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ABSTRACT. Let G denote a connected reductive group, defined and split over Z, and
let M C G denote a Levi subgroup. In this paper we study varieties of geodesic
triangles with fixed vector-valued side-lengths «, 3,7 in the Bruhat-Tits buildings
associated to G, along with varieties of ideal triangles associated to the pair M C G.
The ideal triangles have a fixed side containing a fixed base vertex and a fixed infinite
vertex £ such that other infinite side containing £ has fixed “ideal length” A and
the remaining finite side has fixed length . We establish an isomorphism between
varieties in the second family and certain varieties in the first family (the pair (u, \)
and the triple (a, 3,7) satisty a certain relation). We apply these results to the study
of the Hecke ring of G and the restriction homomorphism R(é) — R(M\ ) between
representation rings. We deduce some new saturation theorems for constant term
coefficients and for the structure constants of the restriction homomorphism.

1. INTRODUCTION

Let G be a connected reductive group, defined and split over Z, and fix a split
maximal torus T also defined over Z. Let G = G (C) denote the Langlands dual group
of G, and let R(CA}’) denote its representation ring. Let Hg denote the (spherical)
Hecke ring associated to G(F,((t))), as described in section 2. The goal of this paper
is to understand various connections between the rings Hqs and R(@) Both come
with bases and associated structure constants mq g(7), neg(y) parameterized by the
same set, namely triples a, 3, of G-dominant elements of the cocharacter lattice of T'.

Moreover, given any Levi subgroup M C G, we have the constant term homomorphism
C% “Ha — Hu

and the restriction homomorphism

ré, R(CAJ) — R(M\),
cf. section 2. Assuming M contains 7', both maps can be described by collections of
constants ¢, () and r,(\), where p resp. A ranges over the G-dominant resp. M-
dominant cocharacters of T'; cf. loc. cit. In this paper we are studying connections
between entries appearing in the following table.

Date: December 3, 2010.
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TABLE 1. Constants associated to H and R

(A | ru(N)
Ma5(7) | Nas(7)

The connection between the entries in the bottom row was studied in [KLM3] and
[KM2]. In this paper we will establish connections between the entries in the top row,
the entries in the first column and the entries in the second column. As a corollary we
will establish saturation results for the entries in the top row.

It was established in [KLM3| that m, g(y) “counts” the number of F,-rational points
in the variety of triangles 7 («, 3;) in the Bruhat-Tits building of G(F,((t))). Similarly,
fixing a parabolic subgroup P = M- N with Levi factor M, we will see that ¢, (\) counts
(up to a certain factor depending only on P, ¢, and \) the number of F -points in the
variety of ideal triangles Z7 (X, u1; €) with the ideal vertex £ fixed by P(F,((t)) (see
section 2 for the definition). Given A, i, we will find a certain range of «, 3,y depending
on A, i, so that that the varieties ZT (A, ;&) and T (o, 5;) are naturally isomorphic
over [F,, thereby providing a geometric explanation for the numerical equalities

(1.1) (NN K - 23| = mas(y)
and
(1.2) Tu(A) = nas(7).

Let us state our main results a little more precisely. The equality (1.2) has a short
proof using the Littelmann path models for each side (see section 4), and this proof
gave rise to the definition of the inequality v > 1 (see section 3 for the definition).
Now fix any coweight v that satisfies this inequality, so that in particular v 4+ A will be
G-dominant for any M-dominant cocharacter A appearing as a weight in Vu@' We can
now state our first main theorem (Theorem 3.2).

Theorem 1.1. Suppose p, A are as above v is any auxiliary cocharacter satisfying
v >T . Then there is an isomorphism of F,-varieties

T+ p'v) =IT(A w8).

As detailed in section 9, the number of top-dimensional irreducible components of
T v+ A p5v) (vesp. ZT (A, w;€)) is simply the multiplicity n, i - (v) (resp. 7,(X)).
Similarly, in section 10 we show that the number of F,-points on T (v + A, u*;v)
(resp. ZT (A, i; €)) is given by my, 4y 4+ (v) (vesp. ¢, (), up to a factor). Thus, Theorem
1.1 implies the numerical equalities (1.1) and (1.2). This is stated more completely in
Theorem 3.3.
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Because of the homogeneity properties of the inequality v > u, these equalities
mean that saturation theorems for n, g(7y) resp. mq g(y) imply saturation theorems for
ru(A) resp. ¢,(A). The following summarizes part of Corollary 3.4.

Corollary 1.2. The quantities c,()\) satisfy a saturation theorem with saturation factor
ks, and the quantities r,()\) satisfy a saturation theorem with saturation factor k3.

For the precise formulation of these results we refer the reader to section 3. Since
there are two groups of mathematicians interested in the results of this paper, we will
present both algebraic and geometric interpretations of the concepts and results.

Here are a few words on the relation of this paper to the prior work. In the earlier
works [KLM1], [KLM2], [KLM3], Leeb and the second and third named authors stud-
ied geometric and representation-theoretic problems Q1, Q2, Q3, Q4 (see page 1 of
[KLM3| for the precise formulations). In the present paper we study the analogues of
Q3, Q4 for group pairs (G, M). The problems analogous to Q1, Q2 for group pairs
(G, M) were studied in [BeSj] and [F] respectively. The paper [BeSj] actually studies
the problem for general group pairs GG, M, where G is a reductive group and M is any

reductive subgroup.

Let us give an outline of the contents of this article. In section 2 we recall some
standard definitions and notation and we also define the notions of based triangles
and based ideal triangles in the building. In section 3 we state our main results. In
section 4 we give a simple proof of one of main results using Littelmann paths, and
thereby explain the origin of the inequality v >¥ u. In section 5 we give a detailed
study of based ideal triangles and the corresponding Busemann functions. We translate
Theorem 3.2 into a statement about retractions and study those retractions in sections
6 and 7; the proof of Theorem 3.2 is given in section 8. The rest of the paper until
section 12 is directed toward the proof of Theorem 3.3. We prove some a priori bounds
on dimensions of the varieties of (ideal) triangles in section 9; these give geometric
interpretations for the numbers n, g(7) and r,(\) appearing in Theorem 3.3. Section 10
likewise gives necessary geometric interpretations for the quantities mq g(7) and ¢, (\).
In section 11 we put the pieces together and prove Theorem 3.3 and Corollary 3.4. In
section 12 we provide some equidimensionality statements which are related to those
given in [Ha2| for fibers of convolution morphisms. Finally, in the Appendix (section
13) we give an alternative, more geometric, proof of the main ingredient in the proof
of Theorem 1.1, namely, the equality of the retractions p_, A, and pr,p A, = beay,
on each geodesic 0z of Ag-length p, when v >% p.
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2. NOTATION AND DEFINITIONS

2.1. Algebra. In what follows, all the algebraic groups will be over Z. Let G be a
split connected reductive group, and let " C G be a split maximal torus. Fix a Levi
subgroup M C G which contains 7.

Choose a parabolic subgroup P C G which has M as a Levi factor. Let P =M - N
be a Levi splitting. Then choose a Borel subgroup B of G which contains T" and is
contained in P. Let U C B be the unipotent radical of B. We then have N C U.

Let ® denote the set of roots for (G, T), let ® 5 denote the set of roots for T" appearing
in Lie(V) and let @5, denote all roots in ® which belong to M. We let Q(®") denote
the coroot lattice and and P(®") the coweight lattice.

The choice of B (resp. B,; := BN M) gives a notion of positive (co)root, and
G-dominant (resp. M-dominant) element of A := X,(T) ® R. Let p denote' the half-
sum of the B-positive roots ®*. Similarly, we define py resp. pjs to be the half-sums
of all roots in ®y resp. positive roots in ®;;. Recall that W, the Weyl group of G,
acts by reflections on A with fundamental domain Ag which is the convex hull of the
G-dominant coweights. Also, we define Aj; as the convex hull of the M-dominant
coweights, so that Ag C Ay and Ay, is the fundamental domain of Wj,, the Weyl
group Ny (T')/T for M. We let W denote the extended affine Weyl group of G, i.e.,
W=Ax W, where A := X.(T).

Given A € X*(T) or X, (T), define \* := —woA, where wy € W is the longest element.
Note that p* = p. Set k¢ = lem(ay, ..., q;), where Zizl a;a; = 6 is the highest root
and «; are the simple roots of ®. Let (-,-) : X*(T) x X,(T) — Z denote the canonical
pairing.

We define G := Q(C) and, similarly, define M and T. Having fixed the inclusions
G > M > T, we can arrange that we also have G D M S 7. We will identify X*(T)
with X (T") and roots of (G, T) with coroots of (G, T).

Let Vf denote the irreducible representation of G having highest weight p. Let
Q(u) denote the set of T -weights in VMG, i.e., the intersection of the convex hull of W - p

IWe also use the symbol p in the context of retractions of buildings (see section 6) but no confusion
should result from this.
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with the character lattice of 7. We shall also think of Q(p) as consisting of certain
cocharacters of 1.
For u, A\, o, B,v € X*(T), define

(2.1) ru(A) = dim Hom (V¥ vO)
(2.2) Na,p(7) = dim Hom@(Va@ ® VB@’ VW@).

Let R(@) denote the representation ring of G. The numbers nap(7y) are the struc-
ture constants for R(G), relative to the basis of highest weight representations {V.¢}.
Similarly, the 7,()\) are the structure constants for the restriction homomorphism

~

R(G) — R(M).

Let F, denote the finite field with ¢ = p” elements (for a prime p), let k denote the
algebraic closure F, = F,. Define the local function fields L = k((t)) and L, = F,((¢))
and their rings of integers O = k[t] and O, = F,[t].

Let G := G(L) and Gy := G(L,), and similarly, we define B, M,N,P,T,U and
B,, M,, etc. (Note that in what follows, we will often abuse notation and write G, M, B,
etc., instead of G, M,, By, etc. (resp. G, M, B, etc.), letting context dictate what is
meant. )

Set K = G(O) and K, := G(O,). These are maximal bounded subgroups of
G =G(L)resp. G, :=G(L,). Set Ky = KNM, Kyg = KyyNM,, and Kp := N-K)y.

Let Hg = Co(K,\Gy/K,) and Hy = Co(Kprg\M,/Kur4) denote the spherical Hecke
algebras of G, and M, respectively (they depend on ¢, but we will suppress this in our
notation #H¢). Convolution is defined using the Haar measures giving K, respectively
K4 volume 1. For the parabolic subgroup P = M N of G, the constant term homo-
morphism ¢§, : Hg — Hyy is defined by the formula

i (f)(m) = 6p(m)~1/? (nm)dn,

Nq

for m € M,. Here, the Haar measure on N, is such that N, N K has volume 1.
Further, letting | - | denote the normalized absolute value on L,, we have dp(m) :=
|det(Ad(m); Lie(N))|. We define in a similar way g, d35,,, ¢%, and Jf. If Uy, := UNM,
then we have U = Uy, N, and so

0p(t) = dp(t)dm,, (1)

for t € T, and

() = (e o cENHD).
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The map ¢ (resp. ci) is the Satake isomorphism S¢ for G (resp. S™ for M).
Thus, the following diagram commutes:

(2.3) R(G) —= Clx.(T)Y <Z— g

Given a cocharacter A € X,(T), we set t* := A\(t), where t € L is the variable. For
a G-dominant coweight pu, let ff = char(K " K,), the characteristic function of the
coset K, t"K,. Let fM have the analogous meaning. When convenient, we will omit
the symbols G and M in the notation for E , fé‘” . For G-dominant coweights «, 3,
define the structure constants for the algebra Hqg by

fox f5 =" mas(1)fy
Y

Note that the m, g(7y) are functions of the parameter ¢, however we will suppress this
dependence.
For G-dominant p and M-dominant A, we define ¢, ()\) by

() =D ewVA!

A

Like the mq (), the numbers ¢, (A\) depend on ¢, but we will suppress this.

2.2. Definition of based (ideal) triangles in buildings. Let B = B denote the
Bruhat-Tits building of G. This is a Euclidean building. It is not locally finite, because
L has infinite residue field; however this will cause us no problems. This building has
a distinguished special point o fixed by K. We consider it as the “origin” in the base
apartment A corresponding to 7. Later on, we shall need to consider also the base
alcove a in A: it is the unique alcove of A whose closure contains o and which is
contained in the dominant Weyl chamber Ag.

In what follows, we will sometimes write A in place of Ag. Recall that the A-distance
da(z,y) in B is defined as follows. Given z,y € B, find an apartment A" C B containing
x,y. Identify A’ with the model apartment A using an isomorphism A" — A. Then
project the vector 77 in A to a vector Y the positive chamber Ag C A, so that x
corresponds to the origin o, the tip of Ag. Then

dA<x> y) = A

Thus, da(z,y) = da(y,x)*. Given a coweight A € ANA and t* € T, we let z, 1= t*- o,
a point in B. Then da(o,zy) = W-ANA. For z € B and A € A we define the A-sphere
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Sx(x) ={y € B:da(z,y) = A}. In the case when x = 0 and A € AN A, we have
Sx(0) = K - x).

Definition 2.1. Given «a, 5,7 € ANA define the space of based “disoriented” triangles
T (v, B;7y) to be the set of triangles [0, y; z.,] with vertices o, y, ., so that

da(o,y) = o, da(y, z,) = B.
Note that only the point y is varying.

Observe that 7T («, 8;7) can be identified with the subset of the usual set of oriented
triangles T (o, B,v*) whose final edge is m Also, it is easy to see that

T(,B;7) = Kag Nt Kaxgs
under the identification given by the map |o,y; z,] — .

We need to define a variant of the distance function da(—,—), where one of the
points is “at infinity” in a particular sense we will presently describe. We let Ty denote
the unique geodesic segment in B connecting = to y. We will always assume that such
segments (and all geodesic rays in B) are parameterized by arc-length. We let Ory B
denote the Tits boundary of B, which is a spherical building. The points of Or;; B
could be defined as equivalence classes of geodesic rays in B: two rays are equivalent
if they are asymptotic, i.e., are within bounded distance from each other. A ray in B
is denoted x€ where 2 is its initial point and & € Opy,B represents the corresponding
point in OB

One says that two rays v1(t),72(t) in B are strongly asymptotic if v1(t) = o(t) for
all sufficiently large t.

Each parabolic subgroup P of G fixes a certain cell in Ory8. In what follows, we
will pick a generic point £ in that cell. Then P is the stabilizer of £ in G.

Now assume that M is a Levi factor of the parabolic P corresponding to £. By
analogy with the definition of Busemann functions in metric geometry, we will define

vector-valued Busemann functions (normalized at o)
b&AM : BG — AM

We refer the reader to Section 5 for the precise definition. Intuitively, b¢ a,, (y) measures
the Ajy-distance from £ to y relative to the Ajy-distance from £ to 0. A fundamental
property (to be proved in Lemma 5.3) is that

(2.4) bg,AM(y) =\ < y € Kpux,.

This gives an algebraic characterization of the function b¢ ,,, and also shows that it
agrees with the retraction pg, A,, which we define and study in subsection 6.3.
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We can now define the space of based ideal triangles.

Definition 2.2. Fix coweights A € A, € Ag and a generic point € in the face of
OritsB fixed by P. Then we define the set of based ideal triangles T (X, ;&) to consist
of the triples o, y, &, where

da(0,y) = 1, beny (y) = A

Note that once again, only y is varying.

In other words, in view of (2.4), we have the purely algebraic characterization (proved
in Corollary 5.4)

IT (A €)= Su(o) N Kp - xy.

2.3. Affine Grassmannians and algebraic structure of (ideal) triangle spaces.
We need to endow T (v, B;7) and ZT (A, ;) with the structure of algebraic varieties
defined over [F,,. To do so we will realize them as subsets of the affine Grassmannian.

The affine Grassmannian Gr¢ := G/K will be considered as the k-points of an
ind-scheme defined over F,. We can identify this with the orbit G - 0 C Bg. (If G is
semisimple then G - o is contained in the vertex set of By, in general it is a subset of
the skeleton of the smallest dimension in the polysimplicial complex Bg.)

For any G-dominant cocharacter y, let z, = t* /K, a point in GrY. It is well-known
that the closure Kz, of the K-orbit Kz, = S,(0) in the affine Grassmannian is the
union

Su(0) = T Suo(0):
HOSp
Here pio ranges over G-dominant cocharacters in X, (7"), and the relation py < means,
by definition, that u — g is a sum of positive coroots.

Each S, (o) (resp. S,(0)) is a projective (resp. quasi-projective) variety of dimension

(2p, ), defined over F,. Therefore GrY, the union of the projective varieties S,(0), is
an ind-scheme defined over [F),.

Now, K is the set of k-points in a group scheme defined over F,, (namely, the positive
loop group L=°(G)) which acts (on the left) on Gr® in an obvious way. The orbits K,
are automatically locally-closed in the (Zariski) topology on GrY, and are defined over
F

-
Moreover, the group Kp = NK,; we defined earlier is the k-points of an ind-group-
scheme defined over F, which also acts on Gr®. The orbit spaces Kpx, are neither
finite-dimensional nor finite-codimensional in general, however, since they are orbits

under an ind-group, they are still automatically locally closed in Gr¢.
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By the above discussion, our spaces of triangles can be viewed as intersections of
orbits inside Gr%

T(a,8;7) = Kxo Nt Kag
IT()\,,M,g) = KPI)\ N KJI#

and as such each inherits the structure of a finite-dimensional, locally-closed subvariety
defined over [F,. Thus, it makes sense to count F,-points on these varieties.

Remark 2.3. The Bruhat-Tits building Bg, for the group G, isometrically embeds
in Bg as a sub-building. It is the fixed-point set for the natural action of the Galois
group Gal(k/F,) on Bg. The orbit G, -0 C Bg, can be identified with G,/K, and
thus with the set of Fy-points in GrY. Accordingly, the sets of F,-points in T'(ev, ;)
and ZT' (A, i; §) then become spaces of based triangles and based ideal triangles in Bg, .
Then “counting” the numbers of triangles in Bg, computes structure constants for Hg
and (up to a factor) the constant term map c§;. On the other hand, algebro-geometric
considerations are more suitable for the varieties of triangles in Gr% C Bg, since the
field k is algebraically closed. Therefore, in this paper (unlike [KLM3]), we almost
exclusively work with the building Bg rather than Bg, .

3. STATEMENTS OF RESULTS

We fix cocharacters 1 € Ag and A € Ay, In order to state our results we need
the following definition. Recall that (-,-) : X*(T") x X.(I') — Z denotes the canonical
pairing.

Definition 3.1. Suppose u,v € X,.(T). We write v >F p if
e (o, v) =0 for all roots a appearing in Lie(M);

e (,v+\) >0 forall A € Q(u) and o € Dy,

Note that this relation satisfies a semigroup property: if v; > p and vy > o,
then v; + 1o >F 11 + po. It is also homogeneous: for every integer z > 1, we have
vl pe= 2w > zpu.

Theorem 3.2. Let i, A be as above. Then for any cocharacter v with v > 1, we have
an equality of subvarieties in Gr¢

T+ \up5v)=t" (I’T()\, I 5))

In particular, the varieties T (v + X\, u*;v) and ZT (A, u;€) are naturally isomorphic as
F,-varieties.
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For the next results, recall that ks = lem(ay, ..., q;), where 22:1 a;o; = 0 1is the
highest root and «; are the simple roots of ®.

Theorem 3.3. For A\ € Ay, p € Ag as above and for any v with v >F p, set
a:=v+ A\ B:=u* v:=v. Then:
(i) (First column of Table 1)

cu()‘)q@N’M’KM,q - x| = map(y)-

(ii) (Second column) 1,(N) = na () = 1w, (v + N).
(i1i) (First row)

ru(A) # 0= ¢, (N) # 0= 1, (ka)) # 0.
Assume now that p — A (or, equivalently, A 4+ ©*) belongs to the coroot lattice of G.

Corollary 3.4. i. (Semigroup property for r) The set of (u, ) for which r,(X) # 0 is
a SEMIGroup.

it. (Uniform Saturation for c)

cNu(NX) #0 for some N #0 = cppu(ka)) # 0.

iii. (Uniform Saturation for r)
rNu(NA) # 0 for some N #0 = rkéu(ké)\) # 0.
In particular, for G of type A, the set of (u, A) such that r,(\) # 0, is saturated.

Remark 3.5. One can improve (using results of [KM1], [KKM], [BK], [S] on saturation
for the structure constants for the representation rings R(G)) the constants ke as
follows:

One can replace kg (in ii.) and k3 (in iii.) by:

(a) k =2 for ® of type B, C, Gs,

(b) k=1 for ® of type Dy,

(c) k =2 for ® of type D,,,n > 6.

Conjecturally (see [KM1]), one can use k = 1 for all simply-laced root systems and
k = 2 for all non-simply-laced.

Remark 3.6. The paper [Ha2] states saturation results and conjectures for the num-
bers mq 5(7) and n, (7y), when o and g are sums of G-dominant minuscule cochar-
acters. Suppose that p is a sum of G-dominant minuscule cocharacters. Then we
conjecture that the implications in ii. and iii. above hold, where ks and k2 are re-
placed by 1.
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4. RELATION TO LITTELMANN’S PATH MODEL

There is a very short proof of Theorem 3.3 (ii) using Littelmann’s path models, and
our discovery of this proof was one of the starting points for this project. It gave rise
to the notion of the inequality v > 1 which plays a key role for us. For this reason,
we present this proof here. A nice reference for the Littelmann path models used here
is [Li].

We will prove the result in the following form: If v > p, then r,(\) = n, (v + N).

Fix p € Ag N A. Write B, for the set of all type 1 LS-paths, that is, the set of
all paths in 4 which result by applying a finite sequence of “raising” resp. “lowering”
operators e; resp. f; to the path o_ﬁ (the straight-line path from the origin to ©). Note
that each path in B, starts at the origin o and lies inside Conv(W,,), the convex hull
of the Weyl group orbit of p.

For any x € A, we can consider x 4+ B,,, the set of all type ;1 paths originating at .
Let B, (x,y) denote the set of type p paths which originate at z and terminate at y.

Now consider A € Ay N A. The Littelmann path model for r,()) states that

(4.1) ru(A) = [Bp(o, A) N A,

the cardinality of the set of type p paths originating at o, terminating at A\, and
contained entirely in Ayy.

Now consider any v € Ag N A such that v + A € Ag. The Littelmann path model
for n, (v + ) states that

(4.2) (V4 A) = [Bu(v, v+ A) N Ag|

the cardinality of the set of type u paths originating at v, and terminating at v + A,
and contained entirely inside Ag.
Now assume v >¥ ;. This is defined precisely so that we have

v+ Bulo, ) NAN) =B (v,v+ ) NAg.

The equality of the quantities in (4.1) and (4.2) is now obvious. See figure below. [

5. IDEAL TRIANGLES AND VECTOR-VALUED BUSEMANN FUNCTIONS

5.1. Based ideal triangles with ideal side-length )\ and side-length pu. As
promised earlier in this paper we now make precise the definition of vector-valued
Busemann function. Recall that we fixed a parabolic subgroup P C G, with a Levi
subgroup M and a point £ € OB fixed by P, where B = Bg. Then we also have an
embedding By, C Bg, where B, splits as the product

By = F x Yur



12 T. Haines, M. Kapovich, J. Millson

A(;—I/ T

A+v

T, 0 Ay

v

FIGURE 1. The broken path p, from o to ) is an LS path of type p.
Then the Littelmann bigon with the sides p, and 07y yields a Littelmann
triangle with the geodesic sides T—,0, 7_, 7 and the broken side p,,.

where F' is a flat in B and ), is a Euclidean building containing no flat factors. Pick a
geodesic v C F asymptotic to £, and oriented so that the subray v(R, ) is asymptotic
to & Then By = P(v), the subbuilding which is the parallel set of 7, i.e., the union of
all geodesics which are a bounded distance from ~.

We fix an apartment A in Bj; containing o; then A necessarily contains F' (and,
hence, ) as well. Let Ay be a chamber of By, in A with tip o; by our convention set
in section 2, A,; contains A, the chamber of B with the tip 0. We note that A, splits
as F' x A

In the case when B has rank one (i.e., is a tree) it is well-known that the correct
notion of the “distance” from a point x € B to a point £ € OpyB is the value of
the Busemann function b¢(x), normalized to be zero at the base-point o. The usual
Busemann function bg¢(x) is defined as follows:

We note that
bg(O) =0.
In what follows we will define a Aj-valued Busemann function be a,, () (which

should be considered as the Aj-valued “distance” from £ to x). Again, we note that
be.a,, Will be defined so that

b§7AM (O) =0.

5.2. The Aj-valued distance function JAM on B. Before defining vector-valued
Busemann function, we first introduce a (partially defined) distance function da L on
B which extends the function da,, defined on By;. We first note that for every x € B
there exists an apartment 4; C B containing z, so that § € Opy; Ae. For every two
apartments Ag, A; asymptotic to £ there exists a (typically non-unique) isomorphism
DA, AL A¢ — A which fixes the intersection A¢N.A; pointwise. Since this intersection
contains a ray asymptotic to £, it follows that the extension of ¢4, 4, to the ideal
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boundary sphere of A, fixes the point . Thus, the apartments {A¢} form an atlas
on B with transition maps in WM, the stabilizer of ¢ in w. (Here we are abusing
the notation and identify an apartment A, in B and its isometric parameterization
A — A¢.) The only axiom of a building lacking in this definition is that not every two
points in B belong to a common apartment A;. Nevertheless, for points x,y € B which
belong to some A¢ we can repeat the definition of a chamber-valued distance function
[KLM1]:
day (T,y) = day (dag.a(T), dac,a(y)).

In particular, JAM restricted to By, coincides with da,,. Then JAM is a partially-
defined Ajs-valued distance function on B. As in the case of the definition of A-
distance on B, one verifies that JA v 1s independent of the choices of apartments and
their isomorphisms. It is clear from the definition that JAM is invariant under the
subgroup P C G (but not under G itself).

5.3. The Busemann function b a,, (). We are now in position to repeat the defi-
nition of the usual Busemann function.

Pick x € B and let 7/ be a complete geodesic in B containing x and asymptotic to
¢. Let P(7') be the parallel set of 7/. The following simple lemma is critical in what
follows.

Lemma 5.1. There exists to such that for all t > to we have y(t) € P(v") and,
furthermore, the subray ~y([to,00)) and the point x belong to a common apartment
A c P(Y). In particular, A contains & in its ideal boundary and da,,(y(t),z) is
well-defined for t > tg.

Proof. We will give a proof only in the case when B = B is the Bruhat-Tits building
of a reductive group G over a nonarchimedean valued field, although the statement
holds for general Euclidean buildings as well.

There exists a unipotent element u € G that carries P(7) to P(v) and fixes £. Since
u is unipotent and fixes £, it also fixes an infinite subray of of. So there exists t,
such that y([tg,0)) € P(7'). Now choose an apartment A’ in P(7') which contains
x and 7y(ty). Since every apartment in P(4') contains +', we have £ € Opys A’ and,
consequently, v(t) € A’ for t > t,. O

We now define b¢ a,, (x) by
be.ay, (@) = lim [, (v(1), @) = da,, (1), 0)].

We need to show that the limit on the right-hand side exists. We first claim that for
each t > tg, the difference vector

f(tx) = day (3(1), x) = day, (1(2), 0)
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is a well-defined element of A,;, where ¢ is as in Lemma 5.1 above. Indeed, by that
lemma, da,, (v(t), z) € Ay is well-defined for ¢ > to. Next, v C F'and Ay = F x A,
Therefore,

—dny, (1(8),0) = —(1)o € Ay,

Hence, by convexity of Ay, f(t,z) € Ay
Lemma 5.2. f(t,z) is constant in t fort > t,.

Proof. Let ¢a.4 : A — A be an isomorphism of apartments as above fixing £. Hence
dua(y(t)) =~(t) for t >ty and by definition

dayy (7(1), 2) = da,, (4(1),2"), 2 o,
where 2’ := ¢ 4(x). Then
f(ta ‘73) = f<t7 lJ) =da,, (V(t)v lJ) —da,, (’Y<t)7 O)? t > to.

Accordingly, replacing = by z’ we have reduced to the case where 2/, 0 and (t),t > to
are contained in the apartment .A. Now apply an element of the Weyl group of M
(which fixes v and, hence, v(t), Vt) to 2’ to obtain z” € Ay, so that

A2 = day(1(t).x), 2t

The lemma now follows from

f(t.2') = (D" — (D)o = o,

see figure below.

13 v(t) 0

FIGURE 2. f(t,2’) is constant for t > t.

Lemma 5.3. 1. b¢ a,, 15 tnvariant under Kp = NKj;.
2. If bea,, () = beay, (y) then Kpx = Kpy.
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Proof. 1. Let u € P be unipotent. Then u not only fixes £ but, moreover, for every
geodesic ray §: R, — B asymptotic to &, there exists ¢, so that u(5(t)) = 5(t) for all
t > t,. Therefore, by the invariance property of da,,,

day (,7(1)) = day, (u(@), u(y(1)) = day, (u(@), 7(t)).

It then follows from the definition of b¢ o,, that it is invariant under w. The same
argument works for u replaced with k£ € K, since it suffices to know that (the entire
ray) p is fixed by k.

2. For every z € B there exists n € N so that n(z) € By. Therefore, applying
elements of N to z,y, we reduce the problem to the case when z,y € Bj;. For such

‘/L" y7
day (07 Z/) = bﬁ:AM (y) = b£>A]\/f (SL’) =day, (07 ZL’)
Therefore, x,y belong to the same Kj;-orbit. 0

This lemma allows us to give a purely algebraic characterization of the space of based
ideal triangles ZT (A, p; &):

Corollary 5.4. ZT7 (A, 11;€) = Kpxy N Kz, = b;lAM()\) NS,(o).

6. RETRACTIONS

6.1. The retractions py, 4. Attached to any alcove b in an apartment A is a retraction
pb.a : Be — A. It is distance-preserving and simplicial. Let us abbreviate it here by p.
Recall that this retraction is defined as follows: Pick an apartment A’ C B containing
alcoves b and x. Then there exists a unique isomorphism of apartments ¢ : A" — A
fixing b. Then p(x) := ¢(x).

We need to review some of the basic properties of p. Let x denote any alcove in the
building. Take a minimal gallery joining the base alcove a C A to x. Let xy denote the
next-to-last alcove in this gallery. Let Fy denote the codimension one facet separating
Xo from x.

Let ¢’ := p(x0), and let H denote the hyperplane in A which contains p(Fp) and let
sy denote the corresponding reflection in A. Let ¢ := sy(c’). Assuming we know ¢’
by induction, what are the possibilities for p(x)? To visualize this, we will imagine xq
and F as being fixed, and x as ranging over the affine line A! consisting of the set of
all alcoves x # x( containing Fj as a face. Then one of the following holds:

Position 1 : If b and ¢’ are on the same side of H, then all x € A! retract under p
onto c;

Position 2 : if b and ¢’ are on opposite sides of H, then one point in A! retracts onto
c, and all remaining points of A! retract onto c'.
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Suppose x € B is joined to the base alcove a by a gallery corresponding to a reduced
word expression for w € W. It follows from the discussion above that Po.a(x) < wa
with respect to the Bruhat order < on the set of alcoves in A. (This Bruhat order is
determined by the set of simple affine reflections corresponding to the walls of a.)

Using this, it is not difficult to prove the following statement.

Lemma 6.1. Let x € Kx,. The ppa(z) € Qp).
Finally, the following lemma is obvious.

Lemma 6.2. For any w € W, we have

(6.1) WO pPp 4O wl = Pub, A-

6.2. The retractions p_, n,_,. For any v € X, (T), let W_, denote the finite Weyl
group at x_, € A, namely, the group generated by the affine reflections in A which fix
the point z_,. Regard Ag — v as the G-dominant Weyl chamber with apex x_,. Then
consider the retraction

(6.2) Prag—v A= Ag—v
v = w(v)

where w € W_,, is chosen so that w(v) € Ag — v.
Next choose any alcove b C A with vertex x_,,. Then the composition

PAG—v © PbA  Ba — Ag —v

is a retraction of the building onto the chamber Ag — v. Because of (6.1), it is inde-

pendent of the choice of b. Hence we may set

(63) P—v.Ag—v ‘= PAg—v © PbA.

The following lemma will be useful later.

Lemma 6.3. For any G-dominant cocharacter ju such that v + p is also G-dominant,
we have

P:i,AG—u(xu) = (7" Kt")zy.
Proof. The special case
(6.4) Po.ne(Tvtn) = Ky
is obvious. We have the identities (cf. Lemma 6.2)
™" oppa0t! =pp_pa

t™o PAg © "= PAc—v;
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and these together with the definition (6.3) yield the formula

(65) t™"o L0,Aq © 1 = P—v,Ag—v-

Now the desired formula follows from the special case (6.4) above. O

6.3. The retraction pg, a,,. Recall that for a Borel subgroup B = T'U, there is a
corresponding retraction

pu.a:Be — A
which can be realized as pp 4 for b “sufficiently antidominant” with respect to the
roots in Lie(U). We also have the retraction

PKAG = Po,Ag  Ba — Ag

discussed above. We want to define a retraction

PKp,Ay - Be — Aum

which interpolates between these two extremes, py 4 and pg a-

Before defining pk, a,, we shall review the construction of a similar retraction pr, 4
which was introduced in [GHKR2].

Consider the following two properties of an element v € X, (7T):

(i) (a,v) =0 for all roots a € Py;
(ii) {(a,v) >> 0 for all roots a € .
We say v is M -central if (i) holds and and very N-dominant if (ii) holds.

Let a); denote the base alcove in A determined by some set of positive roots U3,
in M. (For example, we could take U}, = &}, := & N ®,,.) This means that a,; is
the region of A which lies between the hyperplanes H, and H,_; for every a € ¥7,.
Let Iy := I N M, the Iwahori subgroup of M which corresponds to the alcove a,;. Set
Ip =N - 1Iy.

Let § be any bounded subset of the building Bg.

Lemma 6.4 ([GHKR2]). Consider the following properties of an alcove b C A:
(a) b C ap;
(b) b has a vertex x_,, where v is M-central and very N-dominant (depending on
S).
Then the corresponding retractions py 4, for b satisfying (a) and (b), all agree on the
set S.

Proof. By [GHKR2], Lemma 11.2.1, there is a decomposition

G = ]_[ Ipwl.
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It follows that Bg is the union of all translates g ! A, as g ranges over Ip. Moreover,
for g € Ip, the map g : g A — A is a simplicial map fixing the alcove b as long as
b C aj; and b is sufficiently antidominant with respect to IV; it follows that, on g~ A,
the map g : g7 A — A coincides with py, 4 for such b.

To be more precise, for a bounded subset S C B¢ let us give a condition (xg) on
alcoves b such that all retractions pp 4 for b satisfying (*s) will coincide on S. There
exists a bounded subgroup Is C Ip such that § C Ugelsg_l.A. Let I, denote the
Iwahori subgroup fixing b. Then condition (*g) can be taken to be

(*S) ]3 C -[b-

This condition suffices, because if b satisfies (xs), then py, 4 and g € Is will coincide
as maps ¢ ' A — A, since both are simplicial and fix b. This proves the lemma. [

Denote by pr,. 4(v) the common value of all retractions pp_4(v) where b ranges over
a set (depending on v) of alcoves as in the lemma. This defines a retraction

pIP7A . BG — A.

As the notation indicates, it depends on the choice of the alcove a,; and the parabolic
P = MN. The following result appeared in [GHKR2]. We give a proof for the benefit

of the reader.
Lemma 6.5 ([GHKR2]). Suppose Ip is defined using P and ay as above. Then:
(i) For any g € Ip, we have pr, al;~14 = g.

(ii) For any alcove x in A, we have p;} 4(x) = Ipx.

Proof. Part (i) follows from the proof of the lemma above. It implies that p;, 4 is
Ip-invariant, in the following sense: thinking of p;, 4 as a map G/I — WI/I sending
alcoves in Bg to those in A, for each w € W, we have

pra a(wa) D Ipwa.

But since we have disjoint decompositions
G/I =[] 1rwI/I = [ p1} s(wa),
wEW wew
this containment must actually be an equality. This proves part (ii). O
We now turn to the variant of interest to us here, namely the retraction pg, a,,

onto the M-dominant Weyl chamber A,; C A . Here we recall K, = K N M, and
Kp =N - Ky;
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Definition 6.6. We define the retraction pg, a,, : Ba — Ay by setting

PKp,Ay = PAy © Plp,A-

Here Ip is determined by P = M N and the M-alcove a,; defined in terms of some set
of positive roots ¥}, for M.

Of course, we need to show that this is indeed independent of the choice of ay,.
Lemma 6.7. The retraction pa,, © p1,.4 s independent of the choice of M-alcove ay.

Proof. Fix any bounded set & C Bg. Recall that on S, pr, 4 can be realized as the
retraction py—, 4, for any M-central and very N-dominant cocharacter v (depending on
S) and any alcove b whose closure contains o and which is contained in a,;. Suppose
al; and a%; are two M-alcoves, and b; C a’, are two such alcoves. We need to show
that pa,, © Pby—v,.4 = Pay © Pby—v,.a 00 S.

Let w € W) be such that wa}, = a%;. Then by Lemma 6.4, we know already that
Pubi—v,A = Pby—v,.A O S. So, it remains to see that pa,, © Pb;—1.A = PA,, © Puwby—v.4 OL
S.

Without loss of generality, we may assume w = s,, the reflection correspond-
ing to a simple root a in the positive system ®,. We claim that pup,—,4(X) €
{pby—v.A(X), w(pry—r.a(x))}. This will imply the lemma.

Denote by F' the unique codimension 1 facet in A which separates ¢, := b; — v from
¢y := wby — v. Abbreviate pg, 4 by p; for ¢ =1,2.

If x C A, then both retractions just give x and there is nothing to do. So, assume
x is not contained in A. Choose a minimal gallery x=xg, X1, ..., Xy, I’ joining X to F.
The notation means F is a face of x4 and d > 0 is the distance d(x, F') (by definition,
for a facet F, the distance d(x, F) is the minimal number of wall-crossings needed to
form a gallery from x to an alcove y with F C ).

There are two cases to consider. Assume first that x; is one of the ¢;. Let us assume
xq = ¢; (the other case is similar). Then d(x,c;) = d and d(x,c3) = d + 1. In this
case Cz,C1,X4 1, .-, X is a minimal gallery joining ¢, (and also c;) to x, and it follows
that p(x) = pa(x).

Now assume that x, is neither c¢; nor co. Then there are two minimal galleries

C1,Xd,...,X Co, Xgy ..., X

and x4 ¢ A (and hence no x; lies in A; see e.g. [BT], (2.3.6)). Thus these galleries
leave A at F', and by looking at how they fold down onto A under p; and py, we see

that p1(x) = w(p2(x)).
This proves the claim, and thus the lemma. U
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Lemma 6.5(ii) above has the following counterpart. Using Lemma 5.3, we see from

it that PKp Ay — b&AM.
Lemma 6.8. For any M-dominant A € X,(T'), we have
P}L,AM(%\) = Kpwy.

Proof. First we show that px, a,, is Kp-invariant; this will show p;{;AM (z)) 2 Kpz).
Choose any M-alcove ap; and corresponding Iwahori ), as in the definition of pg, a,,
as pa,, © Prp.A- We can write Kp = Ky N = IyyWy Iy N. By Lemma 6.5(ii), pr, 4 is
Ip-invariant, and so it suffices to show that px, a,, is Wy-invariant. On a bounded
set S, we realize this retraction as pa,, © pp.4 for some alcove b contained in ay; and
sufficiently anti-dominant with respect to the roots in ®n. Now for w € W), and
v €S, we have

Pan © Po.a(wv) = pa,, (W(pw-164(V)) = pay, © Pu-1b,a(V)

using Lemma 6.2 for the first equality. But by Lemma 6.7, the right hand side is
PKp.A,y (), and the invariance is proved.
Next we show the opposite inclusion. We have

Do tg (E3) = Unewn, prp 4(Wiy).

By Lemma 6.5(ii), the right hand side is contained in IpW),x, which certainly belongs
to Kpxy. This completes the proof. 0J

We deduce the following interpolation between the Cartan and Iwasawa decomposi-
tions of G:

Corollary 6.9. The map W — G induces a bijection
W \A = Wi \W /W = Kp\G/K.
The next lemma is a rough comparison between the retractions px, a,, and p_, A,—v.-

(Actually it concerns their restrictions to a given bounded subset S C Bg.) It will be
made much more precise in the next section.

Lemma 6.10. For any bounded set S C Bg, there are elements v which are M -central
and very N-dominant (depending on S) such that

PKp,Am ‘S = p*VyAG*V’S'

Proof. First we remark that for v which is M-central and very N-dominant, and for
any alcove b having z_, as a vertex, every point x € p, 4(S) satisfies

(a,v+2)>0
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for « € ®5. Thus the retraction of such an element x into Ag — v coincides with its
retraction into Ay, (and both are achieved by applying a suitable element of Wy).
The lemma follows from this remark and the definitions. [

7. SHARP COMPARISON OF px, A, AND p_y A,y

7.1. Statement of key proposition. The following is the key technical device of this

paper. It is a much sharper version of Lemma 6.10.
Proposition 7.1. Let u be a G-dominant element of X,(T). Suppose v > p. Then
(7-1) pfu,AGfu’K_% = PKp,Ap !K_%

The first lemma deals with the images of the two retractions appearing in Proposition

7.1.

Lemma 7.2. Assume v >* . Then the following statements hold.
(a) We have Q(u) N Ay = Q(p) N (Ag —v).
(b) For A € Ay, the intersection Kpxy N Kz, is nonempty only if A € Q(u).
(c) For A\ € Ag — v, the intersection (t7VKt")xy N Kz, is nonempty only if A €
Qp).

Proof. Part (a) follows easily from the definitions. Part (b) is well-known (cf. [GHKRI1],
Lemma 5.4.1). Let us prove (c¢). Assume A\ € Ag — v makes the intersection in (c)

nonempty. By Lemma 6.3, we see that x lies in p_, o, (Ku). By Lemma 6.1 and
the definition of p_, a,—y, there exists w_, € W_, such that w_,(\) € Q(u). Write
w_, =t Ywt” for some w € W. Then we see that

(7.2) wA+v) =w\) +v

for some A € Q(u). The equation (7.2) has the same form if we apply any element
w' € W)y to it. By replacing w with a suitable element of the form w'w (w' € Wyy),
we may assume the right hand side of (7.2) is M-dominant. But then since v > p,
the right hand side is G-dominant. Then w(A + v) and A 4+ v are both G-dominant,

hence they coincide. This yields A = w(\); thus A belongs to Q(u), as desired. O

We will rephrase Proposition 7.1 using the following lemma.

Lemma 7.3. Fiz a G-dominant cocharacter p. Then the following are equivalent

conditions on an element v satisfying v >%
(i) t"Kt")exN Kz, = Kpxy N Kz, for all X € Q(p) N Ay

(ii) p*V,AG*V‘KxH = IOKP,AM‘K:CM'

Proof. This is immediate in view of Lemmas 6.3, 6.8, and 7.2. OJ
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In a similar way, we have the following result.

Lemma 7.4. The following are equivalent conditions on cocharacters vy and vy which
satisfy v; > p fori=1,2:

(a) (T Kt")oy N Kz, = (t72Kt"2)zy N K, for all X € Q(p) N Axr;

(b) povi.ag—1 ]K_x# = P-v2,Ag—12 ’K_xw_

(€) pby,a(x) € Wa(pp,,a(x)), forx € Kz,,.

Here for i = 1,2, b; is any alcove having x_,, as a vertex.

As discussed above in the context of p_, o,—,, in proving (c) we are free to use any

alcove having x_,, as a vertex we wish.

Proof. The equivalence of (a) and (b) is clear. The equivalence of (b) and (c) follows
by the same argument which proved Lemma 6.10. U

If (a),(b), or (c) hold, then so does (ii) in Lemma 7.3, by virtue of Lemma 6.10. To
see this, in (b) above, take v = vy and take vy >P 11 sufficiently dominant with respect
to N so that, for § = K_x#, the conclusion of Lemma 6.10 holds for it.

Thus, the following proposition will imply Proposition 7.1 (and in fact it is equivalent
to Proposition 7.1).

Proposition 7.5. Suppose v; > p fori=1,2. Then
p—V1,AG—V1|K:Eu = p—Vz,AG—V2|KxM'

7.2. Proof of Proposition 7.5. We will prove (c¢) in Lemma 7.4 holds. We make
particular choices for the b;, namely, we set

bi = Woa — V;
for i = 1,2, where wy denotes the longest element in the Weyl group W (so that wya

is the alcove at the origin which is in the anti-dominant Weyl chamber). Set p; = pp, 4
for ¢ = 1,2. For these choices of b;, we will prove the following more precise fact:

for € Kz, we have pi(x) = p2(x).

Let z € Kz, and let a=ag,ay,...,a,_1,a, be any minimal gallery in B¢ joining a to
x (this means that = belongs to the closure of a, and r is minimal with this property).

It is obviously enough for us to prove that

p1(a,;) = pa(a;).

We will prove this by induction on r. But first, we must formulate an alcove-theoretic
proposition (Proposition 7.6 below). This involves the notion of u-admissible alcove
(cf. [HN], [KR]). By definition, an alcove in A is p-admissible provided it can be written
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in the form wa for w € W such that w < t, for some \ € Wpu. Here < is the Bruhat
order on W determined by the alcove a.

The set of p-admissible alcoves is closed under the Bruhat order on any given apart-
ment: if a, is p-admissible, and a,_; precedes a,, then a,_; is also p-admissible.
Moreover, if = € Q(u), then the minimal length alcove containing x in its closure is
always p-admissible. These remarks imply that the next proposition suffices to prove
Proposition 7.5.

Proposition 7.6. Suppose a=ag, ay,...,a, is any minimal gallery in Bg such that, in
an apartment A’ containing this gallery, the terminal alcove a, (and thus every other
alcove a;) is a p-admissible alcove in A'. Then we have

P1 (ar) = p2(ar)~

Proof. We proceed by induction on r. There is nothing to prove for r = 0. Assume
r > 1 and that p;(a,_1) = pa(a,—1). In particular, if F}. is the face separating a,_; from
a,, we have p(F,.) = pa(F,.). Let H C A denote the hyperplane containing p(F});
write sy for the corresponding reflection in A. Set ¢’ := p;(a,—1) and ¢ = sg(c’).

We now recall the discussion of subsection 6.1. For ¢ = 1,2, we have

pi(a.) € {c,c}.

Following subsection 6.1, we need to show that the alcoves b, and by are simultaneously
in Position 1 (or 2) with respect to ¢’ and H.
We claim that b; and by are both on the same side of H. To see this, we may assume

H=H, y={pe X.(D) | (a,p) = k}.

for a positive root a. If a € ®j;, then our assertion follows from the fact that b,
and bs belong to the same “M-alcove” (the anti-dominant one). If o € ®y, it follows
because v; > 11 and because H intersects the set Conv(W ). Indeed, let p be a point
in Conv(Wp) N H. Then the condition

<Oé,Vi—|—p> ZO

implies that
<aa _Vi> S ka

which shows that x_,, and x_,, are on the same side of H, and this suffices to prove
the claim.

This shows that the b; are simultaneously in Position 1 (or 2) with respect to H
and ¢’. This is almost, but not quite enough by itself, to show that p;(a,) = pa2(a,).
Position 1 is quite easy to handle (see below). As we shall see, in Position 2, a, could
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retract under p; to either ¢ or ¢’; we require an additional argument, given below, to
show the two retractions must coincide.

First assume we are in Position 1, that is, b; and ¢’ are on the same side of H. Then
as in subsection 6.1, we see that p;(a,) = c for i =1, 2.

Now assume we are in Position 2, that is, b; and ¢’ are on opposite sides of H. In
this case it is a priori possible that (say) pi(a,) = ¢ while ps(a,) = ¢’. Our analysis
below will show that this cannot happen.

Choose any minimal gallery joining by = wga — 14 to F}.:
b =x¢,x1,...,X,

where F,. is contained in the closure of x,, (and n is minimal with this property).
Similarly, choose a minimal gallery joining by to Fi.

b2:}’07}’1a o Yme-

Further, set b := wpa — 1; — 15 and fix two minimal galleries in A

b:LI()7111, ce 7llp:bl

b=vy,vi,...,v,=ba.
It is clear that p; (resp. p2) fixes the former (resp. latter).

Claim: The concatenation b, ..., by,...,x, is a minimal gallery. (The same proof
will show that b, ... bs,...,y,, is minimal.) This may be checked after applying the
retraction p;. But pi(by),...,p1(X,) is a minimal gallery joining b; to an alcove of
A contained in the convex hull Conv(W ), and consequently this gallery is in the
Jp-positive direction (see subsection 7.3 below). The gallery b, ... by is also in the
Jp-positive direction (and is fixed by p;).

It would be natural to hope that the concatenation of two galleries in the Jp-positive
direction is always in the Jp-positive direction. Then we could invoke Lemma 7.8 below
to prove that b,... by =pi(by)...,p1(x,) is minimal. But in general it is not true
that the concatenation of two galleries in the Jp-direction is also in the Jp-positive
direction (think of the extreme case M = (). However, in our situation, because
b, ..., by lies entirely in the same M-alcove (the anti-dominant one), the concatenation
b,...,by = pi(b1),...p1(x,) is nevertheless in the Jp-positive direction. Hence the
concatenation b,...,bq,...,x, is minimal. The claim is proved.

It follows that the concatenations

Ug,...,Up=Xp,...,Xp

Vo,-- - Vg=Y0,---h¥m
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are two minimal galleries joining b to F,.. By a standard result (cf. [BT], (2.3.6)), any
two such galleries belong to any apartment that contains both b and F,.. In particular,
X, = ¥m- Now recall we are assuming that c’, the common value of p;(a,_;) and
p2(a,_1), is on the opposite side of H from the alcoves b;, and so ¢ is on the same
side of H as the b;. On the other hand, p;(x,) and ps(y,,) are both equal to c, since
that is the alcove sharing the facet p;(F,) with ¢’ but on the same side of H as b,. In
particular, we have a, | # x,,.

If a, = x,, =y, then we have pi(a,) = ¢ = py(a,). If a, # x,, then we have
p1(a,) = ¢ = pa(a,). This completes the proof of Proposition 7.6. O

7.3. Galleries in the Jp-positive direction. We define J C G to the be the Iwahori
subgroup corresponding to the “anti-dominant” alcove wpa. Set Jy; := J N M and
Jp := N Jy;. One can think of Jp as the subset of G fixing every alcove in A which
is contained in the M-anti-dominant alcove &}, and which is sufficiently antidominant
with respect to the roots in ®y.

Now consider any hyperplane Hs_j (where we assume [ € &), and let sy denote
the corresponding reflection in A. We can define its Jp-positive side H;_k and its
Jp-negative side Hy ., as follows. If § € @y, we define Hy ; to be the side of Hg_y
containing a},. If § € Oy, we define Hy_, by

v e Hy  iff z—sp(r) € Roof”.
Suppose z' and z are adjacent alcoves, separated by the wall H. We say the wall-

crossing 7',z is in the Jp-positive direction provided that z’ C H~ and z C H*.

Definition 7.7. A gallery zg,2z1,...,%, is in the Jp-positive direction if every wall-

crossing z;_1,%; is in the Jp-positive direction.

The following lemma is a mild generalization of Lemma 5.3 of [HN], and its proof is

along the same lines.
Lemma 7.8. Any gallery zo, ... ,z, in the Jp-positive direction is minimal.

Proof. Let H; denote the wall shared by z; ; and z;. If the gallery is not minimal,
there exists ¢ < j such that H; = H;. We may assume the Hy # H; for every k
with ¢ < k < j. By assumption z,_; C H; , and z; C H;'. Since we do not cross
H; again before H;, we have z; 1 C H j . This is contrary to the assumption that the
wall-crossing z;_1,z; goes from H; to H;r U

7.4. Triangles in terms of retractions. Set py := poa,. Then the space of based
triangles 7 («, 8;7) can be identified with

po (2a) N0y (zp+)
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since py ' (24) = Sa(0) and t7py ! (x5 ) = Spe ().

Now we fix a G-dominant cocharacter 4 and an M-dominant cocharacter A contained
in Q(p). Fix a parabolic subgroup P = M N having M as Levi factor. Let £ € Oryu8B
be a generic point fixed by P. Then

IT (N 15€) = Prepony, (T2) N pg ()
Note that this space depends only on P but not on £. Fix any auxiliary cocharacter

v which satisfies v >F p. Then Proposition 7.1 shows that we can also describe this
space as

(7.3) IT A 156) = Py no(2) N g (24)-
8. PROOF OF THEOREM 3.2
Proof of Theorem 3.2. The desired equality
T+ A\ p5v)=t"(ZT(\ 1))

is just the equality

Kz, xNt'Kz, = t”(pr,\ N Kx“)
which can obviously be rewritten as

(t"Kt")xyN Kz, = KpryN Kz,
But this follows from Proposition 7.1, or more precisely from its equivalent version,

the equality stated in Lemma 7.3(i). O

9. ON DIMENSIONS OF VARIETIES OF TRIANGLES

9.1. Based triangles. Let o, 3,7 € AgNA. Assume that o+ 5 — v € Q(®Y), which
is a necessary condition for 7 (a, 8;7) to be nonempty. It is clear that

T(a,B;7) = Kxg N Kags,

and, as we explained earlier, this shows that 7 (a, 8;7) has the structure of a finite-
dimensional quasi-projective variety defined over I,
It also shows that we can identify 7 («, #; ) with a fiber of the convolution morphism

m, s : S, (0) x S5(0) = Sats(0).
Here
Sa(0)xSg(0) :==A{(y,2) € B?:.ye Sa(0),z € Ss(y)}.
By definition, m, s(y, z) = z. It follows that
T(e, i) = myl(a,).

We have the following a priori bound on the dimension of the variety of triangles.
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Proposition 9.1. Recall that p denotes the half-sum of the positive roots ®*. Then

dim 7 (v, B57) < (p,a+ B — 7).

Moreover, the number of irreducible components of T («, 5;7y) of dimension {p, a+[5—~)
equals the multiplicity ny s(7y).

Proof. This can be proved using the Satake isomorphism and the Lusztig-Kato formula,
following the method of [KLM3], §8.4. Alternatively, one can invoke the semi-smallness
of m, g and the geometric Satake isomorphism, see [Hal, Ha2]. Compare [Hal], The-
orems 1.1 and Proposition 1.3. U

9.2. Based ideal triangles. Fix y € A¢gNA and A € Ay; N A, and assume py — X €
Q(®Y), which is a necessary condition for Z7 (i, \; £) to be nonempty.

As for the variety of based triangles T («, 3;7), we want to give an a priori bound on
the dimension of Z7 (A, p; £) and also give a relation between its irreducible components
and the multiplicity r,(\).

The key input is the following analogue of Proposition 9.1 for the intersections of /N-
and K-orbits in Gr. Tt is proved by considering (2.3) and manipulating the Satake
transforms and Lusztig-Kato formulas for G and M, in a manner similar to [KLM3],
68.4.

We set F := NxyN Kz, a finite-type, locally-closed subvariety of Gr%, defined over
F

-
Proposition 9.2 ([GHKRI1]). Let py; denote the half-sum of the roots in ®3,. Then

and the multiplicity r,()\) equals the number of irreducible components of F having

dimension equal to (p, pt + X) — 2{par, A).

The link between the dimensions of 7 = Nxy N Kz, and Z7 = Kpx N Kz, comes
from the following relation between these varieties. To state it, we first recall that the

Iwasawa decomposition
G=NMK
determines a well-defined set-theoretic map

nmkK — mKy,

We warn the reader that this is not a morphism of ind-schemes Gr¢ — Gr; however,
when restricted to the inverse image of an connected component of Gr' | it does induce
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such a morphism. (Our reference for these facts is [BD], especially sections 5.3.28—
5.3.30.) Since any Kp-orbit belongs to such an inverse image, the following lemma

makes sense.

Lemma 9.3. The map nmk — mKy; induces a surjective, Zariski locally-trivial fibra-
tion
KpryN Kz, — Kyx)y

whose fibers are all isomorphic to Nxy N Kx,,.

Proof. Let K3, = (t*Kjt=*) N Kj; denote the stabilizer of z, in Kj;. The essential
point is that the morphism f : Ky — Kjr/K3, is a locally trivial principal fibration
according to [Ha2, Lemma 2.1]. Next note that since f is Kj-equivariant, it suffices
to trivialize f over a neighborhood V of z,. According to the result of loc. cit. there
exists a Zariski open neighborhood V' C K,;/K3; of z) and a section s : V — Kj; of
fIf~1(V). Hence for 2/ € V we have

s(x)xy =2’

We will now prove that the induced map f : f~1(V) — V is equivariantly equivalent
to the product bundle V' x F — V. Indeed, define ® : f~%(V) — V x F by

Put f(x) := a’. Note that ® does indeed map to V' x F because (from the equivariance
of f) we have

Fs(f(@)2) = s(f(2)) " f(w) = s(2') "2’ = ay.
Now define ¥ : V x F — f~1(V) by
V(2 u) = s(a)u.

Clearly ® and ¥ are algebraic because s and f are. The reader will verify that & and
U are mutually inverse. U

Since Kz, is irreducible of dimension 2{p,s, A), we immediately deduce the follow-
ing Proposition from Proposition 9.2 and Lemma 9.3. It is an analogue of Proposition
9.1 for the ideal triangles.

Proposition 9.4. We have the inequality
M TT (A 15€) < (p i+ A),

and the number of irreducible components of ZT (X, u; &) having dimension equal to
(p, + A) is the multiplicity r,(X).
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Remark 9.5. The structure group of the fiber bundle f : Z — K, /K3, is K3, in the
following sense. Choose trivializations Uy : VxF — f~1(V)and ¥y : VX F — f~1(V)
determined by sections s; and s, as above. Since s; and sy are Kj;-valued functions
on V we may define a new Kj-valued function k(z') on V by k(z') = s1(2/) " so(a’).
Hence, there exists a morphism k : V — K3, with

so(a’) = s1(a')k(a').
It is then immediate that

Uto Wy, u) = (27, k(2')u).

10. GEOMETRIC INTERPRETATIONS OF Mg 3(7Y) AND ¢, ()

The above section gave the geometric interpretations of the numbers n, g(7v) and
r,(A), by describing them in terms of certain irreducible components of the varieties
T (e, B;7) and ZZ(\, p;&). The purpose of this section is to give similar geometric
interpretations for mg, 5(y) and ¢, (A). This will be used to deduce Theorem 3.3 from
Theorem 3.2.

10.1. Hecke algebra structure constants. By applying Theorem 8.1 and Lemma
8.5 from [KLM3], and taking into account that |Sy(0)(F,)| = |Sx-(0)(F,)|, we see that

Lemma 10.1. m, () = |T (o, B;7)(F,)|-

10.2. The constant term. The goal of this subsection is to give a geometric inter-
pretation of the constants ¢, (A). Fix the weights A € Ay, 1 € Ag. In what follows we
temporarily abuse notation and write G, K, M etc., in place of Gy, K,, M,, etc. The
following lemma comes from integration in stages according to the Iwasawa decompo-
sition G = KNM.

Lemma 10.2. We have
[Nay N Ka,| = q<pN’)\>C§4<fu>(t)\) = q<pN’)\>Cu(>‘)-

Proof. The Iwasawa decomposition G = KNM gives rise to an integration formula,
relating integration over GG to an iterated integral over the subgroups K, N, and M,
where if I" is any of these unimodular groups, we equip I' with the Haar measure which
gives I' N K volume 1. For a subset S C G, write 1g for the characteristic function of
S. Using the substitution y = knm in forming the iterated integral, the left hand side
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above can be written as

/1NK(t)\y)thHK(y)dy_/lNK(t/\y1)1KtHK(y1>dy
e e
= //1NK(t’\m1n1k1)1KtuK(mln1k1)dkdndm
MJINJK
:/ / Ing(m™ ' D lgwr (m™n™) dn dm
M JN
:/ / Ik (M) g (Fmn) dn dm
MJN

= / L (tn) dn
N

= 0p ) (£u) (1),
which implies the lemma since 5113/ 2(1A) = g levA), O

Now we return to the previous notational conventions, where we distinguish between
G,K, M etc. and G, K,, M,, etc.

Set
I:=IT(\m8),
T = [ZT (A, 5. §) (F)l,
ing = [Kasg : Kipgl,

where K3, is the stabilizer of z, in Kj; and KJ)\\M := Ky, N K3y, In other words, iy,
is the cardinality of the orbit Kj/,(z)), and in particular, it is finite. Recall also that

F = f)\# = Nl’)\ﬂKxu.

By Lemma 9.3 the variety Z fibers over K,;/K3, = Ky(z)) with fibers isomorphic
to F via the map f which is the restriction of the N-orbit map on NKyxy, to Z. In
particular,

|I(]Fq)| = iA7q|f(]Fq)|‘
It is proved in Lemma 10.2 that
[F(F)| = ¢ Ve (£ (1Y) = ¢ Ve, (A).

Set
1

o(A, q) = Py

By combining Lemma 10.2 with Lemma 9.3, we obtain the following geometric inter-
pretation of ¢, (A):
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Corollary 10.3.

cu(N) = g YVFF)| = (N @)Tan = e\ @) ZT (N, 15:€)(Fy).

11. PROOFS OF THEOREM 3.3 AND COROLLARY 3.4

Proof of Theorem 3.35.

(i) Since v >* u, by Theorem 3.2, the F,-varieties T (o, 8;7) = T (v + A, p*; v) and
IT (A, p;€) are isomorphic. Since the cardinalities of their sets of F,-rational points
are mq g(7y) and

O A CYPREN

respectively (see Lemma 10.1 and Corollary 10.3), we conclude that

ma,,@(fy) = CM<>\)q<pN’)\>’KM,q : [L’)\’.

(ii) We now prove the equality r,(\) = n,,(v + A). First, it is well-known that
Ny (V 4+ A) = nyya (V). Next, by Proposition 9.1, nyy, () is the number of irre-
ducible components of T (A + v, u*; v) of dimension

(P A+v+p—v)=(p, A+ p).

On the other hand, by Proposition 9.4, ,()) is the number of irreducible components
of ZT (A, p; &) of dimension (p, A+ p). Since T( A+ v, u*;v) 2 IT (A, w; €), the equality
follows.

(iii) Consider the implication
ru(A) # 0= c,(A) #0.

Set « = v+ A, f = p*, and v = v. Using parts (i) and (ii), the implication is
equivalent to the implication

Na,3(7) # 0= map(y) #0.

Now if n, 5(y) # 0, then by Proposition 9.1 the variety 7T («, 5;7) is nonempty and so
[T (v, B;7)(F,)| # 0 for all ¢ >> 0. But the Hecke path model for 7 (v, ;) then shows
that |7 («, B8;7)(F,)| # 0 for all g (cf. [KLM3], Theorem 8.18). Thus my g(7y) # 0.

Consider next the implication

cu(A) # 0= rp,(kX) #0
for k :=ke. If c,(N) # 0 then my4, .+ (v) # 0 for v > 1 as above. By [KM2],

m,\+u,u*(l’) #0= nk~()\+u),k-u*(k v) # 0.
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Since the inequality >* is homogeneous with respect to multiplication by positive
integers, we get

kv >T kpu.
Therefore,
M) g (B - V) = T (RA).
This concludes the proof of Theorem 3.3. O

Proof of Corollary 3.4.
Assume that p — v € Q(P®F).

i. (Semigroup property for r). Suppose (A, i1;) € (A NA) x (AgNA) are such that
7. (Ni) # 0 for i = 1,2. For each 4, choose v; with v; >% p;. If we set o := v; + A,
B; := uf, and 7; = v;, for t = 1,2, then Theorem 3.3(ii) gives us

Ny, B; (f)/Z) - T,ui()\i) 7A 0.
It is well-known that the triples (a, 8,7) with n4,(7) # 0 form a semigroup, so we have

Ny +as 146, (71 +72) # 0. By the semigroup property of >%, we have vy +vy > 114 o,
so Theorem 3.3(ii) applies again and implies

Ny tanBi+62 (V1 +72) = Tpypa (A1 + A2).
The result is now clear.
ii. (Uniform Saturation for ¢). Consider the implication
cnu(NA) # 0 for some N # 0 = cp,u(ka)) # 0.

As above, take v >F p and set o := v + A, 8 := u*, v := v. Then (with some positive
factors Consty, Consts)

cu(A) = Consty - map(7), cnu(NA) = Consty - myans(N7Y).

Note that our assumption u — A € Q(®Y) is equivalent to A + p* € Q(PY) and thus to
a+f—v e Q(P). Now the implication follows from the uniform saturation for the
structure constants m for the Hecke ring H¢ proved in [KLM3].

iii. (Uniform Saturation for r). Consider the implication
rnu(NX) # 0 for some N #0 = g2, (K°X) #0
for k := kg. Similarly to (ii), this implication follows from the implication
nyans(NY) # 0 for some N #£ 0 = nyzq p25(k*y) # 0

proved in [KM2]. Since for type A root systems @, kg = 1, it follows that the semigroup
{r.(\) # 0}, is saturated. 0
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12. REMARKS ON EQUIDIMENSIONALITY

By [Ha2], we know that when «a and 3 are sums of minuscule cocharacters, then the
variety 7T («, 5;7y) is either empty, or it is equidimensional of dimension (p,a + 8 — 7).
Here we present some analogous results for ZT (A, i; §).

Corollary 12.1. Let G = GL,,. ThenZT (A, j1;§) = NKyxaNKzx, (resp. NeaNKx,)
is either empty or it is equidimensional of dimension {(p,pu + X\) (resp. {(p,p + A) —

Proof. All coweights for GL,, are sums of minuscules. So for any choice of v with
v > p, the cocharacters o = v + X and 8 = p* are sums of G-dominant minus-
cule cocharacters. Hence the result for ZT (A, i; §) follows using Theorem 3.2 and the
equidimensionality of T (v + A, u*;v) proved in [Ha2|. The statement on Nxz) N Kz,
follows from the statement on ZT7 (A, i; €) using Lemma 9.3. O

With more work, one can show the following stronger result. We omit the proof.

Proposition 12.2. Let G be arbitrary and suppose p is a sum of minuscule G-
dominant cocharacters. Then the conclusion of Corollary 12.1 holds for the pair (u, \).
Consequently, we have 1,()\) # 0 < ¢, (\) # 0.

Unlike Corollary 12.1, this is not a direct application of [Ha2]. It would be in the
situation where we can find v such that v > p and such that v + X is a sum of
minuscules. However, there is no guarantee we can find v with such properties in

general.

13. APPENDIX

To simplify the notation we set p¢ 1= bg a,, and p_, := p_, A,—». Our goal is to give
a geometric proof of Theorem 3.2, which can be restated as follows.

Theorem 13.1. If v >F 1 then for every geodesic v = 0z C Bg of A-length u, we
have

P—v|Y = pelv.

Proof. Throughout the proof we will be using the concept of a generic geodesic in a
building introduced in [KM2]. A geodesic (finite or infinite) v in Bg is generic if it is
disjoint from the codimension 2 skeleton of the polysimplicial complex B¢, except for,
possibly, the end-points of ~. It is easy to see that generic segments are dense: Every
geodesic contained in the apartment A is the limit of generic geodesics in \A.

We next review basic properties of the retractions p; and p,. Both maps are isometric
when restricted to each alcove in Bg; hence, both maps are 1-Lipschitz, in particular,
continuous.
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Observe that for every x € Bg, there exists an apartment A, C Bg so that £ €
Orits Az, Az N A has nonempty interior and contains an infinite subray in 0_5. This
follows by applying Lemma 5.1 to a generic geodesic v C A asymptotic to £ and
passing through an alcove a C A containing o. For such an apartment A,, there
exists a unique isomorphism ¢, : A, — A fixing A, N A. Then y = ¢.(x) € A is
independent of the choice of A, (although, ¢, does). By the definition of f¢ a,,, we
see that f¢ a,, () = Bea,, (y). Hence, p, factors as the composition pa,, © pe.a, where
pe.a(z) =y. (The map pe 4 equals the map py, 4 defined in section 6.3.)

We next make observations about the geometric meaning of the partial order >%. In
what follows it will be convenient to extend the partial order v >* p to arbitrary vectors
i in A (not only cocharacters) (we will be still assuming however that v € X, (T)).
We will also extend the definition of x) from A € A to general vectors A in the affine
space A: Given a vector A in the apartment A, we let z, € A denote the point so that
oz} = A

Given v € A we let a, denote the alcove of (A, W) with the vertex =, and contained
in the negative chamber —Ag + v.

Lemma 13.2. Suppose that v is annihilated by all roots of ®yr. Then the following
are equivalent:
1.

V>PpJ

2. C, = Conv(W - x,) N Ay is contained in A — v.
3. For every positive root o € O\ Py,

ale, > a(z_,).

4. If a wall H of (A, W) intersects the set C,, then it does not separate x_,, from § in
the sense that the ray x_,& does not cross H.
5. If a wall H of (A, W) has nonempty intersection with C,,, then it does not separate

a_, from & in the sense that it does not separate any point of a_, from §.
Proof. The proof is straightforward and is left to the reader. We observe only that for
every positive root «,

max(aja_,) = a(r_,) = —(a, V).
Thus, if v >F p, then any wall H of (A, /VIV/) intersecting C), does not separate a_, from
€. OJ

The next lemma establishes equality of the retractions pg, p—, on certain subsets of
B
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Lemma 13.3. 1. If v >y then the retractions pe, p—, agree on Conv(Wz,) C A.
2. Suppose that x € By is such that pe(z) € Ag —v. Then, again pe(z) = p_,(z).

Proof. 1. Let © € Conv(Wz,). There exists w € W)y, such that 2’ == w(x) € Ay
then
z' € C, = Conv(Wz,) N Ay.

Clearly, 2" = pe(x). On the other hand, since C, C Ag — v, it follows that p_,(z) =
p_(x) =2

2. The proof is similar to (1). First, find & € Kj; such that k(z) € A and w € Wy
such that @’ = wk(z) € Ay. Then, by the definition of pe, wk(xz) = pe(x). On the
other hand, da(z_,,x) = da(x_,,2’). Then p_,(x) = w'(2'), for some w' € W_,.
However, by our assumption, 2’ € Ag — v, hence w'(2') = «’. O

Note that, given p € Ag, the segment oz, is the limit of generic segments 0z, C
Conv(W - z,,). In particular, Conv(W - z,,) C Conv(W - z,) and, therefore,

v>"p= v =P Vi

Thus, since both the retraction p¢, p_, are continuous, it suffices to prove Theorem
13.1 for p such that the segment ~ is generic.

We will assume from now on that p is generic and v >F . Moreover, we will assume
that p is rational, i.e., p € A ® Q.

For convenience of the reader we recall the definition of a Hecke path in the sense
of [KM2]. Let 7 = m(t),t € [0, 7] be a piecewise-linear path in A parameterized by its
arc-length. At each break-point ¢, the path 7 has two derivatives 7’ (t), 7, (¢), which
are unit vectors in A. Then 7 is a Hecke path if the following holds for each break-point
([KM2], Definitions 3.1 and 3.26):

L. 7' (t) = dw(n’_(t)) for some w € /Wv,r(t), the stabilizer of 7 () in w.

2. Moreover, w is a composition of affine reflections

w=0,0..001, 0 € Wy,

each o; is the reflection in an affine hyperplane {a;(x) = t;} through the point m(t),
a; € ®T, so that for each i =1,....,m
<Oéi,77i> <O, i:O,...,m—l,

where 79 = ' (t), ; :== dri(ni—1),7 = 1,...,m and n,, = 7_(t). Thus, for 7’ (t) € Ag,
we have m = 0 and, hence, 7’ (t) = «/_(¢); this means that the corresponding Hecke
path 7 is geodesic as it does not have break-points.

We will need another property of Hecke paths: Suppose that 7 is a rational Hecke
path, i.e., it starts at o and ends at a rational point, i.e, a point in A ® Q. Then there
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exists N € N so that the path N -7 is an LS path in the sense of Littelmann [Li]. The
proof consists in unraveling the definition of an LS path as it was done in [KM2] and
observing that all break-points of a rational LS path occur at rational points. We will
also need the fact that for every geodesic segment 0 C By and any v € A, the image
of o under the retraction p,, a4+, is a Hecke path (see [KM2]). The next proposition
generalizes Lemma 7.2(b) from p € AgNA to u € Ag.

Proposition 13.4. p¢(v) C C,,. In particular, pe 4(y) C Conv(Wz,).

Proof. We first prove an auxiliary lemma which is a weak version of Theorem 13.1.
(Comp. Lemma 6.10.)

Lemma 13.5. Given v, if v is M-central and very N-dominant (more precisely,
(a,v) > const(y) for all roots a« € @y ), then pe|ly = p_, |-

Proof. Consider geodesic rays z€ from the points z € B asymptotic to &. For every
such ray there exists a unique point 2’ = fe(x) € 2€ so that the subray /¢ is the
maximal subray in xz¢ contained in By;. Explicitly, the map fe can be described as
follows. First, recall that for = € Bg, there is a unique point z € By, so that T = n(z)
for some n € N (even though, the element n € N is non-unique). Moreover, for every
alcove a C Bg, the element n € N can be chosen the same for all x € a. The function
x +— X is isometric on each alcove in Bg, hence, it is continuous. Now, given x € =,
find an element n € N so that Z := n(x) € By,. Then, by convexity of By, in Bg,
n(x€) C Bys. By the above observation, the image n(x€) is independent of the choice
of n. By convexity of Fiz(n), the intersection Fiz(n) N n(z€) is an infinite ray.

Claim 13.6. For every n € N such that £ = n(z) € By, we have
@'€ = Fiz(n) Nn(xf),
where 2’ = fe(z).

Proof. Since n(x') € n(z€) C By, we have n(a') = 2. For the same reason, n fixes the
entire sub-ray z’€ pointwise. Thus, /€ C Fiz(n) Nn(z€). Let y € n(z)z’\ {z'}. Then
n~Y(y) € x2’ \ {2’} and, hence, does not belong to the subbuilding Bj;. Therefore,
y & Fiz(n) and Fiz(n) Nn(zf) C 2/€. O

We next claim that the function f¢ is continuous. Indeed, it suffices to verify its
continuity on each alcove a C Bg. As observed above, n can be (and will be) taken
the same for all points of a. Then (by using the action of Kj;) continuity of f reduces
to the following



Ideal triangles and branching to Levi subgroups 37

Claim 13.7. Let n € N. Then the function p — ¢,p € A defined by

¢ =F iz(n) N pé
1s continuous.

Proof. The statement follows easily from the fact that the fixed-point set of n inter-

sected with A is a convex polyhedron. 0

We now apply the continuous function f¢ to the compact . Its image is a compact
subset C" of By;. Thus C" := pe(C") C Ay is also compact. Then, for all M-central
v € Ag which are sufficiently N-dominant (depending on the diameter of C"), the set
C" is contained in the relative interior of Ag — v in Ay, We then claim that for such
choice of v, pe|, = p_u |-

For every x € v, the segment /2" := 2/ N pgl(AG — v) C By has positive length.
According to Part 2 of Lemma 13.3, p¢|77 = p—v|z7z7. Moreover, pe(xz”) is the unique
geodesic segment in A containing the subsegment pg(z’z”) and having the same metric
length as zz”. (This follows from the fact that pe restricts to an isometry on the ray
) B

We now claim that the projection p_, also sends zz” to a geodesic segment in Ag—wv.
Indeed, the path 7 := p_,(2”z) is a Hecke path in A. The unit tangent vector 7 to m
at p_¢(2”) is contained in Ag since its opposite (pointing to £) is contained in —Ag.
Then the definition of a Hecke path above implies that 7 is geodesic.

The retraction p_, preserves metric lengths of curves [KM2], therefore, 7 is a geodesic
of the same length as xa”. Hence, p_,(x) = p¢(x). Lemma follows. O

The only corollary of this lemma that we will use is

Corollary 13.8. pe(v) is a Hecke path in (A, W) of the A-length u in the sense of
[KM2].

Proof. By [KM2], the retractions p_, : B — Ag — v send geodesics in Bg to Hecke
paths preserving A-lengths. Now, the assertion follows from the above lemma. 0]

We are now ready to prove Proposition 13.4. According to Corollary 13.8, the image
pe(7) is a Hecke path in Aj; with the initial point o. Let 7 be a subpath of p¢(7y) starting
at the origin 0. Assume for a moment that 7 = 7 : [0, 1] — A is an LS path in the sense
of Littelmann of the A-length 3. Then the terminal point 7(1) of 7 is a weight of a
representation Vﬁa, see [Li]. Therefore, m(1) is contained in Conv(Wxzg) C Conv(Wx,).
Since 7 is contained in Ay, it then follows that 7 C C),.

More generally, suppose that 7 is a subpath of p¢(7) which terminates at a rational
point 7(1) € A®Q of the apartment A. Then there exists N € N so that N -7 is an LS
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path of the A-length N3, where (3 is the A-length of 7. Then, by the above argument,
N - 7T(1) c CODV(W . LENg)

and, hence, 7(1) € Conv(W - z5) C Conv(W -x,). The general case follows by density
of rational points in pe(7y). Thus, pe(y) C C,. The second assertion of Proposition
13.4 immediately follows from the first. U

Proposition 13.9. For every point x € ~ there exists an apartment A, C Bg con-
necting a_,,x and &, i.e., a_, U{x} C A, and £ € OpysAs.

Proof. Clearly, the assertion holds for x = o since o,a_,,& belong to the common
model apartment A, := A C X. We cover v by alcoves a; C Bg, i = 0,...,m, where
ay C A is an alcove intersecting v only at the point 0. Recall that, by the genericity
assumption, 7; = a; N~y is contained in the interior of a; except for the end-points of
this arc. Then, if the assertion holds for some point in the interior of ~;, it holds for
all points of v;. We suppose therefore that the assertion holds for points in the alcoves
ag, ..., a; and will prove it for the points of ;1. We will mostly deal with the case
k > 1 and explain how to modify the argument for k = 0. Let  := v, N Y41 and y be
such that 7y = yi41.

Let A, be an apartment as above. We assume that x belongs to a wall H in Bg
and a = ag; is not contained in A, (for otherwise we again would be done). If £k = 0,
we take H C A. In this case, v >F 1 implies that H does not separate & from a_,,.
Assume now that k > 0. Since 7 is generic, the germ H Na of H at z is contained in
A.. Therefore, without loss of generality, we can assume that H C A,.

Claim 13.10. H does not separate a_,, from £ in A,.

Proof. In view of Lemma 13.2, it suffices to show that H does not separate z_, from
£

Let H' C A be the (unique) wall containing pe(H Na). Since v >* p, pe(y) C C, =
Conv(Wz,) N Ay) (Proposition 13.4), it follows that H'NC), # (. Hence, H' does not
separate a_, from &.

We recall that the map p¢|A, is obtained in two steps: First, an isomorphism ¢ :
A, — A fixing a_,, and then applying the projection pa,—, : A — Ag — v (obtained
by acting on ¢(p),p € A,, by an appropriate element w € Wy,). Let w € Wy, be the
element which sends ¢(ay) (and, hence, ¢(H Na)) to Ay, Note that w fixes & and
x_,. Since H' did not separate ¢ from z_, in A, it then follows that w™'(H’) does not
separate either. Since ¢ : A, — A is an isomorphism fixing £ and a_,, it then follows
that H = ¢~ 'w™!(H') also does not separate £ and x_,. The claim follows. O
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Since Bg is a thick building, there exists a half-apartment A;j C Bg containing the
alcove a, so that .A; NA, = H. Let A, denote the half-space in .4, bounded by
H and containing a_,; hence, £ € J.A;. Then A, := A U A} is an apartment,
a, CA,yec A, and € 0xA,. Proposition follows. O

We now can finish the proof of the main theorem. Pick z € . We will show that
p—v(x) = pe(x).

The map p_, : Bg — Ag — v is the composition of two maps: First the canonical
isomorphism of the apartments v, : A, — A which fixes the intersection A, N A,
and then the quotient map pa,—, : A = Ag — v. The intersection V' := A, N A has
nonempty interior in A (since a_, does) Similarly, the projection pe : Bg — Ay is
obtained by first taking the isomorphism of apartments

,057,4|Ax : .Aw — A

(again, fixing V') and then applying pa,,. Since V' has nonempty interior, it follows
that the isomorphisms of apartments 1, and p¢ 4,|A, agree on the entire apartment
A,. Hence,

p&,A($) = ¢$($)
By Proposition 13.4, pg a(x) € Conv(Wz,). By Lemma 13.3, Part 1,

Py, Conv (W) = pag—,|Conv(Wa,).

Therefore,

Pe(T) = pay, © pea(T) = pag—v © Vs = p_y(x). O

REFERENCES

[BD] A. Beilinson, V. Drinfeld, Quantization of Hitchin’s integrable system and Hecke eigensheaves,
preprint. Available at www.math.utexas.edu/users/benzvi/Langlands.html.

[BK] P. Belkale, S. Kumar, Eigencone, saturation and Horn problems for symplectic and odd orthog-
onal groups, J. Algebraic Geom. 19 (2010), pp. 199-242.

[BeSj] A. Berenstein, R. Sjamaar, Coadjoint orbits, moment polytopes, and the Hilbert-Mumford
criterion. J. Amer. Math. Soc. 13 (2000), no. 2, pp. 433-466.

[BT] F. Bruhat and J. Tits, Groupes réductifs sur un corps local. I, Inst. Hautes Etudes Sci. Publ.
Math. 41 (1972), pp. 5-251.

[F] P. Foth, Generalized Kostant convezity theorems, Proc. Amer. Math. Soc. 137 (2009), no. 1, pp.
297-301.

[Hal] T. J. Haines, Structure constants for Hecke and representations rings, IMRN vol. 39 (2003),
pp. 2103-2119.

[Ha2] T. J. Haines, Equidimensionality of convolution morphisms and applications to saturation prob-
lems, Adv. Math. 207 (2006), no. 1, pp. 297-327.

[GHKRI1] U. Gértz, T. Haines, R. Kottwitz, D. Reuman, Dimension of some affine Deligne-Lusztig
varieties, Ann. sci. Ecole Norm. Sup. 4¢ série, t. 39 (2006), pp. 467-511.



40 T. Haines, M. Kapovich, J. Millson

[GHKR2] U. Gortz, T. Haines, R. Kottwitz, D. Reuman, Affine Deligne-Lusztig varieties in affine
flag varieties, Compositio Math. 146 (2010), 1339-1382.

[HN] T. Haines, B.C. Ngd, Alcoves associated to special fibers of local models, Amer. J. Math. 124
(2002), no. 6, pp. 1125-1152.

[KKM] M. Kapovich, S. Kumar and J. Millson, The eigencone and saturation for Spin(8). Pure and
Applied Mathematics Quarterly, Vol. 5, N2 (Hirzebruch Special Issue, Part 1), 2009, pp. 755-780.

[KLM1] M. Kapovich, B. Leeb, J. Millson, Convezr functions on symmetric spaces, side lengths of
polygons and the stability inequalities for weighted comfigurations at infinity, Journal of Diff.
Geom. 81 (2009), 297-354.

[KLM2] M. Kapovich, B. Leeb, J. Millson, Polygons in buildings and their refined side lengths, Ge-
ometry And Functional Analysis, 19 (2009), pp. 1081-1100.

[KLM3] M. Kapovich, B. Leeb, J. Millson, The generalized triangle inequalities in symmetric spaces
and buildings with applications to algebra, Memoirs of the AMS 192, (2008).

[KM1] M. Kapovich, J. Millson, Structure of the tensor product semigroup, Asian Math Journal
(S.S.Chern memorial issue) Vol. 10, N. 3 (2006) pp. 493-540.

[KM2] M. Kapovich, J. Millson, A path model for geodesics in Euclidean buildings and applications
to representation theory, Groups, Geometry and Dynamics 2 (2008), pp. 405-480.

[KR] R. Kottwitz, M. Rapoport, Minuscule alcoves for GL, and GSpa,, Manuscripta Math. 102
(2000), no. 4, pp. 403-428.

[Li] P. Littelmann, Characters of representations and paths in bk, Representation Theory and Auto-
morphic Forms (Edinburgh, 1996), Proc. Symp. Pure Math., Vol. 61, American Mathematical
Society, Rhode Island, 1997, pp. 29-49.

[S] S. Sam, Symmetric quivers, invariant theory, and saturation theorems for the classical groups,

arXiv:1009.3040, 2010.

Thomas J. Haines: University of Maryland
Department of Mathematics

College Park, MD 20742-4015, U.S.A.
email: tjh@math.umd.edu

M. Kapovich: Department of Mathematics
University of California

1 Shields Ave,

Davis, CA 95616, USA

email: kapovich@math.ucdavis.edu

John J. Millson: University of Maryland
Department of Mathematics

College Park, MD 20742-4015, U.S.A.
email: jjm@math.umd.edu



