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Introduction

This set of notes contains basic material on Riemann surfaces, Teichmtiller spaces and
Kleinian groups. It is based on a course | taught at University of Utah in 1992-1993.
This course was a prequel to the 1993-1994 course on Thurston’s Hyperbolization
Theorem which later became a book [K].
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2 Conformal geometry on surfaces.

Conformal maps are smooth maps in domains in C with derivatives in
CSO(2) =R, x SO(2)

The special feature of the complex dimension 1 is that the classes of (locally) biholo-
morphic and (locally) conformal maps in subdomains of C coincide.

Definition 2.1. Riemann surface is a (connected) 1-dimensional complex manifold.

Classes of (locally) biholomorphic and (locally) conformal maps in C coincide.
Therefore, each complex curve 1-1 corresponds to a conformal structure on the 2-
dimensional surface S (maximal atlas with conformal transition maps). B

Riemann surface with punctures X is obtained from a Riemann surface X by
removing some discrete set of points. We mainly will be interested in Riemann surface
X of “finite type” (g, p) which have g = genus of compact surface X; p = number of
punctures.

Infinitesimally, conformal structure is a reduction of the principal GL(2, R) (frame)
bundle F(S) over S to a principal bundle with the structure group CSO(2). The
Riemannian structure on S is a reduction of F(S) to a principal subbundle with the
structure group SO(2). Thus, each conformal structure can be obtained from a Rie-
mannian metric (this is true in arbitrary dimension). This is a general fact of the
reduction theory: the quotient CSO(n)/SO(n) = R, is contractible. Therefore we
can use:

Theorem 2.2. Suppose that G is a Lie group and H is its Lie subgroup so that G/H
1s contractible. Then for each manifold M any principal G-bundle can be reduced to
a principal H-subbundle.

As we shall see, for the surfaces the converse is true as well:

Theorem 2.3. (Gauss’ theorem on isothermal coordinates). For each Riemannian
surface (S, ds?) there exists a local system of coordinates such that ds* = p(z)|dz|?.
Le. any Riemannian metric in dimension 2 is locally conformally-FEuclidean.

Notice that the system of coordinates on S where ds? has the type ds? = p(z)|dz|?
is a conformal structure on S. Really, the transition maps are isometries between
metrics A;|dz|, Az|dz| on domains in C, thus they are conformal maps with respect to
the Euclidean metric. Two metrics define one and the same conformal structure if
they are “proportional”.

Theorem 2.4. (Uniformization theorem). For any Riemann surface S the universal
cover of S is conformally- equivalent either to the (a) unit disc I\ or to (b) C or to

(c) C.



These classes of Riemann surface correspond to the following types:

(a) (0,0) (rational type),

(b) (1,0),(0,1), (0,2) (elliptic type: torus, complex plane, C== C — {0}),

(c) other (hyperbolic type).

The proof of these theorems will be given later as a corollary from some existence
theorem in PDEs in the case of surfaces of finite type.

The groups of conformal automorphisms of A, C, C consist of linear-fractional
transformations. In the case (a) our surface is simply connected.

The fundamental group I of X acts properly on X. Thus, in the case (b) the
group I" consists only of Euclidean isometries. As we shall see later in the case (c) all
conformal automorphisms preserve the hyperbolic metric.

1) Torus. Metric can be obtained by identification of sides of Euclidean rectangle.

2) exp(C) = C™ the universal covering.

We will be mainly interested in surfaces of “hyperbolic type”.

Our strategy in proving U.T.: (1) use some geometry to construct a complete
hyperbolic metric on S. Then (2) use some analytic technique to prove that each
metric is conformally hyperbolic.

Hyperbolic plane: H? = {z : Im(z) > 0} with the hyperbolic metric ds =
|dz|/Im(z) (that has curvature —1). Recall that the group of biholomorphic au-
tomorphisms of the upper half-plane consists of linear-fractional transformations, i.e.
equals PSL(2,R). Suppose that f € PSL(2,R); then Im(fz) = Im(z)[fXz)|; thus,
f is an isometry of H?.

Definition 2.5. A hyperbolic surface X is a complete connected 2-dimensional Rie-
mannian surface of the constant curvature —1.

The universal cover X of X is again complete, hence it is isometric to H2. There-
fore we get an equivalent definition of a hyperbolic surface:

Definition 2.6. Let G be a properly discontinuous group of isometries of H? which
acts freely. Then X = H2/G is a hyperbolic surface.

We will use two models of the hyperbolic plane H?: the upper half-plane and
the unit disk. Geodesics in the hyperbolic plane are the arcs of Euclidean circles
orthogonal to dH?. Proof: use the inversion and the property that between each 2
points the geodesic is unique.

Horoballs and hypercycles. Horoballs in the unit disc model (A) of the hy-
perbolic plane are Euclidean discs in A which are tangent to the boundary of A. If h
is a geodesic in H? then the boundary of its r-neighborhood is called a “hypercycle”.

Definition 2.7. (Types of isometries.) Consider a space X of negatively pinched
sectional curvature —h < Kx < a < 0. Then an isometry g of X is called elliptic
if it has a fived point in X. An isometry is called parabolic if it has a single fizved
point in X = X U0X. An isometry is called hyperbolic (or loxodromic) if it has
exactly two fived points in X = X UdX.

Examples: z — 2z (hyperbolic) ; z — z + a (parabolic); Euclidean rotation of A
around the center (elliptic).



Remark 2.8. Suppose that p in a puncture on X. Then p has a neighborhood U
which is conformally equivalent to a puncture on C/ <y > wherey is a translation.
Really, U can be realized as a neighborhood of 0 € C. Then the universal covering of
CHs

exp:C — CH
and the deck-transformation group is <z v 2iT + 2z >.

Non-example. Now suppose that the boundary of the strip
1<Re(z)<2;Im(z) >0
is identified by the homothety (hyperbolic transformation):
h:z— 2z

denote the result by A. Let’s prove that the neighborhood 0,A of oo at A isn’t
conformally equivalent to a neighborhood of oo in C.

Notice that A is conformally isomorphic to {z € C : Re(z) > 0,Im(z) > 0}/ <
h>. Then AcCc T?=C<h>; 0,Aisacurve on T. There is a nondegenerate
holomorphic map f : T — C; £(9,A) is a smooth compact curve in C. Suppose that
g : U — T is a biholomorphic embedding where U is a closed neighborhood of oo
in C; q(U) is a one-sided neighborhood N of 0;A. Then f(N) is relatively compact
in C. Thus, the function g o T is bounded in U; then it extends holomorphically
to co. Thus, qf(U U oo) is compact and contains q(d;A). However, it means that
qf(c0) D q(d;A) which is impossible. QED of Non-example.

Here is a way to construct a hyperbolic surface. Suppose that P is a convex
closed polygon in H? and we have some isometric identifications of its sides so that
after gluing the total angle around each point is 2 and the result of gluing is a
surface (without boundary). Then S = P/ ~ has a natural hyperbolic structure.
Unfortunately, this structure can be incomplete.

Example 2.9. PutA={ze€C:Im(z)>0,1<Re(z) <2} CH? Letg:zw 22 ;
then identify the sides of A by the equivalence relation: z = 2z. The surface A/ = is
not complete.

Let’s try to figure out the criterion of the completeness. First assume that P
is compact. Then S is complete. Now consider closed finite-sided polygons P of
finite area. Then, our problem is reduced to the consideration of the isolated vertices
which can be the only source of incompleteness. Let I' be a group generated by
identifications.

Theorem 2.10. (Criterion of completeness.) S is complete iff the stabilizer of each
vertex is parabolic.

In particular we proved now the following. Under conditions above (S is complete)
the action of the group I' can be identified with the fundamental group of S and P
is the fundamental domain for I".



Theorem 2.11. Let (I3, 1y, 15) € R3 be nonnegative numbers. Then there exists a
complete hyperbolic structure X with geodesic boundary on the pair of pants (S* \
3 discs) such that lengths of boundary curves are (ly, 2, 13).

Proof: Use 3 disjoint mutually nonseparating geodesics in H? such that hyperbolic
distances between them are the numbers: 1,/2,1,/2,15/2 (the continuity principle).
Then connect the geodesics by orthogonal segments. This gives a hexagon Y in H?
with right angles such that lengths of 3 sides are (1,/2,1,/2,15/2). Take a double of
Y to obtain X. O

Remark 2.12. We allow some lj to be 0, the corresponding boundary curves degen-
erate to punctures in this case.

Theorem 2.13. (Existence theorem for hyperbolic structures). Each surface of the
hyperbolic type has a complete hyperbolic structure.

Proof: Each surface with punctures can be split along disjoint simple curves to a
union of “pairs of pants”. Find hyperbolic structures on each component such that
punctures correspond to curves of 0-length, other curves have one and the same length
(say 1). Finally glue these pairs of pants together via isometries of their boundary
components. L]

3 Quasiconformal maps

The main analytic tool for proof of the Uniformization Theorem and for all further
discussion will be the theory of quasiconformal maps.

3.1 Smooth quasiconformal maps

An orientation preserving homeomorphism f of a domain A C Cis K-quasiconformal

i Cthe function )
max |F(z + r'®) — f(2)|

H(z) = limsup,_q min|T(z + 1) — 7(2)| (1)

is bounded in A — {0, f !0} and H(z) < K a.e. in A.

Suppose in addition that uxvy — uyvy = |f;|* — |f;|*> = J¢(z) > 0. Denote

_ f(z+re) —f(z

04F(2) = !m ( reig (2) (2)
Then 04f(z) = of + 0fe 2% so

max [0a (2)| = [0F (2)| + 10F(2)| (3)
min|9a(2)| = [0F(2)| - 0F(2)| @)

Recall that a function @ : R — R™ is called absolutely continuous if it has measur-
able derivative @“almost everywhere (in the domain D of ¢) and for each subinterval
a,b] € D we have:

[a, b] -
e0) —@@@ = @()dx

a



A function @ : D c R? — R? (defined on an open subset D) is called ACL
(absolutely continuous on lines) if for almost every line L the restriction @|LD is
absolutely continuous. Thus, each ACL function has measurable partial derivatives
a.e. in D.

Suppose that f is ACL and (or has weak L? partial derivatives). Then, the K-
quasiconformality is equivalent to the fact that the quotient

_ maxe |9aF(2)] _ [9F(2)| +|0F ()|
© ming [0.F ()| |9F(2)| — |0F(2)]

(6)

is finite and a.e. bounded by K.

This is the same as:
K-1

K+1

Suppose in addition that J¢(z) > 0. Then we can form the complex dilatation of
T

0f(2)| < 0f (2)|

_ of(2)

D) = 5503 (®)
M@ < o7 <1 U]

The diLerkntial equation B
0f(2) = u(2)of () (8)

is called the Beltrami equation. If p(z) = 0 then it becomes the Cauchy-Riemann
equation. Each solution of the latter equation is holomorphic.

Complex dilatation under the composition. Let { = g(z), then

He(2) — Hg(2) , 09(2)
1-— uf(z)m 109(2)]

Theorem 3.1. (Existence-Uniqueness Theorem.) If f,g are quasiconformal in
A with the same complex dilatation a.e. then f og™! is conformal.

For every measurable function W in the domain A with ||U||e < 1 there exists a
quasiconformal homeomorphism with the complex dilatation .

Mrog-1(0) = )’ (9)

Definition 3.2. A map T in D is K- quasiconformal if
e T is a homeomorphism ;
o T is AC (absolutely continuous) on a.e. coordinate line in D (ACL property);

o |f;| <K[f,| where k = 25 < 1.

3.2 Properties of quasiconformal maps

1) Gehring- Lehto: quasiconformal maps T are di[erkntiable a.e. in D.

2) Partial derivatives are locally in L2 And vice- versa: if the partial derivatives
are locally in L2 then f is ACL.

3) Area is absolutely continuous function under g.c. maps. Thus, f, # 0 a.e. in
D.



4) Mori’s inequality:
Let Q c C, f:Q — QY Normalize f so that f(co) = oo, f(g;) =bj , j =1,2.
Then for every compact subset G € Q N C we have the Holder inequality:

f(2) — f(w)| < Mgz —w|'"* (10)

5) Convergence property: Suppose that f, be a sequence of K,-q.c. mappings
of C so that :

(a) T, fix three points: oo , a; # a, € C;

(b) Kn < K < .

Then £, has a subsequence which is uniformly convergent on compacts to a qua-
siconformal homeomorphism.

6) Extension property. Suppose that f : H? — H? is a quasiconformal self-map
of the upper half-plane. Then f extends to C to a quasiconformal homeomorphism,
whose restriction to the line dH? is quasisymmetric if we normalize it by f(o0) = 0o

L 9D 00
© 000 e = © D

However, the boundary value isn’t necessarily AC. According to Ahlfors and Beurling
the condition (11) is also su Lcieht for the extension of ¢ to a quasiconformal map
of C.

See proofs in [Ah1].

3.3 The existence theorem

Consider the Beltrami equation:
f, = pf; (12)

where p € Lo and ||p|| <k < 1.
Recall that for ¥ with L'-derivatives we have:

1] 1]
1 f, 1 f(2)
) = E(P'V') 7o dedy + AT oz Zdz (13)
(generalized Cauchy formula). Here P.V. means the principal value in the sense of
Cauchy. In particular, ]
7=_1pv) L ixdy (14)
T[ A Z—C

Consider the operator P on the functions h € LP, p > 2,

Ph(Q) = —E(P V) I:Ih(z) ¢ dxdy = 1 I:Ih(z)(i — L)dxd (15)
o c z(z - Q) Y= m ¢ z z-¢( y

The integral is correctly defined as (P.V.) since h € L, in a compact domain implies
that f € L,.

Lemma 3.3. Ph is continuous and satisfies the uniform Holder inequality with the
exponent (p — 2)/(p — 1).



Proof: h € Ly, {(z(z — {))™" € Lq where 1/p+1/q =1, 1 < q < 2. Then the Holder
inequality implies that:

€]
Ph < —|lh 16
PR < 2lI0lbl 5575 (16)
o =
————dxdy = [{]*% |z(z — 1)|%dxdy = [{]*'K 17
Then:

Ph@)| < [g|P2"P7VK, ]|, (18)

and if hy(z) = h(z + ¢;) then:

Phy(& — &) =Ph({) — Ph(G) (19)
so P h is Holder with the exponent (p — 2)/(p — 1). [
Remark 3.4. The formula 16 implies that Ph(0) = 0.

The operator T is defined for h € CZ:
1]
ThQ@) = lim -+ @) iy (20)

=0 M —gs (2 —0)?

This operator is called “Hilbert transformation”. Notice that Th(¢) = O(|{|™?)
as { — oo, since
1 ]

ITh(Q)| < ( h) SUp 75 = ( h-IZ-RPF=0(™ (21)
r 12— Dr

Lemma 3.5. Forh € Cg , Th has class C* and:

(Ph),=h:ie. 0oP =id (22)
(P h)tl_ Th (T h)Z (Phy); =h; (23)
ITh|?dxdy = |h| dxdy (24)

and moreover, ||Th|, < Cp|lhllp for any p>1 so that

I!)IET; Cp=1 (25)
(Calderon- Zygmund inequality). Thus we can extend T to L.
Proof: We shall skip the proof of the Calderon- Zygmund inequality, the reader can

find it in [Ah1].
(i) The generalized Cauchy formula (13) implies that

El h
zZ
(Ph); = _E e dedy
1]
(Ph), = - 7 dedy (26)



Thus, | 1

1 h 1 dhdz
Tz E oG 7t
) 1 hdz
Mo o z-¢ M@
(i) ]
1 dhdz
P(h) = 5 il @7)
Iim(—i hdz i hdzdz = ThQ) (28)

+
~0° 2 g2 Z2—C 2mi ¢ (z — ¢)?

Remark 3.6. It follows that Ph is holomorphic near oo and = ag + % as z — oo
since OPh =Th = z72. Thus, if ag = 0, then

PhelP({zeC:|z| > R})

(ii) Now, let’s prove that T is Ly-isometry.
1 1
ITh|*dzdz = (Th)(Ph),dzdz
C C

. . =
= (ThPh),dzdZ— (Th),Phdzdz= -2 h,PhdzdZ

because (Th), = h, and
1 ]
(ThPh),dzdz = ThPhdz — 0 (29)
0DRr
since Th = 0O(|z|™2) as |z| — oo.
On another hand,
1 1 1 1
hhdzdz= h(Ph), = (hPh), — h,P (30)
C C C C

the 1-st term is approximately equal to

1
hPhdz =0 (31)
dDRr
since h has a compact support. So, T is an isometry. O

Theorem 3.7. If W has a compact support then there exists a unique solution T of
the Beltrami equation such that £(0) = 0 and f, — 1 € L, where p is such that

CollMlleo = Cpk < 1. Such solution =5 . is called “normal”.

10



Proof: (a) Uniqueness. Suppose that T is a solution. Then f; € L, (because it has
a compact support and locally it’s roughly proportional to f,) and there exists P (f;)
so P (f;)(0) = 0. Then the function

F=f—-P(fy) (32)

is analytic. Then f, —1 € LP impliesthat F, — 1=, — 1 — T(f;) is in LP since the
last term has quadratic decay at infinity. Hence, F, =1 and F = z since F(0) = 0.

Thus f = P(f;) +z and f, = T(uf;) + 1. Let g be another solution. Then
f, — 9, = T(u(F; — g;)), hence

12 — 9zllp < KCpl[fz — gz |lp (33)

and f,=g9,,f,=g,s0f =g.
(b) Existence. Consider the equation:

h=T(uh)+Tu (34)
The linear operator h — T (ph) on L, has norm < kC, < 1. Then the series
h=Tp+Tpu(Tp) + TTRTR))... (35)
is convergent in L. This is a solution of (34). Then, for this h the function
f=Pluth+1)]+z (36)
is the solution since p(h + 1) is in Ly;
f,=uh+1) ;F=Tuh+1]+1=h+1 (37)
and f(0)=0and f, —1=h € L,. O
Remark 3.8. It follows from the formulas (37) that 0F = T(éf) +1=T(pof) + 1.
Lemma 3.9. If v, — W uniformly a.e. and supports are bounded; then

109nGrmar — 0T

normal normal

[p —0 (38)

and g0 oo — Fhomar uniformly on compacts. Moreover, since these functions are
holomorphic near co, the convergence is uniform on C.

Proof: Put g, :=g." The Remark above implies that

ormal*

of — 09y = T(pof; — dvgn) (39)
and hence
|of — agn”p < ||IT(va(OF — 99n))|p+
[T (1 —Vvn)df|lp < KCpl|0F — 0gn|lp + Cpll(H — Vn) T2l (40)
ThUS, af - agn”p(l - ka) S CD”(H - Vn)szp — 0.

This implies the statement about convergence of derivatives (since f, € L}, .). The
Beltrami equation implies the LP convergence of the 0 -derivatives.

Now consider f = P(uh, +1)+z = P(f,) +z Then |[f —g| = |[P(f; — g;)| <
Ko |[fz — 9z]/p|z|*® which implies the last assertion. O

11



Lemma 3.10. If 4 has a compact support and distributional derivative B, € Ly
(p > 2) then the normal solution f € C' and is a homeomorphism.

Proof: Let’s try to determine A such that the system:
f,=A ;=M\ (41)

has a solution (which will be the solution of the Beltrami equation). The necessary
and su Lcieht condition is that

Az = (M)z = A+ A, (42)
Or, for 0 := logA:
(0); = W(0); + I (43)
Consider the operator:
Ty :h— T(uh) (44)

The LP norm of it is less than 1, hence in LP we have:
M=) =1+T,+T+ ... (45)
Therefore, we can find q € L, such that

q=T(ua) + T (k) (46)

Put 0 = P (Mg + ;) + const so that 0 — 0 as z — oo. Thus, ¢ is Holder continuous
and

O, =Hq+ U, ;0; =T(Ug+ ) = (47)
Hence A = exp(o) satisfies the equation and there is a solution f of the class C!
and we can normalize f(0) = 0sothat f, = A — l1asz — oco. Then A -1 &
0(z) = P(uq + ;) +const as z — oo. Thus, we can use the Remark 3.6 to show that
A—1€LPand f is a normal solution.

The Jacobian
f,|* — [f;]> = (1 — |u[*)exp(20) (48)

is positive, hence, T is a di Ledmorphism. O

Corollary 3.11. For any | with compact support the normal solution is a homeo-
morphism.

Proof: We can approximate any 4 € L., by smooth p, with compact support, solu-
tions f1° _, are di Ledmorphisms and then f}!7. ., are convergent to £, uniformly
on compacts. Therefore, we can use the property (5) of g.c. maps (compactness prop-

erty) to prove that the limit is a homeomorphism. O

Now we need a formula for composition of £ with Moebius maps g.
Namely, (under assumption { = h(z)) it follows from

He(2) — in(@) , Oh@) ,,
1 — s (2)un(2) 190 ()]

Hf-n-1(0) = (49)

12



that:
9@ _

Hg—1rg(Q) = Ke(9(0) 31y 390

=g (50)

Convention. Now, by f* we shall mean the solution which fixes 0,1, cc. It is
called the “normalized” solution.

Theorem 3.12. For any Y on C with the norm |H||lo <1 there exists a normalized
solution of the equation 0F = WoFf. This solution is a homeomorphism.

Proof: (&) The solution exists if g has a compact support, just adjust the normal
solution by Moebius transformation.

(b) Suppose that p vanishes in A;(0). Then take v = g4 where g(z) = z71.
Then v has a compact support and there exists h = V. Now take f = ghg™! and
He =gV = .

(c) Consider the general case. We can decompose [ as |, + [y Where Yy has a
compact support A and i, has support outside A. Try to find the solution

' =f o fHe (51)
i.e. g .= fHz
fA=flog™ (52)
Then, according to (9) we have:
M— M
= 53
Kl—uu )(yag|)] g (53)

Then, since p — Wy = My has compact support and, by convention, g fixes some
neighborhood of oo, the characteristic A also has a compact support. So, there
exists f*. Put f = f*of¥2; v = ps. We have to show that v = p, and we can find f*
from (51). Notice that p and v satisfy to one and the same equation (53). Suppose
that u # v on some set E of nonzero measure. The equation:

M—H2 _
TR
is linear by W, thus the nonuniqueness implies that on E we have: ¢ = —u, and
= —Q[y; i.e. |U2|?> = 1 on the set E which is impossible since ||Us]|- < 1. Thus,
p=vand f =f" O

3.4 Analytical dependence of " on the complex dilatation

Theorem 3.13. The normal and normalized solutions of the Beltrami equations de-
pend holomorphically on ) which means that the map

Belt: p € B(1) C Lo, — f* € C%(A, C)

has complex derivative for any disc A C C; where C°(A, C) is the space of continuous
C-valued functions with supremum norm; B(1) C Le is the open unit ball.

13



For proof see [Ah1]. We shall need and prove much weaker statement:
Denote by A(r) the open disc of radius r in C with center at 0.

Theorem 3.14. Let w,v € B(1) have compact support. Then for each z € C, the
function

w e N(F ) — YR (2)

normal

18 holomorphic.

Proof: Recall the representation for the normal solution (36 -37):
f(@) =Plwp+v)L+T(Wu+ V) +T[(Wh+V)(TWH+V)]+.)]+2z=
PI(wp + V)1 + Ai(w) + Ay(w) + ...)] = P[(WH(1 + Ar(W) + Ag(w) + )]+
Pv(l+ A (w)+Ayw)+.)]+z

this series is uniformly convergent for all w € A([QJand each term is a holomorphic (in
fact, polynomial) function on w. Then each z € C, the limit depends holomorphically
on w. [

Exercise 3.15. Suppose that D is a domain in C such that: each conformal auto-
morphism of D is Moebius. Then any quasiconformal automorphism of D can be
extended to C.

4 Quasiconformal maps on Riemann surfaces
Let X be a Riemannian surface, ds? is a metric. Then locally we can write
ds? = Edx? + 2F dxdy + Gdy?

Put dz = dx + idy, dz = dx — idy. Thus, ds = A|dz + pdz|,
where A2 = (E + G + 2VEG — F?),
_ E - G+2iF
" E+G+2/EG_F?

Notice that
E+G-2VEG—-F? <1

2 —
i E+G+2VEG—-F?
Theorem 4.1. (Gauss’ theorem on isothermal coordinates). For each Riemannian

surface (S,ds?) there exists a local system of coordinates such that W = 0. Le. any
Riemannian metric in dimension 2 is conformally- Fuclidean.

Proof: Suppose that w = fH(z) is the g.c. homeomorphism with the dilatation p.
Then |dw| = |owdz + dwdz| = [0w||dz + pdz]; thus ds = A|dw|/|ow|. O

Thus, we should look more carefully on the pf as an object on Riemann surface.
The formula (50) shows that pdz/dz is a di Lerential of the type (-1, 1) on the surface
X, i.e. pdz ®0/0z. Such dilerkntial will be called a conformal structure since (a)
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each conformal class of Riemannian metrics on S gives us some p and (b) given 1 we
can solve the Beltrami equation and the maps " will define a complex (conformal)
structure:

For each point z € X we have a neighborhood U where we can solve the Beltrami
equation of = pof, where f : U — C is a homeomorphism.

If fi,f; : U — C are solutions of the Beltrami equation then by uniqueness of
solution f; o (f;)~" is holomorphic.

As the result we get a conformal structure on X corresponding to p. We will
retain the notation p for this conformal structure. Automorphisms of p are the self-
di Ledmorphisms h of X such that i CA (1) = p. If p is defined in some domain D in
the plane C, then this condition means that:

K(2) = u(h2)hi(z)/h'(z) (54)

where we assume h € Mob(C). Let f, be the solution of the B.e.. where p = 0
outside D. Then f : (C,pn) — (C,can) is conformal. Therefore, since h € Aut(j),
then f o h o f~! belongs to Mob(C).

Corollary 4.2. Suppose that G C PSL(2,C); f, is a quasiconformal map of C so
that (54) holds for each h € G. Then f,ohof ' € PSL(2,C).

Corollary 4.3. Suppose that f : A € C — F(A) C C is a quasiconformal homeo-
morphism and G is a subgroup of conformal automorphisms of A and (54) holds for
eachh € G. Then f,oho fu_l is a conformal automorphism of T(A) for each h € G.

Theorem 4.4. Let X,Y be surfaces of the same type. Then there is a quasiconfor-
mal map X — Y .

Proof: Let_)Z,\?_be conformal compactifications of X,Y ; then there is a di edmor-
phism T : X — Y which maps punctures to punctures. The restriction of  to X is
the desired quasiconformal homeomorphism. O

Formula for transformation of the Beltrami di[erential under complex
conjugationg:z —z. Iff =ftandh=gof og then
Hh =goHog (55)

e Hn(z) = M)

5 Proof of the Uniformization Theorem for sur-
faces of finite type

Let X be a Riemann surface of finite type. Then we can construct a hyperbolic surface
X, of the same type. denote by T a g.c. homeomorphism T : X, — X (which exists
due to Theorem 4.4). Let p be the dilatation of T lifted in A. Extend p to ext(A)
by the symmetry. Put u = 0 on dA. Then the resulting di [erential Beltrami v will
be compatible with the action of the group 'y = m;(X;). Therefore, ¥ conjugate Iy
toagroup ' C PSL(2,C) and since ¥V commutes with conjugation, ' C PSL(2, R).
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However, the universal cover X of the surface X is biholomorphic to (A, ) which
is conformally equivalent to A via f. Thus, we proved the Uniformization Theorem
for surfaces of hyperbolic type. The proof for the elliptic type is essentially the
same. Proof for the rational type is just a particular case of the existence theorem
for quasiconformal maps. [

6 Elementary theory of discrete groups.

6.1 Definitions

Let S be a round sphere in Sk*! = Rk+1. Then the inversion J in S defined as
follows. If SK is an extended Euclidean plane, then J is just the Euclidean symmetry
in SX. Otherwise, if O is the center of SK, x € ext(SX), L is the Euclidean line through
x,0 and K is the tangent cone from x to S, then J maps x to the orthogonal
projection of K NSk to L.

It is easy to prove that each element y € PSL(2,C) is a composition of even
number of inversions.

Consider the group G = PSL(2, C) acting on C. Extend this action in R? = H?
using inversions. Namely, if y € PSL(2, C) is a composition J; o ... o Js of inversions
in the circles 05 C C , then each Jy is extended canonically to the inversion Ji in
the Euclidean sphere =; which contains g; and is orthogonal to C. Then, define the
extension ¥ as the product of extensions J;o...0Js. It’s easy to see that this extension
doesn’t depend on the decomposition of y in the product of inversions.

The extended complex plane C can be identified with S? via stereographic projec-
tion. This defines on C the metric of constant positive curvature |dz|/(1 + |z|?). We
can describe H? as G/K where K is the maximal compact subgroup SO(3). Three
types of isometries of H? can be distinguished by the matrices in SL(2, C) representing
these isometries:

elliptic: Tr(g) € (-2,2);
parabolic: Tr(g) = £2;
loxodromic: Tr(g) £ [-2,2].

A special type of loxodromic elements are hyperbolic elements, which have real
trace. They can be characterized as elements with invariant Euclidean discs in C.
The group G has the “Cartan decomposition”: G = KAK where

A={a:z—kz,keCY

One can prove the existence of this decomposition geometrically. Namely, H? =
X = G/K and G acts on X transitively on the right. Let X, € X be the class of K;
let x € X be any point. Then there is an element k-a € KA such that ak(x) = X, (if
y is the invariant geodesic for A then there is an element k € K such that k(x) € v,
then the action of A translates k(x) into X,). Therefore, for each g € G we can find
k,a such that: akgK = K, since gK = x, K = X,; thus g € KAK.
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6.2 The convergence property

A quasiconstant map zy : C — C is a map such that for z,x € C we have:
zx(w) =z for each w # x

We let z;! := x,. Each quasiconstant map naturally extends to H®. Let G =
G U {quasiconstants} ~

Topology. A sequence of elements g, € G is convergent to a quasiconstant z, i []
gn converges to z, uniformly on compacts in C — {x}.

Exercise 6.1. g, — g iffg,' — g~ L.

Theorem 6.2. G = G U {quasiconstants} is compact.

Proof: For any sequence g, we have g, = knanc, where k,,c, € K, a, € A. Up to
subsequence we can assume that k, — k, ¢, — ¢, a, — a where a is either element of
A or quasiconstant coy. Then g, is convergent on C —c¢™'(0) to k(co). Thus, gn — ap
where a = k(oo), b = ¢71(0). O

6.3 Discontinuous groups

A subgroup I of PSL(2,C) is called elementary if it has either an invariant point in
H?3 U C or invariant geodesic L in H? (in the latter case I can change the orientation
on L).

Examples of elementary groups: (i) Consider the group B C SL(2,C) which
consists of upper-triangular matrices. Let PB is the projection of B to PSL(2, C).
Then each subgroup of P B is elementary (since P B fixes the point oo of C.

(ii) Let I be a finite subgroup of Isom(H"). Then I" has a fixed point in H" (hint:
consider the I-orbit I'p of a point p € H", take the smallest metric ball D in H"
which contains I'p; then the center of D is I'-invariant).

Definition 6.3. Let I € G. Then x € C is a point of discontinuity for I if there is
a neighborhood U of X such that U NgU # 0 only for finitely many g € I'. Usually,
this means that U NgU # O for all G — {1}; the exceptional case is: X is a fized point
of a finite subgroup F C T.

The domain of discontinuity Q(I") consists of all points of discontinuity. Clearly
this is an open subset of C. If g is an element of " which has infinite order then the
fixed-point set of g is disjoint from Q(I").

Definition 6.4. A discontinuous (another name is Kleinian) group is a subgroup
of PSL(2,C) with nonempty discontinuity domain.

More general concept is a discrete group, i.e. a subgroup I' of PSL(2, C) which
is a discrete subset in the induced topology (i.e. if ' 5y, — y € PSL(2,C) then
yn =y for all but finite elements of the sequence {yn}.

Exercise 6.5. I is discrete iff 1 is an isolated point of T'. (Hint: if T isn’t discrete,
consider the sequence Yny1Yn').
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Clearly all Kleinian groups are discrete. Therefore all their elliptic elements have
finite orders (however there is no a priori bound on these orders). One can show that
if [ € PSL(2,R) is nonelementary then the absence of elliptic elements of infinite
order is also a sufficient condition for discreteness. However, the discreteness doesn’t
imply that the group is Kleinian.

Exercise 6.6. Consider I' := PSL(2,Z[i]) where Z[1] is the ring of “Gaussian in-
tegers” (i.e. complex numbers of the form X + iy where X,y € Z). Show that T is
discrete. Prove that the domain of discontinuity of T is empty. (Hint: show that each
rational Gaussian number is a fized point of a parabolic element of T'.)

Theorem 6.7. (Schur’s Lemma.) Suppose that T is a finitely generated torsion
subgroup of GL(Nn, C) (i.e. each element of T has finite order). then I is finite.

This lemma immediately implies that if a discrete group I consists only of elliptic
elements, then I is finite (and hence elementary).

However, there are examples of infinite (nondiscrete) subgroups T C Isom(H®)
such that each element t € T has a fixed point in H° but the group T doesn’t have a
fixed point in H°. Nevertheless, such group necessarily has a fixed point in H°US?. To
construct such example, take a free 2-generated subgroup < a,b >=H C SU(2) C
SO(4) and v,w € R* — {0}; g(x) = ax + v, f(x) = bx +w for x € R%. Then each
element of the free group T =< g, f >C Isom(E*) has a fixed point in R* but there
is no global fixed point for the action of T in E*. The extension of T in H® provides
the desired example. Such examples are impossible for HK, k < 5.

Now we can define the limit set A(I") of a Kleinian group I" as the set of accumu-
lation points for the orbit 'x for some x € Q(I") (i.e. y € A(I') ithere is an infinite
sequence of (diLerknt) elements y, € I such that limy,x =y ).

It is clear that both the domain of discontinuity and the limit set are I"-invariant.

Remark 6.8. More generally one can define the limit set for each subgroup I' C
Isom(H") as follows. Start with a point X € H", then consider the closure cl(I'X) of
the I-orbit of X in H" U OH". Finally let N(I') := cl(F'x) N oH".

The Convergence Property implies that if x € Q(I") then z, € clg(") for any z. It
follows that A(I") does not depend on the choice of x € Q(I"). Also: A(MN)NQ(IN) = 0.

Theorem 6.9. C = A(IN) u Q(IN).

Proof: Let x £ Q(I"). Then there exist a sequence g, € I' and z, — X such that
Jlrgo(gn(zn)) =X (54)

Then up to subsequence g, — a. Since x # b then (54) implies that x = a which is
impossible. O

Example: For each elementary Kleinian group the limit set consists of 0,1 or 2
points.

Lemma 6.10. For nonelementary groups \(I") = cl(I'X) for each x € N\(I").
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Proof: Let x,z € A(I"). There exists a sequence g, € I" such that g,(p) — z for all
p € Q(IN). By taking a subsequence (if necessary) we can assume that g, — z,,. If
w # X then g,(X) — z and we are done. Otherwise find f € I" such that f(x) # x.
Then g,f(x) — z. O

Corollary 6.11. If T _is nonelementary then N\(I") is the smallest nonempty I-inva-
riant closed subset of C.

Theorem 6.12. If T is not elementary, then the loxodromic fized points are dense in
A(D).

Proof: First we need to find a loxodromic element in I". Indeed, the group I is infinite,
hence it contains either a parabolic or loxodromic element g. If g is a loxodromic
element we are done. Suppose that g is parabolic. The fixed point p of g is not fixed
by the whole I, hence there is h € I such that h(p) = q # p. Then the element
f = hgh™! is again parabolic and its fixed point is q. By conjugating I in PSL(2, C)
we can assume that g : z — z + a. Since g is parabolic there are two closed tangent
(at p) round discs D, D" C such that f(intD) = ext(DY. Then, for large n we have:
E =g "(D)ND"= . It follows that o := fog" : intE — extDY Thus, the iterations
of a show that a is loxodromic and it has a fixed point x € A(I"). Finally, by the
previous lemma the M-orbit of x is dense in A(I"). For each y € I" the fixed-point set
of yay~! is the y-image of the fixed point set of a. Hence 'x consists of fixed points
of loxodromic elements of I". O

Corollary 6.13. For nonelementary group, loxodromic fized pairs are dense in \(I7) X
A().

Proof: Take disjoint open U and V which intersect the limit set. Then there are
loxodromic p, g such that p" — x e U ,q" —y € V. Find a lox element f with fixed
points dilerknt from that of p and take g = p"fp™™. Then fixed point of g are in
U and g" — z,, where z,w € U. Thus, for some large k we have: h, = gkg" — vy
where v € V.. Thus, one fixed point of hy, is in U, another isin V. O

So, if I isn’t elementary and Kleinian , then the limit set of G is perfect, closed
and has empty interior.

7 Fundamental domains and quotient-surfaces

Let ' € PSL(2,C) be a Kleinian group. A subset F c Q(I) is called a fundamental
set of the group I if:
(i) gF NF =0 for all g € ' — 1 with the exception: gF NF is a fixed point (or
the set of two fixed points) of an elliptic g € I', and
(it) 1
'F= gF =Q(N (55)
g

This is reasonable but too general definition. It allows to reconstruct the surface
S(MN =Q(MN/T as a set, but we would like also to recapture the topology of S(I") as
well.
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Definition 7.1. A fundamental domain D for a Kleinian group T is an open
subset of Q(IN) such that:

(1) “The fundamentality”: There is a fundamental subset F C cl(D), D C F for
the group I;

(2) The “side-pairing property”: The boundary of D in Q(I") is piecewise-smooth
submanifold in Q(I") and is divided in a union of smooth arcs which are called sides
(or edges'.); for each side s there another side sZand an element § = gssn€ I — 1
so that gs = sB(g is called the “side-pairing transformation”); gsso= gs_g_,}

(3) The “finiteness condition”: The action of I' defines an equivalence relation on
the boundary of D in Q(I"). We require the equivalence set of each vertex of D to be
finite?.

Notice that the property (2) implies that 0o D is “locally finite” in Q(I) , i.e.
each compact K C Q(I") can intersect not more than finitely many sides of D.

There are several other conditions on D which imply (3):

(3’) The orbit GD is locally finite in Q(I), i.e. for each compact K C Q(I") there
is not more than finitely elements g € I such that gD N K # .

Alternatively: (3”) D has only finitely many components.

It is obvious that (3")=-(3), the fact that (3")=-(3’) is less obvious, see Theorem
7.3 below.

Introduce the equivalence relation “=” on do D generated by the equivalence:
x =y i[there is a “side-pairing transformation” g such that gx =y. The factor-space

has the quotient topology. Denote by 1 the projection Q(I") — Q(IN)/T = S(IN).

Theorem 7.2. The natural map 0 : E — S(I") is a homeomorphism, where 8 : [X] €
E — Gx e S(IN).

Proof: The projections T : cID — E and m are open which implies that 6 is continuous.
The map 8 is surjective, thus we need to prove that 6 is injective and open. It’s easy to
see that the restriction of 6 to the complement to the projection of the set of vertices
of aD is open and injective. Thus, our problem is the set of vertices. Let X € oD
be any vertex, x; is the end point of a side s;, then there is another side s'” and the
pairing element g; such that g,(s;) = sp X = g1(X1). Now, X, is the vertex for 2
sides: sT’and another side s,. For s, we again find a pairing transformation g, and get
X3 = g2(X2) etc. Thus, after finitely many steps we end up with some point X, = X,
k < n. In this case rename our sequence so that x; = Xk, Xs = Xy etc. The product
h=g'0..09.}, maps x; to x;. Let U; be a small neighborhood of the point
Xy in cID, U, be small neighborhood of the point x, in cID (see the Figure 1) etc.
PutV =U,Ug'(Uy)U...Uug;to...00:2,Uk—; and the element h maps the “free”
boundary component s (of V) adjacent to x; and di[erknt from s; to another “free”
boundary component ¢ C g7’ o ... 0 gt,Ux—;. The element h is a priori nontrivial
since G can have torsion. Put W =V UhV U...uh% , where q + 1 is the order of h.
Then W is a neighborhood of x; and the images of U; cover it without “overlaps”.

1Their end-points are called the vertices
2This property is void if D is compact
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Figure 1.

This has two consequences. (1) If g € I' is such that gx =y, x =%x; and y € 0D,
then g~'DNW should be h'og; ™ o...0g,2;(D)NW. Thus, g7 = hiog; " o...0g,;(D)
since D is a fundamental domain and so, x = y.

(2) Let A C E be open, then there is B which is an open subset of Q such that
cIDNB =f"1(A). Let Z be the G-orbit of cID N B. Then Z is a neighborhood of x
according to the discussion above. However, m(Z) = n(cID NB) =0 oTi(cID NB) =
8(A). Thus, since T is open, 6(A) is a neighborhood of 6(1t(x)). This is true for all
vertices of dD. Thus, 8 is open. [

Theorem 7.3. Suppose that D satisfies (1) and (2) and has only finitely many con-
nected components. Then D satisfies the local finiteness condition (3°).

Proof: Suppose that Q > x € limg,D°, where D° is a connected component of D.
There can be not more than countably many exceptional points x € Q(I"); all are
vertices of aD. If DY is relatively compact, then we are done. If not, then there is a
point z € 0 NA(IN). Let w = limgnz € A(G). Let E be the set of points in C whose
neighborhood s intersect g,D° infinitely many times (the set of “exceptional” points
and the limit set are contained in E) . Then (since D? is connected) x and w belong
to a common connected component of E which is impossible. O

Exercise 7.4. Let I be the cyclic group generated by z +— 2z. Construct example
of an open connected domain D C Q(I) which satisfies (1), has piecewise-smooth
boundary, however Clory(D)/T is not compact.

7.1 Dirichlet fundamental domain

Let I" be a discrete subgroup of PSL(2, C), suppose that O € H? = X is not a fixed
point of any nontrivial element of G. Then, define Dy = {x € X : d(x, 0) < d(x,g0)}
for g € I — 1; Dy = cIDy — dx D, where the closure is taken in H3 = H* U C. Define
By to be the hyperbolic plane dx Dy.

Definition 7.5. The intersection

1
Do(lN) = Dy
gLr+1
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15 called the Dirichlet polyhedron of I with center at O. The set

L1 _
CDO(F) - Dg NnNC
g[GH+1

is called the Dirichlet fundamental domain for T.

Theorem 7.6. ®o(N) is a fundamental domain for the action of T in Q(I") C C.

Proof: Let x € BgnN D. Pick h # g~'. Then d(g~'(x), h(0)) = d(x,g o h(O)) >
d(x,0) = d(g~'(x),0). This implies the “side-pairing property”. The nontriv-
ial statement is that for each z € Q(I') there is an element g € G such that
z € cl(g(®o(G)). If z doesn’t belong to G-orbit of the closure of any face of Do
then the conclusion follows from the fact that there is a neighborhood V of x in H?
such that V C g(Do); thus z € g(®). Suppose else. Then the set of such points
form a nowhere dense subset E in Q(G). Consider p : Q(G) — Q(G)/G = S ;
p(z) € p(E), p(z) = limp(zn), p(zn) € S — p(E). Thus, z = limgn(zn), zn € ®. If
gn Is relatively compact, then g, = g, z = limg(z,) C clg(®). Otherwise, g, — ap.
However, diam(gn(®)) — 0 as n — oo. Thus, limgn(z,) = limg,(P) = z which is
impossible. O

Re(2)= -1/2 / Re()=1/2
P
/’4

-1/2 1/2 Im(z)=0

N

[z1=1

N

Figure 2:

Example. Let G be the classical or elliptic modular group SL(2,7Z) (later we
shall deal also with “Teichmiiller modular group). Denote by P c H? be the open
triangle bounded by {Re(z) = £1/2} and {|z| = 1}. Then, P is the Dirichlet polygon
with center at w = iv, 1 <v € R. Really,

(i) f(z) =z+1andg(z) = —z ' arein G. Then P c Dy. Thus, we need only
to show that P has no equivalent points. Suppose that z € P,hz € P;

ax+b
h(X):cx+d

22



Then |cz +d|? = ¢2|z|?> +2Re(z)cd +d? > ¢ +d? — |cd| = ([c| — |d[)?> +]|cd| = a. Then
aoeZanda=0ilc=d=0, thusa>1and |cz+d|>1 Then,

Im(z)
lcz +d|?

Im(hz) = < 1m(z)
On another hand, we have hz € P, so Im(hz) > Im(z). This contradiction shows
the absence of such point z. O
To be more precise, the Dirichlet fundamental domain for the action of G in C is
the union of P and it’s image under inversion in 0H2. The center O for this domain
is contained in a copy of the hyperbolic plane in H? which is invariant under G, O
is a point on the geodesic L in H? which connects the fixed points of f and gfg and
lies between a fixed point of  and the fixed point j for the action of g on L.
Thus, Do(G) is bounded by 3 hyperbolic planes, two of them are tangent at the
fixed point of f. See Figure 2.

7.2 Ford fundamental domain

Another example of the fundamental domain is so called Ford fundamental domain.
Let PSL(2,C) 39 :z+— (az +b)/(cz +d), g(c0) # o0, i.e. ¢ # 0; we assume that
ad —bc = 1. Then, g{z) = (cz +d)~2 and define I, to be the set of points in C where
g"is an Euclidean isometry i.e. Iy ={z € C:|g{z)|=1} ={z € C:|cz+d| =1}.
Then 1y is a circle which is called isometric circle of g. The center of this circle is
g~ !(c0) = —d/c and |c| ™! is the radius of 1. Thus, the radius of 4 is the same as the
radius of I5-1. Any Euclidean circle with the center at g~'(oo) is mapped by g in a
Euclidean circle with the center at g(oco) (since the last bunch of circles is described
by the property that they are orthogonal to each line through oo, g(c0)).

However, the radius of I; should be the same as the radius of g(ly), thus g(ly) =
I;—1 and g(extlg) = intlg-1. Now, assume that oo € Q(I') and it isn’t a fixed point
of any nontrivial element of the Kleinian group I", then

C 1
F(N={zeC:|g{z)|<l,gel}= extly
gr+1

is called the Ford fundamental domain of T,

It’s possible to realize F(I") as the degenerate case of the Dirichlet fundamental
domain. To do this we need we need another point of view on By. namely, if O € H?
then there is a unique ball B(O, r) with center at O (and radius r) such that 0B(O, r)
is tangent to 0(gB(O,r)) at some point x = Xy € H*. Then By is the unique
hyperbolic plane which is tangent to both 0B(O, r), 0gB(O,r) at x. Now we can
move the point O to the point s at the “infinity” C of the hyperbolic space assuming
that s isn’t a fixed point of g), thus r — oo and B(O, r) degenerates to a horoball
Uy with center at s and gB(O, r) — to a horoball gU, with center at gs. (See Figure
4 below where s = o € C).

Then it’s clear that By N C is the isometric circle of g~ since it has center at
g(oc0), the same (Euclidean) radius as Bg—: and g(By-1) = Bgy. Notice also that the
Euclidean diameters of 1y, tend to 0 for any infinite sequence of dilerent elements
g(n) € I'. Really, the centers of Iy, belong to a compact subset K of C (since
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g L(infinity) g(infinity)

Figure 3:

oo € Q(IN)) and the Euclidean distances of the points X, = By N Uy to C are bounded
from above (since oo € Q(IN) and it isn’t a fixed point of any element of ' —1). Thus,
either infinitely many points X, belong to a compact subset of H? (which contradicts
to the discreteness of I") or dist(x,, C) = Rad(lgr)) — 0. The last implies that we
can apply to F(I") the same arguments as to ®o(I") to prove that it is fundamental.

7.3 Quasiconformal conjugations of Fuchsian groups

Theorem 7.7. Suppose that S is a hyperbolic surface of finite area; S = H2/G. Then
A(G) = St = oH2.

Proof: Suppose that x € S'NQ(G) , then let V, = UyNH?, so that gV, NV, = ( for all
g € G — 1. Then, Vy projects isometrically to S; thus co = Area(Vy) < Area(S). [

Corollary 7.8. Fized points of loxodromic elements of G are dense on S*.

Theorem 7.9. (Eztension Theorem). Each quasiconformal self-map of the unit disc
A can be extended continuously to ext(f) : A — 0A (see Property 6 of quasiconfor-
mal maps).

Moreover suppose that f : A — A is a quasiconformal homeomorphism such that
fgf—! € PSL(2, C) for all elements of some Kleinian group ' € PSL(2, R). Then we
can extend f to a quasiconformal map of C which conjugate I" to a Kleinian group.
To prove this, extend the complex dilatation p of f to the Beltrami di [etential v on C
using jd (see (49)) where j is the inversion in dA. Then, the solution of the Beltrami
equation of = vaf (after composition with some Moebius transformation) defines
the desired extension of T (since f is a self-map of A, the solution of the Beltrami
equation in A is unique up to composition with a conformal automorphism). Notice
that the coe [cieht of the quasiconformality of this extension is the same as that of
f.

Theorem 7.10. Suppose that Ty, f; : X — Y. Then fy is homotopic to T, they
induce “equivalent” isomorphisms of the fundamental group.

Proof: The nontrivial implication is <. The isomorphisms are “equivalent” i [they

diled by “tale” between f,(x), f1(X) where X is the base-point. Thus, there are
lifts f; : H* — H?* such that the induced isomorphisms of 1;(X), m;(Y) are equal
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to 8; i.e. 8(g) o 1‘~J = f~J og for all g € G = m;(X). Define f~(z,t) to be the point
of [fy(2), F1(z)] which divides this segment as t : (1 — t). Consider f(gz,t) = the
point of [fy(gz), f1(gz)] which divides as t : (1 —t) ; however, [fy(92), f.(92)] =
[0(9)fo(2), 0(9)T.(2)], so f(gz,t) = the point of [6(g)To(2), 6(9)T,(z)] which divides as
t: (1 —1t). lLe. thisis the same point as 8(g)f(z,t). Thus, f(z,t) projects to the
homotopy X — Y between f,, f;. O

Corollary 7.11. Quasiconformal homeomorphisms o, 1 : X — Y are homotopic iff
the extensions of fj to 0H? coincide (for some choice of the lifts).

Corollary 7.12. Suppose that T : X — Y is a conformal automorphism homotopic
toid. Then f = 1.

Theorem 7.13. (Theorem of Nielsen). Let X,Y be two surfaces of the same finite
conformal type. Suppose that @ : My (X) — m(Y) is an isomorphism, such that the
image of “peripheral” (representing a loop around a puncture) element of M (X) is
again peripheral. homeomorphism. Then there exists a homeomorphisms £ : X — 'Y
which induces Q. If h is orientation- preserving, then ¥ is homotopic to a quasicon-
formal homeomorphism.

Corollary 7.14. Suppose that G1, Gy be a pair of torsion-free Kleinian subgroups of
PSL(2,R) such that H*/Gj have finite type and 8 : Gy — Gq is a type preserving
isomorphism (i.e. the image of parabolic element is parabolic etc.) Then, 8 can be
induced by a homeomorphism T of the hyperbolic plane. If T is orientation-preserving,
then it can be chosen quasiconformal .

We postpone the proof of this result. The isomorphisms that can be induced by
quasiconformal maps are called admissible.

7.4 Finiteness of area versus finiteness of type
Theorem 7.15.

8 Teichmdiiller theory

8.1 Teichmiiller space

Now, let’s go back to Riemann surfaces. Our current goal- construction of Teichmtiller
space. Fix once and for all a Riemann surface S of finite type. The quasiconfor-
mal maps f:S — Y,g:S — Z are equivalent if f og™! is homotopic to a conformal
map between Z and Y. The space of equivalence classes of the pairs (Y,g) is the
Teichmiiller space T (S).

Several alternative definitions.

(i) Recall that each Riemannian metric on S defines a complex structure. Consider
the space R(S) of Riemannian metrics which have finite conformal type. The groups
Diff, (of diledmorphisms of S homotopic to identity) and C*(S,R.) act on R(S)
as g-ds=g'ds, and C=(S,R,) > ¢ : ds — @ds. Then

R(S)/Diff, x C=(S,R,) = T(S)
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Namely, if [X, g] € T(S) then g~*(X) is a complex structure on S which corresponds
conformally to a Riemannian metric of finite type on S. Conversely, if ds is a metric,
let f ¢ Diff, be so that f'ds near the punctures of S is conformally equivalent to
the S. Then define the Beltrami dilerkntial p as in the section 3. Then define the
Beltrami di Lerkntial p as in the section 3. The supremum norm of p is less than 1 and
we can solve the Beltrami equation on S: dh = uDh, h: S — S. then (h(S, ds), h)
projects to a point in T(S).

If we consider the space H(S) of complete metrics of constant curvature —1 then
the quotient H(S)/Diff, = F(S) is called “Fricke space” and it’s di ledmorphic to
T(S).

(ii) Using the Uniformization identify 1, (S) with a discrete subgroup

F c PSL(2,R)

Consider the space Hom,(F — P SL(2,R)) consisting of admissible monomorphisms
(which have discrete images, preserve the type of elements and “orientation”). Then
take the quotient T(F) = Hom,y(F — PSL(2,R))/PSL(2,R), wherey € PSL(2,R)
acts on r € Hom,(F — PSL(2,R)) by conjugation y - r(g) = yr(g)y %, g € F. This
space is called the Teichmiiller space of the group F.

The space T(F) has a natural topology induced by the matrix topology of the
group PSL(2, R).

This space coincide with T(F) = {h: A — A=H?: h{g) = hgh™ € PSL(2,R)
for all g € F , h is quasiconformal }/ =, where h; = h, i[Tthere exists an element
y € PSL(2,R) such that:

ext(hi)]aa =y o ext(hy)|on

We can avoid the composition with elements of P SL(2, R) assuming that all quasicon-
formal maps ext(h) fix 3 distinguished points p; on 0A (i.e. ext(h) is normalized).
Teichmuller metric on T(S). If p,q € T(S) then put

dr(p,q) = inf{logK(fog™): f €p,g€q} (56)

The Convergence property for quasiconformal mappings implies that the Teichmdiiller
distance is always achieved by some quasiconformal map. The triangle inequality is
obvious since K(f o g) < K(F)K(g); dr(p,q) = dr(q, p) since K(h) = K(h™).
Several other definitions of dr (p,q). Let T,(p,q) = loginf{K(fogy;"): f € [aD)};
To(p,q) = loginf{K(h) : h € [fog™!]}. Then: 1, < dt < 1y; given h we can take
g =h7f, thus 1; < 1,.
Another point of view. Recall that for z,w € A the hyperbolic distance

1+|z—wl/|1—zw| = [1—2zw|+ |z —w|

d(z,w) =1 = <
(z,w) og'l—|z—w|/|1—zw| |1 —2zw|— |z — w]|

(57)

where ds = 5 = <. Therefore (by (9)),

Im(z)*

1+ fu—viI/][t —pv] _
1= [[u=V[I/]|1 = pv

inf{d(u(z).v(z)):ze A pelplv e q]}

dr(p,q) = inf log
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Remark 8.1. Let’s compare two distances in the open unit ball B(1) of complex
characteristics. We have:

(P o P = I — pafl/]]1 = el < 2fl — pof
since |1 — HMiMa|| < 2. On another hand, if ||M1]| or ||H2|| < C <1 then
In(FH o P > I — pf2/(C + 1),

Thus, for each r < 1 the metric on B(r) defined by the supremum norm and the
“Teichmiiller metric” are equivalent.

Thus dr is a metric. The space T (S) is path-connected. If X,Y are quasiconfor-
mal equivalent then T (X), T(Y ) are canonically isomorphic.

8.2 The modular group
Define the (Teichmiiller) modular group Mods as the quotient

Homeo, (S)/Homeoy(S)

where Homeo, (S) is the group of orientation preserving homeomorphisms of S and
Homeo,(S) is the subgroup of homeomorphisms homotopic to ids. Then Mods acts
on T(S) by the precomposition Mods > g : [X,f] — [X,f og]. The quotient
T(S)/Mods is called the moduli space of complex structures on S. The group Modsg
is isomorphic to

Out,(S) = Aut(S)/Inn(S)

where Aut, (S) consists of “admissible” automorphisms “preserving the orientation”.

The bijection T(S) — T(F) is continuous (with the Teichmiiller topology on
T(S) and the “matrix” topology on T (F)) because of the continuous dependence of
the solution of Beltrami equation on the dilatation. The fact that this an open map
is more subtle. One way to prove it is to show that both are manifolds (as we shall
see). Another way is to prove so called “quasiconformal stability” which is more
general fact. The rough idea of the second approach is that small deformation of the
representation leads to small deformation of the Dirichlet fundamental polygon and
we can organize a quasiconformal diledmorphism of the fundamental domains which
is C! close to id and preserves the equivalence relation on the boundary of domains.

8.3 Teichmiiller space of the torus

Let T c Isom(C) be a torsion-free lattice, ' =< g;,g, >= Z2. Using conformal
conjugations of representations r : ' — Isom(C) we can assume that g;(z) = z and
02(z2) =z + 1. Thus, T € {t € C: Re(t) > 0} is the only invariant of the conjugacy
class of the admissible representation. Another way to describe this invariant is to
embed Hom, (I, Isom(C)) in C? so that r — (t;,ty), where r(gj) : z — z + ts.
Then, the conformal factorization of the space of representations is equivalent to the
projectivization of C2. The point (t; : t,) € CP (1) corresponds to T = t,/t;. Anyway,
the Teichmiiller space of the torus T (T?2) is the upper-half plane H2. The modular
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group of the torus Modr2 acts on T(T?) ¢ CP(1) as SL(2,Z) = Aut,(S). This
action isn’t e [edtive, so let PSL(2,Z) = Aut, (S)/{+£l}.

Remark. The same happens with the surfaces of genus 2 which are hyperelliptic
and the hyperelliptic involution is always induced by conformal map of the surface.
But, anyway, the kernel is Z,. Now the action of PSL(2,7Z) on H? is just the action
of the “classical” modular group.

The next step is to calculate the Teichmiiller distance, in particular to show the
equivalence of the Teichmiiller topology with the topology of C. Suppose that ry, ry
are admissible representation with the normalization rj(9;) = 1, ri(92) : T — T + W,
r(g): t—1+z,1e€C.

Lemma 8.2. There is an affine map of C which is an extremal quasiconformal map
conjugating r1 and ry (it’s a particular case of the Teichmiller’s analysis of the ex-
tremal maps which claims that moreover, the extremal map is unique).

Proof: Let L be the lattice Z + wZ C C, L"be the lattice Z + zZ c C. denote by A
the unique R-linear map which transforms L to LY A(1) =1, A(w) = z,

A(r):vzv:";!v-u\‘l’v":vzv-f (58)
hA) = 22 (59)

Suppose that T is an extremal map. After normalization we can assume that £(0) = 0,
(1) = 1, thus f(w) = z. Therefore, restriction of f to L coincides with A. Denote by
® the rectangle bounded by the segments [0, 1], [1, w + 1], [w + 1, w], [w, O], which is a
fundamental domain for I". For k € Z, put f(z) = f(2¥z)-27%. Then K(fy) = K(f)
and they induce the same conjugation between r; and r,. However, the restriction of
fi, to 275 . L coincide with A and L, = ®N27%. L C Ly,;. Therefore,

—1
Leo = Lk
k[Z3
is dense in ®. On another hand, there is a uniform limit f.. = limf, and the
restriction of fo, to L., coincides with A. Thus, f., = A on C, K(f.) = K(f) and
thus A is an extremal map. O

Thus we can calculate K(A) as

_ |z —w|+[z—w|
KA = Iz —W|—|z —w| (60)

and dt (ry, r;) = logK(A) is the hyperbolic distance between z and w. Really, on the
imaginary axis it coincides with logw/z if Im(w) > Im(z). The invariance of K(A)
under homotheties and translations in PSL(2,R) is evident. The invariance under
the inversion j : T — 1/T can be verified by a direct calculation.

Thus, in the case of the torus the Teichmiiller and hyperbolic metrics coincide.
This is a particular case of more general theorem of Royden that we shall (probably)
discuss later.

Remark. Another simple case is the punctured torus S;;. In this case the
Teichmiiller space is the same as the Teichmiiller space for the torus. Really, let
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[X,f] € T(S1,1), T is quasiconformal. Then @([X,f]) € T(T?) is just the extension
of the complex structure and of the quasiconformal map to the puncture. This map
is injective since the group of conformal automorphisms of the torus is transitive.

8.4 Simple example of the moduli space.

Let S be a sphere with n + 3 punctures. Then the moduli space of S is
(C—{0,1})" — diagonals/S(n)

where S(n) is the symmetric group on n symbols. The fact that the topology is
the same as Teichmiiller’s just follows from the continuous dependence of solution of
Beltrami equation on the dilatation and the fact that if (zi,...,z,) € C" is close to
(W1, ...,W,) € C" then there is a diedmorphism f : C — C which is C! close to id
such that f(z;) = w;.

8.5 Completeness of the Teichmiiller space.
Theorem 8.3. The space T(S) is complete.

Proof: Let [X,, f,] be a Cauchy sequence in T(S). f, : C — C be a Cauchy sequence
in T(S). Without loss of generality we can assume that X,, are complex structures
on one and the same smooth surface S. First fix f; such that

inf{log K (Fip o 1), Fiyp € [Fippl} < 172

for all p = 1,2,.... Renumber the sequence, put f; = ;. Then choose T, such that
log Kf,.f, < 1/2 and dt ([Xi, fil, [Xitp, Fisp] < 174. Finally we get a sequence of maps
fn:S — X, so that

logKg | g-1 < 27"

for each n. Then this Cauchy sequence in T(S) has log K, ,.f, < 27"*" for each p.
Thus,

—n+1

_ 1 _
[Hn+p — Hnlleo < 2[[(Hntp — Hn)/ (1 — BnHinip) || < 2exp il 2tanh 27"

(See Remark 8.1) Thus W, is a Cauchy sequence in L. Since Lo is complete, the
limit p exists. On another hand, K(f,) < K(f;)2™""! < C < co. This estimate also
implies that ||u|| < 1 and we can solve the Beltrami equation with p. The solution-
TH belongs to T(S). The points [, are convergent to p in the supremum norm, thus
the points of the Teichmiiller space are convergent in the Teichmiiller topology. [

8.6 Real-analytic model of the Teichmiller space

We will also use another realization for T (S).
Namely, let ' be the Fuchsian group such that H2/I" = S. Then consider the
space B(IN) of all Beltrami di Lerkntials which are automorphic under I':

B(N = {H € Lo () : |1 < 1, 1(z) = nyz)yX2)/yXz).y € '} (61)

29



Introduce the equivalence relation: p ~ v i CH* and fV coincide on dH? (g.c. maps
are canonically normalized and the complex dilatation is extended to C — H? by
the inversion). Then T conjugate Fuchsian groups to Fuchsian groups. Denote by
W :B(IN) — T(S) the corresponding projection.

8.7 Complex-analytic model of the Teichmiller space

We now extend the complex dilatation p to C—H? by 0. Denote by f* the normalized
solution of the equation af = pdf in C. Then (by formula (50)) we still have:
fig) = ffogo (f*)™! € PSL(2,C), g € I'. Thus, f* conjugates the group I' to
a Kleinian group M= f). The group Mhas two simply connected components
of the discontinuity domain- images of H? and HZ2, Then the surface fH(H2)/T " is
conformally equivalent to H24Y The surface f4(H?)/IEwith the marking given by
the isomorphism of fundamental groups ff; I — gives the point of the Teichmdiller
space T(S). This point is the same as the point of T (") given by the solution f, :
H? — H? of the Beltrami equation of = pof in H2. Indeed, the map g = f, o (F*)™*
of the domain f*(H?) is conformal (by uniqueness of solution of Beltrami equation)
and g conjugates the representations ff-and f,—

Thus we have the correspondence: @ : [u] € T(X) — f|yz_is a univalent (i.e.
injective) holomorphic function in H?

Theorem 8.4. The map ® is injective.

Proof: If £ = g on Hithen their extensions to R also coincide. Thus, the induced
homeomorphisms f 19 —9f the group I" to PSL(2, C) are the same and f(H?) = g(H?),
therefore the surfaces f(H?)/f("), g(H?)/g() are the same and their markings
defined by f1g—¢oincide. O

Thus, we obtained an embedding of T (X) in the space of holomorphic functions
in H2, Certainly, this map is very far from being surjective. Our aim is to describe
somehow the image.

9 Schwarzian derivative and quadratic di Lefentials

9.1 Spaces of quadratic di [erentials

Let Q(I") be the space of all holomorphic in HZfunctions @ such that @dz? is I'-
automorphic (i.e. @(z) = f(yz)y¥z)?) and have finite norm:

o]l = sup y*|o(z)] (62)
z [H}

where we realized H2-as the lower half plane. The norm ||| is invariant under the
precomposition with elements of I'.

Notice that the condition (62) is equivalent to finiteness of the ds2-norm of the
projection of @ to X = (S, ds?) = H¥G.

Later we shall show that the space Q(I") is finite-dimensional. Its dimension is
39 — 3+ n, where (g, n) is the type of X.
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Schwarzian derivative of the holomorphic function f is
f”ﬂ 1 fm fm 3 fm

Suppose that f € PSL(2,C), then S¢ = 0. The inverse statement also holds for the
holomorphic functions. Suppose that S¢ = ¢. Put h = ‘;—D;] then h"— h2/2 = ¢, if
h = —2n7n = —2(log n)"then for n we have the Riccati equation:

n™+ gn/2 =0

If = 0 then the only solution is: n(z) = cz +d. However, h(z) = —2(logn)™= Z%;
g := flimplies (logg)”= h
1] 1]

logg = - 5 cdz

— —2
i log((cz +d)~%) + loga

Thus, f¥= g = a/(cz + d)?,

= cdz  afd+cpz

(cz+d)?  cz+d

€ PSL(2,C)

Then S¢ = 01 CTlis Moebius. Under the composition the Schwarzian derivative be-
haves as:

Stq = (Sr09)g” + S, (64)
If g is Moebius, then
St.g = (Sf 0 9)g”
in particular, if F(z) = f(1/z) then z'Sg (2) = S¢(1/2).
Thus, S¢.g = S¢ for all g € I' iS¢ is M-automorphic quadratic di Lerential.

Theorem 9.1. The (holomorphic) solution of the equation
S = ()]

exists and unique up to (left) composition with a Moebius transformation. This solu-
tion is locally injective.

Proof: Using the substitute h = f%/f, h = —2n'7n; as above we have the Riccati
equation:
n"+oen/2 =0 (65)

This equation has 2 linearly independent holomorphic solutions. (Proof: power series
expansion.) Let n;, n, be such solutions. Then (N5 — N2nD"= ninF— nonP=
Thus, n;n5’'— non= const # 0 (otherwise, d(logn;) = d(logn,), N; = an,). Thus we
can put const = 1. The function = n;/n, satisfies the equation S¢ = @.

Notice that n, can have at most simple zeros (since if n,(z) = n5{z) then const =
0). Thus, T has at most simple poles. In other points:

= (niny'— nonp)/M3 = 1/n3 #0 (66)

So, T is locally univalent.
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Uniqueness of solution. It follows from (64) that
0= Sgor-1 = (St o FT)(F71)* + Sp
and, since, S = S¢ we have:
0=(SfoF N)(F 'Y+ Sg—1 = Syop.
Thus, go =1 € PSL(2, C). O

Theorem 9.2. Suppose that the domain of @ includes the point oo and @ has a simple
pole at oo. Then the solution of Sg = @ has at worst a simple pole at co.

Proof: Suppose that @(w) = p(w)w™*, let F(z) = f(1/z = w). Then

2'Se(2) = wp(w) = 2'p(w) (67)

and we have the equation Sg (z) = Y (1/z) where Y(1/z) is holomorphic near 0. Then
we use Theorem 9.1 to conclude that the function F (and thus f) is meromorphic
with at worst simple poles. [

Corollary 9.3. Suppose that @ is I-automorphic. Then the solution of the equation
St = @ defines a homomorphism p : I’ — PSL(2,C) such that £ oy = p(y) o T for
eachy €T.

Proof: S¢.y = S¢ and uniqueness implies that there is p(y) such that f oy = p(y) o
f. =

Thus, any automorphic quadratic diLerential defines a complex projective struc-
ture on H2/T which is “subordinate” to the initial complex structure. And vice versa,
given a holomorphic developing map d : H?> — C which is M-equivariant, we have the
automorphic quadratic di Lerential Sq. Our problem is to determine, which quadratic
di Lerential correspond to the points of the Teichmiiller space.

Theorem 9.4. (Kraus- Nehari) Suppose that T : H2— C is a univalent function.
Then

[{f,z}Im(2)?| < 3/2 (68)
Proof: Step 1. We will need the following

Lemma 9.5. Let F(Q) be a univalent holomorphic function in ext(A) = {|{| > 1} so
that F (00) = 0o, F(Q) = {+ b /T +by/T + ... Then |by] < 1.

Proof: Let r > 1; D, be the complement to the image F ({|¢| > r}) then

=
Area(D,) = — FdF >0
21 g
- .
1 = 1 7 4 h /72 2 3
= FdF = = [T+ 0o/ T2+ [ — b /T2 — 20,/T — ..]dT
b= b=
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However, 1

dd _
jgi=r C°CP
if s# p+1and = 2mir'™s™P = 2mir~? if s = p+ 1. Thus, the hole integral is equal
to:
. Tpibph
mrs — = 1>0
p=1
If we put r = 1 then we will get in particular |b;| <1 O
Step 2. Now we can estimate {F, {}. We have:
Fl=1-0/0—.. FP=20,/0+ ...
F™= —6b, /7" — ...

Se = FIF"—3(FF5%/2 = (—6b,/T* — ..)(A + b, /T2..)—
g(2b1/Z3 + .02+ by /2% = —6b, /7 + O(1/T5)

Step 3. Finally, we consider the functions in the lower half-plane. Let X, + iyy =
z, € H24then the transformation { = y(z) = (z — 2o)/(z — zp) maps H%to the exterior
of A and y(zy) = oco. Then put () = f(z({)); T =F oy, thus

{f.z} = {F.Oy@)’

2iyo
(z — 20)?

Vi) = -

and y
{f,z} = (—6b; + powers of 1/Z)Z—4ﬁ
Z_4 = w
(z —29)*

Therefore if z = zy, { = oo we are left with

3

1
= — < —
{f, 20} |6b14y8| > 2y8

Theorem is proved. m

Theorem 9.6. Suppose that ||@|| < 1/2, then the solution of the equation S¢ =
© admits a quasiconformal extension to C which is p-equivariant where p is the
monodromy of the complex structure as above. The complex characteristic of this
extension depends continuously on the norm of @.

Proof: We will not only establish the existence of the extension but also construct

the canonical one. Let n; be 2 linearly independent solutions of the Riccati equation
n"= —en/2. Put

f2) = M @) + (z — 2)ni(2)

N2(2) + (z — 2)n5(2)
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for z € H2 and f(z) = N1(z)/n2(z) = f(z) for z € HE, Then the function f(2) is
smooth in its domain and 0f/0f(z) = —2y%29(2) = p in H2 and of = 0 in ]H[Qmsmce
in H* we have: of = 1/Q3, of = (z — 2)°0(2)/(2Q3) = 2Im(z)*9(2)/Q3, Jac(f) =

|aﬂ (1 — |u[*) # 0 and ||p|] < 1. Therefore, f is a locally quasiconformal  map
holomorphic in H%, The complex dilatation p of f is invariant under I: recall that

[Im(yz)| = |y¥z)|m(z)\, thus
H(yz) = 2ly2)*[Im(z)*e(v2) = 2yX2)y{2)9@)y{2) > = n@2)y(2)/y¥2)

and p(yz)yXz)/yXz) = u(z). So, our aim is to show that f is the restriction of a global

quasiconformal homeomorphism of C. This will be done by some approximation.
Let g, be a sequence of Moebius transformations such that g, — id and g,(H%),

is a relatively compact subset of HZForm the functions: ¢,(z) = ¢(gnz)(g5(2))>.
Then |9n(z)] = O(z*) as z — oo and @, is holomorphic near R. Really,

|9(9n2)(Gn(2))?| < Const|g,(2))’|

in HZsince gnz belongs to a compact in H? Then:
19n(2)° = [cnz + dn |t = O(z7")

Lemma 9.7. (Contraction property for holomorphic maps) Let H? be a hyperbolic
plane with the Poincaré metric p(z)|dz|, y : H?> — H? is conformal. Then dy, is
“contracting” map of the hyperbolic metrics: ||&]| = ||dy(§)|| for each tangent vector
at z € H? i.e. for w =y(z) we have: p(w)|dw| < p(2)|dz| , i.e. p(yz)|y(z)| < p(2).

Proof: Assume that H? is the unit disc with p(z) = (1 — |z|*)7!, then let h,g €

Isom_ (H?) be such that gyh(0) = 0, h(0) = z. Since g, h preserve the metric its

enough to prove Lemma for the point z = 0 and the conformal map f = gyh.

However, f(A) C A and £(0) = 0, thus by Schwartz Lemma: |fY0)| < 1; p(0) = 1,

thus p(0)[F0)| < p(0). O
The Lemma implies that |g5(z)| < [Im(gn(z)|/]Im(z)|. Then

V2 on(@)| = [Y?[0(9n2)] - [9n(2)° < [0(9n2)| - TM(9n(2)[* < [|@]]

Thus, the hyperbolic norm of @, is bounded by ||@| < 1/2.

Therefore, for the quadratic dilerkntials ¢, we can construct the functions f,
which are locally injective and locally quasiconformal in H34J H? and continuously
extend to R so that the boundary values coincide.

_ Moreover, f, are holomorphic near R and have at worst a simple pole at oo; thus
f,, is are quasiconformal homeomorphisms.

The complex dilatations p, of f, have supremum norms bounded by ||@||. On
another hand, ¢, are convergent to @ uniformly on compacts, thus the normalized
solutions of the Riccati equations

n"= —@nn/2

are uniformly convergent n;,n,. Now for each p, form the normalized solutions of
the Beltrami equation. Then they are convergent uniformly to f.
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So, ¢ belongs to the image of the Teichmiiller space. The bicontinuity of the
correspondence [u] — S} follows from the estimate on the norm of complex dilatation:
if ¢ — || < Clthen [|u— v < Lwhere p(z) = 21m(2)*¢(2).

O

The correspondence
T(S) > [M] — Spu

is called the “Bers embedding”.

Theorem 9.8. (1) Consider the projection p : Hi4~ X = H2[. Then the image of
Q(IN) under ps the space Q(X) of holomorphic quadratic differentials on X with at
worst simple poles at the punctures of X.

(2) The Bers map is continuous.

Proof: The elements of Q(I") project to quadratic dilerkntials on X since they are
M-invariant. Suppose that oo is a parabolic fixed point of I" stabilized by the group
A =<z +— z + 21 >. Then as the conformal parameter near the puncture on
X corresponding to the point co we can choose w = exp(iz). Denote by D small
neighborhood of 0 in C which is in the image of local parameter near the punc-
ture. Let @(z)dz? be I-invariant, then ¢ is invariant under A and on D we have:
prlp(z)dz?) = d(w)dw? = —d(w = exp(iz))w?. Suppose that ®(w) = w"¥(w) where
W(w) is holomorphic and W(0) # 0. Then @(z) = —W(W)w"*2; Im(z) = log(jw|) and
| log(Jw)W(w)w"*2| is bounded as w — 0 iCd+2 > 1, i.e. n > —1, which means
that W(w) has at worst a simple pole at zero. A priori there is also case when ®(w)
has essential singularity ar zero. However, in such case wX®(w) would be unbounded
in D for every k, thus | log(|w|)®(w) is unbounded as well. This finishes the proof of
Q.

To prove (2) its enough to show that for each @, @y € Q(I) if @, — @y uniformly
on compacts in 2h— then ||@, — @o]] — 0 as n — oco. Let @(z) = D (W)w?, for
w = exp(iz), where ®,(w) = w W, (w), Wy are holomorphic in D and Wy — ¥,
uniformly on compact, thus by the Maximum Principle, ¥y — Y, uniformly in D.
Now,

Y?0n(2) — Y?90(2)| = log*(Jw)w[*|w|™![Wh(w) — Wo(w)| <
< ‘Wn(W) - l'IJO(W)‘

This implies that ||@n — @/ — 0 as n — oc. O

Remark. The property that X has finite type is essential in the proof. Each
injective holomorphic function f in A can be uniformly on compacts approximated by
functions f,, with quasiconformal extension to C (trick: take f,(z) = f(z-(1—1/n))).
Thus, Sg, are convergent to Sg¢ uniformly on compacts in A. However, Thurston
constructed examples of functions T so that there is no any sequence of injective
holomorphic functions fy with the property:

Jim [|Se, — Sel| =0

Theorem 9.9. The dimension of Q(X) is equal to 3g — 3 + N where q is the genus
of X and n is the number of punctures.
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Proof: Denote by X to conformal compactification of X, let P be the divisor given
by the set of punctures. Let k be the canonical divisor of X, L(k™2 - P) = set of
holomorphic functions on X which have divisors at k=2 - P at least of order k™2 - P.
Then, by Riemann-Roch theorem, r(L(k™%-P)) = deg(k?/P) — g + 1+ r(k*/(Pk) =
kP ~1). However, deg(kP 1) > 0, thus r(kP ~%) = 0. On another hand, deg(k?/P) =
deg(k?) —deg(P) =2(2g —2) — (—n) =4g — 4 +n; thus r(L(k2-P)) =3g — 3+n.
The dimension r(L(k™2 - P)) of L(k™2 - P) is equal to the dimension of Q(X) since
feclLk?2-P)ilfw? € Q(X), where w € Q(X) is the canonical class. O

Theorem 9.10. Teichmiiller space is a manifold of the dimension 3g — 3 + n.

Proof: We already proved that the Bers map is a homeomorphism on some neigh-
borhood U(X) of [X,id] in T(X). Thus, U(X) is a manifold of the dimension
3g — 3+ n. Now, let [Y, f] be any other point of T (X), then we consider the home-
omorphism a between T(X) and T(Y) given by : [Z,h] € T(Y) maps to [Z,h o f];
thus a[Y, id] = [Y, f]. However, some neighborhood V of the point [Y,id] in T(Y) is
also a manifold; thus the neighborhood aV of [Y, f] is again a manifold. Therefore,
T (X) is a manifold. ]

Corollary 9.11. The Bers’ map is a homeomorphism on its image.

10 Poincaré theta series

Let A(H?) be the space of all holomorphic functions f in H? which is realized as the
unit disc in C. If I" is a discrete torsion- free lattice in PSL(2,R) then A(I") is the
space of all holomorphic functions ¢ in H? such that :

() d(v2)y (53 = o(z) forall y € T;

(i) |l = 5 I9(2)|dxdy < co where D is a fundamental domain for the action
of [ in H2.

Such quadratic di Lerkntials are called ”cusp forms” and their projections on X =
H2/T are L!-integrable holomorphic quadratic di Lerentials with at worst simple poles
at the punctures. Thus, A(I") = Q(IN) as linear spaces, but they are di[lerknt as the
normed spaces.

Now, define the operator © : A(H?) — A(I") by the formula:

1
of)@)= fv@)y'(2)’

y 1

Theorem 10.1. (1) The series ©(F) is convergent absolutely and uniformly on com-
pacts in H?;

(2) o] <1

(8) The operator © is surjective.

Proof: First we recall the “mean value” theorem for holomorphic functions:

1 1
1 1
| ¢| <

21r? D(wo.r) 21r? D(wo.r)

[d(wo) =

|9
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for each holomorphic function in the disc D(wg, r) with center at w, and radius r.
This theorem can be proved for example via Taylor expansion for ¢ with center
at wy.
Now, we can prove the assertion (1). Let z, € H? and D(zo, 2r) be the Euclidean
disc which is contained in H2. Then there is a fundamental domain D for the group
I" such that D(zo, 2r) C cl(D). Thus, for each z € D(z,, r) we have:

2nr?  |F(y)| - [yX2)?| < foy|-ly? <

mr Ty - ly(2)| < [Foy[-ly"| <
y [T y [T D(z,r)
—=h L]

< foy|-ly?|=sumym  [f] =|If]; <o
y [T D yD

Now we can prove (2). Again,

1
[of], = |of < foyllyT
D s D
= ] = [IF[
ym vYP

Remark. Curt McMullen in [Mc] proved the old conjecture due to I. Kra that the
norm of the Theta operator is always strictly less than 1.

We skip completely the proof of the most interesting statement (3) since it will
lead us too far from the main subject (to the theory of Poisson kernel). You can find
the proof for example in [G]. O

11 Infinitesimal theory of the Bers map.

Consider the Beltrami di Lerential p with the support in the unit disc H?; denote by
f = £ the normal solution of the Beltrami equation:

of™ = tuaf™

where t is su [ciehtly small. Then we recall that f, = h+ 1 where h = Tty +
Ttu(Ttp) + ...

) N |
fz)=z+ a,(2t"
n=1
where ) 1 o
_ _ ZH
@) =PU@ = 1 0
Therefore,

__1
fi2)=1+ aort"

n=1

S A |
f2)= ai)rt"

n=
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__1
)= a{)t"

n=1
Now, our aim is to calculate the Schwarzian derivative of the function ¥ in the com-
plement to the hyperbolic plane. First,

al(z) + O(t) _ — a%y)

IL”& tTD =M 1+om 1+ 0(t)
Then,
1 fm] 1 am(t)t+ , 2@ +
t pr =i o Ty (1+...)2 _O(t)
Thus
' L]
A _ @ 1 H(Q)
im ¢S *aﬂz)m— FEEARE et
m e ((—2)!
This is the formula for the derivative of the Bers’ map in the direction p:
. 6 L1 u) ) i | L]
PO)[ul(z) = - e )4dEdn = ¢z ™Y p(z)¢"dédn
n=0 H?

where ¢, # 0 for all n.

Theorem 11.1. Let ' C PSL(2,R) be a torsion-free lattice with the fundamental

ain D in H? = A. Then Beltrami differential i belongs to the kernel of ®(0) iff

o HP =0 for all ¢ € A(I"). In other words, the variation of the complex structure

on X = H2/T is infinitesimally trivial along ) € Lo (H?2,T) if and only if U belongs
to the orthogonal complement A(M) =3f A(") in Lo (H?,T).

] ] _
%f)of: Let 8, = G)(z”)ffpen A H(Q)¢dedn = 5 u(C)8n(Q). Thus, if u e A(T) “then
o H(Q8n(0) =0 and , n({)¢"dEdn = 0 for all n, therefore, ®(0)[u] = 0.
Conversely, if , p(¢)¢"dédn = 0 for all n then we can use the Carlemann’s density
theorem:
polynomial functions are dense (in L' norm) in the space of L' holomorphic func-
tions in the unit disc.
Therefore, u is orthogonal to all holomorphic functions f in A and
1 1
0= uf= poO(f)
A D
However, the operator © is surjective, thus p is orthogonal to each quadratic di[erk
ential: p e A(MN = O

Remark 11.2. This theorem is one of fundamental facts of the Teichmiiller theory.
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12 Teichmiiller theory from the Kodaira-
Spencer point of view

Definition (Kodaira- Spencer): A holomorphic family is a complex manifold V =
vV ™+l and a holomorphic map m:V — M = M™ where M™ is a complex manifold
and all preimages m~!(t) are Riemann surfaces (t € M).

In our case, M = ®(T(X)) € Q(X) and m = 3g —3+n. Each pointt e M
corresponds to a quadratic di[erential ¢, € Q(X) and to a group 'y C PSL(2,C);
for each A € I, A depends holomorhically on t. Riemann surfaces of our family will
be: S(t) = QiIy;

V = UrmaS(t)

where Q; is a component of Q(I'y) which is the image of the upper half plane under
quasiconformal map (thus, the variation of the complex structure on S(t) isn’t trivial).
Points of the space V are the orbits 'tz where z € Q,t € M. The projection is the
obvious map m : V. — M. Now we need topology and a complex structure for the
space V. Consider a point I'y,zo € V. Then there is a neighborhood N = N(z,) of
the point z, such that cIN C Q, and y;,cIN NcIN = ( for all nontrivial y in T".
Now, the neighborhood N (L%, t,) of I't,zg € V consists of all 'tz such that:

ot — Q|| <CJz€N

Here [k so small number that cIN doesn’t meet it’s 't—{1} - orbit (such [éxists since
f: — f, uniformly on compacts. Define the map h on N (L%, ty) as: h: iz — (z,1)
where z =Tz N N.

The neighborhood s U = N(LZ, ty) define the base of topology on V and the
maps h are coordinate maps for the complex structure on V. The transition maps
are holomorphic since A, are holomorphic functions on t: on U, U, we have:

hi(Mez) = (z,1); ha(Mez) = (vez, 1)

The projection map m locally is given by: (w,t) — t , so this is a submersion.
Therefore, V is a holomorphic family.

It’s much easier to visualize this construction for the case of the Teichmiiller space
of the torus. Namely, let H*> = T(T?), V = H* x C. For each t € H* the lattice Z
acts on C as a lattice I't. Now, V is the quotient of V Dby this action of the group
Z2. As the result we have the fibre bundle over H? with the fiber T2 (which have
variable complex structure). Now we can even consider the quotient of V by the
modular group PSL(2,Z). The resulting variety U is fibered over the modular curve
H2/PSL(2,7); U is called the universal elliptic curve.

With some success we can repeat the same in the case of hyperbolic surfaces;
however instead of one and the same space C we have to consider Q. as the fiber of
V; Qs a domain in C; the base of V is the Teichmiiller space; V is the quotient of
V by the action of m;(X) which acts as I'¢ in each fiber. Again, we can take the next
quotient V/Mod(X) to obtain the universal Teichmiiller curve which has the moduli
space as the base and the surface X (with variable complex structure) as the fiber.

Actually, the relation between Teichmiiller and Kodaira-Spencer theory is much
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13 Geometry and dynamics of quadratic di [eren-
tials

13.1 Natural parameters

Let X be a compact Riemann surface , and ¢ be a holomorphic quadratic di [erentialon
X which is dilerent from zero. Throughout this section ¢ is assumed to be fixed.
A point p € X is said to be regular with respect to ¢ if ¢(p) # 0 and critical if
o(p) = 0. It’s easy to see that these definitions do not depend on the choice of local
coordinates on X. Critical point of @ form a finite set C(¢). Let p be any regular
point and q — h(q) = z is a local coordinate near p such that h(p) =@B—ypince
¢o(p) # 0 then there is a small neighborhood of 0 where who branches of  @(z) are
single valued. For a fixed branch of square root every integral

e =

z— ®(2) = o(w)dw (44)

0
is also a single-valued function in some simply-connected neighborhood of 0 and
uniquely determined up to an agditiye constant.

On another hand, ®{0) = ¢(0) # 0 and thus, @ is locally injective near 0. It
follows that the system of maps z — w = ®(z = h(q)) is a holomorphic atlas on
X — C(@). In these local coordinates @(z)dz? = dw?. The coordinate ® is called a
natural parameter near p. An arbitrary natural parameter near p has the form
+z + const. This means that the natural parameters define a very special kind if
Euclidean structure on X — C(9) (which is called F-structure, where F stands for
the “foliation”).

There are natural parameters at the critical points as well. Suppose that p € X
is a zero of order n for @. Again, let g — h(q) = z be a local parameter near p. Then
there isa disc D = D(0, r) where @(z) = z"Y(z) with ¢(z) # 0. We fix a single-valued
branch of \/§ in D. If n is odd then we cut D along R, and fix a branch of z s z"/2
in D= D — R, ; if n is even we don’t need any cut. In any case,

]
z— ®(2)= pw)dw = z"22(cy + ¢z +...) = 2D 2(2) (45)
0

(where ¢, # 0) is a single-valued function in DY Moreover, the function
Z — w(z) = O(z)z~("+2/2 (46)
is single-valued at some neighborhood of 0. This,
{1z 02)Y M) = za(z)¥ ") (4)
is single-valued near 0 since w(z) # 0; and has nonzero derivative at O:
{H0) = w(0)

We call Z : q — ®(2)¥+2) to be the natural parameter at p. In terms of this natural
parameter we have:

gaz? = (" 2y ©)
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since:

0 = 2 _orz (20 2)dz = —— 0" G2)dz
n+2 n+2
gz = ("2 Eyodtiag = (0 2y

Define the di [Cerential |@(z)|*/2|dz|. This is a Riemannian metric outside the criti-
cal set of @. This metric is locally Euclidean on X — C(¢) and is called @-metric. The
natural parameter is the local isometry between this metric and the Euclidean metric
on C. The surface X has a finite diameter and area with respect to this singular
metric. We shall return to this metric later.

13.2 Local structure of trajectories of quadratic di Lerdentials

Horizontal (or vertical) trajectories of ¢ correspond to the (maximal) horizontal (or
vertical) Euclidean line in C under the natural parameter (on X — C(¢)). Another
way to define these trajectories is as follows. Lety : [-1,1] — X — C(@) be a smooth
path, take the pull-back

ey (D) (y'(D)*dt? (6)

of the form dz2 on [-1,1]. Then the curve y is called a straight line if the argument
arg(o(y(®)(yXt))?) = 6 is constant. The trajectory is called horizontal if 8 = 0 and
vertical if 8 = m.

Near singular points the trajectories are more complicated. Let { = w*("+2) pe
the natural parameter near a critical point p; then w is a natural parameter outside
of p.

If p is zero of order n for @ then there are n+ 2 horizontal rays emanating from p;
in the natural parametrization the angles between them are 2n/(n + 2). See Figure
5.

A

Figure 5. The differential has a simple pole at the point p.

Trajectory is called critical if it contains one of critical points. From now on we
shall consider only horizontal trajectories of @.

Examples on the torus. Suppose that X is a torus obtained by identification
of sides of a parallelogram P C C; denote by ¢ the projection on X of the quadratic
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diLerkntial dz2. In this case C(¢) = (). Then the natural parameter on X is the
inverse to the universal covering and restriction of it to P is the identity map. The
horizontal trajectories of ¢ are projections on X of the horizontal lines in C. Suppose
that P is a rectangle. Then all horizontal trajectories of ¢ are closed parallel geodesics
on X. However, in the generic case, the trajectories of ¢ are irrational lines which
are dense on X.

Now we consider the case of surface of general type. To simplify the discussion
we shall assume that X is compact. First notice that C(¢) # 0 since x(X) # 0. We
have the following classes of trajectories:

(a) Periodic trajectories. Lety be a periodic trajectory of a quadratic di [erential.
We shall see that there is a maximal open annulus A on X which contains y and
which is foliated by closed trajectories of ¢ and which has no critical points.

(b) Critical trajectories. These are trajectories y such that at least one ray of y
end in a critical point of @. There is only a finite number of such trajectories.

(c) Nonperiodic noncritical (spiral) trajectories y. We shall see that they are
recurrent in positive and negative direction. This means that y is contained in the
limit set for both rays y, and y_.

Now, let’s discuss the trajectories in more details.

13.3 Dynamics of trajectories of quadratic di [Lefential

Suppose that vy is a (horizontal) trajectory of ¢. Letp €y, ®(p) =0, d(y) C R C C.
Let I = [a,b] be the maximal open interval on R which contains 0 such that the
inverse to @ is defined there. Denote the inverse by f.

(a) First suppose that | is bounded and ®~!(a) = ®~!(b). This implies that y
is a periodic trajectory of @. In this case we can consider the maximal horizontal
strip Ja, b[x]x,y[C C where T is defined and injective. The image of Rx]x, y[ is an
annulus A in X foliated by trajectories of ¢@. If there are points on | x {x} and
I x {y} which have the same image under f then X is a torus. So we can assume
that T is an injective holomorphic function on I x [x,y]. However, we can’t extend
T through I x {x} and I x {y} which implies that both sides of A contain critical
trajectories. Example of this type of behavior on a pair of pants is shown on the
Figure 6. The maximal annulus A has the geometric invariant- height (i.e. |x —y|).
There is a class of di[erentials which have only periodic and critical trajectories (of
finite length). These dilerentials are called Strebel di[erfentials. Moreover, given
a maximal collection of pairwise disjoint nonhomotopic loops y; on X and a collection
of positive numbers h; there is a unique Strebel quadratic dilerkntial @ on X such
that the maximal annuli A; of @ are homotopic to y; and have the prescribed heights
h; (see [G]). Strebel di Lerkntials are dense in Q(X).

(b) Consider the case when 1 # R and the points on the boundary of I have
di Lerknt image under f. Then y is a critical trajectory and if z is a boundary point
of I then w = f(z) is a critical point of ¢. If z is the right end of | then the positive
ray of y has unique limit point w.

(c) The most interesting case is when (say) the positive ray y, of y has more than
one limit point and y isn’t periodic. Then y, has necessarily infinite (Euclidean)
length. Really, if g € L(y.) then y. intersects any neighborhood of g infinitely many
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A1 Az

Trajectories foliate the annuli A7 and Ay on the pair of pants.

There are exactly two critical points and 3 critical
trajectories.

Figure 4.

times , thus the length of intersection of some neighborhood of g is bounded away
from zero and y, has infinite length. Suppose that y isn’t critical; then both rays vy,
and y_ have infinite length and the map f is defined and injective on the whole line
R.

Theorem 13.1. Ify is the trajectory of the type (c) which is infinite in the positive
direction then the ray Y is recurrent.

Proof: Let p € y and B is a vertical interval with endpoint in p. We can assume that
[ is so small that no critical (positive) ray intersects this interval. Suppose that for
all positive rays a emanating from points of 3 , a N is the origin of a. Then the
infinite horizontal strip S with base at 3 is embedded in X (since trajectories form a
foliation on X — C(@). However, S has infinite area. This contradicts the finiteness
of the area of X with respect to the metric |@(z)|'/?|dz|. O

Corollary 13.2. The intersection J of Y4 with a small interval B above is dense in

B.

Proof: The closure of the intersection above is a perfect subset. On another hand,
let z be a boundary point of CI(J) in . Denote by o a positive ray emanating from
z. We can assume that o isn’t critical, thus, it intersect infinitely many times each
small interval adjacent to z on . But ¢ is contained in the closure of y,, thus the
points of J accumulate to z from 2 sides on 3. This contradicts to the assumption
that z is a boundary point. Thus, cl(J) D B. O

Now, consider the closure of y. The arguments of Theorem above imply that
A = CI(y) has nonempty interior A° which is called a maximal spiral domain in X.
As in the case of periodic trajectories this domain is swept by parallel trajectories.

43



Lemma 13.3. The boundary of A consists of finite critical trajectories of @ and their
limiting points.

Proof: Let a C 0A is infinite in the positive direction and P € a be a regular point.
Then for some small vertical interval 3 with center at P the ray a, intersects  on
dense subset (see Corollary above). Thus A contains a neighborhood of P which
contradicts to our assumption. O

13.4 Examples of spiral trajectories.

As you can see, it’s rather di [cult to construct examples of spiral trajectories. To do
this we shall use the construction of “interval exchange” transformations. Take the
horizontal rectangle S in the complex plane : {z:0<1Im(z) <1,-1 < Re(z) < 1}.
On the segment {0} x [0, 1] we choose the intervals: 1;* =[0,x], 1" =]x,y], 1" =]y, 1]
and:

17 =[0,1-y] 1y =ll—y,1—x], 15 =]1-x,1]

Now, to each pair of intervals 1,7, 1, we glue a rectangle Sk of the width 1 in orien-
tation preserving way. We identify the ”adjacent” rectangles by 1/3 of their width.
In the bifurcation points we introduce the local complex coordinates using the square
root. The result is a Riemann surface Y with boundary, then we can take the double
X of Y by reflection. The surface X has the quadratic diLerential ¢ which is just
the projection of dz? from the complex plane. The critical points are the points of
bifurcation. Generically the trajectories of ¢ are recurrent or critical. (Figure 7)

i
Ao Ag

A1 i iy

Ay A4

A3

horizontal trajectories

A3

Ag ] Ay

AL

As

A
0 0

Figure 5:

13.5 Singular metric induced by quadratic di Lefential

Define the di[erential |@(z)|/2|dz|. This is a Riemannian metric outside the critical
set of ¢. This metric is locally Euclidean on X — C(¢) and is called @-metric. The
@-length of curve is also defined in the case when the curve is passing through a
critical point. the total angle around the critical point of order n > 0 is equal to
(n+ 2)mt > 2. This metric is so called CAT (0).

Consider the lift of the @-metric to the universal cover of X = H?, suppose that
P is a polygon in H? with geodesic sides E;. Denote by ¢ the lift of ¢. Let z; denote
a zero of @ on P where the interior angle (in the hyperbolic metric) between adjacent
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edges is 8;, n; denote the order of z; (it can be zero). Denote by w; zeros inside P
with orders m;. Let m be the number of zeros inside of P. Then we have

Lemma 13.4. (Teichmiiller-Gauss-Bonnet). In the notations above we have:

)=2+ mi=m-+2 (7

(This is a combinatorial Gauss-Bonnet formula for the @-metric).

Proof: Along the sides Ej we have: arg(@dz?) = const;. Let z = hy(t) be a parame-
trization of Ex. Then

arg(pdz*) = arg[o(hk (1)) (h(1)’] = argle(hk(t))] + 2arg[h,(1)]
therefore,

d d
S A0@(1) = ~2-arghi(V)

abusing notations we can write this as:

d d
—argo(z) = —2d—zarg[dz]

dz
along P. However the increment of arg[dz] along P is equal to
L 1
2n—  (m—9;)

J

(if curve would be smooth then the total increment is 2m, in each corner we arrive
with angle smaller by m — 8; than the expected vector- tangent to the next arc).
Thus we have: ] 1

1 2
. darg[e(z)] = . darg[dz]
The last integral is equal to:
I:[;j
-2+ (1- F)

i
According to the argument principle the first integral is:

m; + Ay
.21
i J
Therefore,
—1 &
m; + 190 — 24 1-3)
VA T
i J
This implies the lemma. ]

Corollary 13.5. The @-geodesic between two points of H? is unique.
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Proof: Suppose that we have a geodesic bigon P in the @-metric. The Lemma 13.4
implies that at least 3 summands in the left side of (7) are positive since the left side
is > 2. But this means that we have at least 3 points with 8; < ”"2:2. Thus, we have

at least one point on the side of bigon such that the angle at this point is less than

“1'2—:2. Therefore,this side of the bigon isn’t geodesic. [

Now, let’s count the sum of angles in a geodesic triangle in our metric. We have:

(21 — 8;(n; + 2)) + 61 — (B, + B, + 0;) = 21(n + 2) (8)

j=1

The summands (2nm — 8;(n; + 2)) = [;lare nonpositive since we have only 3 vertices,
thus:
91+92+93:2T[(n—1)+|:| (9)

where [X 0. Therefore, m = 0, sum of angles in the triangle is < 21 and the triangle
can’t contain any critical points inside.

Thus, the radius of the inscribed disc in any geodesic triangle is bounded from
above by the diameter of (X, @). (It’s impossible to find a bound independent on @.)

13.6 Deformations of horizontal arcs.

Lemma 13.6. (Teichmiiller). Let X be a compact Riemann surface , ¥ : X — X be
a homeomorphism homotopic to identity and A is a horizontal arc. Then there exists
a constant M independent on O such that:

I(f(a)) > I(a) — 2M (10)
where 1(.) is the @-length.

Proof: Let f; be the family of continuous maps such that f, = id, f; = f. For
each point p € X consider the displacement function: d¢(p) = l,(Yp) Where y, is the
@-geodesic connecting p and f(p) which belongs to the homotopy class of the path
fi(p),t € [0,1]. The function d¢(p) is continuous, denote its maximum on X by M.
Now, connect the endpoints p,q of the horizontal arc to f(p), f(q) by the geodesic
segments y,, Yq. We have : 1(yp), I(Yq) < M,

length((yq) ™" - F(0) - (vp)) < 1(0)
thus I(F(a)) + 2M > I(a). m
Corollary 13.7. Under conditions above:

Jim 1(F(0)/1(0) > 1
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13.7 Orientation of the horizontal foliation

Suppose that the monodromy group of the natural parameter ® consist only of trans-
lations. Then the horizontal foliation of X — C(¢) admits an orientation which is
just the pull-back of the orientation of horizontal lines in C. In general however there
exists a nontrivial character p : m;(X — C(9)) — U(1) given by the linear part of
the monodromy of ®. Then Ker(p) is a subgroup of index 1 or 2 in ;(X — C(@)).
The 2-fold ramified covering q : X, — X corresponding to this subgroup is called the
orienting covering of X. The pull-back q%) = ¢ is a quadratic diLerential on X,
which has only even zeros and whose horizontal foliation admits a global orientation.

14 Extremal quasiconformal mappings

14.1 Extremal maps of rectangles

We shall use the proof of the following theorem as the model for proof of the ex-
tremality theorem in the general case.
Recall that _
|0f | + |0f|
|oF| — |0F|

and the coe Lcieht of quasiconformality of T is

Ke(2) =

K¢ = esssup,K¢(2)

Theorem 14.1. (Grétch). Let R,RPbe rectangles: a x b and ax b" Suppose that
f : R — RYbe a diffeomorphism. Then K¢ > Ko = (a7a) - (b/b) and equality is

achieved only on affine maps.

Proof: Put z=x+1y. Let a be a horizontal line in R, then

1
a < |f|dx (11)
a
Taking integral over y we have:
1
ah < |F|dxdy (12)
R

However, f, = f, + f, and Jacobian of f is

Je(2) = |f,* — IF,[? (13)
Therefore, B
(|of|+ [0F))* = K¢(2)Ie(2)
Then 1 (I ) ey Y |
ab< |, +fldxdy < Ke(z) Je(z)dxdy (14)
R R
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The last integral is estimated as
—1 —
L1 | |

Ke(z) (@) < %‘@ abo (15)
R R

Finally we have:
(ah)? < Keaba'h”

i.e.
ah < Kgab”

and we are done. The equality here is achieved only under conditions:
(@) K¢ = (@705/(a/b) = K,
(b) Im(F)x =0,Re(f)y =0
(c) Jr = Re(f)xIm(f)y, = c- K¢ = cRe(F)x/Im(f)y.
Thus, T is a linear function. O

15 Teichmiller di Lerdentials

Let @ € Q(X) be a nonzero quadratic diLerkntial. Then for each 0 < k < 1 we define

=k 2 16
M=Ky (16)
It’s easy to see that u is a Beltrami di Lerential on X. Then the Riemann surface Y
with complex structure determined by p is quasiconformally equivalent to X. The
new Riemann surface has natural marking and thus defines a point in T (X). This
deformation of the original complex structure on X is called Teichmiiller deformation.
Let’s look at this deformation in terms of the natural parameter near regular
points. Suppose that z is the natural parameter , then ¢ = dz? and p(z) = k.
Solutions of the Beltrami equation with the characteristic g which fix the points oo
are a [nelmaps. The push-forward of @ under T#is y € Q(Y ). In terms of the natural
parameters z,  corresponding to ¢ and § we have:

P = (d0)*, F(x +iy) = Kx+iy =

where K = (1+k)/(1—k). The a [nelmaps f as above form a new F-structure on Y
since the group R? x O(1) is normal in Aff(R?) and therefore, the transition maps
are as above. Therefore, the map f is an a [nelhorizontal stretch in terms of the
natural parameters. For the Teichmiiller mapping f the quadratic dilerkntials @, §
are called initial and terminal respectively. In such case (Y, ) = (X, ¢, k).

16 Stretching function and Jacobian

Suppose that we have (X, @) and (Y, ) = (X, @,K). Suppose that g : X — Y be
any quasiconformal homeomorphism. Then, if z = x + iy is the natural parameter
on X, and w = g(z) be the natural parameter on Y, then

Agow(2) = Ag(2) = [wy| 17)
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In terms of the conformal structures on X,Y we have:

a9(p) , 99(p)
o® " o(p)”?

Then Ag(p) is a function on X. Let a be any horizontal arc on X. Then for all but
finitely many of trajectories we have:
1

Aqlo['? = length(g(ar)) (19)

a

Ag(p) = | |- [W(g(p)|"* (18)

The Jacobian of g in terms of the natural parameter is:

Jg(2) = [ow|* — |ow/* (20)
this is the same as YW@))|
J,(2) = 6w2—5w2L 21
which is a function on X. Therefore,
1
Areay(Y) = Jglo| (22)
X

17 Average stretching

Theorem 17.1. Let g : X — X be a quasiconformal homeomorphism homotopic to
identity and @ € Q(X). Define Ag for ¢ = Y. Then:

1]

5 Ag|®| > Areay(X) (23)

Proof: First we define a 1-dimensional average. Let a be a subarc of a horizontal
trajectory with midpoint p and of length 2a. We set:
1 1
Aa(p) = = Ao*? 24
) =55 Ao (24)
Assume for a moment that (X, @) has oriented trajectory structure. Let X, be the
union of noncritical trajectories. This set has full measure on X. We define a flow
on X,. Let p be a point on a horizontal trajectory a C X,, t € R. Let x(p,t) be the
horizontal translation of p to the time t. Then x(., t) is isometry for each t. It follows
that A = Ao x(.,t) is a measurable function on X, and

1 1 1
Nol=  Ng/= Aol (25)
X Xo X
Hence, 1 . Ijal ] ] . Ija‘ 1
Aol = — Aopdt= (=  Adbt)|o|= A
5 [l %A _a( 5 L)) x(261 B ) o] 5 a|@|
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Therefore, ] ]
Aol = Adlg| (27)
X X

If the trajectory system isn’t orientable, then we pass to the 2-fold branched covering
of X, where all integrals double, thus the identity (27) is valid in this case as well.
Then, according to Teichmiiller’s lemma,

Aa(p) > 1—M/a (28)
almost everywhere and
L]
Alo] > (1 — M/a)Areay(X) (29)
X
Finally, letting a — oo we obtain
L1
Alg| > Areay(X) (30)
X
O
Corollary 17.2. If g is as above and ||P|L, > 1 then
1
Areay(Y) < N, ,dAy (31)
Y
Proof: According to Theorem 17.1 and Schwarz inequality we have:
1] 1
Areay(Y) < AgyydAy < A ,0dA
Y Y
O
17.1 Teichmiiller’s uniqueness theorem
Theorem 17.3. (Teichmiiller’s uniqueness theorem). Let
f: X — (Y, p) =F(X, 0,k)
be a homeomorphism of X homotopic to identity. Then
K(f) > Ky, =({1+Kk)/(1-k) (32)

The equality takes place only if £ = id.

Proof: Without loss of generality we can assume that Area, (Y ) = ||@||., = 1. Denote
by id the identity map of X. First we notice that:

)\f,(P,llJ = Ko)\f'w'w (33)

Jigoy = Ko , dA, = KodA, (34)
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Claim 17.4.
Mgy < K(F)It oy (35)

Proof: Let the natural parameter on X bez =x+1y,andonY: w =u+iv = f(z).
Then in the local coordinates we have:

|+ |f;
Ke@I(@) = 1~ (6 = (E 5 (6= (R4 B =Ny (30)
This proves the claim. O
Now, applying (33- 35) we get:
1 1 1
)\fw pdAy = K;? )\%q,,quAqJ =K;! )\%q,,wdA(p <
X
L] L1
K[f] Jf@wdA(p = @ quJ = K[ ]Areaw(Y) (37)
Ko x Ko v
However, according to Corollary 17.2,
L]

Areay(Y) < )\g wwdA

Thus, K[f] > K. Therefore, we proved (32).
Suppose now that in (32) we have the equality, in particular,

oW + w2 = Mow = Kodrew = Ko(— lOw|? + |ow[?) (38)
ow] = kolow, (39)

Denote dw by r(z)e®®), then dw = kor(z)eV® and (38) can be written as:
e + koe" |2 = Ko(1 — k2) = (1 + ko)? (40)

I.e.
|1 + kgei(v_e)‘ =1+ ko

which is possible only if v = 8. This means that
ow = Koow
and T is a conformal mapping from Y to Y. Therefore, f = id. O

Corollary 17.5. IfY =f(X,9,k) = f(X,y, 1) then @/U € R, t = k.

17.2 Teichmiiller’s existence theorem

Denote by T.(X) the space of pairs (¢, k), where ¢ € Q(X) has norm 1, k € (0,1), and
the pair (0,0). This space has natural topology given by supremum norm on Q(X)
and is homeomorphic to the open unit ball of dimension 3g — 3 in Q(X). Denote by
F the natural map from T¢(X) to T (X):

F 1 (0,k) — 4, 1 = ko/|o|
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Theorem 17.6. The map F is a homeomorphism on the Teichmiiller space.

Proof: Then this map is injective according to Corollary 17.5. This map is continuous
since solution of Beltrami equation depends continuously on the characteristic. We

have:
. . 1+ k,

lim dr[F(0) = X,F(9,kn = (1 —1/n))] = lim log =0

n-oo n-oo 11—k,
and thus for any bounded subset C c T (X) its preimage F ~*(C) is relatively compact
in Te. On another hand, the map F is open since the spaces T (X) and Q(X) are
manifolds of the same dimension 3g — 3. Therefore, F is a surjection on the connected
component of T(X). But as we know, T (X) is connected, thus F is a surjection.

Therefore F is a homeomorphism. O

17.3 Teichmiiller geodesics
We recall that A = {z € C: |z| < 1} is the unit disc model of the hyperbolic plane.
Theorem 17.7. For each @ € Q(X) — {0} the map

he : A — T(X)

defined by the formula _
hy 1t [f¥] , p=te/|g|

is an isometry of the hyperbolic plane into the Teichmiiller space.

Proof: We know that

1+t

11t

since Teichmiiller maps are extremal. On another hand, the hyperbolic distance
between 0 and t in A is equal to

dr (0, [f*]) = log

1+ |t

1— |t

Thus, the map h,, preserves the distance from 0 to t. To prove the assertion in general
case we need

log

Lemma 17.8. Suppose that Y = t@ € Q(X) — {0}. Then the composition
FRO/WL 6 (Fro/lohy—1

1s again a Teichmailler map.

Proof: First we notice that if f : (X, @,k) — (Y, ) is a Teichmiller map then ! is
the Teichmiiller map (Y, -y, k) — (X, —K?@). Really, ... i

Now, let’s prove the assertion of Lemma. Denote f<%/l¥I by £, and £ %/1¢l py f,.
Denote by Z, {“the natural parameters for ¢, ¢ and ¢;, ¢, the natural parameters for
the terminal diCerentials of f,, f,. Consider the map f, o (f,)~! in terms of {;, ¢,. It
can be presented as composition AocCoB where B : {; — {, =g~ (HA M-S .
Here A, B are stretchings and C is a conformal map { — Z- (/¢ = Lae™'%2, where
a>0,0<0<2m O
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18 Discreteness of the modular group

Our aim is to prove the following
Theorem 18.1. The action of Modx on T (X) is properly discontinuous.

We already know that this action is isometric. Thus, it’s enough to prove that
any orbit of Modyx has no accumulation points.
Now, let [X] be the origin of T (X), [Y,f] € T(X). Then the “length spectrum”
of [Y, f] is the function
L :y — lengthy [f(y)]

where [f(y)] is the geodesic in the homotopy class of T(y), y € m;(X)/Inn(X). The
image of the function L is called the length spectrum of Y and denoted by L(Y).

Lemma 18.2. IfY be a compact Riemann surface , then L(Y) is discrete.

Remark 18.3. The statement is still true for surfaces of finite type but the proof is
slightly more complicated and we restrict ourself to the compact case.

Proof: We realize m;(Y) as a discrete group I acting in H? with the (relatively)
compact fundamental domain F. Suppose that Y contains infinitely many closed
geodesics of the length not greater than C. Then we can lift them to segments [a,, bn]
in H? which intersect the domain F. Then y,(a,) = b, for some (di [erknt) elements
of . Therefore, y,(F) intersect the C-neighborhood of F. This contradicts to
discreteness. O

Theorem 18.4. There is a finite numberY;j of elements of M;(X) such that any point
(Y, TF) € T(X) is determined by their length spectrum.

Remark 18.5. Y isn’t determined by L(Y) as it was shown by M.F.Vigneras.

Proof: We identify each (Y, ) with the conjugacy class of admissible representation
p:IM=m((X) — PSL(2,R)

Then

Tr2(p(y)) = 4 cosh? £(v)

2
Algebraic proof. We will use the fact that I (and thus p) can be lifted in SL(2, R).
Our proof follows [Mag]. Let g, ...,gn be any system of generators of. We can assume
that p(g,) is the diagonal matrix with given eigenvalues a,a™!. Denote by tj; the
trace of p(g;g;), etc. After conjugation we can assume that p(gs) is the matrix:

1
r rs—1=#0
1 S
Thent, =a+a ! t, =r+s,t, =ar +a's. From this linear system we can find
a, r,s. Now, let 1 1
@ = 5
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when B3 yd = 1. Then we know that
GB +a 1 [=F tis

rB+o(rs—1)+y +slFty

And using t;»3 we can find the forth equation on 3,y, 6. One can check that from
these equations we can find the coe [ciehts of the matrix p(gs). Therefore, it’s enough
to take as the finite subset of I':

015 ---19n» 910k, 920, 919205

Geometric proof.

| recall that last quarter we proved that for every triple (2a, 2b, 2¢) € (R..)? there
exists a hyperbolic pair of pants P with the lengths of boundary loops given by this
triple. Now we want to prove that P is unique.

We split P into union of 2 “all right” hexagons X;, X,. Denote by

al! a; bll B! Cl,y

the lengths of edges of X, then there is the hyperbolic cosine formula relating these
numbers:
cosh ¢, sinha; sinhb; = cosh a; coshb; + coshy

For proof see [Be].

This means that a, 3,y determine a;,b;,cy, thus a = a;,b = b;,c = ¢;. On
another hand, X;j is uniquely determined by a,b,c. This proves that P is uniquely
determined by a, b, c. O

Let a;,b; , J = 1,...,9 be the canonical basis of I', d; be as on Figure 8.

Figure 6:

We shall assume that the traces of the elements above and their double and triple
products are preserved by the representation p.
We can assume that £(p) is the same as £(id) and

p(a;) = a;, p(dy) =dy, p(aidy) = aid;

since the surface X contains a pair of pants corresponding to a;,d;,a;d;. Now, the
image p(a;) is obtained by conjugating a, via some isometry g which commutes with
d; (since we can consider now the pair of pants corresponding to a,,d;). Denote by
a,B,Y,d the axes of the elements a;,a;d;, a,,d; in H2 Then g is a translation along
d. We have to have: dist(a,y) = dist(a, gy) and dist(3,y) = dist(j3, gy) since the
restrictions of p on < a;,a, >, < a;d;,a, > are conjugations. But this means that
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g = 1, since we have to have: if g isn’t trivial then it’s a symmetry in the geodesic
which is orthogonal to 9, a, (3.
So, we conclude that a, = pa,. The same argument can be applied to b,. Now,
we can use the fact that a,, d; are fixed by p to prove that the element b, is fixed by p
(applying the same arguments as above). We can continue this process to prove that
all aj, b; are fixed by p.
O

Remark 18.6. It is known that for closed manifolds of nonpositive curvature the
equality of marked length spectrums is equivalent to the existence of time preserving
conjugation of the geodesic flows. In the dimension 2 it was proven independently by
J.-P. Otal [O] and C.Croke [Cr] that surfaces of nonpositive curvature are uniquely
determined by their marked length spectrums, see also [CFF]. In higher dimensions
this is an outstanding research problem. It was later proven by U.Hamenstddt [H] that,
if M, N are closed manifolds of negative curvature with conjugate geodesic flows so
that N has constant sectional curvature, then M, N are isometric.

We shall need the following fact:

Theorem 18.7. (See for instance [FK]). If G C PSL(2,R) is a discrete group then
the area of fundamental domain of H2/G is bounded from below by m/21.

Actually, for us it will be enough to now the existence of some nonzero lower
bound which we shall prove later.

Corollary 18.8. The order of the group of conformal automorphisms of any Riemann
surface Y of genus q is note greater than 42(29 — 2) = 84(g — 1).

Proof: The area of Y is 2n(2g — 2). This and Theorem 18.7 imply Corollary. m
Corollary 18.9. The kernel of the action of Modx on T (X) is finite.

Remark 18.10. Actually, the kernel is nontrivial only if § = 2 in which case the
kernel is Z. For any generic surface Y of genus > 2 the group Aut(Y) is trivial.

Lemma 18.11. Let [Y, ] € T(X) have the stabilizer H in Modyx. Then H is iso-
morphic to the group of conformal automorphisms of Y .

Proof: Let h € H, then there is a conformal automorphism c,, of Y such that f o h
is homotopic to ¢, o f. Thus, we have a homomorphism ¢ : H — Aut(Y). This
homomorphism is injective since the only element of Aut(Y) homotopic to id is id;
and it is onto since for any automorphism a € Aut(Y ) defines a homeomorphism h
of X by the formula h = f~'af. O

Now we can start the proof of Theorem 18.1. Suppose that there exists a sequence
gn € Modx such that

lim ga[X, id] = [V, ]

Then, the corresponding monodromy representations in

Hom(m; (X), SL(2, R))/SL(2, R)
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are convergent. Therefore, the length spectrum of g,[X,id] = [X, (9,)"}] = pn is
convergent to the length spectrum of [Y, f]. But the unmarked length spectrum of
gn[X, id] is the same as £(X). Therefore, the discreteness of £(X) implies that for
each y; in Theorem 8 there exists a number n; such that for all n > n; we have:
Ly;(pn) = Ly, ([Y, F]). Therefore, for all large n we have: L(pn) = L[Y, f], therefore,
[X,id] is a fixed point of the sequence g, € Modx. However, we know that the
stabilizer of any point in T (x) is finite (Lemma 18.11, Corollary 18.9). Therefore the
sequence g, is finite. This contradiction proves the Theorem. O

Corollary 18.12. The moduli space M(X) =T (X)/Mody is Hausdorff.
Below is an alternative (analytical) proof of discontinuity of the modular group.

Theorem 18.13. The action of Mods on T(S) is properly discontinuous.

Proof:

Lemma 18.14. Let S be a Riemann surface of finite hyperbolic type. Then the group
of conformal automorphisms AUt(S) of the surface S is finite.

Proof: Suppose that g, € Aut(S) is an infinite sequence convergent to a certain
g € Aut(S). Then for large n the elements g, are homotopic to each other. Recall
that if g € Aut(S) is homotopic to the identity then g = id. Thus all but finitely
many elements in the sequence g, which shows that Aut(S) is discrete. If S is
compact this immediately implies finiteness of Aut(S). So we consider the case when
S is noncompact. Lift Aut(S) into the hyperbolic plane H?. The lift is a group N
which equals the normalizer of ' = m;(S) in PSL(2,R). The group N is discrete since
Aut(S) is. Notice that N/I" = Aut(S), thus our goal is to show that [N : | < cc.
Consider the coset decomposition of N:

N = gor L glr L ggr

where gy = 1. As we know, each discrete subgroup of PSL(2,R) has a fundamental
domain, let D be a (closed) fundamental polygon for N. Then

P:=Dug;Dug,D...

is a fundamental domain for I".

1
oo > Area(S) = Area(P) = Area(giD)

Since Area(giD) = Area(D) we conclude that the sum is finite, which in turn implies
that [N : M| < 0. O

We now continue with the proof of discontinuity.

The Teichmiiller space T(S) is a proper metric space (metric balls in T(S) are
compact). Thus proper discontinuity of Mods is equivalent to discreteness of Modg
in 1som(T (S)). Suppose that Mods is not discrete. Then there exists a sequence of
distinct elements [f,] € Mods such that lim,[f,] = [id]. In particular, if [S] is the
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origin in T(S) then lim,[f,]([S]) = [S], i.e. lim,d([S,id],[S, f,]) = 0. Hence we can
choose quasiconformal representatives f, : S — S in [f,] such that

lim K (f,) = 1
n

Each f,, extends quasiconformally to the conformal compactification S of the surface
S:

f.:S—S
and K(f,) = K(f,).

Lemma 18.15. The sequence 'I?n 15 subconvergent to a conformal self-map of S.

Proof: . There are several cases depending to the type of S, I will consider only the
cases when S is rational and hyperbolic, the elliptic case is left to the reader.

(a) Suppose that S is rational. Then S is the sphere with p > 3 punctures.
Therefore f,, : C — C is subconvergent on the set of at least 3 points (corresponding
to the punctures). We let T be the limit of a subsequence, f := f|S. Then K(f) =1
and hence T is a conformal automorphism of S.

(b) Suppose that S is hyperbolic. Let . be lifts of f, to the universal cover
S = H2ofS; S = H/I. We retain the notation f, for the extension of f, to the
closed hyperbolic plane H? U 0H?. The map f, conjugates the group I into itself.
Pick a triple of distinct points x;, Xs, X3 € H?2. Then there exists a sequence y, € I
such that

limynfa(x5) = y;

(up to a subsequence) and the points y;, ] = 1,2,3 are mutually distinct. Therefore
the sequence of quasiconformal maps y,f, is subconvergent which implies that the
sequence T, is subconvergent as well. Let f : S — S be the limit of a subsequence.
Similarly to the case (a) this limit is a conformal self-map of S. [

Now we can finish the argument. We choose a convergent subsequence in {f,}
(and retain the notation {f,} for this subsequence). The maps f,, are homotopic to the
conformal map f = lim, f,, for su [ciehtly large n. This contradicts the assumption
that all the members of the sequence [f,] € Mods are distinct. [

19 Compactification of the moduli space

Our first aim is to prove the Mumford’s compactness theorem for the moduli space
(which is the reminiscence of the Mahler’s compactness criterion):

Theorem 19.1. For any (3 0 the subset of the moduli space M (X) consisting of
surfaces with the injectivity radius > [ds compact.

Lemma 19.2. Let X be a Riemann surface of finite type and Oy be a simple closed
geodesic on X. Then for any geodesic loop Oy intersecting Oy we have:

exp(l(a2)) > (exp(2l(an) + 1)/(exp(2l(on) — 1)
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Proof: Let X = H?2/I". Then we can assume that o, corresponds to the transformation
Vo i Z— N’z
where I(a,) = 2log(A) > 0 and the axis is [F< 0,00 >; and o, corresponds to

(B —k)z +B(k — 1)
(1—K)z+ (kB —1)

Yi:ZH

where y; has the fixed points 1, B and I(a;) = log(k) > 0. Since a; intersects a, we
conclude that B < 0. We have:

Yi(co) = (B —k)/(1-k)>0

and
1>y,(0) >0

Similarly, since g,(DdN g.g:(DJ= 0,

Y2Y1(0) > yi(c0) >0

which means:
AMB(k —1)/(kB —1) > (B —k)/(1 —Kk)
Therefore,
~AB(k -1)*>(B -k)(kB-1)>—-k’B-B
and
A2 > (k2 +1)/(k — 1)?

m

Remark 19.3. IfI(ay) =1 and ay intersects 0y then I(ay) > F(l), where

AORE
Corollary 19.4. Suppose that Ay, dy are simple loops on X such that:
I(on) < 1,1(az) <1
Then Ay, 0y are disjoint.
Proof: If a; < 1 then the left side of the inequality (*) is > (e? +1)/2 > e. O
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20 Zassenhaus discreteness theorem.

Let G be a Lie group, [,] : Gx G — G. It’s easy to see that the first derivative of this
map at the point (e, e) is zero. Therefore, there exists a compact neighborhood U of
e in G such that [,] is a contracting map.

Theorem 20.1. (Zassenhaus). Suppose that I is a discrete subgroup of G and X,y €
FNU. Then the group generated by X,y s nilpotent.

Proof: Form the sequence X, = X,Xn = [Xn—1,Y]. Then x, € ' nU for all n and
lim,_ . X, = e. Therefore, the discreteness of I implies that for su Lciehtly large n
we have x, = e.

Application. Consider the case G = Isom(H"). Then any infinite nilpotent
subgroup of G is almost Abelian.

Suppose that G = Isom_(H"), K is the maximal compact subgroup of G, X =
H" = G/K. We can assume that G has left-invariant Riemannian metric which is also
right-invariant under K. Then we shall identify X with a Borel subgroup P of G. We
can assume that U in the Zassenhaus theorem is [=meighborhood U (1) with respect
to the metric on G, we shall denote the number by [zl (Zassenhaus constant).

Lemma 20.2. There exist numbers | < 1< [dnd an integer N such that: if gy, ..., Ok
generate a discrete group I so that for X = K € G/K = X we have d(X, gjX) < U
then:

(1) K has a GX2-net of N elements;

(2) each word W = W(Qy, ..., Qk) of the length < N has the property: d(X,wx) < [}

(3) for each W as above we have:

w(Us , (D)W € U (1)

Proof: We start with 1= [Zb. Then we can find N such that (1) is satisfied, then
we can choose p such that (2) is correct. Now, w above is the product pk where
d(p,1) < G(according to (2)), therefore, if 3 € Uz, then we put T = kdk™! then
T € Us, since the metric on G is biinvariant under G, thus

d(1,pksk~'p~!) = d(1,ptp™") < 2d(1,p) +d(1,T) < 5G]

Denote by Mthe subgroup of I" generated by all elementsy € FTNU (1) (a priori
this subgroup can be trivial). Denote by

r—1
r= yr-
j=1

the coset decomposition of I.

Lemma 20.3. In the decomposition above V < oco.
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Proof: Lety; =w = gj,....0i,, be a word of the length M > N. Then w = w;w, =
wsw, where I(ws) < I(wy) < N, w; = pjKk; and d(kq, ks) < L1 Therefore,

8 = ww, " = pakeks 'py
However, d(1, k,k; ') < L1 On another hand,
L1> d(w; X, X) = d(p;jX, X)
Therefore, d(1,06) < 31 This implies that
w = w3dwy , I(wswy) < M
Consider the element
(WsWs) 7w = Wi twg twisdw, = wi taw,

Then the property (3) implies that this element belongs to U (1) NI c 'Y Thus,
wsW, and w belong to the same coset (mod I, but the length of wsw, is strictly
smaller than M. The induction argument thus imply that for all cosets (mod ') we
can find representatives such y; that I(y;) < N. This implies that v is finite. O
However, according to Zassenhaus theorem, the group I"lis almost Abelian, there-
fore, I is a finite extension of an Abelian group.
Thus we proved

Theorem 20.4. For each H" there exists a constant | = Wn such that: for any
X € H" and any elements g1, ..., gx € 1SOm(H") which generate a discrete group I’ and
d(X, gj(x)) < W the group T is almost Abelian and is a finite extension of a subgroup
rSc T which is generated by elements 'y € U (1)— Zassenhaus [Zh-neighborhood of e
in SO(n,1).

Remark 20.5. According to [Mart] one can take as W the number:

g—(2+In/2))

Remark 20.6. Actually we proved that for any LK [Z we can find p(DI< increas-
ing function on Clsuch that in each discrete group Iy y(X) the almost Abelian subgroup
THX) has finite index. Here Ty y(X) is any discrete group generated by elements g
such that d(gj(X), X) < p(Ddand T{X) is the mazimal subgroup in [y 1(X) generated
by elements in U (1). The function W(Dis invertible and [F [(U). Moreover,

lim Q) =0
n-0

Corollary 20.7. There is an increasing function T(A) defined for all A < W such
that:

(a) limy_o F(A) = oo;

(b) for any h,g € SO(Nn,1) and X € H" such that d(X,hy) < A < W such that

< g,h > is discrete and nonelementary, we have:

d(x,9x) > T(A)
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Proof: Let Yr(d) be an increasing function such that:

PUs(1)P™" C Uy () (1)
for all p € P NUgr(1) and for fixed 6

lim R=o0
=yr(3)-0

For given R denote by dg the number such that Yr(dr) = [z Zassenhaus con-
stant. Now, let A be nu(6r) where p is the function from the Remark above.

Then the group FD(A)(X) has finite index in T =< h > and gI’D(A)(x)g‘1 c U,(2).
Therefore, according to Zassenhaus Theorem, the group generated by g and FD()\)(X)
is almost Abelian and elementary, and thus the group < g, h > is elementary.

The function A = A(R) is increasing and we can find the inverse R = f(A). This
function has the property that if d(x,gx) < f(A) then either < g,h > isn’t discrete
or is elementary (property (b)). We have to verify the property (a):

Mrg)f()\) =00
Really, y(A) = 0asA —0and R — oo as dgp — O. O

Suppose now that X is a hyperbolic of finite type with totally geodesic boundary
and a C 90X, I(a) = 1. Then there are three functions A(l), W (l), L(l) such that:

Lemma 20.8. (1) a has a reqular neighborhood U of the width W (I);

(2) the length of the second (different from o) component a=of dU is L(l) and
the area of U is A(l);

(3) lim_ oW () = oo, L(I)? < Area(X)? + 12, lim;_, L(I) < Area(X).

Proof: Let Y be the double of X. Then, according to Lemma 8 the geodesic a on Y
has the normal injectivity radius at least W (1) = f(I)74. If we lift U in the hyperbolic
plane, then the preimage of (3 is a hypercycle B which makes the angle ¢ with &@. Now
the hyperbolic trigopnometry and integration in polar coordinates imply that:

cosh(W) = 1/ cos(y)

A(l) = Area(U) = | - tan(y)
length(ab'= 1/ cos(y)
However, Area(U) < Area(X). Thus,

—1
Area(U)/I = L%/I7-1

and
L? = Area(U)? + I? < Area(X)* + I?
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Theorem 20.9. Let X be a surface of finite type with totally geodesic boundary.
Then there exists a geodesic decomposition of X on pants such that the lengths of the
decomposing loops are bounded from above by some constant C depending only on the
topology of X and the lengths of boundary curves.

Proof: If X is a pair of pants then we are done. Let a4, ..., a,, be the boundary curves
of X. Denote by W; the width of the regular collar around q; given by the Lemma
8. Denote by [the minimum of all W;/2. denote by C(X) the union of [-gollars
of a; and put X™= X — C(X). If we can find on X™a homotopically nontrivial
simple loop a which is not homotopic to boundary which has length less than [ then
we are done. Suppose that such loops do not exist. If two collars intersect then
the distance between two loops Gjl:hnd as zero and the length of these loops is
bounded by Area(X) + length(0X). Thus, we can find a nontrivial curve  on X as
on the Figure below. So, we assume that the collar C(X) of dX is embedded. Cover
X=X — C(X) by a maximal set of disjoint discs D(P;, DIC X. If the number of
these discs is n then their joint area is at least n[21and every point z € X has the

property:
1
d(z,0(X= Di@z, Q) <O
i=1
Thus n < Area(X)/[JDraw a graph G on X by connecting any two points P;, P;
such that d(P;, P;) < 4L]

Lemma 20.10. The graph G is connected.

Proof: Suppose that G consists of two components Z;,Z,. Consider the [=Ineigh-

borhood s U, U, of the unions of discs with centers at Z;,Z, respectively. Then

U, U U, D XHwhich means that their intersection isn’t empty. This implies that

there are vertices in Z;, Z, such that the distance between them is < 4[This con-

tradiction shows that G is connected. O
Thus, for every z,w € X e have:

d(z,w) < 4nF 1(0XH'< Area(X)/F I(0XH' <
Area(X) + Area(X)/[# length(oX) =c¢

and the diameter of X s bounded by a constant ¢ which depends only on topology
of X and the length of 0X. If we have at least two di[erent boundary components
o, o-df X —then we connect them by a shortest arc y and thus find a loop

[3 = ajl:.ly . ail:.lg_l

which has bounded by 2cArea(X) length and not boundary-homotopic. If we have
only one boundary component O(j:'then choose a shortest arc y with endpoints on
a;-Such that y € n(X50X) # 0. The length of this arc is bounded by 2diam(X)
(use 2-sheeted covering over X which has 2 boundary components). Let a-be one of
components of a — y. Then take the loop

B=oa;y
The length of B is again bounded and this loop is homologically nontrivial, and

therefore- nonparallel to the boundary.
O
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Corollary 20.11. Suppose that the injectivity radius of a closed surface X is bounded
from below by L1 Then the diameter of X is bounded from above by

c(DI= Area(X)/[1

On another hand, the area of X in general is growing exponentially with the growth

of diam(X).

Now we can prove Theorem 20.9. There are only finitely many nonequivalent
pants decomposition of X (the number v(X) of trivalent graphs with 2g — 2 vertices.)
We fix v(X) decompositions of X with hyperbolic metrics: X, ..., X, € T(X). Let
Y be any point of the subset M (X) of M(X) where Radlnj(Y) > L1Then there is
a marking (Y, f) on Y such that dt([Y, ], X;) < b(Ct) where g is the genus of Y.
Therefore, the set M (X) is bounded and therefore- compact.

Another remark. Suppose that S ¢ M (X) doesn’t belong to any M (X) for any
[3> 0. Then S is unbounded. Really, for any choice of canonical generators of m;(Y )
we will have: a; Ny # () where length(y) < [Therefore, length(a;) — oo as (3 0.
This means that the sequence of surfaces is not relatively compact in M (X). [

Corollary 20.12. There ezists a number q > 0 so that for each (in particular non-
compact) hyperbolic surface X there is a point p such that Radlnj,(X) > q.

Proof: Continuity method. Let X, be the subset of all points in X where 2Radlnj <
M- Margulis constant. This is a disjoint union of annuli which at worst can be tangent.
In the worst case they decompose X to the union of pairs of pants. Consider this
worst case. Then in the universal covering we have a union of hypercycles which are
at worst tangent one to another. Then we can find a disc D in H? which doesn’t
intersect interiors of hypercycles and tangent at least to three of them. | claim that
the diameter of this disc is bounded from below by some universal constant. Suppose
not, we can assume that the center of this disc is the point 0. Then our configuration
has a limit where hypercycles degenerate to some discs which intersect or tangent the
boundary of H?. But these discs are at worst tangent and do not contain 0. [

Theorem 20.13. Suppose that Xn is a sequence in M(X) such that

Iim[Radlnj(X,) =[] — 0
Nn - oo
Then the sequence Xn is not relatively compact in the moduli space M (X).

Proof: Let y, C X, be the sequence of geodesic loops such that I(y,) = [kl Then
for any choice of canonical basis of m;(X,) there is a loop a, in this basis which
has nonzero intersection number with y,. Therefore I(a,) — oo as n — oo. This
means that the sequence X, is divergent in M (X) with respect to the Teichmiiller
metric. O
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21 Fenchel-Nielsen coordinates on
Teichmdiiller space.

Consider a closed hyperbolic Riemann surface X and fix a pants decomposition D
of X. For each pair of pants P; in D there are 3 boundary loops Cji, Cjs, Cjs. We
connect them by the disjoint oriented geodesic arcs aj; orthogonal to dP;. Each arc
has the end-point ;. Suppose that C is a common boundary loop for two pairs of
pants P;, Pjoand i, {jaoare end-points of the arcs o, o The loop C is oriented, so
we can define

6ij = 2md(i, ¢ (Cji)

where we calculate the distance in the positive direction. The number 8;; is defined
(mod 2n) and is called the “angle of gluing”. Therefore, we have a continuous function

F=(L0): T(X)— R¥3 x §%3

which associates with a point Y € T(X) the logarithms of geodesic lengths of the
loops C and © consists of the coordinates 6;;. This map is obviously continuous and
onto.

Lemma 21.1. The map F isa covering.

Proof: If If(p = [Y,h]) = If(q = [Z,g]) then the surfaces Y,Z are isometric as
unmarked Riemann surfaces. Therefore, ¢ = f(p) where f € Modx. The element of
the modular group T must preserve D. Denote the subgroup of Modx which preserve
D by Modx (D). Then, for each f € Modx (D) and each p € T (X) we have:

F(p) = Ff(p)

therefore, F is a covering with the covering group Modx (D). Let’s describe this
group. This group is isomorphic to Z3973. Therefore, the Dehn twists along the loops
C in the pants decomposition generate Modx (D).

Now, the lift of F to R%~¢ is denoted by F and is a homeomorphism of T (X)
which is called the Fenchel- Nielsen coordinates on the Teichmiiller space. O

22 Riemann surfaces with nodes.

The Riemann surface with nodes is a complex space modelled on C and {zw = 0} C
C? subject to the following topological restriction: each surface with nodes can be
obtained from a nonsingular Riemann surface S™by pinching to points some system
of simple disjoint nonparallel homotopically nontrivial loops. We can consider any
surface with nodes as a (disconnected in general ) Riemann surface of finite type
with a finite number of punctures together with the identification pattern of the
punctures. The space of Riemann surface with nodes forms a compactification of the
moduli space. R

Consider now the space M (X) - the space of Riemann surfaces with nodes obtained
by pinching some loops on elements of M(X). We already have the topology on
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M(X) C I\7I(X). The horocyclic neighborhood of a point S € I\7I(X) — M(X)
is defined as follows. If A = {ay,0,...,0q} are loops on X to be pinched on S then
enlarge A to a pants decomposition D of X. Convention: we shall think that the loops
a; have zero length on S. Then the base of topology at S is given by neighborhoods
U which consists of Riemann surface with nodes Y such that:

(1) for pinched loops a; the angles of gluing are arbitrary;

(2) the dilerknces between all other Fenchel-Nielsen coordinates of S,Y are less
than []

Theorem 22.1. The space |\7|(X) with the topology defined above is compact, Haus-
dorff and has countable base of topology.

Proof: The proof of compactness just repeats the proof of Theorem 20.9. We’d like
only to note that the Fenchel-Nielsen coordinates “extend” to the compactification
M (X), but dilerent stratums of M (X) — M (X) correspond to di[erent pant decom-
positions of X (so we have several coordinate systems which cover M (X)). Two other
statements are obvious. O

There are several ways to construct the complex structure on the space M (X),
one- using algebraic geometry [Mu], another- using Kleinian groups and automorphic
functions [B].

23 Boundary of the space of quasifuchsian groups

I recall the definition of the Bers’ embedding of the Teichmdiiller space:

Let X = H?/F is a compact surface of genus g > 1, and given [p] € T(X) we lift
u to the hyperbolic plane H? (the upper half plane) and extend by zero to the whole
complex plane, denote by v the result. Take ¥ = f¥ to be solution of the Beltrami
equation with the complex characteristic v which fixes the points 0,1, co. The map
is conformal in the lower half-plane H2-and we can take the Schwarzian derivative S(f)
of the restriction of £ to H2, Then S(f) € Q(X) which we identify with the space
of F-invariant holomorphic quadratic dilerentialon H# The quasiconformal map
T defines the representation p : F — PSL(2,C) so that f(g(z)) = p(g)f(z) for all
g € F. The correspondence @ : [u] — S(F) is called the “Bers’ embedding”, its image
is a bounded domain D in Q(X).

We can assume that 0,1, cc are fixed points of three elements gg, g1, g Of the
group F. Therefore the assumption that p(g;) has the fixed point j (= 0,1, c0)
gives us a slice on a Zariski open subset of Hom(F,PSL(2,C)) to the projection
n:Hom(F,PSL(2,C)) — Hom(F,PSL(2,C))//PSL(2,C) = R(F).

On another hand, for each @ € Q(X) we have the monodromy homomorphism
pe of the Schwarzian equation S(f) = ¢ on the lower half plane H%., The map hol :
Q(X) — Hom(F,PSL(2,C)) defined by the formula hol(g) = p, is a holomorphic
map of Q(X) to R(F). It’s easy to show that the restriction of this map to D is
an embedding. Really, suppose that @,y € Q(X) be such that hol(¢) = hol(Y).
Then we have two holomorphic maps i, f, : H?4— C which are extendable to the
boundary of the half-plane and the restrictions of f;, f; to R coincide (because the
fixed points of G = hol(@)(F) are dense on f;(R) = A(G) -limit set of the group G.
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Therefore, f; = f, and ¢ = ¢ = S(f;). Moreover, one can prove that the map hol
is injective immersion on the whole space Q(X) (Poincaré’s lemma). Moreover, the
space hol(Q(X)) is an complex-analytic subvariety in R(F) (i.e. is a solution of an
equation H(z) = 0 for a vector-function H : R(F) — C3973,

For each ¢ € D the image of the representation hol() is a “quasifuchsian group” G
, the limit set of this group is a topological circle in C. However, we will be interested
in the image of the boundary of D under hol. This is a compact subset of R(F) and
the images of the representations in hol(dD) are called b-groups (boundary groups).
For each @ € 0D the solution of the equation S(f) = ¢ is injective holomorphic
function in H?(by the continuity reasons: uniform on compacts limit of injective
functions on H%js again injective). Therefore, f(HY),= Qy(G) is invariant under G
which implies that Q,(G) is a subset of the domain of discontinuity Q(G). Thus, each
b-group G is Kleinian. The compactness of X = Q,(G)/G implies that the boundary
of Qu(G) consists of limit points of G. On another hand, Q,(G) is G-invariant, thus
the whole limit set of G coincides with the boundary of G. Another remark is that
Qy(G) is simply-connected, and p : F — G must be an isomorphism (since it is
induced by the injective conformal conjugation f on H?2),

Now we have to understand the topology of other components of Q(G) (if there are
any !). I recall that the group G is finitely generated, therefore the Ahlfors’ finiteness
theorem can be applied to G as follows:

Theorem 23.1. (Ahlfors’ finiteness Theorem.) The quotient Y = Q(G)/G of any
finitely generated Kleinian group G C PSL(2, C) consists of a finite union of Riemann
surfaces of finite conformal type. Fach puncture p on Y corresponds to a parabolic
element of G (i.e.if you lift a loop around p to Q(G) then it is stabilized by a cyclic
parabolic subgroup of G.

For proof see [Ah2], [Kra].

| don’t have any time to discuss the proof of this central fact of theory of Kleinian
groups, hopefully we shall do it next year.

From now on we shall denote by Y, the quotient Q,(G)/G.

Suppose now that some component O of Q(G) is not simply connected. Consider
the projection Z of O to Y. Then Z is a boundary surface of the 3-manifold M (G) =
(H? U Q(G))/G and the induced homomorphism i : m;(Z) — m;(M) isn’t injective.
Therefore, according to Dehn’s lemma, we can find a simple closed curve y on Z
which isn’t trivial on Z but bounds an embedded disc B in M(G). Therefore, the
fundamental group of M (G) (isomorphic to G) splits into a nontrivial free product.
But it contradicts to our assumption that F = G is the fundamental group of the
closed surface X. Therefore, all components of Q(G) are simply-connected. Thus, if Z
is any component of Y, then 1, (2) is a finitely generated subgroup of m;(X). Suppose
that the fundamental group H of some component Z of Y # Y, has a finite index in
G. Then H has the same limit set as G and has at least two invariant components of
the domain of discontinuity: Qg, Q;. Thus, the manifold (M(H) —Y) U (Qy/H)U Z
is compact and is properly homotopy equivalent to Z x [0,1]. Theorem of Stallings
implies that M (H) is homeomorphic to Z x [0, 1] and there exists a quasiconformal
map Y : H* — H? conjugating H to a Fuchsian group. This homeomorphism extends
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to the boundary C of H®. That contradicts to our assumption that G is a boundary
group.

On another hand, we know that all subgroups of m;(>X) of infinite index are free.
Therefore, if Z is any component of Y — Y, then Z is noncompact and cusps of Z
correspond to parabolic elements of G.

Conclusion. Suppose that G has no parabolic elements. Then Q(G) = Q,(G),
i.e. it’s connected and simply connected.

Kleinian groups with such *“pathological property” are called “totally degenerate
Kleinian groups”. Our next goal is to prove the existence of such monsters.

For eachy € F —{1} we consider the polynomial function T, on the representation
variety R(F):

Ty([p]) = Trace*(p(y))

Thus the subset S, = Ty‘1(4) C R(F) is a complex-analytic subvariety as well as the
preimage hol™'S,. Now, consider the set E of all real rays R with origin at 0 in Q(X)
so that

RN Uy [E_{l}h0|_18y =

Almost every ray in Q(X) belongs to E and for each R € E the groups G = hol(RN
dD) have no parabolic elements. Therefore, “almost every group” G on the boundary
of Teichmiiller space hol(D) is totally degenerate.

24 Examples of boundary groups

Let {cy,...,ck} = C C X be a union of simple closed disjoint nonparallel geodesics
on X. Lift C to the universal cover A = H? of X. Denote the preimage by L. Now,
consider the following equivalence relation on C:

X ~y if and only if they belong to the closure of one and the same geodesic in L.

It follows from theorem of C.Moore that the quotient C/ ~ is homeomorphic to
the sphere S2. The action of the group F on C projects to the action of a group of
homeomorphisms G on S?. It can be proven that this action is conformal in some
conformal structure on S?, thus G becomes a Kleinian group and this is a b-group.

The limit set A of the group G is the projection of the boundary of H?, obtained
by ““ pinching ” the geodesics in L. Projections of these geodesics are fixed points of
parabolic elements of G. The group G has simply-connected invariant component Q,
- projection of H?2, There are also some non-invariant components of the domain of
discontinuity; Q(G)/G is homeomorphic to

X U(X —C=X;U...UXo),

where the component X = X, is covered by Q,. This follows from the fact that
S? — L is equivariantly homeomorphic to C — (A(F) U L). The curves X, ..., Xs are
obtained from X by “pinching” along C. The limit set of the group G looks like an
infinite union of “bubbles” : boundary curves of the domains covering X4, ..., Xs, two
bubbles can be tangent at the fixed point of a parabolic element.

Now, let me try to give you an idea how the action of a totally degenerate group
looks like. Let @ be a quadratic dilerential on X so that horizontal trajectories
of @ are never periodic. Lift the horizontal foliation of ¢ to a “foliation” F on A.
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[Technically speaking, this is a foliation on a complement to some discrete subset-
preimage of zeros of ¢]. Each leaf of F is a “quasigeodesic” or a “quasigeodesic ray”
in H? (it’s located in a finite distance from a geodesic) so its closure on dA consists
of 2 or 1 points. Now, again consider the equivalence relation ~:

two points X,y on AU OJA are equivalent if they belong to two leaves L, L, of F
so that CI(L,) N CI(Ly) # 0.

It turns out that the quotient of C by ~ is again a topological sphere and the
action of F projects to a topological action G on S%. Under some choice of @ this
action is conformal in a conformal structure on S2. The discontinuity domain of G
consists of a single simply connected component Q, - projection of H% The limit set
N of G looks like an infinite tree which isn’t locally finite. This tree is “dual” to the
foliation F. The points of branching of this tree are projections of the singular points
of the foliation and they a dense on A.

An example of ¢ can be given as follows. Let h : X — X is a homeomorphism
with the property: for any y € F and for any n € Z — {0} the elements y, h{y)
are not conjugate in F. Such maps are called irreducible. Let hq is the extremal
(Teichmller) quasiconformal map in the homotopy class of h. Then ¢ the quadratic
di Lerkntial corresponding to h.
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