of o to
the torus 7% = 9K /(g). Thus, given a loxodromic element g as above and a slope s
of a g-invariant spiral, we get a basis (u,v) for H;(T?), where u is represented by a
simple loop on T? which lifts to a periodic geodesic in K and v is represented by
a loop o/(g). Here o is a g-invariant spiral of the slope s oriented consistently with
the action of g on o and wu is oriented so that the orientation on 72 given by the pair
(u,v) is the same as the orientation induced from the solid torus K/(g).

3 Cusp Closing

Let N be a compact connected orientable manifold whose boundary is a union of tori
ON =Ty U...UTy. Assume that int(N) = H?/T for some torsion-free discrete group
I' ¢ PSL(2,C). We will identify 7 (N) with the group I'; let po : m(N) — I' C
PSL(2,C) denote this isomorphism. Set

X(TI') = Hom(m (N), PSL(2,C))//PSL(2,C)

be character variety of the group I' (see for instance [2] for the precise definition).
For each boundary torus 7; C OM pick generators u;,v; of m(7;). Given p €
Hom(T', PSL(2,C)) let [p] denote the projection of p to the character variety. The
following theorem is mostly due to W. Thurston [11, Chapter 5, Theorem 5.6 | (see
also [2], [1]) and [5, Theorem 8.44], where smoothness is proven.

Theorem 3.1. (a) There exists a neighborhood U of [po] in X(I') which is a smooth
complex manifold of the complex dimension k.
(b) Furthermore, the projection

p:U— CF/(Z/2),
given by
p([p]) = (tr(uy) mod Z/2,...;tr(u;) mod Z/2)
is a homeomorphism onto a neighborhood of the point (£2, ....,£2) € C*/(Z/2)*. The
image of [po] under p is the point (£2, ...., £2).
Here the generator 1 of the group Z/2 acts on C by sending each z € C to —=z.

Corollary 3.2. There ezists an € > 0 such that for each vector 7 = (71, ..., Tk) €
2 — €, 2]%, there exists a representation p, : I — PSL(2,C) (depending continuously
on T), such that

po = P(2,..2) and Etrp;(u;) = £7;.

As another corollary one gets (see [1]):
Theorem 3.3. For each positive integer n set
2 2
P (n) = (2cos(=2), ..., 2 cos(—)).

n n

Then for each sufficiently large n, the representation p; ) is the holonomy of a closed
hyperbolic orbifold ©O,, obtained by performing a “generalized Dehn filling” on ON .
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We will use the notation I'(n) for the image of p, := pr(n). Observe that the
group I'(n) is discrete since it contains a finite-index subgroup which is a holonomy
group of a closed hyperbolic manifold, see for instance [4, Section 1.4]. The singular
locus of the orbifold O, = H?/T'(n) is a totally-geodesic link L, C O,. The link
L, is the projection to O, of the union of axes J;(n) of the hyperbolic elements
pn(v;),1 =1, ..., k. Note that since the length of L,, converges to zero as n — oo, the
normal injectivity radius of L,, diverges to oo, by the Kazhdan—-Margulis Lemma. In
particular, for all sufficiently large n’s the following holds:

If K; := K(J;(n),n/4), then each cone Kj is precisely invariant under its stabilizer
Pn(m1(T3)) = (pn(vi), pn(u;)), and the projections of the cones K; to O, are pairwise
disjoint, i =1, ..., k.

An effective bound on n can be derived from an estimate on the Margulis’ constant
for H? (compare [3]) however we are will not pursue this issue here.

4 Relative Euler Class

Let X := ,, be a compact connected oriented surface with r boundary circles. We
will regard the manifold M = ¥ xS as a trivial circle bundle over ¥; let o : 0¥ — OM
is a section of the restriction of this bundle to 0%. By abusing notation we will retain
the name o for the image of the section o.

Choose an orientation on the fiber S'. Recall the definition of the relative Euler
class in the above context (see for instance [10] for the general discussion):

Definition 4.1. The Euler class e(M, o) of the bundle M — X, relative to o, equals
to —oy(a), where oy(c) is the first obstruction o1(c) € H?*(X,03;m(SY)) & Z to
the extension of o to a section ¥ — M. The image of —o1(o) in Z will be denoted
e(M, o).

The number e = e(M, o) can be explicitly computed as follows: Project the
homology class [o] to H;(M) and then to H(S',Z) ® Hy(X,Z) = Z. The number e
is the image of [o] in Z.

It is easy to see that if 0,0’ are sections 0¥ — M with the same relative Euler
class then there exists an automorphism f of the bundle M — ¥ such that foo = o’.

Suppose now that the number 7 is even. Let p :— M be a standard n>-fold
covering over M (see [4, §1.3]); there exists a unique (up to homotopy) section

G:0% — M

which is a lift of o : 9% — M. Then the above homological description of the Euler
number implies that .
e(M,5) =e(M,o).

Let M; — X1, My — 35 be two trivial circle bundles and o; : 9¥; — M; be
their sections. Suppose that the manifold M is obtained by gluing M; and M, along
some of their boundary components as follows: The fiber is glued to fiber (preserving
the orientation) and a section is glued to a section with the change of the induced
orientation. The sections o1, oo define a section o : 9% U X9 — M. Then

e(M, o) = e(My,01) + e(Ms, 03).
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4.1 Relative Euler Class of a Kleinian Group

Let I' € Mobj be a free finitely generated Kleinian group. We assume that I C Q(T")
is a union of pairwise disjoint cones K; each of which is stabilized by an infinite cyclic
(loxodromic) subgroup (h;) of I'. We assume that the manifold M*(T") := Q(T") \ K
is the product ¥ x S', where X is a compact surface with boundary. Suppose that
we are given a ['-invariant collection ¢ contained in QK , one spiral for each cone K.
Then the projection ¢ of & to M*(I") defines a section o : 93 — M*(I') of the trivial
bundle ¥ x S — ¥. Choice of one of the generators h; (which we will suppress
henceforth to simplify the notation) determines orientation on 3 and hence on the

fiber St.

Definition 4.2. e(I', K, 5) := e(M*('), 0)) is the relative Euler number of the Kleinian
group T

Below is an example of the relative Euler number for a Kleinian group that we
will use in what follows. Let I' := G(10,1), IV := H(12,1) be the Kleinian groups
constructed in [4, Section 2.6]. Recall that I"” is isomorphic to a surface group of
genus 12; the quotient Q(I'")/I” = 5(12,1) is homeomorphic to the total space of the
circle bundle over a closed surface of genus 12 and the Euler number of this bundle
equals 1. The group I splits as I'" = I x;,y I, where h is a hyperbolic element, I is
a free group of rank 2 which preserves a round circle in S®. This amalgam is realized
as Maskit decomposition of the group I": There is a sphere I in S? which is precisely
invariant under the subgroup (h), the twice punctured sphere I\ A((h)) (which we
regard as a m-cone) projects to a torus T2 C M(I”) = Q(I")/T". This torus splits the
manifold M (T") into two components: M*(T'), M*(T"). The above m-cone contains a
Euclidean segment § (an h-invariant spiral of slope 7/2). Projection of this segment
to T? is a simple loop o which is a section of the trivial circle bundles M *(I') — X104
and M*(I') — ¥y ;. Since the group I'” is Fuchsian and s is a straight line segment
in R? it follows that e(M*(I'"), o) = 0. Hence additivity of the relative Euler number
implies that e(M*(T"),0) = 1 and thus the corresponding relative Euler number of
the group I' equals to 1 as well.

5 Regular collars in hyperbolic surfaces

Definition 5.1. Let S be a compact hyperbolic surface with geodesic boundary. A w-
collar of a boundary circle v C S is a w-neighborhood of v in S. A collar is said to
be regular if it is disjoint from other boundary components of S and is homeomorphic
to the annulus.

Lemma 5.2. For any finite w,{ € (R,)? there is an integer go = go(w, £) such that,
for all g > go there exists a compact surface ¥,1 of genus g with one (geodesic)
boundary loop which has length ¢ and a regular w-collar.

Proof. Start with a closed hyperbolic surface S of genus 2 which contains a simple
loop 7 of length ¢; let I' := m(S) € PSL(2,R). Then, since I" has the LERF
property with respect to the maximal abelian subgroup () (see for instance [8]),
there exists a finite covering S’ — S such that « lifts to S’ homeomorphically to
a loop 7' whose normal injectivity radius in S’ is > w. Moreover, without loss of



generality we can assume that 4" does not separate S’. Now, cut S’ open along ~":
The resulting surface ¥ = 3,,_; o has two geodesic boundary components 7" and ~”
and 7/ possesses a regular w-collar. Suppose that g > go. Set h := g—go+ 1. Glue to
¥ a hyperbolic surface ¥ ; (with one geodesic boundary component of the length /)
along the loop 7”. The resulting surface ¥, has single geodesic boundary component
of the O

Recall that a compact hyperbolic surface S with geodesic boundary is called pair
of pants if it is homeomorphic to the 2-sphere with three holes. It is known that S’ is
uniquely determined (up to an isometry) by the three numbers ¢y, (5, (3: the lengths
of the boundary loops a1, as, g C 0S.

Furthermore, for each triple (¢1,¢5,0¢3) € (R, )® there exist pair of pants S =
S(ly, s, l5), such that where ¢; is the length of o; (j = 1,2,3).

Remark 5.3. As {1 — 0 the component oy C O S degenerates to a puncture (which
is infinitely far from any finite point of S). Hence for any fized 0 < {3, 03,w < 00
there exists X\ > 0 such that for all 0 < ¢; < X the curve oy C 0S(ly, o, l3) has a
reqular w-collar.

Lemma 5.4. (a) For any finite w,¢ > 0 there is an integer go = go(w, () such that,
for all g > go there exists a compact surface ¥,1 of genus g with one (geodesic)
boundary loop which has length ¢ and a reqular w-collar.

(b) If w =0 then we can take go(w, ) = 1.

Proof. First we prove Part (b). Let S = S(¢,¢,) be a pair of pants, a; C 9S. The
required surface of genus 1 is obtained from S by gluing its boundary curves aw, ag
. A surface of arbitrary genus can be obtained from S by consecutive gluing along
ay and ag of 2¢g copies of S(¢, ¢, ¢) and then gluing pairwise the 2¢g boundary curves.
Part (b) follows.

Consider the general case: w > 0. By the Remark 5.3, for some n € N there exist
a "pair of pants” S(¢/n,(, () such that oy C 9S(¢/n, ¢, ) has a regular w-collar. For
this surface we construct a n-sheeted covering S — S(¢/n, ¢, ¢) such that the loop a4
is n times covered by a component o« C 0S. Then the length of « is equal to ¢ and
the loop « has a regular w-collar in S . Denote the genus of S by h and the number
of its boundary components by m . We can glue to each component § of 9S — a a
copy of the surface of genus 1 whose unique (geodesic) boundary component has the
same length as 8 . The resulting surface X, ; has the genus go = h+m — 1 and
precisely one boundary curve a which has a regular w-collar.

If instead of the surface of genus 1 we will take a surface of genus (g — go + 1)
then the constructed surface 3, will satisfy the assertion (a) of Lemma. O

6 Deformations of representations of free Kleinian
groups

We identify the Euclidean space R® with the product C x R. We introduce the
following notations: the disk

A=Ar={2€C:|z|<R}CR?



is the Poincare model for the hyperbolic plane; da(,) is the hyperbolic distance be-
tween points in Agr; Or = 0Ap is the circle of the Euclidean radius R. We fix the
counterclockwise orientation on Op. The sphere S% = R3 has a metric dg of constant
sectional curvature +1 such that Op is a geodesic in this metric. (This metric depends
on R.)

Recall that dg(,) and distg(, ) are the distances between sets with respect to the
Euclidean metric in E = R?; distg(, ) is the distance between sets in the hyperbolic
plane Ag (see [4, §1.1] and §2 of this paper). Recall also that for a € Mobjs such
that a(oco) # 0o, I(«) denotes the isometric sphere of a (see [4]).

Fix nonnegative integers » > 3,m,s. Set R = 10m + 6. We construct a Kleinian
group H C Mobs which is freely generated by r hyperbolic elements and s parabolic
elements so that:

(1a) The disk A is invariant under H.

(2a) The hyperbolic generators h; (i = 1,...,r) are conjugate in Mobs to the
hyperbolic element h € G(10,1) (see [4, §2.6]).

(3a) The Euclidean radii of the isometric spheres of h; and parabolic generators
hi, & (i <7,j < s) are equal to 1/8 .

(4a) These isometric spheres are pairwise disjoint except for the pairs

1(¢;), 1(¢57)

which are tangent (7 =1,...,s).

(5a) There are no isometric spheres in this set of generators between I(h;) and
I(h))™* (i =1,...,r) (see Figure 1).

Define the element h;jl =Gy Cphypro By

(6a) The axis A(h;) C H? = Ag of h; is contained in a Euclidean circle of radius
<1/8,i=1,..,7.

(7a) Suppose that D, D’ be a pair of consecutive (on Op) isometric spheres as
above, which is different from the pair I(¢;'), I(hy). Then we need the Euclidean
distance (dg) between D and D’ to be < 1 (Figure 1).

The group H may be easily constructed via the first Maskit Combination Theorem
(see [4, Section 1.2]). Thus the domain

P=(ext(I(h:) UI(h;")) N (ext(I(&)UI(E"))
i=1 j=1
is a fundamental domain for the action of H' in S3. Denote by J (h,,1) a component
of Og\Fiz(h,41) such that
T (hei1) 0 (I(h7) U I(E)) =0

It is easy to see that J (h,.1) is precisely invariant under (h,,1) in H. This implies
that the axis A(h,y1) C Ag of the element h,,; and the strip in Ar between A(h,11)
and J (h,4+1) are precisely invariant as well.

Let K(hy41) = K(J(hy11),9) be the cone with the axis

‘-7<hr+1)
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Figure 1: Group H.
and sufficiently small vertex angle so that
v <m/2, (1)
diStE(K(hT_H, OR) < 1/4 (2)

3.6.2. The hyperbolic distance distg(z, A(h,41)) is equal to
w = arccosh(1/sin(¥))

for any z € OK(h,41) N Ag. Pick a point a € A(h,;1) and denote the distance

da(hyi1(a),a) by €. It is easy to see that the elements h; have precisely invariant

cones K (h;) with the vertex angles 7/2 and axes lying in Og (i = 1,...,7).

~3.6.3. First, we apply Theorem 2.3 in the case G = PSL(2,C), Gg = PSL(2,R),
H is the free group constructed in §3.5.1, and py : H — G is the natural inclusion.
Set C' = <51, ...,Es,hr+1>; let

Home(H,G) = {B: H — G : Blc = polc}

Set
Dr(H) = W N (Home(H, Gg) x Zg(C)/Zg, (C))

De(H) = W NHome(H, G)

Then we have:
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Lemma 6.1. There ezists a representation p: H — G such that:

(Zb) p(éj) =G, pghr-&-l) = l}?‘-ﬁ-l (] =1, '“78)7'
(2b) the elements h; and p(h;) are conjugate in G;
(3b) the group p(H) has no invariant Fuclidean circle;

(4b) distg(I(p(hih)), OR) < 1/4;
(5b) Choose the shortest geodesic (; in S® between fived points of p(h) as the azis of
the cone K(p (hi)) = K(4;,7/2). Then K(p(h;)) are precisely invariant under (ph)

in p(H), their orbits are disjoint and distg(K (ph;),Ogr) < 1/8,i=1,...,r

Proof. First, the condition r > 2, Theorems 2.1 and Theorem 2.3 imply that

near the point py where these varieties are smooth. Thus, we have at least a (real)
curve of representations p : H — G containing po such that the condition (3b) is
satisfied for all p # py and the conditions (1b), (2b), (4b), (5b) are satisfied for all p
sufficiently close to py. [

Denote the group pﬁ[ by H and for elements § € H we set p(g) = g. Accordingly,
the isometric fundamental domain for H will be denoted P; this domain is bounded

by the isometric spheres of h] P (1<j<r;1<i<s).

3.6.4. Now we set G = Mobs; then the group H constructed in 3.6.3 has central-
izer in G. Thus we can again apply Theorem 2.3.

Denote by g the minimum of the following numbers:

1. the radius of I(c"),

2. the radius of I(h;-tl), (where 1 < j<r1<i<s),

3. min{dg(D,D’): D,D" are mutually disjoint components of O0P}.

Let {h;(€),ci(e),1 <j <r,1<i<s} beaset of elements of Mobj such that:

(1c) distg(I(c:'(e)), I(c")) and distE(I(h;tl(e)),I(h;tl)) are less than 4.

(2

(2¢) Moreover, for each j the Euclidean distance between the fixed points of h;(e) is
less than 1/4 and distg(Fiz(h;(€)),Or) < 1/4 ,j=1,...,7 (see (7a)).

(3c) I(ci(e)) N I(c;'(e)) = 0 (in particular, all elements ¢;(¢) are loxodromic). Let
J(ci(€)) be the shortest among circular arcs in S* connecting the fixed points
of ¢;(€) and invariant under ¢;(€). Then we require:

(4c) distg (T (ci(e), Ogr) < 1/8.
(5¢) Suppose also that distg(K (T (c;(€)),37/4),0gr) < 1/2

(6¢) hj(e) is conjugate to h; for each j =1,...,r

Denote by CZ?S the pair (¢;(€), Ji(€)) (see [4, Section 1.1, Definition 1]).
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Definition 6.2. A collection of elements

(hi(€), ..., h(€),ci(€), ... cs(€))
with the properties (1c — 6¢) above is called admissible. A collection
(c1(€),...,cs(€)))
is called admissible c—collection if it satisfies the properties (1c¢ —5¢).

Thus according to Theorem 3.1, the exists a neighborhood U of (¢q,...,¢s) in

Mob; such that for every c-admissible collection of elements (c¢;(€),...,cs(€)) € U
there is a representation p. : H — Mobg such that:

pe(hri1) = hyia, (3)

pe(ci) = ci(e),i=1,..s; (4)

(peh1 = hi(€), .., pehr = hy(€), pe(c1) = ci(€), .., pe(cs) = cs(€)) is admissible  (5)

Definition 6.3. Representations p. satisfying the properties (3) — (5), will be called
admissible.

As the image of a continuous family of admissible representations we obtain the
family H. = p.(H) of free Kleinian groups of the rank r + s which have fundamental
polyhedra P(e) bounded by the isometric spheres of ¢ (e), h;ﬂ(e), 1<i<s,1<5<
r. The domain P(¢) has the following properties:

(le) distg(OP(¢€),Or) < 1/2;

(2e) Define J(h;(e)) as the shortest geodesics segments between the fixed points of
(hj(€)). Then the cones K(J (h;(e),7/2) , K(J(ci(e)),3m/4), K(h,4+1) are pre-
cisely invariant under corresponding cyclic subgroups in H(e) , i =1,...,s,j =
1.

(3e) For each cone K (except for K(h,41)) as in (2e), we have distg(K, Og) < % and
K NP(e) is a fundamental domain for the action in K of its stabilizer.

In what follows we will denote the element h, 1 by h,.1(€). Denote by K. the
union of the cones

K(hy(e)) = K (T (hy(€),7/2) , K(hri1)
and K(ci(e)) = K(J(ci(€),3n/4) (i=1,...,s,7=1,...,r)

Let
p: R(H) — R(H.)/H. = M(H.,)

be the natural projection. Then the manifold
M*(H) = M(Hc) = pe(Ke)

is homeomorphic to S* x ¥, where ¥ is a compact surface with r + s + 1 boundary
circles and zero genus.

Remark 6.4. As the result of this long and technical discussion we have a family of
conformally flat manifolds with boundary M*(H.). These manifolds have prescribed
topological type and prescribed flat conformal structures near the boundary.

13



7 The shortest arcs on boundaries of invariant cones.

Let K be a cone in S® with the vertices p;, p». Recall that in section 3 we have defined
a flat metric dyx on the boundary of K.

Let g be a loxodromic transformation preserving K such that g(p;) = p; (i = 1, 2),
complex coefficient k(g) is not a negative real number (see [4, Section 1.1]). Choose
a point x € OK — {p1,p2} and the shortest geodesic segment p (with respect to
the metric dyi) between points x and g(x). Under our assumptions this segment is
unique. Denote by p, : K — K/(g) the projection.

Definition 7.1. The infinite arc v = a connected component ofpg_lpg(u) which con-
tains . is called a shortest directed arc corresponding to (K, g). The orientation on
v is giwen by the action of g.

Remark 7.2. The homotopy class of the projection of v to 0K /(g) does not depend
on the choice of the point x. We needed a metric on OK to make the choice of this
homotopy class unique.

Given points € 9K (h;j(e)) and y € 0K(c;(e)) we will construct the shortest
directed arcs 7;(e) and f3; (€) corresponding to

(K(h;(€)), hj(e)) and (K(ci(e)), cile))

respectively. Because k(h;(e)) > 0 and k(ci(e)) — 1 under € — 0 the arcs 7;(¢) and
B; (e) are defined correctly and depends continuously on e.

8 Certain Toric Constructions.

Let O(P,t) be a circle with the center P and radius t lying in the plane 7 C R3.
Let J C 7 be a straight line such that distg(P,J) = R, where 0 < vt < R. Denote
by T'(R,t) the torus obtained by rotating O(P,t) around the axis J (see Figure 2).
Then J is called the azis of T'(R,t). Let Og be a circle of the radius R = 10m + 6
(as in Section 6), O is the boundary of a disc Ag. Choose the axis J which passes
through the point O orthogonally to the disc Agr. Let @) be any point on Og and
denote by D(Q,1/2) the Euclidean disc in R? with center @ and radius 1/2, which is
orthogonal to the circle Og.

The solid torus 7 (m) is the solid of revolution of the disc D(Q,1/2) around the
axis J. Then S® — P(¢) and orbit of K(e) under the action of H(e) lay in T (m).
Furthermore, the circle O is so large that it is possible to arrange mutually disjoint
Euclidean balls B(P;, 8) with centers at P, € Og;2 and radii 8 (i = 1,...,m).

Let m; be the Euclidean plane that contains J and the point P;; the line J; C m;
is parallel to J and distg(P;, J;) = 2, distg(J, J;) = R.

Denote by T}(1,1) the torus with the axis J;; let J;* be the perpendicular from P
to the line J. Then T;(1, 1) is the torus, which is obtained of 7;(1, 1) by the Euclidean
rotation around the axis J* to the angle /2. It is easy to see that:

1) int(73(1,1)) N T (m) = B and these solid tori form a solid Hopf link in S® (see
Figure 3);

2) T;(1,1) is contained in B(FP;,8).

14



Figure 2: Torus of revolution.

Denote by S(P;,1) the unit sphere, which is tangent to 7j(1,1) along a great
circle; let w; be the inversion in the sphere S(P;,1). Denote by T;(1,1) the image
of w;(Tj(1,1)) under the homothety with the center P; and coefficient 7.5. An easy
calculation shows that T7(1,1) is contained in B(P;,8) — T (m) and the topological
solid tori int(7;(1,1)) and 7 (m) form a solid Hopf in S* (see Figure 4).

The manifold

L=5%—=T(m)— Ul int(T/(1,1))
is homeomorphic to 3,1 X S*. There is a canonical flat conformal structure on L
induced from S3, this flat conformal structure is “toric” (in the sense of paragraph
3.1). If we remove from the manifold M*(H,) the projection of the solid torus T (m),
then there exists natural conformal gluing of the resulting manifold M**(H,) with the

manifold L. The manifold M**(H,)U L is one of two building blocks for construction
of flat conformal structures on Seifert manifolds which will be done in Section 10.

Finally we introduce the following notations: the clockwise oriented loop Ag N
OT (m) will be denoted by 0. The oriented loop 6 = dD(Q,1/2) is oriented so that the
pair (8,0) provides 9T (m) with the orientation induced from ext(7 (m)) (see Figure
5).

9 Cusp Closing and Shortest Arcs.

Let N and I' be the hyperbolic manifold and discrete group from the section 3. Let B;
be open horoballs in H? which are precisely invariant under (u;) & (v;) C T and have

15



Figure 3: Solid Hopf link.

Figure 4: Solid tori int(77(1,1)) and T (m).
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Figure 5: Orientation on 6.

disjoint orbits (see Section 3). Let H? denote the complement in H? to the T-orbit of
the union B= B; U...U By).
After some change of coordinates in H? and choice of generator v; we can assume
that
By = {(x1, 29, 23) : 23 > 1,11 +ix9 € C}

Uz z+1v 2= 2z+w
1 1
where — B < Re(wy) < B
Let p, : I' = I'(n) be a small deformation of I' (see Section 3), normalized so that
Pu(ty) = ui(n) : 2 — ez 4\,

The homomorphisms p,, are holonomy representations of certain hyperbolic structures
on N with the development maps d,, : N — H?, where N = H3 is the universal cover
of N; dy = id and

n—oo

The development maps d,, were chosen so that d,(B;) is the cone
K(i,n) = K(J(i,n),60,)

and
T

lim 6, =~ (i=1,..k) (6)

n—o00 2

Let Vy be the Euclidean segment between 2z € 9B; and v(2); set V,, = d,(V).
Denote by 7, the shortest geodesic segment on 9K (J (1,n) between the points d,(z),
d,(v1(2)) (see Section 6). Let V,, be the orbit of V;, under (v;(n)).

17



Lemma 9.1. For all but finitely many n € N, the arcs v, and V,, are homotopic on
OK(T(1,n) (rel {,v,(n)(x)}).
Proof. 1t follows from (6) that )

lim V, =V

n—o0

Consider the line J(1,n) as the axis of the cylindrical coordinates (r, b, dJ) in
H3 - \-7(17 n)

Then, in the for all but finite n the total variation of the angle ¥ along the arc V,,
is less than m. Now, the direct calculation in the cylindrical coordinates implies that
the same is true for 7, . O

Let ji(n) be the shortest infinite arc corresponding to (K(J(1,n),7/4),vi(n)).
Given any prime n we can construct a normal subgroup of finite index I'y C T’
according to Theorem 1.3 [4, §1.3]. Define I'g(n) := p-n)(I'g). Note that

ker(p,) = ({u}, .., ) < T,

where the double brackets refer to the normal closure. Therefore, the group I'g(n) is
torsion-free and the covering

H;,,/T(n) — HI, /To(n)
is equivalent to the covering
H?/T = N — H*/T,.

Denote by pg, the projection H* — H?/Tg(n) (poo is the projection from H? to
H2/To).

Corollary 9.2. For all but finitely many primes n € N, the projection
Pon(fi(n)) C OK(JT(1,n),m/4)/ (v} (n))

of fi(n) is freely homotopic to po,n(f/n).

10 Uniformization of Seifert manifolds with bound-
ary

11 Outline

In this section we will construct groups G which uniformize Seifert components of
Haken manifolds. The groups G arise as Maskit combination of two types of Kleinian
groups:

(G(10,1) which has the relative Euler number 1 (see section 4) and subgroups of
H, which have zero relative Euler number (see sections 5, 6).

Notation 11.1. Suppose that ? = (T, L) is a directed lozodromic transformation in
Mobs. Then we set T = (T?, L). Define the azis A:p(?) of T to be L.
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Theorem 11.2. Lete € Z,g,m,s/2 € N be integers such that 2g+m—|e| > 0, {Vj(ph}
be be a sequence of directed lozodromic transformations indexed by the system of all
but finitely many primes p € N, and 1 < 7 < s. Suppose that

lim Vj(p) = 1

pP—00

Then for all but finitely many p there exists a free Kleinian group
G = G(e,m,s,p) C Mobs

and a set of directed lozodromic elements ?; € Mob; conjugate to Vj(p) such that:
(1) The group G contains s directed lozodromic elements Y;? (1 < j <s);
(2) Let K; be the cone K(Aw(z-),?ﬂr/él),

]C - Uj:lK]

_ S P
Y =UjY]

Then the pair (KC,Y) satisfies the conditions (1e—3e) of Section 3.6.4.
(3)

Y=3%5,0=p@-g+p-1(m+s)/2—-p+1

(4) The group G has a fundamental set ® which contains the topological solid torus
S3\ T (m), where T(m) was constructed in Section 8. Moreover, the intersection of
O with each K; is a fundamental domain for the action of <Yjp> in Kj;

(5) Denote by p : R(G) — M(G) = R(G)/G the quotient map, then

M.(G) = M(G) = (KU p(T (m)))

18 homeomorphic to
Eg},s—l—l X Sl
(6) Let & be the oriented loop on OT (m) as in Section 7; B C OF} be the shortest
directed arc which corresponds to (K;,Y;). Define B; = p(f3;), 6 = p(9)
p= szlﬂj

Then:
e(M.(G),pUd) =e

(see Sections 3, 4 for the definitions).
Remark 11.3. We will explain the importance of the condition (3) in [6].

Proof of Theorem 11.2.

Denote the number max{2, |e|} by r. Choose a (large) prime number py so that:

§(m) = polg + 5 1) = 5 — 9+ 1> go(w, () (7)

Here go(w, £) is the function defined in Lemma 5.4, ¢ and w are defined according to
Subsection 3.6.2, using the parameters (7, s, m) of the current section.

19



11.1 Case 1: s is positive

Let § be a complete hyperbolic surface of finite area of the genus 0 with s punctures
and r + 1 geodesic boundary components; thus i.e. int(S) = Ag/ H where the group
H was constructed in Section 5. Because the number s is even, there exists a regular
p-fold covering S — S such that S has s punctures and p - (r + 1) boundary loops
(see [4]). Then the genus of S equals ¢’ =1 —p + s(p — 1)/2. We will assume that
P 2 Po- 3

Denote by b; the components of 0S,1 < j < (r+ 1)p. Next we glue the following
compact hyperbolic surfaces? to S:

(a) To each component b; of S\ (by U ... Ub.y1) we glue a hyperbolic surface
¥1,1 with the geodesic boundary of the same length as b;.

(b) To each loop b;,1 < j < r we glue an isometric copy of the hyperbolic surface
Y10, with the geodesic boundary of the same length as b;.

(c) Finally, along the component b, we glue a hyperbolic surface ¥¢(, ;1 whose
geodesic boundary loop has the length ¢ and admits a regular w-collar. (Such hyper-
bolic surface exists due to (7).)

As the result of this gluing we obtain a hyperbolic surface S* of finite area which
has s punctures and the genus

O+pr—p+sp—1)/2+&(p) =g

If we remove m + 1 disjoint closed discs from S* then we get a surface homeomorphic
to int(3;s11) (see Part (5) of Theorem 11.2).

11.2 Case 2: s=0

We have r > 2,p > 2, therefore (*) implies the inequality
&(po) =po(2g+m —2)/2+1—m/2 —10r > go(¢,w)

Then we set S =S — S be the trivial covering. Let p > po. In the same way as in
the Case 1 we glue surfaces X191 to by,...,b, C 0S and the surface X¢ (1 (such that

0%¢r(p),1 has a regular w-collar) is glued to b, 1. As the result we obtain a surface S*
of the same genus as int(X; +1).

11.3 Construction of a finite-index subgroup in H(e).

Set p = p in the Case 1 and p = 1 in the Case 2. In the following sections 11.4—
11.7 we will construct the required group G via the first Maskit Combination. The
combination process corresponds to gluing of S from pieces, that was described in
Sections 11.1,11.2.

Recall that

Jim V;(p) =1
Then for all p > p; > py there is € = ¢, and a c-admissible collection
(@(e),- ca(e))

2Each of which has a single geodesic boundary component.
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such that the directed loxodromic elements & = (c¢;, J(c;(€)) are conjugate to Vj(p)
The fundamental set P(e,) is not good enough for the Maskit Combination (along
(h;)) even in the Case 2. The reason is that

K(hr11(ep)) N P(ep)

is not a fundamental set for action of (h,,;) in this cone. Hence we have to change
P(ep)-
Set Syq1:=I(hi(ep)) and S := hpp1(L(ha(ep))).

Since P(e,) is a fundamental domain for H(e,) then

thus the exterior of S, US,, is a fundamental set for the group (h,41). Attach the
intersection

V= K(J (heia), 7/2) Nint(I(c™ (6p)) — int(S;,y)
to the set P(e,). See Figure 6.

S(r[+i) 32 e) I(cg cex?)

Figure 6: Modification of the fundamental domain

To preserve the fundamentality of P(e,) after this attachment, we have to remove
the orbit

(H(ep) = (V)
from the set P(e,) UV. Then
Poep) = (P(ep) UV) = (H(ep) — 1)(V)

is a fundamental domain.
It follows from the properties of the group H(e,) that S*\P°(e,) is contained in
T (m), where T (m) is the solid torus defined in Section 7.

Recall that the surface int(S) is homeomorphic to Ag/H. Then the regular cov-
ering S — S corresponds to a normal subgroup H, C H of the index p.

21



Let H(p) denote the group p.(H,). Then we have the coset decomposition:
H(ey) =1 H(p) +cie) - H(p) + ... + (c1())" " - H(p)
Denote by ;s the element hj (€) of the group H.. Then

0 = Pirrar+1) 7= (c(ep))? -y - (ca(ep)) ™
(0 < g < p) are the elements generating the fundamental groups of components of
9S. The cone K (p;) = c(e,)?K () is precisely invariant under ¢; (1 < j/ < r).
For all values j' = r +1 # j we choose a precisely invariant cone K(p;) which has
the vertex angle 7/2 and the common axis with (c1(e,))?(K(p;)). All these cones lie
in S\ P(e,) and, hence, the complement to the set

p(r+1

) s
P~(ep) = P\ | Klgy) U JK(aleh)
j=1 =1
is inside of the solid torus T(m) as well.

11.4 Fundamental domains for the groups (¢;) and H(p).
Let j' < r+ 1. Then
P{py) = ext(I(py)) Next(I(¢}"))

is the isometric fundamental domain for the group (y¢;/). Thus
Ppj) = ci(ep)'(Pley)
Similarly, for 5/ =r + 1 we let
P(pj) :==ext(S(r+1)US'(r+1))
and for j = j' 4+ q(r + 1) we let

Ploy) = ae)'(Plps)
The fundamental set P%(e,) has a defect: the intersection P%(e,) N K(ci(e,)) is not a

fundamental set for the action of (¢;(e,)?) in this cone, 2 < [ < s. For this reason we
perform the following modification of P°(e,). We let

p—1

P<Cl(€p)p> = U ¢ (ep) (K(ai(ep) M Po(ep))

q=1
It is easy to see that this set is a fundamental domain for the action of the group
(ci(€,)P) in the cone K(c;(e,) Furthermore, the set

p(r+1)

P(p) := P (&) UU_, Pla(e,)) U | Pley)

J=1

is a fundamental domain for the group H(p).
In what follows we will denote the manifold

(R*(H(p)) := R(H(p)\H(p) - U;K(;))/H (p)
M*(H(p)). Also we denote the shortest infinite arc corresponding to (K (¢;), ;) by

Vi
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11.5 Construction of Kleinian groups corresponding to sur-
faces which are glued to S.

Given an element ¢; € Mobs we let [; denote the translation length of the induced
isometry ¢, : H* — H*.

Consider first the generic case: |e| > 2, i.e. |e| = r. For the elements ¢; (j > r+1)
we choose a hyperbolic surfaceS(j) of the genus 1 with the unique geodesic boundary
loop of the length [; (compare Section 11.2). If j = r + 1 then we choose a surface
of the genus &(p) or '(p) (according to the Case 1 or Case 2 of the Section 11.2).
Let F'(j) be a Schottky subgroup of Isom(H?) < Mobs such that S(j) isometric to
the Nielsen’s kernel of H?/F(j). Let ¢} € F(j) be an element corresponding to the
generator of m;(0S5(j)). Furthermore we let A(y;) C R(F(j))be a complementary
segment in OH? to Fiz(y}), let K(g;) be the cone with the axis A(¢}) and the vertex
angle o = m/2 (in the case j #r+ 1) and @« = 7 — ¢ (in the case j = r + 1).

When j # 7 +1 the intersection K(¢;) NH? is contained in the complement to the
Nielsen’s convex hill N(j) of F(j); if j = r+ 1 then K(¢}) N N(j) lies in the w-collar
of ON(j). In any case, the cone K(¢}) is precisely invariant under (p;) C F(j).

Surfaces of the genus 10 (which has been glued to S) correspond to 7 copies of the
group GG(10,1) = F(j), that had been constructed in Section 4. We will use r copies
of the ball B C S? as precisely invariant cones K(¢}), where ¢ := h € G(10,1) (see
Section 4), j =1, ...,7.

In the exceptional cases e = 0, |e| = 1 we replace r — e copies of the group G(10, 1)
by the Fuchsian Schottky groups F'(j). These groups uniformize the genus 10 surface
in the same way as F'(i),7 > r+1 (see the generic case). The vertex angles a in these
cases are /2 .

11.6 Construction of fundamental sets P(j) for the groups
F(j)-

By the choice of vertex angles for the cones K() there exist Moebius transformations
¢j which map ext(K(¢})) onto int(K(g;)). These transformations may be chosen with
the additional property: (; maps the attractive fixed points of ¢} to the attractive
fixed points of ¢;,1 < j < p(r + 1). Hence we have:

(G (@)) =G = ;

The domain P{g;) := (~'(P(y;)) is a fundamental domain for the group (¢). Then
we set

P(j) N K(¥}) = P(p) N K(g))
Furthermore, choose an arbitrary fundamental set
P(j) N (S*\K(¢)))
for the action of the group F(j) on S*\ F(j)(K(¢})) Thus we get the fundamental set
P(j) = (P{)) N K(¢))) U (Plp;) N (ST\K(#))))

for the action of the group F(j) on S®. This fundamental set satisfies for the con-
ditions of the first Maskit Combination Theorem with the amalgamated subgroup

()
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Let M*(F(j)) denote the manifold

(R(FG)\F() - K(25))/F ().

11.7 Construction of the group &.
Pick a prime number p > p;. We will combine the following Kleinian groups:
H(p), F*(j) == G(F()),j=1...(r +1)p .

The group H(p) has the fundamental domain P(p) (see Section 11.4). The groups
F*(j) have the fundamental domains P*(j) := (;(P(j)) such that:

(P (7)\ ext(K (7)) N (P (p)\ int(K(g;))

is a fundamental domain for action of the group (y;). Hence the conditions of Maskit’s
first Combination Theorem are satisfied and the group

G=(H(p),F()*1<j<(r+1)p)

is a Kleinian group and the set

(r+1)p (r+1)p
®:=(P(p)\ U K(p;)) U U (P (7)\ ext(K(e;))

is a fundamental domain for this group. Clearly S*\® is contained in the solid torus

Next we let ?; = ¢ (¢,) and K; := K(c;(¢,)). By the construction of the set ®
and the results of Section 11.4, it follows that Property (4) of Theorem 11 holds for
the set ®. Below we verify Property (5) of that theorem.

By the first Maskit’s Combination Theorem, see [4], we have: The manifold M*(&)
is obtained by gluing the manifolds M*(H (p)) and M*(F(j)),1 <7 <p(r+1). All
these manifolds are trivial Seifert fibered spaces. The gluing homeomorphisms are
lifted to the maps (; of the cones K(i;), K (¢}). Hence, the fibers of these bundles are
glued to each other (so that the orientation of the fibers is preserved). Therefore, the
manifold M*(®) is a trivial circle bundle as well. By the construction of & and the
results of Sections 11.1, 11.2, the base of this bundle is homeomorphic to the surface
R (see Section 11). Moreover, m + 1 boundary curves of R correspond to the cones
K(Y;),1 < j < s and to the torus 9%(m).

Now we compute the relative Euler number for the group G. Recall that in the
Section 6 we defined the infinite shortest arcs v; C K(hj(e,)) and §; C K(Y]) so that:

e(H(€,), f1U...UB,UA U...UAyq) = 0.
When we pass to the index p subgroup in H(e,) the arcs
ci(e)'(7) =9;,0<g<p—1
become the shortest arcs corresponding to ;. We set
B:=BU...UB,
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Therefore the Euler number

e(H(p), BUA U ... Upr1))

is equal to zero. All 4; are circular arcs in S*, hence e(F(j),Cj_l(%)) = 0 for any
J > |e| (since F(j) is a Fuchsian group for these j). If j < |e| then e(F(j), Cj_l(’yj)) =1
because F(j) = G(10,1) (see the Section 6). Thus, e(G, 5) = |e| according to Section
3.

Remark 11.4. The orientation of fibers of the manifold M*(G) is induced by the
orientation of the loop  C 0T (m) (see Section 7). This orientation is consistent with
the orientation of fiber of the manifold 91(10) (see Sections 3, 4).

We need groups G with negative Euler numbers as well. Thus, consider the
reflection J in the plane IT" (see Section 2.5 of [4]). Then Joh = hoJ, J(B) = B and
the group G(10,—1) := JG(10,1)J has the relative Euler number

e(G(10,-1),0) = —1
if orientation of the fibers is given by the maps
G K(p) — I =K(g), j=1,...1¢
Then the group
G =G(—le]) = (H(p), F(j)" le| <j < (r+1)p, 7 (G(10,-1)),1 < i < [e])

has all the properties of the group ®(|e|) but its relative Euler number e(G, ) is
equal to —|e. .
So, for all e € Z we have constructed the group G such that e(G, B) = e. The

relative Euler number e(S*\%(m), d) is equal to zero (where we consider S*\T(m) as
a trivial circle bundle with the typical fiber #). Then we have:

e(M*(B,/1U...UBUJ)) =e€.

The group & satisfies the properties (1)-(6). This concludes the proof of Theorem
11.2. [

12 Conformal gluing

Suppose that M is a smooth n-dimensional manifold with boundary. A conformal
thickening of M is an open conformally flat manifold (AM’, C”) such that OM C M’.
Two conformal thickenings (M’,C") , (M",C") of M are equivalent if the restrictions
of C" and C” to int(M) coincide. Finally a conformally flat manifold with boundary
(M, C) is an equivalence class of conformal thickenings of M. For any conformally
flat manifold with boundary (M, C') we have the canonical coorientation v on OM (a
nonvanishing field of normal vectors directed “inward” M). In what follows we will
consider only the case of conformally flat manifold with compact boundary.

For any conformally flat manifold with boundary (M, C') we can (and will) choose
a conformal thickening (M’,C’) such that M is a deformation retract of M’. Let
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M C M’ be the universal covering of M embedded in the universal covering of
M'. Then we define the developing map d : M — 5™ to be the restriction of the
developing map of (M’, C") to M. The holonomy representation of (M, C) is the same
as holonomy representation of (M’, C"). It’s easy to see that the developing map and
holonomy representation are independent on the choice of conformal thickening.

Suppose that (M, C;) (j = 1,2) are two conformally flat manifolds with bound-
ary, (M}, C7) are their conformal thickenings, D; C 9M; are boundary components.
A diffeomorphism h : Dy — D, is called Moebius iff h extends to a conformal diffeo-
morphism f : Uy — U, of open neighborhoods U; of D; in M} such that f reverses
the canonical coorientation.

Remark 12.1. If g; are Riemannian metrics on M; corresponding to the flat con-
formal structures C;, then a conformal map between D; with respect to the induced
metrics is not (in general) Moebius according to our definition.

Suppose that (M, C;) are two conformally flat manifolds with boundary, D; C
OM;, h : Dy — D, is a Moebius diffeomorphism. Let N be a manifold obtained
by gluing M;, Ms via h. Then the flat conformal structures C, Cs extend to a flat
conformal structure C' on the manifold N. This idea of conformal gluing is due to
R. Kulkarni [7]. We will use conformal gluing of manifolds constructed in this paper
in [6].
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