The generalizetriangleinequalitiesn symmetric
spacesind buildingswith applicationgo algebra

Misha Kapovich, Bernhard Leeband John J. Millson

June 3, 2004

Abstract

In this paper we apply our results on the geometry of polygonsin in nitesi-
mal symmetric spacessymmetric spacesand buildings, [KLM1, KLM2], to four
problemsin algebraic group theory. Two of these problems are generalizations
of the problems of nding the constraints on the eigervalues (resp. singular
values) of a sum (resp. product) when the eigervalues(singular values) of ead
summand (factor) are xed. The other two problems are related to the nonva-
nishing of the structure constarts of the (spherical) Hecke and represertation
rings assaiated with a split reductive algebraic group over Q and its complex
Langlands' dual. We give a new proof of the \Saturation Conjecture" for GL (")
as a consequencef our solution of the corresponding \saturation problem" for
the Hedke structure constarts for all split reductive algebraic groups over Q.

1 Intro duction

In this paper we will examineand generalizethe algebraproblemslisted immediately
below from the point of view of spacesof non-positive curvature. Let , and be
m-tuples of real numbers arrangedin decreasingorder. In Problem P3 we let K be
a complete,nonardhimedeanvalued eld. We assumethat the valuation v is discrete
and takesvaluesin Z. Welet O K be the subring of elemens with nonnegatiwe
valuation.

In order to state Problems P2 and P3 belonv we recall somede nitions from
algebra. The singular valuesof a matrix A are the (positive) square-rmts of the
eigervalues of the matrix AA . To de ne the invariant factors of a matrix A with
ertries in K note rst that it is easyto seethat the double coset

GL(;0) A GL(;0) GL(;K)

is represeted by a diagonal matrix D := D(A). The invariant factors of A are the
integers obtained by applying the valuation v to the diagonal ertries of D. If we
arrangethe invariant factorsin decreasingorder they are uniquely determinedby A.



In the Problem P4 we will assumethat , and are dominant weights of
GL(m; C) (i.e. they are vectorsin Z™ with nonincreasingertries) and that V , V
and V arethe irreducible represetations of GL(*; C) with thesehighestweighs.

Now we can state the four algebraproblemsthat interest us here, following the
presemation in [Ful].

P1. Eigenvalues of a sum. Give necessaryand su cient conditionson
and in order that there exist Hermitian matrices A, B and C sud that the
set of eigervalues (arranged in decreasingorder) of A, resp. B, resp. C is ,
resp. ,resp. and

A+B+C=0:

P2. Singular values of a product. Give necessaryand su cient conditions
on , and in orderthat there exist matricesA, B and C in GL(m; C) the
logarithms of whosesingular valuesare ; and , respectively, sothat

ABC =1

P3. Invariant factors of a product. Givenecessaryandsu cient conditions
on the integervectors , and in orderthat there exist matricesA, B and
C in GL(m; K) with invariant factors ; and , respectively, sothat

ABC =1

P4. Decomp osing tensor products. Give necessaryand su cient condi-
tionson , and sud that

(V. V V)L™ g

These problems have a long history which is describted in detail in [Ful]. Their
complete solution and the relation betweenthem were establishedonly recerly due
to the e orts of seweral people. It turns out that the setsof solutions ( ; ; ) for
ProblemsP1 and P2 form the samepolyhedral conein R®". This polyhedral cone
is given by a nite systemof linear homogeneousnequalities involving the Scubert
calculusin the GrassmanniangG(p;C™). The setsof solutions( ; ; ) for Problems
P3 and P4 are also the same,namely the integral points in the above polyhedral
cone. We referto [AW], [AMW ], [Ful], [EL], [Kly1], [Kly2] and [Bel] for more details
and further dewelopmerts.

The above description of the set of solutionsto Problem P1 using the Scubert
calculuswas proved by A. Klyadko [Klyl], with animprovemen by P. Belkale [Bel]
after much classicalwork. The equivalenceof ProblemsP1 and P2 was proved by
Klyadko [Kly2]. The equivalenceof ProblemsP3 and Problem P4 is dueto P. Hall,
J. Green and his studert, T. Klein [Klel] and [Kle2]; seealso [Mac, pg. 100]and
[Klel] for the history of this problem. The description of the solutions to Problem
P4 asthe setof integral points in the above polyhedral coneis dueto A. Knutson and
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T. Tao, [KT] (seealso[DW]). The Knutson-Tao theorem combined with the above
equivalenceof ProblemsP3 and P4 establishesthat the set of solutionsto Problem
P3 is alsothe set of integral points in the above polyhedral cone. In what follows we
reversethis path: we rst prove directly that the set of solutionsto Problem P3 is
the set of integral points in the above polyhedral cone,then using the equivalenceof
ProblemsP3 and P4 we deducethat this setis alsothe set of solutionsto Problem
P4.

The algebraproblemsabove extend naturally to generalreductive groups. Let F
be either the eld R or C, and let K be a nonardhimedeanvalued eld with discrete
valuation ring O and the value group Z. For the statemens belov (and in what
follows) involving the Hede ring we will alsoneedto assumehat K islocally compact,
that is, we will assumethat K is a totally-disconnectedlocal eld, see[Ta, pg. 5].
Howewer by applying Theorem 1.6, it follows that Theorems1.13and 1.16 hold in
the casewhen K is not locally compact (for examplethe casein which K = C((t))
the eld of fractions of the ring of formal power seriesC[[t]]).

For simplicity, let us considerhere and throughout this Introduction a split re-
ductive group G over Q, seechapter 4 for a more generaldiscussion.

Q1. Eigenvalues of a sum. SetG := G(F), let K be a maximal compact
subgroupof G. Let g be the Lie algebraof G, and let g = k+ p beits Cartan
decompsition. Give necessaryand su cient conditionson ; ; 2 p=Ad(K)
in order that there exist elemeints A; B;C 2 p whoseprojections to p=Ad(K)
are ; and , respectively, sothat

A+B+C=0:

Q2. Singular values of a product. Let G and K be the sameas above.
Give necessaryand su cient conditionson ; ; 2 KnG=K in order that
there exist elemens A; B; C 2 G whoseprojectionsto KnG=K are ; and ,
respectively, sothat

ABC =1
Q3. Invariant factors of a product. SetG := G(K) and K := G(O). Give
necessanandsu cient conditionson ; ; 2 KnG=K in orderthat there exist
elemetts A; B; C 2 G whoseprojectionsto KnG=K are ; and , respectively,
sothat

ABC = 1.
Equivalently, ifc ,c g,ndc arethe characteristic functions of the above double
cosetsandc ¢ c = m. . () c,isthetriple product in the Hede algebra
Hc (seechapter 9), give necessaryand su cient conditionson , and so
that

m. . (1)6 O:



Q4. Decomp osing tensor pro ducts. Let G- be the Langlands' dual group
of G, seeDe nition 2.13. Give necessaryand su cient conditions on highest
weights ; ; ofirreducible represemations V ,V ,V of G- .= G-(C) sothat

(V. V V)¢ so:

Equivalertly, if ch(V ) is the character of the irreduciblquepreseltation of G-

with the highestweigt andch(V ) ch(V) ch(V) = n. .()chV),is
the triple product in the represemation ring R(G-), give necessarynd su cien t
conditionson , and sothat

n. .(1)6 0:

Here 1 denotesthe trivial character (correspnding to the zeroweight vector).

Remark 1.1. Throughoutthe paper we will refer to triples ( ; ; ) which belongto
the solution setsof ProblemsQ1, Q2, Q3 and Q4 as solutions of ProblemsQ1, Q2,
Q3 and Q4 resyectively.

Remark 1.2. The product in Q3 is the corvolution product in the Hecke algeba.
ProblemsQ3 and Q4 are related by the Satake isomorphismS, whichis an isomor-
phismfromHg Z[0*2;q 2] to R(G-) Z[g*?;q ], whee q is the order of the
residue eld of K (assumingthat K is locally compact and g is nite). HoweverS
does not sendc to a multiple of ch(V ) but rather S(c ) and " 'ch(V ) dier by
terms of lower order in the dominance order. Here h ; i is a half-integer, see chapter
9.

The quotient spacegp=Ad(K) and K nG=K in ProblemsQ1 and Q2 are naturally
identi ed with the EuclideanWeyl chamber insidea Cartan subspacea p. Notice
that in the casethat F = C, wehavethat p= i kand Problem Q1 canbereformulated
as nding necessaryand su cient conditions on triples of Ad(K )-orbits in kin order
that they cortain elemeis with sum zero.

The double cosetspaceappearingin Problem Q3 is a more subtle discreteobject,
namely the intersectionof  with a certain lattice Lg  a. To be more preciselet T
be a maximal split torus of G. Let X (T) bethe lattice of cocharacters(i.e. algebraic
one-parametersubgroups)of T. Then Lg = X (T) if G is split over Q. If the group
G does not split over Q, the extendel cocharacter lattice Lg cortains X (T) as a
subgroupof nite index, seesection4.4 for the precisede nition of this lattice.

We now explain the appearanceof the dual group G- in Problem Q4. The torus
T correspnds naturally to a maximal torus T- of G- sud that the character group
X (T-) of T~ satis es the duality

X (I-) = X (I):

Thusa= X (T-) R= X (T) R. The setof highestweighs in Problem Q4 is the
intersection of the cone a with the lattice X (T-). Thus the parameter space
inv fact Of the ProblemQ3 and the parameterspace (ensor Of ProblemQ4 are equal
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In this paper, we reformulate the algebraproblemsQ1{ Q3 asgemetric problems
which are special casef a geometricquestionraisedand studied in [KLM1, KLM2].
We x a Euclidean Coxeter complex (E; Wg ) with the Euclidean Weyl chamber

= E=Wspn, and consider nonpositively curved metric spacesX with geometric
structuresmodelad on (E; W4t ). The space®fthis kind which we areinterestedin are
symmetric spacesof nonpositive curvature, their in nitesimal versions(in nitesimal
symmetric spaces seesection5.2), and Euclidean buildings. For sud spacesX there
is a notion of -length for oriented gealesicsegmets which re ects the anisotropy
of X. This leadsto the following problem:

GTI: Generalized Triangle Inequalities. Givenecessaryandsu cient con-
ditonson ; ; 2 in orderthat there existsa gealesictriangle in X with
-side lengths ; and

As explainedin section5.4, for a symmetric spaceX , the problem GTI is equiv-
alent to the Singular Value Problem Q2. For an in nitesimal symmetric spaceX, it
is equivalert to the Eigervaluesof a Sum Problem Q1:

Theorem 1.3. Supmsethat G is a reductive algebaic group overR and F = C or
F = R, X = G=K is the symmetric space correspndingto G = G(F). Then the
solution setfor the ProblemQL1 for G is equalto the solution setfor the ProblemQ2
for G, and is equal to the set D3(X).

The GeneralizedTriangle Inequalities have beendeterminedin the papers[KLM1]
and [KLM2] in full generality.

Theorem 1.4 ([KLM1, KLM2 ]). Supmsethat X is a symmetric space of noncom-
pact type, or an in nitesimal symmetric space or a thick Euclidean building. Then:

1. The set D3(X) 3 of triples ( ; ; ) for which a triangle in the Problem
GTI (for X) exists,is a polyhalral cone.

2. D3(X) demendsonly on the spheri@al Coxeter complexassaiated to X. More
precisely, supmsethat X ; X °are metric spaces(each of whichis either an in nitesimal
symmetric space or a nonpositively curved symmetric space or a Euclidean building)
modelad on Euclidean Coxeter complexes(E; W1 ); (EAWS () resgctively. Then
eachane emleddingf : E ! E°whichinduces an emledding of the spherial
CoxetergroupsWepp ! Wsoph, inducesan emteddingD3(X) ! D3(X9. In particular,
if f and are also surjective, thenthe map D3(X) ! D3(X9 is a bijection.

Corollary 1.5. Let G;GPare (real or complex)Lie groupsasin Theorem 1.3, which
have isomorphic Weyl groups W; W® Then the ProblemsQ1 and Q2 for G are
equivalentto the ProblemsQ1 and Q2 for G°

Combining this, for instance, with the description of the polyhedron D3(X) for
complex semisimpleLie algebrasin terms of Scubert calculus [BeSj KLM1], one
obtains a method for determining the polyhedronD 3(X ) (and hencethe solution sets
for the algebraproblemsQ1 and Q2) in general. The equivalenceof ProblemsQ1 and
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Q2 (known as Thompson's Conjecture) for someclassicalgroups (including GL ("))
was proved by Klyadko in [Kly2], for all complexsemisimplegroupsin [AMW], and
in generalcaseby Evensand Lu in the recen paper [EL], using di erent methods.

The Invariant Factor Problem Q3 correspndsto the casewhen X is a Euclidean
building andin this casethe inequalitiesde ning D 3(X) give only necessaryconditions
on( ; ; ) to solwe the algebraic problem Q3. Solutions of the algebraic problem
correspnd to triangles in X that have vertices with stabilizers conjugateto G(O)
(seechapter 5). Wethus haveto re ne the geometricproblemtaking into accour the
lack of homogeneiy in Euclideanbuildings. To do so,we introducea re ned notion of
length for oriented geadesicsegmets Xy, calledre ned length ¢ (X;y), which keeps
track of the location of endpoints; s takesvaluesin (E  E)=W,¢. We thus are
lead to the following problem:

RGTI: Rened generalized triangle \inequalities".  Give necessaryand
sucient conditionson ; ; 2 (E E)=Wx in order that there exists a
gedalesictriangle in X with re ned sidelengths ; and

We have only partial results regardingthis problem. We have the following com-
parisonresult for the setD5* (X) ((E E)=Wy)? of triples which can be realized
asre ned sidelengths of a triangle in X .

Theorem 1.6 (T ransfer theorem, [KLM2 ]). Let X and X °be Euclidean buildings
modelel on CoxetercomplexegE; Wy 1) and (EG WS ;) of the samedimension. Then
each emledding (E; Wa1) | (ESWG,) of Coxetercomplexesinduces an emledding

DX (X) ! D' (X9.
In particular, if the Coxeter complexes(E; W) and (E% WS, ) are isomorphic

then the isomorphisminduces a bijection D5 (X) ! D5 (X 9.

Remark 1.7. 1. Theorems1.4 and 1.6 are also valid for n-gons.

2. A special caseof the transfertheorem usel in the presentpaper is whenWgys ¢ =
WS, E = E% themapE ! E‘is a Euclidean dilation , the at metric on E is
obtainel via pull-back of the at metric on E®via .

For applicationsto the algebraproblemsQ3 and Q4 we have to imposefurther
integrality conditions on the side lengths. SetL := Lg and let X := X denote
the Bruhat-Tits building assaiated with the group G = G(K). We de ne the set

L of L-integral -lengthsasthe intersection \ L o, whereo is the vertex of E
xed by Wspn. We will identify o with the origin 0 2 E and thus idertify L o with
L. We de ne the set of L-integral re ned lengthsas (L  L)=W,¢. The Invariant
Factor Problem Q3 is then equivalert to determining the set D" (X) of possible
L-integral re ned side lengths for triangles accordingto the following theorem (the
rst statemen is explainedin x5.4, the secondfollows immediately from the rst
together with Theorem1.4).

Theorem 1.8. Let ; ; 2 ( \ Lg)3 Then

6



1. There exists a geodesic triangle in the X with re ned side-lengths ; ; ,
( ; ;) is asolution of ProblemQ3.

2. ( ; ;) is asolution of ProblemQ3 ) ( ; ; ) is a solution of ProblemQ2.
We have the natural map (seex7)
:DEFE(X) 1 L3\ Dy(X); (1)

and our goal will be to identify its image. (The map is induced by identifying
parallel directed segmets in E.) We will shav that

(D;ef;L(X)) DI?:;O(X):: f(;;)2L Dg(X): + + 2Q(R-)g

We remind the readerthat (D3*"*

that is:

(X)) is the set of solutions to Problem Q3,

(DX =1(; ;)2\ ) 212K ()K ()K ()Kg:

The following theorem, a consequencef a recen theoremin logic of M. C. Las-
kowski [La], building on work of S. Kochen [Ko], revealsthe generalstructure of the
imageof D55 (X) in DY°(X) L3. De ne asubsetof L3 to be elementaryif it is
the set of solutions of a nite set of linear inequalities with integer coe cien ts and a
nite set of linear congruencesThen Laskowski provesthe following

Theorem 1.9 (M. C. Laskowski, [La]). Thereis an integer N = Ng, degending
only on G, suchthat for any nonarchimedean Henselianvalued eld K with value
group Z and residuecharacterstic greater than N we have

(D1 (X)) L% is a nite union of elementarysets

Remark 1.10. It followsfrom our Transfer Theorem alove that Theorem 1.9 holds
for all complete nonarchimedean valued elds K. This is becauseall the groups G,
as K varies, have the same Coxeter complex. Hence by our Transfer Theorem for
a split group the set (D%*"“ (X)) dces not defend on K. Therefore, once the alove

statementis true for one of them it is true for all of them.

Problem 1.11. Find the correspnding inequalities and congruenes.

We will seein section9.7 that the set (D5 (X)) is not a semigroupfor the root

SystemSBz; G,.
We cansolwe the Problem 1.11and thus the Problem Q3 for the following groups:

Theorem 1.12. a. LetG= SL(’) or G= GL("). Then the emledding (1) is onto.

b. If G is covered by SL(") (and when@ L = Lg k Ls.()), then the imageof (1)
is the subsetof the triples ( ; ; )in 2\ D3(X) suchthat

+ + 2 LSL(‘):



A similar statemen holds for a more generalclassof groups, seeTheorem 8.15. For
example,the conclusionof part (a) holdsfor the groupsSL (*; D) whereD is a division
algebraover K.

In general,the map (1) is not surjective: Counterexamplesfor the groupsG =
Spin(5) and G = Sp(2°);" 2, are givenin section7.2. Howewer, we have the fol-
lowing theorem (the solution of the \saturation problem" for the structure constarts
of the Hede algebra), seeCorollaries 8.9, 8.11:

Theorem 1.13. There exist positive integerskin, fact(G) (dependingonly on the as-
scciated root systemR and the lattice Lg) and kg (dependingonly on R), suchthat:

1. For k = Kiny 1act(G), the image of (1) contains D3(X)\ k 2. Equivalently,
if (;;)2Ds(X)\ k 3 then

Mgk « (1) 6 0:
2. The imageof (1) satis es
ke D5°(X) Image() Dz (X):

Remark 1.14. We may reformulatethe alove theorem without referenc to the Gen-
eralized Triangle Inequalities as follows. Supmsethere existsN suchthat

My o~ (1) 60
Thenmy . « (1) 6 O

We have the following explicit formulae for Kiny f act(G):

1. For a simply-connectedsplit simple algebraicgroup G over K with the assai-
ated root systemR of rank °, let 4;:::; - bethe simpleroots and be the highest
root:

= mi i (2)
i=1
Then Kiny fact(G) = kg is the least commonmultiple (LCM) of my;::;;m-.



2. In general(for split groups) we have:

Root systenR G Kinv fact(G) | Kr
A SL( + 1) 1 1
A GL( + 1) 1 1
A- PSL(" + 1) T+ 1 1
B- SO(2" + 1);Spin(2" + 1) 2 2
C Sp(2°); PSp(2°) 2 2
D Spin(2°) 2 2
D- S0(2) 2 2 3)
D >4 PSO(2) 4 2
Dy PSO(8) 2 2
G, G 6 6
Fs4 G 12 12
Es G; Ad(G) 6 6
E-, G; Ad(G) 12 12
Es G 60 60

Here G denotesthe simply-connectedalgebraicgroup, the synbol Ad(G) denotesthe
algebraicgroup of adjoint type,i.e. the quotient of G by its certer. In the caseof root
systemswith the index of connectionequalto 1, Ad(G) = G, so we have usedthe
symbol G to denotethe unique connectedalgebraicgroup with the givenroot system.
Note that for the non-simply-connectedclassicalgroups we always get the order of
the fundamenal group asthe saturation factor (except for the group P SO(8)), we
refer the readerto chapter 8 for more details.

The above saturation constarts are not necessarilythe smallest possible,for in-
stance,in x9.7 we prove that k = 2 is the least possiblesaturation constart in the
caseof the root systemG,. Howewer for the root systemC- ( 2) we cannot take
k = 1 asthe saturation constan (seex7.2).

We now discussthe relation betweenthe Decomposing TensorProducts Problem
Q4 for a reductive complexLie group G- = G-(C) and the correspnding problems
of more geometricnature (Problems Q1{Q3 ). As we have pointed out before, the
dominart weights ; ; of the group G- belongto the intersectionof the lattice L
with the cone .

It is well-known, seeTheorem 10.3in the Appendix, that, asin the caseof the
Invariant Factor Problem, every solution ( ; ; )2 X (T-)3 to the Problem Q4 for
G-, liesin D3(X), where X is the symmetric spaceG=K (K is a maximal compact
subgroup of the complex Lie group G = G(C)). The corversein generalis false,
howewer it is true up to \saturation". More precisely there exists a positive integer
K = Keens (G) sothat forany ( ; ; )2 X (T-)3sudthat ( ; ; )2 D3(X),
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SeeTheorem 10.10.

Little is known about the saturation factors kiens. Sincethe solution set of the
Problem Q4 is a semigroup,chapter 10, the minimal constan ki,s canbein principle
computedfor every givengroup G. In section9.7we will shav that onecantakek = 2
in caseof the root systemB, and one can take any k > 1 for the root systemG,.
Note alsothat kiens(GL(7)) = 1 dueto the solution of the Saturation Conjecture.

As discussedibove, the Invariant Factor Problem Q3 is equivalert to a discretere-
nement of the GeneralizedTriangle Inequality Problemfor the appropriate Euclidean
building. The relationship betweenthe problemsQ3 and Q4 is more subtle. For one
thing, the triangles with two straight edgesand oneedgea Lakshmibai-Seshadrpath
(to be called Littelmann triangles below) usedin [L1] to study the decompsition
of the tensor products of represetations have striking similarities with the \billiard
triangles”, which are foldings of triangles in Euclideanbuildings into apartmerts (see
section7.1). We pose

Problem 1.15. Characterize the set of billiard triangles in an apartment of a Eu-
clidean building X that can be unfolded to trianglesin X.

We refer the readerto section 7.1 for a conjecture describingunfoldable billiard
triangles via the Lakshmibai-Seshadrpaths. Instead of pursuing this geometriccon-
nection betweenthe two problems,we establisha connectionbetween Problems Q3
and Q4 through the Satakeisomorphism We prove the following

Theorem 1.16. Supmsethat atriple ( ; ; )2 (X (T))®= (X (T-))%is asolution
of ProblemQ4. Thenit is alsoa solution of ProblemQ3. In other words, existene of
a nonzep invariant vector in thetriple tensor productfor G- (a \quantuum triangle")
implies the existene of a triangle (with the verticesin the G-orbit of the distinguishel
vertex o stabilized by K, and -side lengths ; ; ) in the Euclidean building X g
assaiated with the dual group G = G(K).

In section 9.5 we give an exampleto show that the corverse statemen is false
for the caseG = SO(5), whenceG- = Sp(4;C), and another to shawv that it is
falsefor the caseG = G, and G- = G,(C). The secondexamplewas motivated by
unpublished obsenations of S. Kumar and J. Stenbridge.

We make the following conjectureconcerningthe saturation factors ks for Prob-
lem Q4:

Conjecture 1.17. Supmsethatatriple ; ; 2 X (T) = X (T-) satis es the Gen-
eralized Triangle Inequalities for the discrete Euclidean building X = X s assaiated
with the group G = G(K). Assumethat + + 2 Q(R-). Let k = kg be the sat-
uration constant for the root systemR (see chapter 3). Then the triple (k ;k ;k )
is a solution of ProblemQ4 for the group G-. Equivalently, we conjecture that if for
someN the triple (N ;N ;N ) is a solution of ProblemQ4 for the group G- then
the triple (k ;k ;k ) is a solution as well.

This conjectureis consistem with the conjecture of Shravan Kumar [Ku], to the
e ect that there is a saturation factor kins for Problem Q4 whoseprime factors are
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only the \bad primes" for the root systemassaiated to G-. We recall that the bad
primesfor aroot systemarethe primesthat divide the coe cien ts m; in the equation
(2); they are de ned and studied in [SpSt].

We concludeby pointing out how our result that the saturation factor for the
Invariant Factor Problem Q3 for the group GL(') is 1 gives a new proof of the
Saturation Conjecture for GL (") (the theorem of Knutson and Tao). Indeed, for the
caseof G = GL('), ProblemsP3 and P4 have beenknown to be equivalert since
1968,due to the work of P. Hall, J. Greenand T. Klein [Klel] and [KleZ2].

In fact we know from Theorem 1.16that the implication
( ; ; )isasolution of ProblemQ4 =) ( ; ; ) is a solution of Problem Q3

is true for all split reductive groupsover Q.

This was the harder of the two implications for GL("), proved by T. Klein in
[Klel] and [Kle2], seealso[Mac, pg. 94{100].

The exceptional(i.e. not true for all split reductive groups)implication
( ; ;) isasolution of ProblemQ3 =) ( ; ; ) is a solution of Problem Q4

was rst proved for GL(") by Philip Hall but not published. In fact it follows from
a beautiful and elememary obsenation of J. Green, which is set forth and proved in
[Mac, pg. 91-92],and which we will explainin x9.6.

SinceProblemsQ3 and Q4 are equivalert for GL(") and 1 is a saturation factor
for Problem Q3, it followsthat 1 is alsoa saturation factor for Problem Q4 aswell.

This paper is organizedas follows.
In chapter 2 we review root systemsfor algebraicreductive groups.

In chapter 3 we discussCoxeter groups; we are also making somecomputations
with the root systemswhich will be critical for computation of the saturation factors.

In chapter 4 we setup the generalalgebraproblem R which generalizeghe setting
of the Problems Q1{Q3 . We then discussin detail the parameter spacesfor the
ProblemsQ1{Q4 and their mutual relation.

In chapter 5 we rst corvert the problem R into an abstract geometry problem
about existenceof polygonswith the prescribed generalizedside-lengths(Problem
5.1). Next, we intro ducea classof metric spacegmetric spacesnodeledon Euclidean
Coxeter complexes)and restate the abstract geometry problem for three classesof
sudh spaces:in nitesimal symmetric spacesnonpositively curved symmetric spaces
and Euclidean buildings. We introduce the notion of re ned and coarse(the -
length) generalizedside-lengthsfor the gealesicpolygonsin sud metric spaces.For
the in nitesimal symmetric spacesand symmetric spacesthe problem of existenceof
polygonswith the prescribed -side lengthsis adequatefor solvingthe correspnding
algebraproblems(Q1 and Q2), but in the caseof buildings it is not.

In chapter 6 we descrile the solution (given in [KLM1, KLMZ2]) to the problem
GTI of existenceof polygonswith the prescribed -side lengthsin the above classes
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of metric spacesX. We also discussthe relation of this solution to symplectic and
Mumford quotients. We descrike the system of generalizedtriangle inequalities for
X and give an explicit set of inequalitiesin the caseof root systemof type B,.

In chapter 7 we shav that the geometry problem GTI solved in the previous
chapter is not adequate(in the building case)for solving the algebraproblem Q3.

In chapter 8 we shaw that in somecasessolution of the unre ned geometryproblem
GTI given in chapter 6 solvesthe algebraproblem Q3 as well (the caseof A-type
root systems). In the caseof the group GL(") this results in the new proof of the
Saturation Conjecture. More generally we establishexistenceof the saturation factors
kK = Kinv fact @and compute these numbers; modulo multiplication by k the unre ned
geometryproblem GTI is equivalert to the algebraproblem Q3.

In chapter 9 we comparethe algebraic problems Q3 and Q4 and give our new
proof of the saturation conjecturefor GL(m).

In the Appendix, chapter 10, we relate the solution set of the problem Q4 to
Mumford quotients and shav that the former forms a semigroup. Although these
results are known to experts, we include them for the sake of completeness.
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When we told G. Lusztig of our Theorem 1.16 he informed us that although he
had not known the result beforeour messageit was an easyconsequencef his work
in [Lu2]. We shouldsay that our proof dependsin an essetial way on Lusztig's paper
[Lu2]. We usehis changeof basisformulas, Lemma9.13,and his realization that the
coe cien ts in one of those formulas were Kazhdan-Lusztig polynomialsfor the a ne
Weyl group, Lemma 9.14. Subsequetty, an alternative proof of Theorem 1.16 was
given by Tom Haines[HaZ)].

12



cContents

1

2

Intro duction 1
The root datum of a reductiv e group 15
21 SplittorioverF . ... ... . .. .. 15
2.2 Roots, coroots and the Langlands'dual . . . . .. ... ........ 16
Root systems and Coxeter complexes 17
3.1 Roots and weights for reductivegroups . . . . . . . .. ... .. ... 17
3.2 The saturation factors asseiated to aroot system. . . . . . ... .. 20

The rst three algebra problems and the parameter spaces  for

K nG=K 24
4.1 The generalizedeigervaluesof a sum problem Q1 and the parameter
space ofK-doublecosets. . . ... ... ... ... ......... 25
4.2 The generalizedsingular valuesof a product and the parameter space
of K-doublecosets. . . . . ... ... .. ... ... . ... .... 26
4.3 The generalizedinvariant factor problem and the parameter space
of K-doublecosets . . . . .. .. .. ... .. .. ... .. ... 26
4.4 Comparisonof the parameterspacedor the four algebraproblems. . 29

The existence of polygonal link ages and solutions to the algebra

problems 29
5.1 Setting up the generalgeometryproblem . . . . . .. ... ... ... 30
5.2 Geometriesmodeledon Coxeter complexes. . . . . .. ... ... .. 32
5.3 Bruhat-Tits buildings assaiated with nonardimedeanreductive Lie
OIOUPS . . o v e e e e e e e e e e e e 35
5.4 Geddesicpolygons . . . .. .. ... e 37
Weighted con gurations, stabilit y and the relation to polygons 39
6.1 Gaussmapsand asseiated dynamicalsystems. . . . . ... ... .. 41
6.2 The polyhedronD,(X) . . . . . . . . . . . 43
6.3 The polyhedronfor the root systemB, . . .. ... ... ....... 46
Polygons in Euclidean buildings and the generalized invariant factor
problem 47
7.1 Folding polygonsinto apartmerts . . . . . .. ... ... ....... 48

7.2 A Solution of Problem Q2 is not necessarilya solution of Problem Q3 51

13



8 The existence of xed vertices in buildings and computation of the

9

saturation factors for reductiv e groups 55
8.1 The existenceof xed vertices . . . . ... .. ... ... ....... 56
8.2 Saturation factors for reductivegroups . . . . . ... ... L 62
The comparison of Problems Q3 and Q4 65
9.1 TheHedkering . ... ... . . i 65
9.2 A geometricinterpretation ofm. . (1) . . ... ... ... ... ... 68
9.3 The Sataketransform. . . . .. ... .. ... ... ... ....... 70
9.4 A solution of Problem Q4 is a solution of ProblemQ3. . . . . . . .. 72
9.5 A solution of Problem Q3 is not necessarilya solution of Problem Q4 76
9.6 The saturation conjecturefor GL(") . . . . .. .. ... .. ... ... 78
9.7 Computations for the root systemsB, and G, . . . ... .. .. ... 80

10 App endix: Decomp osition of tensor products and Mumford quo-
tients of pro ducts of coadjoint orbits 82

10.1 The existenceof semistabletriples and nonzeroinvariant vectors in

triple tensorproducts. . . . . . ... .. L 82
10.2 The semigroupsof solutionsto ProblemsQl andQ4 . . ... .. .. 86
Bibliograph y 88

14



2 The root datum of a reductiv e group

Let G be a reductive algebraicgroup over a eld F and T be a split torus in G. Our
goal in this sectionis to descrike the root datum assaiated to the pair (G;T). The
readerwill nd the de nition of root datum in [Sp, x1].

2.1 Split tori over F

We recall that the algebraicgroup G, is the a ne algebraicgroup with coordinate
ring F[S; T](ST 1) and comultiplication  givenby ( T)=T T;(S)=S S.

De nition 2.1. An ane algebnic group T de ned over F is a split torus of rank |
if it is isomorphicto the product of | copiesof G,.

A character of an algebraicgroup T de ned over F is a morphism of algebraic
groupsfrom T to Gp,. The product of two charactersand the inverseof a character
are charactersand accordingly the set of charactersof T is an abelian group denoted
by X (T).

Lemma 2.2. Supmsethat T is a split torus over F of rank |I. Then the character
group of T is a lattice (i.e. free alelian group) of rank .

Proof: We have F[T] = F[T;;T, %, ;T;T, ']. A character of T correspndsto a
Hopf algebramorphism from F[G,,] to F[Ty; T, % ;T;; T, 1. Such a morphism is
determined by its value on T. This value is necessarilya grouplike elemen (this

means ( f)=1f f). Howewer the grouplike elemets of F[T;; T, % ;T;;T, '] are
the monomialsin the T;'s and their inverses. The exponerts of the monomial give
the point in the lattice. O
Corollary 2.3.

Hom(Gn;Gn) = Z:

We note that the previousisomorphismis realizedas follows. Any Hopf-algebra
homomorphism of coordinate ringsis of the form T ! T" for someintegern. Then
the above isomorphismsends to n.

De nition  2.4. A cocharacter or a one-parameter (algebmic) sulgroup of T is a
morphism :Gp, ! T. The setof cocharactersof T will be denotal X (T).

Lemma 2.5. Supmsethat T is a split torus over F of rank |. Then the cocharacter
group of T is a free akelian group of rank |.

Proof: We have F[T] = F[T;T, %, ;T;T, ']. A cocharacter of T correspndsto a
Hopf algebramorphism  from F[T; T, % ;T;T, 1] to F[Gn]. Sud a morphism
is determined by its value on Ty; ;T\. Then correspndsto the lattice vector
(mg;  ;m) whereT™ = (T;). O
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We de ne an integer-valued pairing h; i between characters and cocharacters
as follows. Suppose is a cocharacter of T and is a character. Then 2
Hom(G;Gn) = Z. Wede ne h; i to bethe integer correspnding to

We now descrite two homomorphismsthat will be useful in what follows. Let
Te(T) be the Zariski tangert spaceof T at the identity e.

De nition 2.6. Wedene :X (T) ! TeT) by

()= 9

Here 1 is the identity of GL(1;F) and Y1) denotesthe derivative at 1.
We alsodene -:X (T) ! T.(T) by

-()=d je

Remark 2.7. The character and cocharacter groupsX (T); X (T) are multiplicative
groups, the trivial (co)character will be denotel by 1. However,we will usethe em-
beddings and - to identify them with additive groups. This will be done for the
most part in chapters4 and 9.

2.2 Roots, coroots and the Langlands' dual

The reductive group G picks out a distinguished nite subsetof X (T), the relative
root systemR = R, (G;T). A characterof T is aroot if it occursin the restriction
of the adjoint represetation of G to T. We let Q(R) denotethe subgroupof X (T)
generatedby R andde ne V .= Q(R) R.

We recall

De nition  2.8. The algebaic group G is split over F if it hasa maximal torus T
de ned over F, which s split.

From now on we assumeG is split over F and T is a maximal torus asin the
above de nition.
It is provedin [Sp,Xx2],that RV satis esthe axiomsof a root system. Moreover
in the samesectionit is provedthat to everyroot 2 R thereis an assaiated coroot
-2 X (T) suh that h ; -i = 2. We let R- denotethe resulting set of coroots, let
Q(R-) bethe subgroupof X (T) they generateand V- := Q(R-) R. The root and
coroot systemR and R- determine(isomorphic) nite Weyl groupsW; W- which acts
on V- and V respectively. The action of the generatorss ;s _ of the group W; W-
on X (T) and X (T) are determinedby the formulae:

s(x)=x X -i ands _(u):=u hu; i -:
We then have [Sp, x2]:

Prop osition 2.9. The quadruple( G;T) := (X (T);R;X (T);R-) is aroot datum.
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De nition  2.10. Let = (X;R;X-;R-) and °= (X%R%(X9-;(R9Y-) ke root
data. Then anisogery from °to is a homomorphism from X °to X suchthat
is injective with nite cokernel. Moreover we require that  induces a bijection from
RYto R and the transpseof inducesa bijection of coroots.

Now supposef : G | GPis a covering of algebraicgroups. If T is a maximal
torus in G then its imageT°is a maximal torus in G% The inducedmap on characters
givesrise to an isogely of root data, denoted ( f).

Conversely we have [Sp, Theorem 2.9]:

Theorem 2.11. 1. For any root datum  with reduced root systemthere exist a
connected split (over F) reductive group G and a maximal split torus T such
that = ( G;T). The pair (G;T) is unique up to isomorphism.

2. Let = (G:T)and °= ( G°T%Y and beanisogenyfrom °to . Then
there is a coveringf : G | G with the image of T equal to T° such that

= (f).
Before stating the next de nition we needa lemmawhich we leave to the reader.
Lemma 2.12. If (X;R;X-;R-) is aroot datumsois (X-;R-;X;R).

We now have

De nition  2.13. Let G be a (connected) split reductive group over Q. Let =
( G;T) = (X;R;X-;R-) betheroot datum of (G; T). Then the Langlandsdual G-
of G is the unique (up to isomorphism) reductive group over Q which has the root
datum %= (X-;R-;X;R).

In fact we will needonly the complexpoints G- := G-(C) of G- in what follows.
We will accordingly abusenotation and frequenly referto G- asthe Langlandsdual

of G. Onehas
(G)-=G

3 Root systems and Coxeter complexes

3.1 Roots and weights for reductiv e groups

In this subsectionwe review the properties of root systemsand Coxeter groups, we
refer the readerfor a more thorough discussionto [Hum, Section4.2] and [Bo]. Let
R V bearoot systemof rank n on a real Euclidean vector spaceV. We do not
assumethat n equalsthe dimensionof V. Note that in the caseof semisimpleLie
algebras,the spaceV will be a Cartan subalgebraa g with the Killing form.

We will sometimesdentify V andV usingthe metric. Let Q(R) V denotethe
root lattice, i.e. the integer spanof R. This subgroupis a lattice in Spang(R) V,
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it is a discretefree abelian subgroupof rank n. Given a subgroup R wede ne a
collectionH = Hg. of hyperplanes(called walls) in V asthe set

H=fH,; =fv2V: (v)y=tgt2 ; 2Rg

In this paper wewill be mostly interestedin the casewhen s either Z or R, but much
of our discussionis more general. We de ne an ane Coxetergroup Wy¢ = Whr.
as the group generatedby the re ections wy in the hyperplanesH 2 H. The only
re ection hyperplanesof the re ections in W4 are the elemens of H. The pair
(E;Wsag¢) is called a Euclidean Coxeter complex where E = V is the Euclidean
space.The verticesof the Coxeter complexare points which belongto the transversal
intersectionsof n walls in H. (This de nition makessenseevenif n < dim(V), only
in this casethere will be cortinuum of verticesevenif = Z.) If Wy is trivial, we
declareeach point of E a vertex. We let E@ denote the vertex set of the Coxeter
complex.

De nition  3.1. An enbedding of Euclidean Coxeter complexesis a map (f; ) :
(E;wW)! (E°W9, whee :W ! WZ%is a monomorphismof Coxeter groupsand
f :E! E%isa -eguivariant ane emledding.

Let Lyans denote the translational part of Wyes. If = Z then Ly s IS the
coroot lattice Q(R-) of R. In general,Ly s = Q(R-) . The linear part Wqpp
of Wy ¢ is a nite Coxeter group acting on V, it is called a spheri@al Coxeter group.
The stabilizer of the origin 0 2 E (which we will regard as a base-pint 0 2 E) in
W, ¢ mapsisomorphically onto Wepn. Thus Was = Weon N Ly ans. A vertex of the
Euclidean Coxeter complexis called sgecial if its stabilizer in Wy ¢ is isomorphicto
Wepn. We let E©P denotethe set of special verticesof E.

Remark 3.2. The normalizer N4 of Wy (in the full group V of translationson
E) acts transitively on the set of special vertices. The vertexset E(©@ of the complex
(E;Wg4 ) contains N4 ¢ 0, but typically it is strictly larger that. Moreover, in many
casesE © dcesnot form a group.

We recall that the weight group P (R) and the coweight group P(R-) are de ned
by

P(R)=f 2V : (v)2Z;8v2 R-g;
P(R-)=fv2V: (v)2Z;8 2Rg

Remark 3.3. In the casewhenn < dim(V) our de nition of weightsis di er ent
from the onein [Sp].

Again, P(R) and P(R-) are lattices provided that n = dim(V), otherwisethey
are nondiscreteabelian subgroupsof V. We have the inclusions

Q(R-) P(R-); Q(R) P(R):

The normalizer N4 ¢ equalsP (R-)
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The spherical Coxeter groups Wy, Which appear in the above construction act
naturally on the sphereat innity S = @ E; the pair (S;Ws) is called a spheri-
cal Coxeter complex The de nitions of walls, vertices etc., for Euclidean Coxeter
complexesgeneralizeverbatum to the sphericalcomplexes.We will usethe notation

soh S for the sphericalWeyl chamber, g,y is the ideal boundary of the Euclidean
Weyl chamber E (i.e. afundameral domain for the action Ws,, y E, which is
boundedby walls).

From our viewpoint, the EuclideanCoxeter complexis a morefundamertal object
than aroot system. Thus, if the root systemR was not reduced,we replaceit with a
reducedroot systemR° which hasthe samegroup Wx: If ;2 2 R we retain the
root 2 and eliminate the root . We will assumehenceforththat the root systemR
is reduced.

Pro duct decomp osition of Euclidean Coxeter complexes. Supposethat
(E;Wa¢) is a EuclideanCoxeter complexassaiated with the reducedroot systemR,
let Ry; :::; Rs denotethe decompsition of R into irreducible componerts. Accordingly,
the Euclidean spaceE splits asthe metric product

YS
E = Eo Ei;
i=1
whereE; is spannedby R, 1 i s. This decompsition is invariant under the
group Wg ¢ which in turn splits as
Y .
Wt = Walff;

i=1

whereW! , = Wg,. for eah i = 1;::;s; for i = 0 we get the trivial Coxeter group
W2, . The group W/ is the image of Wg,. under the natural embedding of a ne
groupsAf f (Ei) ! T~ Aff(E) = Aff (E).

Analogously the spherical Coxeter group Wy, splits as the direct product

Wo, o oo
(WhereWsOph = f1g). The Weyl chamber  of Wqp, is the direct product of the Weyl
chambers | 1 s, Where ; is a Weyl chamber of WS‘ph and o = Eo,.
Similarly, the normalizer N4 s of W4 splits as
A S
Nart = Vo ;ff;

i=1

where\, is the vector spaceunderlying Eq and N is the normalizer of W), in the
group of translations of E;. Note that for ead i = 1;:::;s the groupsWj; and N,
act aslattices on E;. We obsene that the vertex set of the complex(E; W ¢ ) equals

E, EQ = EO;
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where Ei(o) is the vertex set of the complex (E;; W/, ). Similarly, the set of special
vertices E @ of E equals

E, EO® .. g

3.2 The saturation factors associated to a root system

In this sectionwe de ne and compute saturation factors assaiated with root systems.

De nition  3.4. Let (E; Wy ) be a Euclidean Coxeter complex, Wyt = Wg.z. We
de ne the saturation factor kg for the root systemR to be the least natural numker k
suchthatk E@ E©@P = Nyt 0. The numbers kg for the irr educibleroot systems
are listed in the table (5).

Below we explain how to compute the saturation factors kg. First of all, it is
clear that if the root systemR is reducible and Ry;::;;Rs are its irreducible com-
ponerts, then kg = LCM (Kg,;::5;Kr,), where LCM stands for the least common
multiple. Henceforthwe can assumethat the systemR is reduced,irreducible and
n = dim(V). Then the ane Coxeter group Wy is discrete,acts cocompactly on E
and its fundamenal domain (a Weyl alcove) is a simplex.

Letf 4;:::; ngbethe collectionofsimplerootsin R (correspndingto the positive
Weyl chamber ) and ,:= bethe highestroot. Then

= mi - (4)

We can choose as a Weyl alcove C for Wy the simplex bounded by the hy-
perplanesH .o;H 1, j = L:5n. The verticesof C are: o = X, (the origin) and
the points xy;:::;X,. Ead x;;i 6 0, belongsto the intersection of the hyperplanes
H uH ;0,1 j 61 n. The setof values(mod Z) of the linear functionals
( 2 R) onthe vertex set E© of the Coxeter complex, equalsf ;(x;) :i = 1;::;ng.
Note that 1= (x;) = m; ;(X;) wherethe numbersm; are the oneswhich appear in
the equation (4). Thus (x;) = =.

mi

Lemma 3.5. kg = LCM(my;::;;mpy).

Proof: We have: i(kx;i) 2 Z for ead i, which in turn impliesthat (kx;) 2 Z for all
2 R;i = L:;n. Hence (KE©) Z foreahh 2 R. SinceNgs = P(R-), this
provesthat KE®  Ngx¢ 0. If k2 Nissud that k E®  P(R-), then m; divides
k foreathi = 1;:::;n. O
In our paper we will alsoneeda generalizationof the numberskg, which we discuss

for the rest of this section. (The readerwho is interested only in simply-connected
groups can ignore this material.) We again considera generalreducible root system
R. Supposethat L°is a subgroupof N4 cortaining the lattice Lyans = Q(R-);
we will assumethat L° acts as a lattice on E (i.e. a discrete cocompactgroup). Set
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L:= L% V; :: Vs whereV, arethe vector spacesunderlying E;. We note that
sinceLyans L andLyans actsasalattice onE; i Eg, the discretegroup L also
actsasa lattice onE; i Es.

Let p; denotethe orthogonal projections E ! E;. Considerthe imagesL; of L
under the projectionsp; (i = 0;::5;s); sinceL  Na s and pi(Nasr) = Nk, we have
the inclusions .

LI

tr ans

Li  Niei=1Loss;
wherelL! .. is the translation subgroupof W/, .

Example 3.6. Supmsethat (E; Wy ) is the Coxetercomplexassaiated with the root
systemof the group GL(n). ThenE = R", L%= Lg_(n) = Z" is the cocharacter group
of the maximal torus T (representel by diagonal matrices) in GL(n). The group L°
is genented by the cocharacters e = (0;:::;0;1;0:::0) (1 is on the i-th plae). The
coroot lattice Q(R-) is genenated by the simplecoroots - = ¢ e.1;i = 150 1
The metric on E is given by the trace of the product of matrices. We have the
decomposition E = E;  E; wher Eg is 1-dimensionaland is spanned by the vector

e= e + I+ g, and the space E; is the kernel of the map

X
tr : (Xq; 5 Xn) 7! X
i=1
Thus E; is the (real) Cartan sulalgeba of the Lie algeba sl(n) of SL(n), the derived
sulgroup of GL(n).

The projection p; : E'! E; is givenby p;(u) = u %tr(u)e. The group Wy ¢
equals WL, which acts on E; as the Euclidean Coxeter group with the extende
Dynkin diagram of type A, ;.

The intersection L = L°\ E; = Q(R-), wher R- is a root systemcontained in

E.. It is the coroot systemof the Lie algebm sl(n) The projection L, = pi(L9 is
P (R-), the coweightlattice of the Lie algeba sl(n).

Considerthe group of isometriesW generatedby elemens of Wy ¢ and L. Then
W is a Euclidean Coxeter group with the linear part Wsp, and translation part L,
W = Wepnn L. SinceW' = W, n L; normalizesW, for ead i we get the induced
action of the nite abelian group F; := W'=W};; = L;=L} ... onthe Weyl alcove g
of W) .

De nition 3.7. A face | a, of a Weyl aloove g of W;ff, will be called L;-
admissibleif there existsan elementg 2 F; whichpreserves; and hgi actstransitively
on its vertices (i = 1;:::;s).

Note that in the caseL; = L} ., the only L;-admissiblesimplicesare the vertices
of ;.

De nition  3.8. For each pair of groups(W/s; ;L;), de ne the saturation factor k; =
K(Wg:;Li) 2 N, to be the smalestnatural numter k; suchthat for eachL;-admissible
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facec &, the multiple of its barycenter kb, belongsto E@®® = Ni.. 0. We let
K(Wart;L) = K(Wagt; L9 denoteLCM (kq;:::;ks). In the caselL = Ny wewill use
the notation k,, for K(Waus¢;L).

We note that in the casel = Ly ans We getk(Wass; L) = kg andif L is the weight
lattice, L = P(R-) we have k(Wy¢ ;L) = ky.

Our next goal is to compute the saturation factors for various irreducible root
systemsand various lattices L.

We again assumethat the root systemR is irreducible and that its rank n equals
dim(V). Note that the group F = L=L ans acts by automorphismson the extended
Dynkin diagram ~ of the root systemR (since F acts on the Weyl alcove a which
is uniquely determinedby the labeledgraph 7 whosenodescorrespnd to the faces
of a). Fori = 1;::;n we mark the i-th node (corresponding to ;) of = with the
natural number m; which appearsthe formula for the highestroot (4). We mark the
0-th node of ~ (corresponding to ) with 1. Then the automorphismsof ~ presene
this labeling; the action of the full group N4 on ~ is transitive on the set of all the
nodeslabeled by 1. Not all automorphismsof ~ can be induced by F ewen if one
takesL aslarge as possible,i.e. L = Ng¢. Recallthat the action on a comesfrom
the action of W by conjugation on Wy ¢ ; this action inducesinner automorphismsof
the spherical Weyl group Wsp,. Thus, if g is an automorphism of ~ induced by an
elemen of F and g xes a vertex with the label 1, then g acts trivially on = This
doesnot completely determinethe imageof N+ in Aut() but it will suce for the
computation of the saturation factors.

Hereis the procedurefor computing the saturation factor k = k(Wg;L). Given
g 2 F (including the idertity) considerthe orbits of hgi in the vertex set of the graph

Here and in what follows hgi denotesthe cyclic subgroup of Isom(E) generated
by g. Let O = fX;,;::;X;, g be suc an orbit. This orbit corresmndsto the orbit
O = fx;,; 5%, g of hgi on the vertex set of the Weyl alcove. Take the barycerter

1 X
uo) = f Xij
j=1
of the correspnding vertex set (also denoted O) of the Euclidean Coxeter complex.
For the point b= b(O) computethe rational numbers ;(b);i = 0;:::;n.

Then nd the LCD (the least common denominator) of the rational numbers
i(b;i=0;::;n, callit ko. Finally, let

k := LCM (fko; whereO runs through all orbits of all hgi  FQ):

Remark 3.9. Instead of taking all g 2 F it is enoughto consider representativesof
their conjugacyclassesn W=W; (under the conjugation by the full automorphism
group of 7).

It is clearthat the number k computedthis way satis es the required property:
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1. For the barycerter b of ead L-admissiblefaceof a, the multiple kb belongsto
the coneight lattice (which equalsN4¢ 0)

2. The number k is the least natural number with this property.

The numbers kg and k,, are listed in the table (5) below (the number i in the table
is the index of connection). We will verify the computation in the most interesting
case,namely for the root systemof the A-type.

Lemma 3.10. Supmsethat the Dynkin diagram hastype A, andthat F = Z=m.
Then k = k(Wg+ ;L) equalsm. In particular, if L = N4 thenwegetk, = n+ 1.

Proof: The group F = Z=m acts on the graph = = A, by cyclic permutations. Let
g 2 F be a permutation of order t; note that t divides m. Then for ead orbit O of
g (in the vertex set of the Weyl alcove a) we get:
1 X
b(O) = T X;:
Xj 20

Foreahi 6 0, ;(b(0)) = 0if x; 20, and ;((0)) = 1=tif x; 2 O. For the highest
root weget: (b(O)) = % if X2 Oand (b(O)) = 1if xg 20O . In any caseko = t.

Sinceall t's divide the order m of the group F (and for the generatorof F, t = m),
the LCM of ko's taken over all orbits and all elemeits of F, equalsm. O

Similarly we have

Lemma 3.11. Supmsethat the Dynkin diagram hastype D- and F = Z=2. Then
k = k(Wa+;L) equals4 if F permutesat least two roots lakeled by 2 and k = 2 if it
doesnot (the latter holdsfor the orthogonal groups).

We note that for all classicalroot systemsexceptD,4 wherek,, = kgr, ky, equals
the index of connectioni and for all exceptionalroot systems,kg = k,, (so for the
computation of saturation constarts for Problem Q3 D4 behaveslike an exceptional
root system).

Root system i ke | kuw
A 1+ o+ +1( 1] +1
B- 1+ 2 o+ i+ 2 - 2 2 2
C 2 1+2 o+ 0+ 2 - 1+ 2 2 2

D:">14 1+ o+ 3+ 2 4+ 0+ 2 4 2 4
D4 1+ 2t 3t 24 4 2 2 (5)
G, 3:1+2, 1 6 6
Fa 2 1+3,+4 3+2 4, 1 (12| 12
Ee 1+ 2+23+2 4+25+3 4| 3 6 6
E- 142 2+2 3+2 4+ 3 5+ 2 |12 12

+3 s+ 4 5
Es 2 1+2 ,+33+3 4+4 5+ 1 |60| 60
+4 ¢+5 7+ 6 g
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Remark 3.12. Our discussionof Coxeter groups was somewhatnongemetric; a
more geometric approachwould be to start with an a ne Coxetergroup and from this
getroot systems,etc.

4 The rst three algebra problems and the param-
eter spaces for KnG=K
We will seein this chapter that the problemsQ1{Q3 for reductive algebraicgroups

G canreformulated as special casesof a singlealgebraicproblem asfollows. There is
agroup G (closelyasseiated to G) which cortains K , a maximal boundedsubgroup

of G. The conditionsof xing , and in problemsQ1{Q3 will amourt to xing
three doublecosetsin = KnG=K. The problemsQ1{Q3 will be then reformulated
as:

Problem R(G): Find necessaryand sucient conditionson ; ; 2 in

order that there exist A; B;C 2 G in the double cosetsrepreseted by ; ;
resp.,suththat A B C= 1.

We will now descrite the groups G and K for the problems Q1{Q3. The main
part of this chapter will then be occupiedwith describingthe double cosetspaces
= KnG=K. In section4.1 we will also prove that the problem R(G) agreeswith
the Problem Q1 from the Introduction (the equivalencewill be clear for two other

problems).

1. For the Problem Q1: For F = R or C, let G be a connectedreductive algebraic
group over R, G := G(F) be a real or complex Lie group with Lie algebrag.
Pick a maximal compactsubgroupK of G. Let k denotethe Lie algebraof K.
Then we have the orthogonal decomposition (with respect to the Killing form)

g=k p:
We let G be the Cartan motion groupG = K n p.

2. For the problem Q2: G and K arethe sameasin 1, but now wetakeG = G =
G(F).

3. For the problem Q3: Let K be a completenonarciimedeanvalued eld with a
discretevaluation v and the valuegroup Z = v(K) R. Let O denotethe ring
of elemernts in K with nonnegatiwe valuation. Let G be a connectedreductive
algebraicgroup over K, G := G := G(K) and K := G(O).

In orderto relate ProblemsQ1{ Q3 with geometrywe will haveto computethe double
cosetspaces = KnG=K. Moreover we will shav that the parameterspaces admit

canonicallinear structures: In the rst two problemswe usea Cartan decompsition
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G = KAK, then s descrited as the (positive) Weyl chamber in a, the Lie
algebraof A. In the caseof the third problem, isidertied with the intersection
L)\ a= X (T) R,whereT isamaximal K-split torus of G and L ; is extende
cocharacter lattice of T (seesection4.3).

4.1 The generalized eigenvalues of a sum problem Q1 and
the parameter space of K-double cosets

We cortinue with the notation of previous section, in particular, G = K n p. We
now descrite the parameterspace = K nG=K. We choosea Cartan subspacea p
(i.e. a maximal subalgebraof p, necessarilyabelian and reductive). We recall that
the positive Euclidean Weyl chamber is the dual conein a to the coneof positive
restricted roots in a .

Lemma 4.1. Theinclusion : ! K n pgiven ( ) = (1; ) induces a bijection
onto

Proof: We rst obsene that since (ki;x) (ko;0) = (kiky;X), every double coset
in KnG=K has a represemative of the form (1;x). Since(k;0) (1;x) (k;0) ! =
(1; Ad k(x)) the lemmais clear. O

Now in caseg = gl(m) andF = C, the Cartan subspace is the spaceof Hermitian
m-by-m matrices, a is the spaceof diagonal m-by-m matrices with real ertries and
the cone a is the conein which the diagonal ertries are arrangedin decreasing
order. Thus the parameter space for the double cosetsof elemens in G is the
coneof m-tuples of real numbers arrangedin decreasingorder. This agreeswith the
parameter spaceof the Problem P1 in the Introduction.

We complete the proof of equivalenceof R(G) with Problem Q1 by observing
that for g = (ki;xi), i = 1,2;3,

(K1;X1) (K2;X2) (Ka;Xs) = (KikoKs; X1 + Adkix, + Ad(K1K2)X3): (6)

We seefrom (6) that if g1g,gs = 1 then putting a = X;;b = Adkix,;c =
Ad(k.k,)x3 we nd
at b+c=0:

Thus we nd represetativesa;b and c in p of the orbits Ad(K)(x;);1 i 3
whosesum equalszero (i.e. we have a solution of the Eigenvaluesof a Sum Problem).
Conversely if a;b;c 2 p solwe the Eigervaluesof a Sum Problem then

g @ &= (13 (L,b (L;0=(10)

and henceg;; g; gs solve the double cosetproblem R (G).

Thuswemay nd A, B andC in G in the requiredK -doublecosetswith A B C =
1if and only if there exist a;b;c 2 p with a+ b+ c¢= 0in the required Ad K -orbits

in p.
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4.2 The generalized singular values of a pro duct and the pa-
rameter space of K-double cosets

Let G := G = G(F) and considerthe Cartan decommsition G = K AK where A
is the maximal abelian subgroup of G, whoseLie algebrais the Cartan subalgebra
a p from the previoussection. We will identify A and a via the exponertial map,
let A = exp() A. Then we get the re nement of the Cartan decomposition:
G = KA K. It is now clearthat the inclusion : ! Ggivenby () = exp( )
inducesa bijection onto = KnG=K. In what follows we will parameterizedouble
cosetsin by their logarithms, which are vectorsin .

In the caseG = GL(; C), we note that K = U(m), the subgroup A consists
of diagonal matrices with positive diagonal ertries, A consistsof matricesD 2 A
with diagonal ertries arrangedin the decreasingorder, zﬂ]d the projection f of g to
KgKk 2 =A = isgivenby rst sendinggto h= " gg, then diagonalizingh,
arrangingthe diagonalvaluesin the decreasingprder and then taking their logarithms.
Thusf (g) is given by the vector whosecomponerts are the logarithms of the singular
valuesof the matrix g. We concludethat Problem P2 in the introduction is a special
caseof the Problem Q2 in the caseG = GL('; C).

4.3 The generalized invariant factor problem and the param-
eter space of K-double cosets

The goal of this sectionis to give an explicit description of the parameter space

= i fact fOr the Invariant Factor Problem Q3. We start by noticing that the
discretevaluation v : K ! Z admits a splitting : Z ! K: it is given by sending
12 Z to the uniformizer 2 K. Throughout this section,G will denotea connected
reductive algebraicgroup over K, which hasthe (relative) rank I. Let T G bea
maximal K-split torus, and let X (T) and X (T) be the lattices of characters and
cocharacters. Wedenoteby P G be a minimal parabolic subgroupsud that (P; T)
is a parabolic pair, [C, pg. 127].

This data determinesa (relative) root systemR,¢ and hencea (relative) nite
Weyl group Wg,. Let Z G and N G be respectively the certralizer and nor-
malizer (over K) of the algebraicgroup T. As usualwe let G;N;Z and T denotethe
groupsof K-points of the correspnding algebraicgroups. Welet K denoteG(O) and
B :=T(0)=K\ T. Wewill frequerily referto G as a nonarchimedean reductive
Lie group.

As in the previous section, we have to discussthe Cartan decompsition G =
K K of the group G (where will be an appropriate subsetof Z). In the split
casethis decompsition will have the form G = K A K, whereA A and A
will be a subgroupof T sothat A B =T.

We can now descrite i ract(G) = KnG=K, the parameter spacefor the gener-
alized invariant factors problem for the nonarchimedeanreductive Lie group G.
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Split Case. We rst considerthe casewhenG is split over K sincethe description
is more transparert in this case.In this casethere is an algebraicgroup de ned and
split over Q and in fact a group sdhemeover Z sud that G is obtained from it by
extensionof scalars.We will abusenotation and alsodenotethe above group-sdieme
over Z by G aswell. Under this assumptionthe torus T is alsode ned and split over
Q, hencethe group of real points of T is well-de ned. We thus considerthe real torus
T(R) with the real Lie algebraa. The map of De nition 2.6 (with F = R) givesus
an identi cation

X (T) R=a

Then the group X (T) is identied with a lattice L := Lg in a. Similarly we usethe
map - to identify X (T) with a lattice in the dual spacea . The root systemR
sits naturally in the dual spacea and the correspnding nite Weyl group Wy, acts
on a and a in the usual way; Wsp, leavesinvariant the lattices X (T) and X (T).
Let E be the (positive) Weyl chamber of the group Wsp,, determined by the
parabolic subgroupP. Our goalis to prove that the spaceK nG=K can be iderti ed

with the \cone"

L = \ L

By de nition, a cocharacter is a homomorphismfrom the group G, (K) to the
groupT: notethat themap :X (T)! T givenby ( )= () isinjective (where
is a xed uniformizer). We de ne the subgroupA by

A= (X @):
The following lemmais immediate (it su ces to proveit for GL(1)).

Lemma 4.2. Thegroup T is a direct product T = A B.

Remark 4.3. In the casewhere G = GL('; K) andT is the torus of diagonalmatrices

with entries in K, we nd that ( ) = () is the diagonal matrix with diagonal
entries( ™; ; ™), whee correspndsto the lattice vector (my;  ;m,).
Welet A | A betheimageof | =X (T)\  underthe map .

Lemma 4.4. (See [Tits, page51].) We havethe Cartan decomposition

G=K A K;

i.e., each elementg 2 G hasa unique representationas a product k; a k,, whee
a2A  andk 2 K.

L

Corollary 4.5. The inclusion : A
A I KnG=K.

L

. A T G inducesa bijection

Now that we have identi ed the double cosetspace

inv fact(G) = KnG=K
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with |, it is clearthat the generalizednvariant factor problem Q3 in the Introduc-
tion agreeswith the double cosetproblem R (G). Howewer it may not be clearat this
point why theseproblemsagreewith Problem P3 in caseG = GL(").

To seethis we note that we can give a seconddescription of the vector () if we
choosecoordinatesin T. Let ;; ; , bea basisfor the group X (T) and de ne
: T ! K" to be the map with componerts ;1 | n. We obsene that we
may usethe derivative of ; at e to obtain coordinateson T¢(T) and accordingly we
obtainamap :a ! R". Weleave the following lemmato the reader.

Lemma 4.6. (( ) isthe (integral) vector in R" obtainel by applyingthe valuation
v to the coordinatesof ( ( )).

General Case. We now considerthe generalcasewhen G is not necessarily
split. Most of the above discussionremainsvalid, howewer the Cartan decompsition
for G hasa slightly di erent form and for this reasonwe cannot usethe cocharacter
lattice asLg. We no longer can talk about real points of T, sowe do not have the
interpretation of a asatangert space.Wedene aasX (T) R. WesetV = a

Let E denotethe a ne spaceunderlying V; asbefore, V is the positive Weyl
chamber for Wgp,. Note that X (Z) X (T) is a subgroupof nite index.

De nition  4.7. De ne the homomorphism :Z ! V by the formula (see [Tits])
h; (2i= v( (2);8222; 2X (2): (")

Note that on the left hand side of the above formula, the pairing of 2 X (2)
X (T) with (z) is comingfrom the pairing h; i betweenX (T) and X (T). On the
right hand side of the equation (7), the action of on z is comingfrom the fact that
eat character 2 X (Z) de nes a character of the group Z = Z(K), i.e. we have
(2) 2 K .
Let Z. denotethe kernelof and let Lg denotethe imageof in V. Then Z;is
a maximal compactsubgroupof Z, see[C, pg. 135].

De nition  4.8. We will referto thegrouplL := Lg := (Z) asthe extendedcochar-
acter lattice of T.

We have the inclusions
X (I)=Hom(X (T);Z) Le Hom(X (2);2)

with equality in the casewhen G is split over Q. The quotient group N=Z. operates
on the ane spaceE faithfully, through a discretegroup W. The nite Weyl group
Wsph is the linear part of W (the stabilizer of the origin) and we have W = Wg,nn Lg.

Wereferto [Tits, section1.2]for moredetails. Let | ;= \LandZ = ().
Then one has:
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Theorem 4.9. [Tits, section 3.3.3] G = KZK andthe mapKnG=K ! V givenby
KzK 7! (2);z2 Z ;
desendsto a bijection K nG=K ! L.

This provesthat in the nonsplit casewe can alsoidentify | with the parameter
space i act(G) = KnG=K for the Problem Q3.

4.4 Comparison of the parameter spaces for the four algebra
problems

We can now comparethe four algebraproblemsQ1{Q4 stated in the Introduction.
We have already comparedthe parameterspacedor Q3 and Q4 in the Introduction.
To comparethe rst three problemswe assumethat we are given groupsG;; G,; G,
which are connectedreductive algebraicgroups(possiblyall the same),wherethe rst

two are de ned over R, and G; is over F3) = K, whereK is a nonarchimedeanvalued
eld with valuation v and value group Z. Supposethat the elds F); F) are either
R or C. We assumethat all three Lie groupsG; = G;(F)) have the same(relative)
rank | and isomorphic (relative) Weyl groupsW = Wq,, acting on the appropriately
chosenvector spacea. Let a be a (positive) Weyl chamber. Let L = Lg, bethe
extended cocharacter lattice, seeDe nition 4.8. Then the parameter spaces 1; »
for the Problems Q1 and Q2 (for the groups G;; G, resp.) are exactly the same:
they areequalto . The parameterspace in fact(G3) is the intersection | of the
lattice L with .

Note that in the special casewhenG = G;, i = 2;3,issplit overQ, L = X (T)
and we get a canonicalisomorphism
X(T) R! g

descriked in the previous section (here a is the real Lie algebra of T(R)). This
isomorphismidenties i ract(G3z) with the set of \integer points" | in the Weyl
chamber .

5 The existence of polygonal link ages and solu-
tions to the algebra problems

In this chapter we will shov that the algebra problems R(G) from chapter 4 can
be restated geometrically in terms of the existenceof triangles with the prescribed
\side-lengths" in three classeof spacesof nonpositive curvature, which are:

1. X is anin nitesimal symmetric space (a Cartan motion space),X = p.
2. X is a symmetric spaceof nonpositive curvature.

3. X is an Euclidean building.
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5.1 Setting up the general geometry problem

We start with a purely set-theoreticdiscussion.Let X be a setwith a base-mint o,
and let G is a group acting on X . Let K denotethe stabilizer of o in G. In general,
the G-action is not transitive (sudh exampleswill appear when X is a Euclidean
building), we let Y denotethe orbit G 0. For pairs of points (x; x% 2 X2 we de ne
the invariant

s(x;x9

asthe projection of (x; x9 to GnX 2. Wewill regard s asthe \generalizedG-invariant
distance" betweenpoints in X . Given 2 GnX ? we regard the set

S(o; )=fx2X: g(o;x) = g;

asthe \sphere of radius " certered at o.

For pairs of points (x;y) 2 Y? onecaninterpret the invariant 5(x;y) as follows:
Let denotethe quotient space

= KnY = KnG=K:

Then for pairs of points (x;y) = (gK;hK) in Y we can idertify g(Xx;y) with the
double cosetK g *hK . In other words, translate the pair (x;y) by g * to (0;z) =
(0;g (0)) and then project g (o) to the elemen (X;y) 2 KnY. Then two pairs
(x;y) and (x%y9 in Y2 belongto the sameG-orbit if andonly if g(x;y) = g(X%y9;
Hence,GnY Y canbe bijectively identied with = KnG=K.

We will usethe notation forthe mapG! . For 2 weletO G denote

)
It is now clear that the Problem R(G) stated in chapter 4 can be restated as a
special case(n = 3) of the following:

Problem 5.1. Give conditions on the vector of genealized side-lengths! =

(15 3 n) 2 " that are necessaryand su cient in order that there exist
elementsg;; Op; :On In G suchthat
A4
(g)= 1 i n; and g = id:
i=1
WesetO = Qi”:1 O .. Notethat (K K)" actson O by right and left multiplications.

Motivated by the connectionbetweenthe moduli spacesf n-gonsand symplectic
guotients whenY is a completesimply-connected3-dimensionalRiemannianmanifold
of constart curvature (see [KM], [KMT]), [Tr]) we de ne the \momentum map"

0 ! Ghby
(G150) =G & On:
We de ne the analogueof the symplectic quotient of O by K, by

O=K =fg20O: (g) = idg=K:
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Here we divide out by the diagonal action of K, where K acts on eat factor by
conjugation. This action is the only action of K on O that we will usehenceforth.

Welet Q (G) be the subsetof g2 O sud that (g) = id. ThusQ (G) is the set
of solutions of the problem 5.1 and O=K is its quotient by K.

Our goalnow is to reformulate the problem 5.1 in more geometricterms.

An n-gon (or a closal n-gonal linkage) in X with the vertices Xq;::;; X, 2 X is
an n-tuple x= (Xg;:::;Xpn) '2 X" regardedasa map Z=nZ ! X. The genenlized
side-lengthsof the polygon X are the elemeits

i = o(XiiXiz1) 2 GnX? 2 Z=nZ:

Thusfor eat n-gonwegetavector! = ( q;:5; n) ofits generalizedside-lengths.The
group G acts naturally on the spacePol,(X) of all n-gons,preservingthe generalized
side-lengthsof the polygons.

Fix ' = ( 1;::5; n) and form the space
Pol,, (X):=1P 2 Poly,(X) : s(Xi;Xj+1) = i0;
and its quotient, the maduli space of polygonswith the xed side-lengthsin X:
M . (X):= Pol, (X)=G: (8)

In the casewhen X is a topological spaceand G acts homeomorphicallyon X we
give the spaceM ,. (X) the quotiert topology:.

We note that Pol,(Y) sits naturally in Pol,(X) asthe subsetof polygonswith
verticesin Y. The generalizedside-lengthsof the polygonswith verticesin Y are
regardedaselemens of = KnY.

Wedeneamap :Q (G)! Y™ by
(9)=(001 0% O ;%% G 1 O):

We seethat is K-equivariant (recall that K acts on O by conjugation on eadh
factor).

Lemma 5.2. The map inducesa surjection  from O=K onto the moduli space

Proof: We rst verify that ead polygon ( !9) hasthe \correct" side-lengths.By the
left-invarianceof 5 we have

G(_ g 0 g 0= (0 0=

To prove surjectivity of the map  let !y= (Y5 9n) 2 Poln;! (X). Chooseg sut
that g y; = oand replace!y by g ! 'y Since s(y1;Y2) = 1 and (now) y; = o we
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nd that y, 2 S(o; ;). Hencethere existsg; 2 O , sud that y, = g; 0. Similarly,
there existsg, 2 O , sud that g;g, 0= y3. Continuing in this way we get an n-tuple

(01 0;0i% O ;0102 Oh 1 O;Gi02 O 105 0) = (Vi) YniVa);

wherey; = 0. Thusgig, 0 1¢° = k 2 K and after replacing ¢® with g, = gk ?!
we get an n-tuple !g: (91;::550n) 2 O sudh that (!g) = id and ( !g) =!Y. O
Thus we nd that the problem 5.1 can be soled if and only the moduli space
M . (Y) is nonempty.
To prove a versionof Lemmab.2 with a bijective map and to get a better analogy

with the symplecticquotients we have to make a further assumptionabout the action
Gy VY:

Assumption 5.3. Through the rest of this section we assumethat G contains a
sulgroup B which acts simply-transitively on Y.

Now, instead of the orbits O , and their product O we considerthe intersections:
® =0,\B; and &:= 0\ B™

The group K no longeractson 6 by conjugations,instead one hasthe usea dressing
action, dresgK), see[KMT] for the de nition in the casewhen X = Y = H?3,
G = PSL(2;C) and B xes apoint at in nit y. In the caseof in nitesimal symmetric
spacesX = p (wherep k= g) onetakesB = p and the adjoint action of K asthe
dressingaction. We now rede ne the symplectic quotient as follows:

O==K := (B\  X(id))=dresqK ):

Then one getsan analogueof Lemma 5.2 (which we do not needfor the purposesof
this paper), we refer the readerto [KMT ] for the discussionin the caseof X = H?3:

Lemma 5.4. The map induces a bijection b from ®==K onto the moduli spe
M . (Y). Moreover, let Y be a topological sppee and G~ HomedY). Then the
guotient spaces ®==K and M n. (Y) have natural topology and the bijection b is a
homemorphism.

The above discussionhasbeencompletelyformal, our next goalis to describe the
spacesX which canbe usedto analyzethe problem 5.1 for various groupsG.
5.2 Geometries modeled on Coxeter complexes

Fix a sphericalor Euclidean Coxeter complex(A; W), whereA is a EuclideanspaceE
or asphereS and W = Wy or W = Wqp, is a (possiblynondiscrete)Euclideanor a
sphericalCoxeter groupactingonA. If W isdiscretethen the Coxeter complex(A; W)
is calleddiscrete In the caseof EuclideanCoxeter complexesvelet Ly ans W denote
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the translation subgroupof W. Pick a special vertex 0 2 E with stabilizer W, (see
chapter 3) and let E be a Weyl chamber of Wsp,. We will usethe notation g
to denotethe ideal boundary of ; sph IS cortained in the sphereS which will be
regardedas the sphereat innit y of E; thus 4, is a fundamental domain for the
action Wgpp y  S.

Let Z be a metric space.A geometric structure on Z madelal on (A; W) consists
of an atlas of isometric enbeddings' : A ! Z satisfying the following compatibility
condition: For any two charts' ; and' ,, the transition map" 21 ' 1 isthe restriction
of an isometry in W. The charts and their images,' (A) = a  Z, are called
apartments. We will sometimesreferto A asthe model apartment. We will require
that there are plenty of apartments in the sensethat any two points in Z lie in a
common apartmert. All W-invariant notions introduced for the Coxeter complex
(A; W), suth as walls, singular subspaceschambers etc., carry over to geometries
modeledon (A; W).

One de nes the group of automorphismsAut(A) of the model apartmert asthe
group of isometriesof A which normalize the subgroupW. If X is a spacemodeled
on (A; W) then anisometryg: X ! X isanautomorphismif it sendsapartmerts to
apartmerts and for ead pair of apartmerts (A; " 1); (A;" ») the composition' ,* g ' 3
is the restriction of an automorphism of A. The group of automorphismsof X is
denoted Aut (X).

Examplesof the above geometriesare provided by symmetric spacesof noncom-
pact type and their in nitesimal analogues(in nitesimal symmetric spaces). These
are modeled on Euclidean Coxeter complexeswith transitive a ne Weyl group. In
the caseof a symmetric spaceX , the apartmerts are the maximal ats. The ass@i-
ated Coxeter complexhasthe form (E; W) whereE is an apartment and Wy is
the group generatedby re ections at singular hyperplanes.

Take a real or complex reductive Lie group G, the Lie algebrag of G has the
decommsitiong=p k whereK G is a maximal compactsubgroup,let k denote
the Lie algebraof K. We will identify the Cartan subspacep with the tangert space
TpX to the symmetric spaceX = G=K at the point p stabilizedby K. The subspaces
p g, equipped with the ane action of G = po K, arein nitesimal symmetric
spcees in the following sense. The (E; Wx ¢ )-structure on X inducesa (E;Wqs+)-
structure on the Cartan subspce p = T,X, sud that the apartmerts in p are the
translatesof the Cartan subalgebraqi.e. the maximal abelian subalgebras)n p. The
apartmernts through 0 in p are the tangern spacego the apartmens through pin X.
The term \in nitesimal symmetric space"may be alsojusti ed by noting that there
is a one-parameterfamily of spacesX parametrizedby 0 and all isometricto X
for > 0sud that Xy = p, see[KMT , x5].

The last kinds of geometriesconsideredin this paper are sphericaland Euclidean
buildings. We refer the readerto [Ba] for the de nitions of CAT ( ) metric spaces.

De nition  5.5. A sphericalbuilding is a CAT(1)-space modelal on a spherial Cox-
eter complex.

We will usethe notation \ 1y for the metric in a spherical building. Spherical
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buildings have a natural structure as polysimplicial piecewisespherical complexes.
We prefer the geometricto the conbinatorial view point becauseit appearsto be
more exible.

De nition  5.6. A discrete Euclidean building is a CAT(0)-space madelal on a dis-
crete Euclidean Coxeter complex.

In the non-discretecasethe de nition of Euclidean buildings is more subtle, see
[KL, section4.1.2]. We refer to [KL] for a thorough discussionof buildings from the
geometricviewpoint.

A building is called thick if every wall is an intersection of apartmens. A non-
thick building can always be equipped with a natural structure of a thick building by
reducing the Weyl group.

Example 5.7. If X is a symmetric space of noncompact type or a thick Euclidean
building modelead on the Coxetercomplex(E; W4+ ), thenits ideal boundary @iis X is
a thick spherial building maodeled on (@is E; Wspn). In the casethat X is a building,
the spacesof directions X are spherial buildings modela on (@is E; Wspn). The
building X is thick if and only if x is a special vertex of X. We note that in the
casewhenX is a discrete building, X is just the link of the point x 2 X.

Let B be a sphericalbuilding modeledon a spherical Coxeter complex(S; Wgpn).

We say that two points x;y 2 B are antipodal, if \ 1y (X;y) = ; equivalertly, they
are antip odal points in an apartment s B cortaining both x andy. The quotient
map S! S=W,,, = en inducesa canonical projection : B ! sph folding the

building onto its model Weyl chamber. The -imageof a point in B is calledits type.

Remark 5.8. Tode ne (x) pick anapartment s containingx andachart :S! s.
Then (x) is the projection of  *(x) to S=Wpn =  spn. We note that this is clearly
independentof s and

The samede nition appliesin the caseof Euclidean buildings B. The di erence
howewer is that the action W4 y E in generalis no longer discrete, so we cannot
identify the imageof B ! E=Wy s with a simplex. If W4 acts as a lattice on E,
then E=W, s canbeidentied with a fundamentalalcovefor the action Wy y E.

We now give two properties of the projection

1. 1f h:a! alis anisomorphismof apartmentsin B (i.,e. °* h 2 W) then

h= .

2. If B is a spherical building, x;x° 2 B which belongto apartmerts a;a’ re-

spectively and x 2 a; x° 2 a°are antipodal to x;x% then (x) = (X9 im-
plies ( x) = ( x9. To prove this pick an isomorphismh : a ! a% Then
(since (x) = (x9) there existsw 2 W y a°sud that w(h(x)) = x% Hence

w h( x)= w (x)= x% The claim now follows from 1.

DeRham decomp osition of Euclidean buildings. Supposethat X is a thick
Euclideanbuilding modeledon a reduciblediscrete Coxeter complex(E; W4+ ). Con-
sider the deRhamdecompsition of the building X :

X=Xo X1 1 Xg
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whereeadt X; is a thick Euclideanbuilding modeledon the Euclidean Coxeter com-
plex (Ei;W/\¢) and Xy = Eq is the at deRhamfactor. For eah i = 1;::;s the
group W), acts as an irreducible ane Coxeter group on the Euclidean spaceE;,
for i = 0 we get the trivial Coxeter group W2, . Accordingly, the Euclidean spaceE
splits (metrically) asthe product

i=1
this decomposition is invariant under Wy ¢ which in turn splits as

A
— i .
Waff - af f »
i=0

as explainedin Section3.

5.3 Bruhat-Tits buildings associated with nonarc himedean
reductiv e Lie groups

In what follows we will descrike properties of the Euclidean building (the Bruhat-
Tits' building) assaiated to a reductive nonarchimedeanLie group by Bruhat and
Tits. Let K be a valued eld with valuation v and value group Z. Let O denote
the subring in K which consistsof elemens with nonnegatiwe valuation. Let G be a
connectedreductive algebraicgroup over K which hasrelative rank I. The subgroup
K := G(O) G = G(K) is a maximal boundedsubgroupof G. In this sectionwe
review the properties of a Euclideanbuilding X = X attached to the group G. We
refer the readerto [Tits] and [BT, Chapter 7] for more details.

We begin by recalling the notation from section4.3. Let T G be a maximal K-
split torus,Z GandN G beits certralizer and normalizer (over K) respectively.
We alsoget the groupsN;Z and T of K-points of the correspnding algebraicgroups.
ThenV = X (T) R, whereX (T) isthe group of cocharactersof T. The Euclidean
spaceE is the a ne spaceunderlying V with appropriately chosenEuclideanmetric.
Let R,ee V denotethe relative root systemof the pair (G;T); then Wgy, is the
nite Coxeter group correspnding to this system.

De nition 4.7 givesus a homomorphism : Z ! V, with the kernelZ, Z
and the imageequalto the extendedcocharacter lattice L. We alsogetthe quotiert
group N=Z., which actsonthe EuclideanspaceE discretelyandisometrically through
a group W. UnlessG is semisimple,W is not an a ne Weyl group.

In the casewhenthe group G is simply-connectedand semisimple onecantake the
pair (E; W) asthe Euclidean Coxeter complex(E; Wy ¢ ) of the Bruhat-Tits building
X¢ attachedto the group G. In generalhowewer it is not the caseand onehasto do
more work to de ne Wy ¢. The construction of this group will be unimportant for us
(we referto [Tits] for the explicit construction), the important propertiesof Wy are
the following:
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1. dim(E) = I, the relative rank of G or the dimensionof T.

2. Wi W is anormal subgroup|[Tits, sectionl1.7, page 34], the index
JW : Wg¢j is nite in the semisimplecase.

3. W = Wsph n Lg.
4. W4+ isanane Coxeter group attachedto a root systemR V.

5. The root systemR in generalis not the sameas R, but they have the same
rank and the same nite Weyl group Weph, [Tits, section1.7].

6. Wart = Wspn N Lirans, WhereWsy, is the nite Weyl group as above.

7. We have the inclusions
Q(R_) = I-trans Lg Naff = P(R_):

8. If G is a simply-connectedsemisimplegroup then Wy = W, [Tits, section
1.13]. If G is split over an unrami ed extensionof K then Lg = X (T), [Tits,
section1.3].

9. If G is split then the reduced(Bruhat-Tits) root systemassaiated with Wy ¢
is the usual reducedroot systemR,¢ of the group G (note that R, is alsothe
absoluteroot systemsincewe are in the split case).

Here asusual, Ly ans is the translation subgroupof W4 and Ny is the normalizer
of Wg+ in V. When we are dealing with the root systemassaiated with G, asin 4
or 5 above, we will referto R, and not to R,¢.

De nition  5.9. We will call R the Bruhat-Tits root system assaiated with the
algebaic group G.

We note that the root systemsR and R;¢ are not very di erent sincethey have
the same nite Coxeter group. Thus, in the irreducible case,both root systemsare
either isomorphicor oneof them is of type B, and the other of type C,. In particular,
the saturation factors for R and R, are exactly the same(seechapter 3).

Having descrikedthe propertiesof the Coxeter complex(E ; Wgs ¢ ), wewill descrilke
the properties of the Bruhat-Tits building X = X ass@iated with the group G:

List 5.10. 1. X is modelal on the Euclidean Coxetercomplex(E; Wqs+) descriked
alove.

2. The group G actson X by (isometric) automorphisms.
3. The sulgroup K is the stabilizer of a special vertexo in X.

4. G actstransitively on the set of apartmentsin X.
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5. For eachapartmenta X let G, be the stabilizer of a in G. Then the image
of G, in Aut(a) is the group W (containing Wx ¢ as a normal sulgroup).

6. The building X is thick (see [BT, Prop. 7.4.5]).

7. The group W4 actsdiscretely and (in the semisimplecase) cocompactly on E.

Remark 5.11. The properties in the List 5.10, exept the last one, hold in the case
of symmetric spaces and their in nitesimal analayues.

We note that the a ne spaceE hasthe distinguished point o, the origin (corre-
sponding to the trivial cocharacter). The correspnding vertex in X is alsodenoted
by o, it is stabilized by K = G(O).

5.4 Geodesic polygons

In this paper we will be consideringpolygonsin the metric spacesmodeled on the
Coxeter complexes,which were discussedn section5.2. With the exception of the
rank zerosphericalbuildings, all suct metric spacesX are geodesicand thuswe de ne
a gendesicpolygonin X asa polygonwith the verticesz; ::: z, togetherwith a choice
of sideszzz, i.e. the gealesicsegmets connectingz; to z.,. We note that in the
caseof metric spaceanodeledon Euclidean Coxeter complexeghe sidesare uniquely
determinedby the polygonz; :::z,. Werecallthat n-gonsin X areregardedasmaps
Z=nZ! X.

Let (A; W) be a sphericalor Euclidean Coxeter complex. The completeinvariant
of a pair of points (x; y) 2 A? with respectto the actionW y A, isits image w (X;Y)
under the canonicalprojectionto A A=W. Wede ne the re ned lengthof a gealesic
segmen Xy as e (X;Y) := w(X;y). This notion carriesover to geometriesmodeled
on the Coxeter complex (A; W): For a pair of points (x;y) pick an apartmen a
containing x; y and, after idertifying a with the model apartment A, let ¢ (X;y) be
the projectionto A A=W.

In the caseof Euclidean Coxeter complexesthere are extra structures assaiated
with the conceptof re ned length. Given a Euclidean Coxeter complex (E; Was ),
pick a special vertex 0 2 E. Then we canregard E as a vector spaceV, with the
origin 0= o. Let E denotea Weyl chamber of Wgp,, the tip of is at o.

Supposethat L is a subgroupof the group V of all translations of E sothat:

I—trans L Naff ;

whereNgs  V isthe normalizerof Wy ¢ . Sinceo is the origin in E, we will identify
the orbits L o and Lyans O With L and Ly ans respectively. We de ne the set of
re ned L-integral lengthsasthe subset

(L L)=Wat (E  E)=Wiqs:
If L = Lyans then we have a natural bijection

(Ltrans Ltrans):Waff = \ Lyans:
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Since (E; W4 +) is a Euclidean Coxeter complex, there is also a coarsernotion of
-length obtained from composing ;¢ With the natural forgetful map

E E=Wx¢! E= sph =

To compute the -length  (x;y) we regard the oriented gealesic segmen Xy as a
vector in E and project it to .

Again, the conceptsof -length, L-integral -lengths, etc., carry over to the
geometriesmodeled on (E;W4+). Note that -length and re ned length coincide
for symmetric spacesand their in nitesimal analogueshecausehe a ne Weyl group
acts transitively. We de ne the set of L-integral -lengths asthe subset \ L
A segmenh with L-integral -length hasL-integral re ned lengthi its verticeslie in
the distinguishedorbit L o (identied with L). For segmets with endpoints of type
Wa s 0O, the notions of -length and re ned length are equivalert.

Givena collection = ( 1;::;; 1) 2 " of -lengths we de ne the moduli space
M .. (X) asthe quotient of the collection of geadesicpolygonsin X with the -side-
lengths by the action of the group G. We give M .. (X) the quotiert topology.

We are now ready to state the questionswhich will be (for n = 3) the geometric
courterparts to the algebraquestionsin chapter 4:

Problem 5.12. Let X be a symmetric space of noncompact type or an in nitesimal
symmetric space, or a thick Euclidean building. Descrike the set D, (X) " of
-side lengthswhich occur for geodesicn-gonsin X .

Remark 5.13. In the papers [KLM1, KLM2] the notation P, was usel instead of
Dn-

Problem 5.14. Let X be a thick Euclidean building. Descrite the set
DrefL(X) (WnL L))" (WnA A)"
of re ned L-integral side-lengthswhich occur for n-gonsin X.

Below we explain how givenan algebraicproblem Q1{ Q3 one nds a metric space
X modeledon a Euclidean Coxeter complex,sothat the geometricproblem 5.14 (for
n = 3) is equivalert to the correspnding algebraicproblem.

As we explainedin the beginningof chapter 4, with ead problemQi, i=1, 2, 3,
we can asseiate a pair of groupsKk  G.

1. For the Problem Q1 wetake G= K n pandlet X := p. Then X is a metric
spacemodeledon the Euclidean Coxeter complex(A; W) = (E; Was+ ).

2. For the Problem Q2 we take G = G and let X be the symmetric space
X = G=K.

In both casesG acts transitively on X and we apply Lemmab5.2to the transitive
action Gy X, to concludethat Q1 and Q2 are equivalert to Problem 5.12 for the
correspnding spaceX .
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Example 5.15. Let G = GL,,(C), K = U(m). Then the symmetric space X asso-
ciated with G is G=K, which is the space P, of positive-de nite Hermitian m m
matrices. The maodel apartment A in P, consistsof diagonal matrices with positive
diagonalentries. The nite Weyl Wy, = Sy group acts on A by permutations of the
diagonalelements;the ane  Weyl group W+ is isomorphicto Wspn n R™ 1. Thus
we get a geometric model for analyzingthe ProblemP2 from the Intr oduction.

3. For the Problem Q3 we assignto the group G = G(K) the Euclidean (Bruhat-
Tits) building X asit wasexplainedin the previoussection. We let Y be the G-orbit
of the specialvertex o2 X.

Although, unlike in the previoustwo examples,the group G does not act tran-
sitively on the building X, this group acts transitively on the subsetY X and
we apply Lemmab5.2to the action Gy Y to seethat the problem Q3 (or, equiva-
lently, R(G)) is equivalert to nding necessaryand su cient conditions for existence
of gedlesictrianglesin X whoseverticesarein Y and whose -lengths are the pre-
scribed elemerts of |, whereL = Lg. More generally there is a surjective map

pr:WnA A! GnX X,

and by applying the Transfer Theorem 1.6 we get:

Prop osition 5.16. Supmsethat there existsa polygonP in X whose s-side-lengths
are ( 1;:: n). Then for any choicee of ~ 2 pr ( ;), there existsa polygonP in X
whose ,¢f-side-lengthsare ~;; @3 ~.

Therefore we will stick to the notion of the re ned side-length s through the
rest of the paper.

6 Weighted con gurations, stabilit y and the rela-
tion to polygons

Let X be a symmetric spaceof nonpositive curvature or a Euclideanbuilding. Recall
that the ideal boundary B = @i X has the structure of a spherical building, the
metric on B is denotedby \ tis. Given a Weyl chamber in X, we get a spherical
Weyl chamber o = @ @is X . We will idertify o, with the unit vectorsin
Recall that there is a canonicalprojection : @js X ! sph, Seesection5.2.

Take a collection of weighs my;:::;m, 0 and de ne a nite measurespace
(Z=nZ; ) wherethe measure on Z=nZ is givenby (i) = m;. An n-tuple of ideal
points ( 1;:::; ) 2 B" togetherwith (Z=nZ; ) determinea weightel con guration at
in nity , which is a map

(Z=nZ; )! @is X:

Thetype ()= (q;:::; n) 2 " of the weighted con guration  is givenby ; =
m; (). Let = () bethe pushedforward measureon B. We de ne the slope
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of ameasure on B with nite total massj j as
Z
slope () = cos\ tis( ; ) d ():

B

In this paper we will consideronly measureswith nite support.

De nition 6.1 (Stabilit y). A measure on B (with nite supprt) is called semi-
stableif slope( ) 0 andstableif slope( )> Ofor all 2 B.

Thereis are nement of the notion of semistability motivated by the correspnding
conceptin geometricinvariant theory.

De nition 6.2 (Nice semistabilit y). A measure on B (with nite supprt) is
called nice semistableif is semistableand f slope = Og is a subbuildingor empty.
In particular, stablemeasuresare nice semistable.

A weighted con guration  on B is called stable, semistableor nice semistable
respectively, if the correspnding measure hasthis property.

For the purposesof this paper, i.e. the study of polygons,nice semistability plays
a role in the caseof symmetric spacesand in nitesimal symmetric spacesonly. We
note howeer that for thesespacesgexistenceof a semistablecon guration  on @i X
implies existenceof a nice semistablecon guration on @is X, which has the same
typeas , see[KLM1].

Example 6.3. (i) Let B be a spherial building of rank 0. Then a measure on B
is stablei it contains no atoms of mass %j j, semistablei it contains no atoms
of mass> %j j, and nice semistablei it is either stableor consistsof two atoms of
equal mass.

(i) Supmse that B is a unit sphee and regad it as the ideal boundary of a
Euclideansppe E, B = @jis E. Eachsemistablaneasure hasslope zeo everywhee.

De ne the subset [(B) N consisting of those n-tuples 2 " for which
there exists a weighted semistablecon guration on B of type .

Suppose now that G is a reductive complex Lie group, K G is a maximal
compact subgroup, X = G=K is the assaiated symmetric space. Then the spaces
of weighted con gurations in @js X of the giventype 2 " canbeiderntied with
products

F=F = Fy
whereF;'s are smooth complexalgebraicvarieties(generalizedag varieties) on which
the group G acts transitively. HenceG actson F diagonally.

In caseX is the symmetric spaceassaiated to a complexLie group, the notions
of stability (semistability, etc.) introducedabove coincidewith correspnding notions
from symplecticgeometry and, in the casewherethe weighs ;'s are L-integral (i.e.,
belongto L = Lg) they also coincide with the conceptsof stability (semistability,
etc.) usedin the GeometricInvariant Theory; for a proof of this see[KLM1].
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6.1 Gauss maps and associated dynamical systems

We now relate polygonsin X (where X is a metric spacemodeled on a Euclidean
Coxeter complex) and weighted con gurations on the ideal boundary B of X, which
is, in a sensethe heart of [KLM1] and [KLMZ2]. If X is an in nitesimal symmetric
spacep we identify the visual boundary of X with the Tits boundary @is X ° of the
correspnding symmetric spaceX ° via the exponertial map p! X% Thus for all
three geometries the ideal boundary B is a sphericalbuilding.

Considera (closed)polygon P = x1X5:::X, In X, i.e. amapZ=nZ! X. The
distancesm; = d(x;; Xj+1) determinea nite measure on Z=nZ by (i) = m;. The
polygon P givesrise to a collection Gauss(P) of Gaussmaps

:Z=nZ | @is X 9)

by assigningto i anideal point ; 2 @is X sothat the gealesicray X; ; (originating
at x; and asymptotic to ;) passesthrough X;.;. This construction, in the case
of the hyperbolic plane, already appearsin the letter of Gaussto W. Bolyai, [G].
Taking into accourt the measure , we view the maps : (Z=nZ; )! @isX as
weighte con gur ations of points on @is X . Note that if X isa Riemanniansymmetric
spaceand the m;'s are all non-zero,there is a unique Gaussmap due to the unique
extendability of gealesics. On the other hand, if X is a Euclidean building then,
due to the brancdhing of gealesics,there are in generalin nitely many Gaussmaps.
Howeer, the correspnding weighted con gurations are of the sametype, i.e. they
project to the sameweighted con guration on .

The following crucial obsenation explainswhy the notion of semistability is im-
portant for studying closedpolygons.

Lemma 6.4 ([KLM1], [KLMZ2]). For eachGaussmap the pushe forward mea-
sures = are semistable.If X is a symmetricspace or an in nitesimal symmetric
space then the measure is nice semistable.

We are now interested in nding polygons with prescribed Gaussmap. Sud
polygons will correspnd to the xed points of a certain dynamical system. For
2 @i X andt O,wedenethemap = :X ! X by sendingx to the
point at distancet from x on the geadesicray x . SinceX is nonpositively curved,
the map is 1-Lipsciitz. Fix now a weighted con guration : (Z=nZ; )! @jsX
with non-zerototal mass. We de ne the 1-Lipsditz self-map

= X X

asthe composition i10ofthemaps ;= .. The xed points of arethe
rst verticesof closedpolygonsP = Xx;:::Xx, sothat is a Gaussmap for P. Since
the map is 1-Lipsdiitz, and the spacein questionis completeand has nonpositive
curvature, the existenceof a xed point for reduces(see[KLM2]) to the existence
of a boundedorbit for the dynamical system( "),.n formed by the iterations of .
Of course,in general,there is no reasonto expectthat ( "),y hasa boundedorbit:
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for instance, if the support of the measure = () is a single point, all orbits are
unbounded.

One of our results is that under the appropriate semi-stability assumptionon
the system( ")n.n hasa boundedorbit:

Theorem 6.5 ([KLM1], [KLM2]). Supmsethat X is either a symmetric space or
a Euclidean building with one vertex. Supmsethat is a nice semistableweightel
con guration on @jyis X (in the symmetric space case) or a semistablecon guration
(in the building case). Then hasa xed point.

This theorem also holds for arbitrary Euclidean buildings: It was proven in an
early version of [KLM2] under the local compactnessassumption, this proof was
supersededby a proof by AndreasBalser[B] who had removed the local compactness
assumption.

Combining the above result with the Transfer Theorem 1.6 we get:

Theorem 6.6 ([KLM1, KLM2 ]). Supmsethat X is a symmetric space of non-
positive curvature or an in nitesimal symmetric space or a Euclidean building with a
model Weyl chamler . ThenD,(X) = L(@isX).

The equivalenceof the ProblemsQ1 and Q2 (and consequetty P1 andP2) in the
Introduction follows immediately from the above theorem sincefor an in nitesimal
symmetric spacep and the correspnding symmetric spaceX the Tits boundariesare
the same. As another corollary of the conmbination of Theorems1.6 and 6.6 we get:

Theorem 6.7 ([KLM1, KLMZ2]). Let X be either a thick Euclidean building, a
symmetric space or an in nitesimal symmetric space. Then D, (X ) dependsonly on
the assaiated spheri@al Coxeter complexand not on the type of the geometry.

For instance, supposethat X is a nonpositively curved symmetric spaceand X °©
is a Euclidean building which have isomorphic nite Weyl groups and the same
rank. Then D,(Cong@isX)) = L(@isX) = Dn(X), Dy(Cong(@is X9) =

N(@is XY = Dn(X 9, where Cong(@iis X) and Cong(@iis X 9 are Euclidean cones
over the Tits boundary of X; X9 i.e. 1-vertex buildings. Since Cong(@isX) and
Cong@is X 9 have isomorphic spherical Weyl groups, their ane  Weyl groups are
isomorphicaswell, sothe transfer theoremimplies that

Dn(Cone(@its X )) = Dn(Cone(@its X C))

asrequired.

In the casewhen the group G is complex, for the ideal boundariesB of sym-
metric spacesX = G=K one constructs the moduli spaceof semistableweighed
con gurations on B asfollows.

Givenatype (sothat for eat i the vector ; is nonzero),the set of semistable
con gurations Conf .st(B) (resp. nice semistablecon gurations Conf .,sst(B)) of
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type on B hasa natural topologicalstructure. De ne arelation on Conf .. (B)
by Oif

G \G 9%;:
One then veries that is an equivalencerelation, see[HL] and [Sj]. De ne the
moduli spaceM (B) of semi-stablecon gurations on B of type asthe quotient
Conf .« (B)= . We note that the moduli space(see(8)) M . (X) of n-gonsin X
with the givenside-lengths 2 ", is alsoa compacttopological space.

Theorem 6.8. The moduli sppoe M st(B) is Hausdor. The map P 7! Gauss(P)
de nes a natural homemorphismh : M . (X)! M . (B).

Proof: It was proven in [HL] and [Sj] that M ..(B) = Conf ..sst(B)=G, and that
M .«t(B) is Hausdor . The surjection h is clearly cortinuous, it is also easily seen
to beinjective. Thereforethe map

is alsoa homeomorphism. O

Remark 6.9. For the purposesof this paper we only need to knowthat M .s(B) 6 ;
i M (X).

Below are few more details concerningthe symplectic nature of the moduli space
P{'jst(B) in the casewhen G is a complexLie group. Recallthat g = R _kandp=

1k For 2 " @ p" weidentify eachQi with the elemen ; := 1, ofthe
Lie algebrak We considerthe product M = ~ ', O; of the orbits O; := Ad(K)( i),
i = 1;::;;n. The manifold M carriesa natural symplectic structure which is invariant
under the diagonal adjoint action of the groupK . Letf : M ! kbethe momentum
mappingof this action. Sincethe map f is given by the formula

X0
fo(us n)? i

i=1

we obtain an identi cation of the moduli spaceM ,. (p) of polygonsin p with the
sympletic quotient

M t(B)= Conf (B)=G:= M=G:=f :f()= 0g=K:
In the casewhenall ; belongto the cocharacter lattice L, this quotiert is the same
asthe Mumford quotient of the projective variety Conf by the group G.
6.2 The polyhedron D,(X)

One of the main results of [KLM1] is a description of D,(X) (where X is an in-
nitesimal symmetric space)in terms of the Schubert calculusin the Grassmannians
assaiated to complex and real Lie groups G (i.e. the quotients G=P whereP is a
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maximal parabolic subgroup of G). Below we descrike D,(X) for the three classes
of metric spacesconsideredin the presen paper. We rst do it in the context of
symmetric spacesof noncompact type (i.e. their deRhamdecompsition cortains no
Euclidean factor!) sincethe descriptionin this classis more natural.

Let X beasymmetric spaceof noncompacttype and G the idertity componert of
its isometry group. The ideal boundary @i X is a sphericalbuilding modeledon a
sphericalCoxeter complex(S; W) with model sphericalWeyl chamber ¢, S. We
identify S with an apartment in @i X. Let denotethe Euclidean Weyl chamber
of X. Weidertify  gpn With @jis -

Let B be the stabilizer of ¢y, in G. For ead vertex of @ys X onede nes the
generalizedGrassmannianGrass = G = G=P. (Here P is the maximal parabolic
subgroup of G stabilizing .) It is a compact homogeneouspacestrati ed into B-
orbits called Schulert cells. Every Schubert cell is of the form C = B for a unique
vertex 2 W SO of the spherical Coxeter complex. The closuresC are called
Schulert cycles They are unionsof Sdubert cellsand represei well de ned elemerts
in the homologyH (Grass ;Z,).

For ead vertex of ¢y, and eah n-tuple "= (1::; n) of verticesin W
considerthe following homogeneousinear inequality for 2 ":
X
i i 0 (1)

i
Herewe idertify the ;'s with unit vectorsin .
|
Let 1,,(G) bethe subsetconsistingof all data ( ; ) sud that the intersection of

Theorem 6.10 ([KLM1)). QS(@“S'X) " consists of all solutions to the
systemof inequalities( : ) whee ( ; ) runs throughlz,(G).
Remark 6.11. This systemof inequalities degendson the Schulert calculus for the

genenlized GrassmanniansG=P assaiated to the group G. It is one of the resultsof
[KLM2] that the set of solutions degendsonly on the spherial Coxeter complex.

Typically, the system of inequalities in Theorem 6.10 is redundart. If G is a
complexLie group one can usethe complex structure to obtain a smaller system of
inequalities. In this case the homogeneouspacesGrass are complexmanifoldsand
the Sdwbert cyclesare complex subvarieties and hencerepresen class'es'n integral

homology Let 12(G) 12,(G) be the subsetconsistingof all data ( ; ) sud that

We have the analogousresult

Theorem 6.12 (Stabilit y inequalities, see [BeSj], [KLM1]). 'QS(@itSX) con-
sists of all solutions to the systemof inequalities ( : ) whee ( ; ) runs through
12(G).

LIn the context of Lie groupsit correspondsto the caseof semisimplealgebraic groups.
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Remark 6.13. The alove theorem was provenindependently and by completely dif-
ferent methals in [BeSj, [KLM1] in the context of in nitesimal symmetric spaces
asseiated with semisimplecomplexLie groups.

We now considerthe generalcasewhen X is a symmetric spaceor a Euclidean
building which splits as X, X, where X, is the at deRhamfactor of X. In the
casewhen X = pis anin nitesimal symmetric spacewe considerthe decompmsition
X = Xo X, correspnding to the orthogonal decomposition p= po  p:, Wwhere pg
is the Lie algebraof the split part of the of the certral torus of G (whereg is the Lie
algebraof G). In this casewe againreferto py := X asthe EuclideandeRhamfactor
of X. If p= To(X9, whereX %is a nonpositively curved symmetric space,then the
above decompsition of p is the in nitesimal version of the splitting o the deRham
factor of X ©

Let E = Eo E; be the correspnding decomposition of the Euclidean Coxeter
complex, the Weyl chamber E splitsas o 1, Where ; E; is the Weyl
chamber for the action Wepn y E; and o = Eo. Let Do(Xi) ( )" denotethe
side-lengthspolyhedron for the spaceX ;. It is clearthat

xXn
Dn(Xo) = f( ;235 n): i = 0g:
i=1
Then we get:
Dn(X) = Dn(Xo) Dn(X1): (10)

We refer the readerto Proposition 8.7 for the explanation.

Combining our results one obtains the following recipe for determining the poly-
tope D,(X) for any of the spacesX asin Theorem®6.7 (i.e., in nitesimal symmetric
spacessymmetric spacesand Euclidean buildings): Given X, rst of all, split X as
Xo X1, where X4 is the Euclidean deRham factor. In view of the formula (10)
it suces to descrite D,(X); sowe let X := X;. Then nd a complex semisim-
ple Lie group G of noncompacttype, whosespherical Coxeter complexis isomorphic
to the one of X. Let X °be the symmetric spaceG=K assaiated with G. Using
Sdcwbert calculusfor the GrassmanniansG=P assaiated to G asin Theorem 6.12
above, computethe systemof stability inequalitiesdescribing L,(@is X9 = Dn(X9.
The polytopesD,(X) and D, (X 9 are equal. We note that although the polyhedron
D, (X) dependsonly on the sphericalCoxeter group, the systemof stability inequal-
ities describingD,(X) dependson the root system. In fact in [KLM1] it is shavn
that the systemsobtained for the root systemsB; and Cz are di erent (even though
they have the samenumber of inequalities).

Example 6.14. Supmsethat G is a reductive algebaic over Q and G- is its Lang-
lands' dual. Let g and g- be the Lie algebas of G and G- and let X = G=K;X-
ke the correspnding symmetric spaces. Let g = k  p be the Cartan decomposition.
Takea Cartan sulalgebana p. The pairing h; i inducesan isomorphisma = a-,
wheee a- is a Cartan sulalgem of g-. We then identify a with a using the invariant
metric. This givesus an isometryf :a! a- which conjugatesthe spherial Coxeter
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group Weph 0f g to the spheri@l Coxetergroup Wg,,, of g-. This isometry also carries
a Euclidean Weyl chamier  of Wy, y a onto a Euclidean Weyl chamier for the
action Wg,, y a-. Thusf inducesa bijection

f":Da(X)! Dn(X-):

For instance, if G and G- are simple complexLie groupsof type B- and C- respec-
tively, then the alove construction providesan isometry D,(X) = D,(X-).

In the next subsectionwe will write down the inequalities6.12for the root system
B, in the casen = 3.

6.3 The polyhedron for the root system B,

In [KLM1] and [KuLM] the stability inequalities for the polyhedra D 3(X ) were com-
puted for all X of rank 2 or 3 (the polyhedronfor G, was computedin [BeS]). We
now give the example of the polyhedron for the root systemB,. This examplewill
be usefulto us later.

Sinceall symmetric spaceswith the sameroot systemgive rise to the samepoly-
hedronwe may take X = SO(5; C)=SO(5). The Weyl chamber s given by

=f(x;y) :x>y> 0qg:

Thus the -lengths ; are vectors (x;y) in . Sincethe root systemhasrank 2,

sph has exactly two vertices i1; ,. Thus we get two generalizedGrassmannians,
Grass,;i = 1;2. TheseGrassmanniansare the spacef isotropic lines and isotropic
planesin C* Thus the set of stability inequalities breaksinto two subsystemsone
for eath ;. This gives a system of 19 inequalities in addition to the inequalities
de ning the chamber . Below we have dropped one of these 19 inequalities, which
was implied by the inequalities de ning the chamber.

The rst subsystemof stability inequalities (correspnding to the Grassmannian
of isotropic lines) is given by
Xi X+ X fijj;kg= 112 3g
Vi ¥i+Xx fijjkg=fL12 30
In order to descrile the secondsystemwe let S be the sum of all the coordinates of

the side-lengths,so
S=X1+tYyi+ Xo+ Yo+ X3+ Y3l

The secondsubsystem(correspnding to the Grassmannianof isotropic planes)is
then given by
Xity; S=2 1 i) 3
To the above systemof 18inequalitieswe alsohave to add the \chamber inequalities":
Xi yp;i=123 and vy; 0i=123

In total we get 24 inequalities. Thus we have:

46



Corollary 6.15. Supmsethat X is a symmetric space with the ( nite) Weyl group
of type B,. Then there existsa triangle in X whose -side lengthsare vectors ; =
xi;yi)2 ,i=123if andonlyif ;'s satisfythe alove systemof 18 inequalities.

Remark 6.16. Using a computer we haveveri e d that the alove systemis minimal,
the polyhadron D3 is a cone over a compact polytope with 15 vertices and 24 top-
dimensionalfaces.

Note that the Weyl chamber a determinesa partial order on a:
() 2
One may askif the \naive" triangle inequalities
+

are satis ed by the -side lengthsof trianglesin a symmetric spaceX with the Weyl
chamber . Below is a courter-example:

Considerthe root systemB, = C, and the vectors

_ X1 _ X2 _ _ X3 — '
yi Y2 Y3 ’
where0 < t < y; < X3 < 2t. The readerwill verify that the stability inequalities
above are satis ed by the vectors ; ; , howewer the inequality
+

fails sinceit would imply that 0< x; y;1 < (X2 Vo) + (X3 YVy3) = 0.

Newerthelessiit is easyto seethat the systemof stability inequalitiesfor the root
systemB, = C, is equivalert to the systemof inequalities:

2X; + Y, Gty L Dt Y.
Xj Xj Xk '

X; Xji o, Xt Ve

Yi Yj Xk '

for all i; j; k sudh that fi; j; kg= f1;2;3g.

7 Polygons in Euclidean buildings and the gener-

alized invariant factor problem
Let X beathick Euclideanbuilding modeledon a discreteCoxetercomplex(E ; W f ).
Asin section5.4,let L bealattice in E which contains the translation subgroupL i ans

of Wy ¢ and which normalizesWg¢. Note that L acts by automorphismson the
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Coxeter complex(E.Wx ¢ ). For the algebraicapplicationswe would like to determine
for which * 2 D,(X)\ L", there existsa polygonin X with L-integral side-lengths!
and the rst vertex at a distinguished special vertex 0 2 X. In other words, we are
interestedin the image of the map

DFEFL(X) T Da(X)\ LM (11)

In this chapter we will shaw that in generalthe map (11) is not onto (section7.2):
The cournterexamplesare basedon the idea of folding triangles into apartmens (see
section7.1). In the subsequen chapter 8 we will prove \p ositive results": Someof
them guararteethat the map (11) is onto for certain pairs (Wy ¢t ; L), the other results
establishsu cien t conditionsfor elemens of D,(X)\ L" to belongto the imageof .

7.1 Folding polygons into apartmen ts

In this section we descrite a construction which produceshbilliard triangles in an
apartmert from trianglesin a building .

Supposethat ( X;y;z) is a triangle in a (Euclidean or spherical) building B. In
generalit is not cortained in an apartment. Howewer (see[KLM2, x3.2]) there exists
a nite subdivision of the edgexy by points Xg = X; X1;::5; Xk 1; Xk = Y sud that ead
gedesictriangle ( z;X;; Xj+1) is cortained in an apartmert in B.

Remark 7.1. it is easyto see that there is a uniform upper bound on the numker k
which dependsonly on the Coxetergroup W.

Foreah i, leta; B beanapartmert containing ( z;X;i; Xj+1). We will idertify
ap with the model apartmert A. We will produce points x? in the rst apartmert
ap sud that the triangles ( z;x?x?%,) are congruen to the triangles ( z;Xi;X+1)
via apartment isomorphisms ; : @ ! A. This is done inductively as follows. We
start with x3 = xo and x§ = x;. Supposethat x? hasbeenconstructed. To nd x%,,,
choose ; :a ! asothat it carrieszx; to z_x,O Put x%; = i(Xi+1). The procedure
yields a billiard triangle in the apartmert A consistingof two gealesicsideszx3 and
zx? with the samere ned lengths as the correspnding sidesof the original triangle
( x;y;z), and one piecewisegeadesicpath x3x?:::x2. The points x9;::;;x? ; arethe
break points of the broken side of this billiard triangle.

Remark 7.2. If z is a special vertex of X, then, by projecting the apartment A to
a Weyl chamter  (with the tip at z), we can assumethat the folded triangle is
contained in

Considerthe sphericalbuilding Y; := 4 (B) whoseCoxeter complexis (- xoA; W),
wherethe group Wi; is the stabilizer of x; in W. Let ; be the canonicalprojection of
Y; to the Weyl chamber in this building.

Remark 7.3. Notice that W; may be smaler than Wgpy,.
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Slncethe re ned Iengthsofx Xi+1 and xoxf’+1 areequal, it followsthat I(x x.I 1) =
i(xoxI D) il x,+1) = I(x°x,+l) Becausethe directions X; xI 1 and x; x.+1 in the
sphericalbuilding Y; = 4 (B) are antip odal, the propertles of th? canonicalprojec-

tion ; (seesection5.2) imply that the directions x¢ ; and x%,, in the spherical
Coxeter complex( xoA; W;) are antip odal modulo the action of W;.

De nition ~ 7.4. A brokentriangle T A with two gendesic sideszx§ and zx? and
one piecewisegendesic path xgx(l’ :::x? is a billiard triangle if at everybreak point x?,
the directions xoxl0 , and xx?,; in the spherial Coxeter complex oA are antipodal
modulo the action of the stabilizer W; of x? in the Coxeter group of A.

We note that ead broken sidex3x?:::x? of a billiard triangle can be straightene
in the model apartmert A, i.e. there existsa gealesicsegmen x§%%° A (a straight-
ening of x3x9:::x?) sud that x°= xJ, the metric length of x3%Xis the sameas of
x9x?:::x?, and the direction of x x3%%at x§ is the sameas the direction of x3x9.

X,
i-1

X!
i+1

reflection

Figure 1: A billiard triangle.

A billiard triangle T in the model apartment canbe unfoldedto a gedaesictriangle
in the building if and only if, for eah break point x% 0 < i < k, the following
holds. Let 2 {% 22 oA be the directions towards x? 1,x,"+1;z. The necessanand

su cient condition is:

Condition 7.5. For eachi there existsa triangle ( i; i; i) in the spherial building
Yi= B so that\ (j; i) = andthere ned lengthsof ; ; and ; ; are the same

as for ,°|°and O Orespctively.

Remark 7.6. A necessary condition for existene of a triangle ( ; i; i) is that
SO+ (2 , Which is just the usual (metric) triangle inequality in the
spherlcal building ;.

Lemma 7.7. Suppmsethat we havean apartr@tiin a Euclidean building X and a
billiard triangle T  a° T°hasgendesicsidesz%$; z%? and the brokensidexdx? : 1 : x{.
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Supmsethat for each break point x%i = 1;:::;k 1, thereis awall H;  a°throughx®
which weakly se@rates fx? ;;x%; @ from the vertex z% Assumethat the re ection w

in the wall H; carries the direction x?,, to the direction antipodal to x%? ,. Then
there existsa geodesictriangle T = ( Xx;y;z) X sothat

ref(rs(co)): ref(ﬁ); ref(m): ref(W)

and the re ned side-lengthof Xy is the sameas for the straightening of the broken
side x3x9:::x{.

N

Figure 2: Unfolding.

Proof: We prove the lemmaby verifying Condition 7.5for eah i = 1;::;;k 1. The
sphericalbuilding Y := ,0X cortains the apartmert s0= Xio(a() and the directions
% 0 0of the gealesicsegmets

0 - 300 - 30,0
XX 13 XX P 5 X725

Thewall F :=  ,o(H;) in the sphericalapartmert s?separatess’ into half-apartmerts
5250, sothat cl(s?) cortains °and cl(s®) cortains the directions ¢ ° Becausehe
building Y is thick, there existsan apartmert s Y which intersectss®alongthe half-
apartmert s9. Lets := cl(sns?). Thereexistsanisomorphismof Coxeter complexes

: s°1 s which restricts to the idertity ons,. Set = ( 9; := ¢ := 0 Clearly,
ref (_) = ref (To)l ref (_) = ref (T(D
It remainsto verify that \ ( ; )= ,i.e. that the points and areantipodal. Note

that we alsohave the third apartmert s®°= s° [ s and the isomorphismof Coxeter

complexes
j st s

2.e., H; separatesa’into half-apartments a2 ;a °sudh that z isin the closureof a andx? ;;x%,
are in the closureof a° .
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which is the idertity on s°, seeFigure 2. The restriction of j to s? equals w. Thus
j carriesw( 9 (which is antipodal to °by assumption)to the point , andj( 9 =
Thus the points ; are antip odal. O

We now state a conjecture describing unfoldable billiard triangles. Let E
be a Weyl chamber with the tip at a special vertex 0. We rst de ne a weak LS
path between two special vertices X = Xg;y = X¢ 2 to be a broken gealesic
XoX1::i Xk which satis es Littelmann's axiomsfor an LS path in [L2, x4] except
we do not requiredist( ; 1; i) = 1lin the de nition of an a-chain. A billiard triangle
is a Littelmann triangle if the broken side XpXy::: Xk is an LS path. We say that a
billiard triangle in  with the gealesicsidesoxp; 0Xc and a broken side XpXy @ :: Xk IS
a geneanlizal Littelmann triangle if XoXy::: Xk isaweakLS path. We recall (see[L2])
that there exists a Littelmann triangle with gealesicsidesoXp; 0Xx and the broken
side XoX1::: Xk 1 Xk IV V V where = (0Xp); = (0x) and s the
-length of the straightening of the broken gealesicxoXy ::: Xk 1Xk, provided that

; ; are charactersof the split torus T- G-(C). HereV ;V ;V areirreducible
represemations of the group G-(C), cf. x1.

Conjecture 7.8. A billiard triangle in  with the sidesoXg; OXx and XoX1 ::: Xk 1Xk
and with the special vertices 0; Xo; Xk, IS unfoldablei it is a genemlized Littelmann
triangle.

7.2 A Solution of Problem Q2 is not necessarily a solution
of Problem Q3

In this sectionwe rst construct an exampleof a discretethick Euclideanbuilding X
(modeledon discrete Euclidean Coxeter complexwith the root systemR of type B»)
and atriangle P X with the -side lengths ;; 2; 32 L = Q(R-) sothat:

1. The verticesof P are at verticesof X .

2. There is no triangle P® X with vertices at special vertices of X and the
-lengths  1; »; 3.

In terms of our basicalgebraproblems,( ; ; ) is a solution of Problem Q2 but
not of Problem Q3 for the simply-connectedgroup G = Spin(5),

We next describe (without proof) analogouscourterexamplesfor the root systems
C;° 2andL = Q(R-). In terms of our basic algebra problems, this shavs that
there are solutions of Problem Q2 that are not solutions to Problem Q3 for the
simply-connectedgroupsG = Sp(2°);" 2.

Example 7.9. Let X be a thick Euclidean building with asseiated discrete Euclidean
Coxetercomplex(E;Wg 1) of type B,. Then the map (11) is not surjective for n = 3
andL = Q(R-).

We recall that the simple roots for the root systemB, are (1; 1) and (0;1)

and the simple coroots are (1; 1) and (0;2). The folded triangle T is represeied
in Figure 3. It has three vertices: s;p and q and two gealesic sides: 5p and 30.
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Figure 3: A folded triangle.

The third sideis the broken gealesicsegmeh which consistsof three pieces: pv; vu
and ug. The vectorsin the Weyl chamber = f(x;y) 2 R>: 0 y xg which
represen the correspnding -side lengths are (2;2), (3;1) and (2;2), where (2; 2)
represets the broken side. To seethat T can be unfoldedinto a geadesictriangle in
the correspnding building X onecan either useLemma7.7 or simply verify that the
vectors (2; 2), (3;1) and (2; 2) satisfy the inequalities of Section6.3. Note that the
vectors(3; 1) and (2; 2) belongto the coroot lattice.

We now provethat thereis notriangle ( s%p® g% in the building X whose -side
lengths are the vectors(2; 2), (3;1) and (2; 2) and whosevertices are special vertices
of X. Supposethat sud triangle exists. As descriked in section 7.1, we subdivide
the side p®®%and fold ( s%p® oY to a billiard triangle T%in the model apartmert A.
Without lossof generality we can assumethat the side s°%folds onto the gealesic
segmeh 0o¢, whereo is the origin in A and c= (2;2). By Remark 7.2 we can assume
that this triangle is cortained in the Weyl chamber = f(x;y):x y 0g. Hence
the side sOP%olds gnto the gealesicsegmen oawherea = (3;1). Note that d(a;c) is
strictly lessthan 2 2, which is the magnitude of the vector (2;2). Thus the broken
geadesicsegmen f (p°8PY (which is the image of p°®under folding) hasto have at
least one break point. Next, obsene that the only break points in f (p°8°) can occur
at the verticesof the a ne Coxeter complex. Any vertex other than onein the set

S :=1(2;2);(3;1);(2:50:5); (1:5; 1.5);
(2:5; 1:5); (2:5; 2:5); (3:5; 0:5); (3:5; 1:5)g

would be too far from a;c for a billiard triangle to exist. We note that all points
in S nfa;cg are nonspecial vertices of the Coxeter complex. Thus the only break in
f (P99 which can occur at such a point is \backtracking".
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Figure 4: A billiard triangle.

Below we exclude breaks at various points of S and will leave the rest of the
possibilitiesto the reader, sincethe argumerts are similar. Supposethat the broken
gealesicpath f (p°¢ is the concatenationof the gealesicsegmets

ca ab;ba;

whereb= (3:5; 1.5), seeFigure 4. The point bis one of two break points of f (p°¢J.
At the link ,(A) considerthe directions:

0 0 O

towards the points a;a and o. Then
VS 9+V (% 9=2 (8 9<

Hence,accordingto Remark 7.6, the billiard triangle T° cannot be unfolded into a
gealesictriangle ( s®p®¢®y X. Contradiction.

Lastly, considera break point at the vertex b = (2:5;2:5); the broken gealesic
path f (p%8® is the concatenationof the geadesicsegmets

ca ab;ba;
seeFigure 5. At the link  ;(A) of the break point a considerthe directions:
a6 0 O
towards the points c;b and o. Again,
V(S9N (8 9=2(8 < g
cortradiction. (Note that in this examplewe do not geta cortradiction by considering
the link of the break point b)) O
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Figure 5: A billiard triangle.

Remark 7.10. Considerthe usualemkeddingR, ! R of theroot systemR, = B, to
R- = B-. The -sidelengthvectors (2;2), (3;1) and (2; 2) corresnd to the vectors

= =(2,20;:;0); =(3140:502L =Q(R-):

One can showthat for each™ 3 and the appropriate discrete building X , the vectors
. ; belong to the image of :DL“(X)! Ds(X).

Considernow athick building X °modeledon the discreteEuclidean Coxeter complex

oftypeR?:= C.,~ 3. SetL = Q((RY-). To obtain examplesof triples of vectors

which do not belongto the imageof D5 (X9 | D3(X9 we do the following:

Choosethe vectors °= 2= (2;0)and °= (2;1). Then % % Qlarein the coroot
lattice L of C,. We claim this choice of side-lengthsgivesa solution of Problem Q2
that is not a solution of Problem Q3 for the root systemC,.

Lemma 7.11. There existsan isomorphismof algebaic groups : Spin(5)! Sp(4)
carrying a split torus of Spin(5) to a split torus of Sp(4) suchthat the induced map
on Cartan sulalgebas (relative to the coordinates of [Bo, pg. 252-255]),is given by

the matrix
1

1 :
1 1

NI =

Proof: Let : Spin(5) ! SL(4) be the spin represetation. By Theorem G (b) of
[Sam],the spin represetation of Spin(2n+ 1) is symplecticif and only if eithern 0
mod 4 orn 1 mod 4. Hence,the imageof liesin Sp(4). If follows easily that

is an isomorphism. Let ;i = 1;2 be the coordinate functionals asin [Bo], loc. cit.
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Sincethe weights of the spin represetation relative to the basisof the dual of the
Cartan subalgebraare (1=2;1=2); (1=2; 1=2);( 1=2;1=2) and ( 1=2; 1=2) we nd
that the pull-back by the map, induced on the duals of the Cartan subalgebras,of
the coordinate functional ; = (1;0) is (1=2; 1=2) and the pull-back of the coordinate
functional , = (0;1) is (1=2; 1:2). Thusthe above matrix is the matrix of the map
on the duals. Sinceit is symmetric is also the matrix of the map on the Cartan
subalgebras. O

Sincethe vectors ; ; (from the previousexample)map to the vectors °= ©
and °= (2;1) respectively, the claim follows.

Now considerthe natural embedding of root systemsC, ! C. = R.,” 2. One
can verify (similarly to the argumerts preseted in Example 7.9) that the vectors
0= 0 02 | = Q(R-) satisfy the property that

(%% 92D5(X)n (DFE™(X);

whereX- is a discreteEuclideanbuilding modeledon the Euclidean Coxeter complex
asseiated with the root systemC-. Thusthe triple ( ¢ © 9 is asolution of Problem
Q2 for Sp(2°; C) but not a solution of Problem Q3 for Sp(2;K) where K is an
nonarchimedeanlocal eld with value group Z.

8 The existence of xed vertices in buildings and
computation of the saturation factors for reduc-
tiv e groups

As we have seenin the previous chapter, the map
DIEFL(X) T D (X)\ LM (12)

in generalis not surjective. The goal of this chapter isto nd conditions on the root
systems,etc., which would guarartee existenceof polygonsP in Euclidean buildings
X with the prescribed L-integral -side lengths and vertices at the vertices of X .
Moreover, we will nd conditions under which the verticesof P arein G o, where
0 2 X is a certain special vertex. We will also seethat the image of is always
cortained in the set

X
DF%X) = f( 15 n) 2 Dp(X)\ L": i 2 Q(R-) = Lyans®:

i=1

We will show that for ead data (Wy45;L) (WhereLyans L Ngf), there existsa

natural number k sud that for eahh 2 D,(X)\ L", the vector k belongsto the

image of the map (11). We will compute the saturation factors k for various classes
of (W4 +;L). In few caseswe are fortunate and k = 1, i.e. the map (12) is onto. We

then apply theseresultsto the algebraProblem Q3.
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8.1 The existence of xed vertices

We beginthis sectionwith few simple remarksabout existenceof polygonsin X with
the vertices of a given type. As before,G  Aut(X) is sud that the G-stabilizer
of the model apartment A actson A through the group W, whosetranslational part
isSL = Lg. Thus,if Xy X is ageaesicsegmeh with x 2 G o,theny 2 G o
i (x;y) 2 L. Thereforethe following are equivalert for a polygonP X, whose
-lengths areinL =L o

1. All verticesof P arein G o.
2. One (sa&y, the rst) of the verticesof P isin G o.
We also have

Lemma 8.1. For a vector = 2 D,(X)\ L" the following are equivalent:

1. There existsa polygonP X with the -Iengths! , suchthat all (equivalently,
one of) the verticesof P arein G o.

2. There existsa polygonP X with the -Iengths! , suchthat all (equivalently,
one of) the verticesof P are special.

Proof: It is clear that (1)) (2), let's prove the corverse. Let P = x; X, bea
polygonin X with the -lengths ! , sud that the rst vertex x; of P is special. Let
Y15 Yn+1 2 E besudi that yiyisz  E have the samere ned lengthsasthe segmets
XiXi+1, 1 = 1;::;n. By assumption,the vertexy; is special. Recallthat the normalizer
Nars Of Wy ¢ in the group of translations of E, acts transitively on the set of special
vertices. We identify the model apartment E with an apartmert in X cortaining the
origin 0. Let T 2 Ny be sudh that T(y;) = 0. Setz = T(y;), i = 1;::;;n. Then
z; are in L-orbit of o for eat i and accordingto the Transfer Theorem 1.6, there
existsa gealesicpolygonQ = u; u, X with the re ned side-lengthssameasfor
ZZ+1,i = 1,0, In particular, (uj;ui+1) =  for ead i and all vertices of Q are
inG o. O

Thus a vector ' belongsto the image of the map (12) i there exists a polygon
P X with special verticesand the -side Iengths! .

As we have seeingin chapter 6, the existenceproblem for polygonswith the given
-side lengthsin X is equivalent to the existenceof a xed point for a certain map

: X I X. In this sectionwe will try to nd conditions under which Xes
a special vertex in the building X. We rst analyzethe casewhen the Euclidean
Coxeter complexis irreducible.

We thereforeassumethat the a ne Coxeter group Wy ¢ correspndsto a reduced
irreducible root system R of rank ~ in an "-dimensional vector spaceV, with the
underlying a ne spacek, seechapter 3. Recallthat L is a lattice sud that

I—trans = Q(R_) L Naff = P(R_): (13)

As before,W denotesthe subgroupof Isom(E) generatedby elemerts of W4 s and L.
Then W is a Euclidean Coxeter group with the linear part Wsp, and translation part
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L. SinceW normalizesWg ¢, We get the induced action of the nite abelian group
W=Wyt = L=Lyans = F onthe Weyl alcove of W4 ;. The notion of L-admissible
facesof Weyl alcovesof (E; W4 ¢ ) introducedin chapter 3, carriesover to the building
X . Note that in the caseL = Ly ans, the only L-admissiblefacesare the vertices of
X.

Supposethat = ( 1;:::; ), where ; 2 L for eadi. Let
= (Mg 1);5(Mn; )
be a weighted con guration on @ys X of the type , wherem; = ;5 ;j. Consider
the map = X! X.Then = , 1 X 1 X whereeah ; actson
every apartmen a asymptotic to ; by the translation T; (by the vector which has
the same -length as ;). Thusthe assumption ; 2 L  Ng¢ impliesthat eat T, is

an automorphism of the Euclidean Coxeter complex (which we identify with &). In
particular, the map presenesthe simplicial structure of X .

Theorem 8.2. Assumein addition that hasa xed point in X. Then:
1. es the barycenter of an L-admissibleface in X .
2.1f L, i2Lyans then xes avertexof X.
More geneally, if [ is a lattice normalized by Wepn, suchthat Lyas £ L,
and ", ;2C, then xes the barycenterg an [ -admissibleface in X .

4. |If xes a special vertex of X then 1 i 2 Lyans. In particular, if the
Coxeter complex assaiated with X is the irr edumble Coxeter complex (E; Wg¢) of
type A-, we have:

i 2 Lyrans () xes a vertexof X:
i=1

Proof: 1. For a xed point x = x; of , let denotethe smallestface (a simplex)
in X cortaining x. Considerthe apartments a; X (containing Xi;X,; 1), & X
(containing Xj; X3; 2),..., an X (containing Xn;Xi1; n). Then () a\ a,

2 () a\ az.., n 1() an\ a;. Since presenesthe simplicial
structure of X and is the smallestsimplex cortaining x, we get: ( )=
Themap j : ! is the composition of maps

(Th = T2 T)j;

whereeah T; : ! @ isatranslation. Let' ; : E! a; bean (isometric) parameter-
ization asin the de nition of a spacemodeledon a Coxeter complex. We canassume
that °:= ' () is afaceof the Weyl alcove E. There existsa parameterization

, E! aysothat',! ' ;= id onthe domain of this composition. Similarly (like
in the de nition of a deweloping map of a geometric structure) we choose parame-

terizations ' ;i = 1;:::;n, sothat for ead i, ' i+11 "1 = id on the domain of this
composition. Then we get:
(Th i T2 T =(Ta "0 "ty Tax i "0 T " gt To)je
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Let TO:= ", L' T, '"/:E! E;thesemapsaretranslations by the vectors 0 which
are in the Wy ¢ -orbits of the vectors ;, i = 1;::;n. SetT%:= T? 1 T2 Then the
\holonomy map"

sendsthe simplex °to itself. Moreover,

Tio="," tdo=at gt tdo=w gt IR
wherew 2 Wgy. Thus, by letting §o:="',*! ' 1j o, we concludethat 9o
admits the extensionby w T°to the ertire E. Sincew T°2 W, inducesan

automorphism of the simplex by an elemen of the group W. We note that  does
not necessarilypermute all the verticesof . Considerhowever an orbit of h i on the
vertex setof . It is clearthat this orbit spansan L-admissiblesimplexc in X;
since | is a 1-Lipscitz automorphism,it presenesthe barycerter of the simplexc
and hencethe rst assertionof the theorem follow

2. Let us prove the secondassertion. Sett = ', ;. Note that the map T is
the translation in E by the vector °where °= w;( ;) for somew; 2 Weph. The
composition T°= T? 1 T?is the translation by the vector

X X
V= i0: wi( )
i=1 i=1

Weclaimthat v2 Lyans | t 2 Lyans. We leave the proof of the following elemenary
lemmato the reader:

Lemma 8.3. If 2 P(R-) then for eachw 2 Wy, we have:
w() 2Q(R-):

Therefore
xn

X
V= (wi( i) i)+ i= s+t
i=1 i=1
wheres 2 Q(R-) = Ly ans. This provesthe claim.

Recallthat g o admits the extensionby w T° (wherew 2 W) to the ertire
model apartmert E. Thus, if t 2 Lyans then G o is the restriction of an elemen
g 2 W4+. Sincethe alcove is a fundamertal domain for the action of W4 on E
and %is afaceof ,weconcludethat 9§ o= id. Hence xes a vertex of X.

3. The proof of 3 is analogousto the proof of 2 and we leave it to the reader.

4. Lastly, supposethat  xes a special vertex x of X, then = fxg, °= fx%Yis
a special vertex in E, and qx9 = x%implies that Tqx% = w(x9, wherew 2 Wy .
Sincex’ is a special vertex, w = T w° wherew®2 Wy xes x°and T 2 Ly ans.
Thus Tqx9 = T(x9, which impliesthat T°2 L ans, and hencet 2 Ly ans. O

As an immediate corollary of the above theoremwe get:
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| P
Corollary 8.4. 1. For each = ( q;:; n) 2 Dy (X)\ L" suchthat ; i 2 Lians,

there existsa polygonP X suchthat (P) =" and the vertices of P are at the
verticesof X .
|
P 2. If there exists a polygon P X with special verticesand (P) =, then
2L
i trans-

Example 8.5. For the irr educible Coxeter complex (E;Wg¢) of the typerz, there
are vectors 1; 5, 3 2 L = P(R-) suchthat xes a vertexof X but [, | 2

Q(R )_ Ltrans-

Proof: Considerthe billiard triangle T showvn in Figure 6. It hasgealesicsideszx, zy
and the brokensidexuy. Its -side lengthsare Ly ans-integral and it hasnon-special
vertices.

%

0 0.5 1 15

Figure 6: A billiard triangle.

Let us ched that this triangle canbe unfoldedto a gealesictriangle ( z;x;y9 in
X (with verticesat the verticesof X ), in the senseof section7.1. This can be done
asfollows. We note that the gealesicl (weakly) separatesz from x andy. Hencewe
can unfold the billiard triangle T to a gealesictriangle in X usingLemma7.7.

Then the vectors 1; , represeting the sidesxz and xy%of ( x;y%z) arein the
coroot lattice (B(R—), but the vector 3 represeting the side zy is not in the coroot
lattice. Hence >, | 2 Q(R-). O

Thusthe xed point of may not be special. Howeer, if N4+ acts transitively
on the verticesof E, ewery vertex is special and we get:

Corollary 8.6. Supmsethat the normalizer Ng¢ of Wy in V acts transitively on
the verticesof E. Then the imageof DeF'L(X) in D,(X) equals

X0
Drl;;o(X) = f( Lo )2 D (X)\ Ln i 2 Ltransg:

i=1
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The exampleof a Coxeter complexfor which the hypothesisof Corollary 8.6 holds
is given by (E; Wg ) for which the nite Weyl group Wq,y, is of type A-. Then ead
vertex of the Coxeter complex (E; Wy ¢ ) is special.

Next we considerthe general casewhen the Coxeter complex (E; Was¢) IS re-
ducible. As in section5.2, we have the correspnding deRham decomposition of the
building X :

X =Xg X1 i Xs

where X, is the at deRham factor, the group W/, (i > 0) acts as an irreducible
6ne Coxeter group on the EuclideanspaceE;. The Weyl chamber is the product
is:O i of Weyl chambers, where of course o = E(. Let p; denotethe orthogonal
projection X ! X, i = 0;1;:::;s; by abusingnotation we will alsousep; to denote
the orthogonal projectionsE ! E;. Givena lattice L°in E we get the inclusions

I-itrans pi(L) = Li Njaff;i = 1use
Note that
xXo
Dn(Xo)=f( 155 n): i = 0g:
i=1
We have
Prop osition 8.7. 1. D,(X) = szo D, (X).

2. For each' 2 ", thereis a polygonP X with the -side Iengths! and the
verticesat the (special)' verticesof X i for eachi there existsa polygonP;  X; with
the i-sidelengthsp(" ) and the verticesat the (special) verticesof X;.

ref;L9

3. DFR(X) = 5, DEF(X)).

Proof: We will prove the third assertionsincethe proofs of (1) and (2) are similar.
First of all, if P X is a polygon with L%integral re ned side-lengthsthen its
projections P; := pi(P) X; arealsopolygonswith L;-integral re ned side-lengths.
Conversely if P,  X; are polygonswith L-integral re ned side-lengthsand x;; is
the j -th vertex of the polygon P;, we set

Xj = (Xgjs i Xg) 2 X,

this point is avertex of X sinceall x;; 's are verticesof the corresmnding buildings X;.
This de nes the polygonP = x; X, in X. It is clearthat the re ned side-lengths
of P are L%integral. O

The above proposition implies that Corollaries 8.4 and 8.6 remain valid for Eu-
clidean buildings with reducible Coxeter complexes.

As in chapter 3, given a lattice L°in E we de ne the lattice L asthe intersection
of L%and the translation groupof E; 1 Es. We now can compute the image of
the map (12) \up to saturation™:
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Theorem 8.8. 1. Let k = K(Wa1; L9 = k(Wg;L) be the saturation factor de ned
in chapter3. Then for each ' 2 D,(X)\ (KLY, there existsan n-gonP X with
special verticesand  -side lengths ;5 q.

2. Let R be the root systemcorresmnding to the Coxeter complex(E; W4 ) and
let k ;= kr = k(Wgt;Lyans) be the saturation factor de ned in chapter 3. Then for
each’ 2 D,(X)\ (kL9 satisfying

X
i 2 I—trans = Q(R_)

there existsan n-gon P X with special verticesand -side lengths q;:::; ..

Proof: 1. We rst considerthe casewhenthe root systemR is reduced,irreducible and
hasrank equalthe dimensionof the spaceV; thenL = L® Let P° X bea polygon
with the -lengths ¢ 1;::; ¢ 4. Sincet ; 2 L for eat i, Theorem8.2impliesthat the
polygon PP can be chosensothat its rst vertex is the barycerter of an L-admissible
simplexin X . Let XiXi+1, 1 = 1;2;:::;n, be oriented segmets in the model apartment
E, which represen the re ned side-lengthsof the polygon P the point x; (and hence
xj foreahi = 2;:::;n+1) isthe barycerter of anL-admissiblesimplexin E. Weregard
E asthe vector spaceV by iderntifying the origin with the special vertex o. Then,
accordingto the de nition ofk = k(W4 ; L), the segmets (kx;)(kXij+1) = ViVi+1 have
end-points at the special verticesof E. Considerthe a ne transformation :E! E
which is the homothety x 7! kx. Then : (E;Wg¢) ! (E;Wa+) IS an injective
endomorphismof the a ne Coxeter systemsand the Transfer Theorem 1.6 implies
that there exists a polygon P in X whosere ned side-lengthsare represeted by
YiVi=1, | = 1;::::n. The verticesof P are specialand its -side-lengths are q;:::; ,.

We now considerthe general casewhen the Coxeter complex (E;WF,”) IS re-
ducible. Let P® X beapolygonwith the -lengths £ 1;::;% . Sincepo( {1, i) =
0, we have

1 X 0
K 2L\ VvV i V=L
i=1
Hencefor ead j = 1;::;;s we get
1 X
P2l =p):

i=1

Therefore, by Theorem8.2 (part 3, wherewe take [* = L;,j = 1;:;8), the polygon
P?can be chosenso that for ead j = 1;::;s, the verticesof p; (P9 are baryceners
of L;-admissiblefacesof X;. Recallthat k = LCM (kg; ::;; k).

By the irreducible case forea | = 1;:::;sthereisapolygonPjO X; with special
vertices and side-lengthsk?jpj( 1);50p (). Let XX, 1= L2050 ) = 10s,
be oriented segmets in the model apartmert E;, which represen the re ned side-
lengths of the polygon Pjo. It follows from the Transfer Theorem 1.6 that for eat

61



j = 1, s there existsa polygonP;  X; whosere ned side-lengthsare represeted
by the segmets (m;X;; )(M; Xi+1; ), wherem; = k=k;. Note that m; k?jp,-( i)=p (i)
for eah i and j. By the de nition of k;, for eat j the vertices of P; are special
verticesof X;. Now Proposition 8.7 implies that there existsa polygonP X with
the special vertices, whoseprojectionsto X; areP; for ead j andthe -side lengths
of P are q1;::; n.

2. The proof of this assertionis analogousto the proof of 1. First, suppose
that the Coxeter complexis irreducible. Then, accordingto Theorem 8.2 (part 2), a
polygonP® X with the -lengths £ ;;::; % , canbe chosensothat its verticesare
verticesof X . Let XiXi+1, i = 1;2;:::;n, be oriented segmets in the model apartmert
E, which represen the re ned side-lengthsof the polygonP° Then, by the de nition
of k = kg, the end-points of the segmets (kx;)(kx;.;) are special verticesof X . The
rest of the argumern is the sameasfor (1). O

8.2 Saturation factors for reductiv e groups

We now apply the resultsfrom the previoussectionto the generalizednvariant Factor
Problem for nonarchimedeanreductive Lie groupsG. Supposethat G is a connected
reductive algebraicLie group over K, whereK isa eld with discretevaluation v. Let
G = G(K). The group G determinesa Bruhat-Tits building X, Bruhat-Tits root
systemR, the correspnding a ne Coxeter group W+ and the extendedcocharacter
lattice L := L satisfyingthe doubleinclusion (13). De ne Kiny  act(G) := K(Waqs+; L).

As an immediate corollary of Theorem 8.8, we obtain:

Corollary 8.9. 1. For k = Kjy act(G) andany 2 L"\ Dp(X), there existsan
n-gon P in X with -side-lengthsequalto k and verticesin G o.

2. For k = kr and any
! . ! X
2DEOX)=1f 2Dy(X)\ L": i 2 Q(R-)g;
i=1
there existan n-gon P with  -side lengthsequalto k and verticesin G o.
3. If G is semisimpleand simply-mnnected then D5 (X ) = DL (X) and
Kinv act(G) = Krg.

Proof: Parts (1) and (2) follow from Theorem8.8 (parts (1) and (2) respectively) and
Lemma8.1.

To prove (3) note that in this caseQ(R-) = L and thus
Kinv fact(G) = Kr = kK(Wg¢; Q(R-)): O

Remark 8.10. We emphasizdhat ki,  act(G) and kg depend only on G and not the
choice of
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By specializingto the casen = 3 and usingthe equivalence(seex5.4) of Problem
RGTI for Euclidean buildings with the Problem Q3, we get:

Corollary 8.11. For eachk 2 N divisible by kin, fact(G) and eachtriple ( ; ; )2
k(L'\ ) 2 which satis es the generalizedtriangle inequalities for the space X , there
exist representativesA; B ; C of the doublecoset classes

G(O) ()G(0); G(O) ()G(0); G(O) ()G(0);
suchthat ABC = 1.

Example 8.12. Let G = Spin(5). Then Example 7.9 showsthat there is a triple
(; ;)2 (C\ ) 3%L = Q(R-), suchthat ; ; satisfy the genealized triangle
inequalities and suchthat one cannot nd A; B;C in the correspnding doublecosets
of Spin(5;K) suchthat ABC = 1.

Thus one cannot take k = 1 for the caseG = Spin(5).

Example 8.13. Kiny fact(GL(M)) = 1. In other words, let X be the Bruhat-Tits
building asseiated with the group GL (m; K), Whele K is a eld with nonarchimedean
discrete valuation and the valuegroup Z. Let 2 Z™ haveentries arrangej in de-
creasingorder. Then ' satis es the geneanlized triangle inequalities (i.,e. = 2 Dy(X))
if and only if there existsan n-gon P in X with the rst vertex at the origin (the
point stabilized by GL(m; O)) and -sidelengths!

Although this exampleis a special caseof Theorem 8.8 (part 2), we presern a
completeproof for the bene t of the reader.

Proof: Recall (seeExample 3.6) that the Euclidean Coxeter complex(E; Wg ) of X
is reducible,E = Eq E;, whereE; is the kernel of the map

tr:(Xq; o Xm) 7V Xo+ i+ X

and Eq is the spanof (1;:::;1). Let V; be the vector spaceunderlying E;. We may
identify V; with the Lie algebraof tracelessreal diagonal matrices, the real Cartan
subalgebraof the Lie algebraof SL(m). Moreover (seeExample 3.6),L = LgL(m) =
Z™, is the cocharacter lattice; the orthogonal projection of L to V; is the coweight
Iattlce of SL(m), and the root systemls of type A, 1. On the other hand, suppose
that = ( 1;:3 n). Then, since 2 Dn(X), there existsa polygon P in X with the
-side Iengths i. Let X = Xo X; be the deRham decompsition of X, where
Xo= Eq= Risthe at factor. Sincethe projection of P to the at deRhamfactor
E, of X is alsoa polygon, we get:

Po( 1+ i+ p)=tr(+::+ ,)=0

Hence ; + i+ , 2 L\ E; = Q(R-). Thereforewe can apply Theorem 8.2 (part
2 or 4) to concludethat there existsa polygon P° X, whosevertices are (special)
verticesof X; and whose -side lengthsarep;( 1);:::;pi( n). By combining this with
the polygon po(P) via Proposition 8.7 we concludethat there existsa polygonP X
whoseverticesare (special) verticesof X and whose -side lengthsare 4;:::; ,. Thus
kinv fact(GL(m)) =1 0

63



Theorem 8.14. 1. Let DG be the derived (i.e. commutator) sulgroup of G. Then

Kiny fact(g) = Kinv fact (%) (14)

2. Moreover, if Gy;::1; Gs are the simple factors of DG then

Kinv fact(G) = LCM (Kiny fact(@); 225 Kiny fact(%)):

Proof: The equation (14) follows from three obsenations:

We rst claim that the lattice L°= Lg\ V; i VsequalsLpg. This is because
we can assumethat the maximal split tori Tp; and T of DG and G are related by

T =Ts\ DG

Hencethe cocharacter lattice of DG is the sublattice of L g consistingof thosecochar-
acterswhoseimage is cortained in DG. Passingto tangert vectors at the idertity
yields the claim.

Second,by de nition, the coroot systemRg5 of DG is the sameas the coroot

systemRg of G regardedasa root systemin E. :: Es ThusG andDG havethe
samea ne Weyl group Wy s .

Lastly, the projection of the lattice Lg into V; i Vs is cortained in P(R-) \
Vl e Vs.

With theseobsenations, the sameargumern asin the caseof GL (m) goesthrough:
K(Wast;Lc) = K(Wart;Lpe)

(the saturation factor ki, fact dependsonly on the group W4+ and the cocharacter
lattice), which implies (14).

To prove the secondassertionof the Theorem note that the Euclidean Coxeter
complex for DG is the direct product of the Euclidean Coxeter complexesfor its
factorsGi;i = 1;::;;s. Let T; be maximal spiit tori of G;, i = 1;::;;sandL; = X (T;)
be their cocharacter lattices. Let T := ~, T;, and L% := X (Tg); then ead L;
is the projection of L°to Vi, where (V;; W/ ) are the Euclidean Coxeter complexes
asseiated with G;.

Then De nition 3.8 implies that

K(Wart; L9 = LCM (K(WX(;L1); k(WS Lg)): O

We canalsogive a completesolution (in terms of the stability inequalities) for the
Invariant Factor Problem Q3 in the caseof nonarcdhimedeanreductive Lie groups G
with root systemof type A,, ;. For instance,G could be the quotient of SL(m) by
a subgroupof its certer. As before,let L denotethe lattice Lg and let X := X be
the Bruhat-Tits building asseiated with G.
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Theorem 8.15. Let G be a reductive algebric group over K, so that the group G
hasthe assaiated root systemR of type A, ;. Then the natural emtedding

DI (X) ! DLY(X)=f(; ; )2Ds(X)\L%: + + 2Q(R)g (15)

iS onto.

Proof: The assertionfollows from Corollary 8.9 and the fact that kg = 1 for the root
systemof type A. O

Specializingto the caseof GL(m) and SL(m) we get the following corollary:

Corollary 8.16. Let X = P, be the symmetric space of symmetric positive-de nite
m m-matrices. Then there exists a solution to the Invariant Factor Problem Q3
for the caseG = SL(m; K) (or GL(m; K)) and K = SL(m; O) (resp. GL(m; O)) if
andonly if , and areinteger diagonalmatricessothattr( + + )= 0and
the projections

1 _ 1 _ 1
Etr( ) mtr( ) mtr( )1

satisfy the stability inequalities 6.12 for the space X . Here | is the identity matrix.

9 The comparison of Problems Q3 and Q4

9.1 The Hecke ring

In this sectionwe will (for the most part) follow the notation of [Gro]. We urge the
readerto consult this paper for more details. Howewer we will let K and O be as
in section4.3. We will assumethat the valuation v is discrete,the eld K is locally
compactand the residue eld is nite of order g and uniformizer

We let G be a connectedreductive algebraicgroup over K. We will assumethat
G is split over K. Then G is the general b er of a group scheme (also denoted G)
over O with reductive special b er. We x a maximal split torus T G de ned over
O. Weput G= G(K);K = G(O)andT = T(K). WeletB G beaBorel subgroup
normalizedby T and put B = B(K). Welet U be the unipotent radical of B whence
B = TU. Let X = X denotethe Bruhat-Tits building ass@iated with the group G;
02 X is a distinguished special vertex stabilized by the compact subgroupK .

We have alreadyde ned in section4.3the freeabelian groups(of rank | = dim(T))
X (T) and X (T) and a perfect Z-valued pairing h; i betweenthem. The rst
cortains the coroots R-, the secondcontains the roots R of G.

The roots are the charactersof T that occur in the adjoint represetation on the
Lie algebraof G. The subsetR* of the roots that occur in represetation on the
Lie algebraof B forms a positive systemand the indecompsableelemerts of that
positive systemform a systemof simpleroots . Welet W denotethe correspnding
(nite) Weyl group.
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The root basis determinesa positive Weyl chamber P* in X (T), by

P"=f 2X M:h; i 0 2 g
We de ne a partial orderingon P* by > i the dierence is a sum of
positive coroots.
We de ne the elemen 2 X (T) Z[1=2] by
X
2 =

2R*

We recall that is the sum of the fundamertal weights of R. Then, forall 2 P™,
the half-integerh; i is positive.

De nition  9.1. The Heckering H = H(G; K) is thering of all locally constant, com-
pactly suppmrted functionsf : G ! Z which are K -biinvariant. The multiplication
in H is by the convolution
z
f gz= f(x) g(x z)dx

G

wheee dx is the Haar measure on G giving K volume1.

We claim that the function f g alsotakesvaluesin Z. Indeed,f and g are nite
sumsof characteristic functions of K -doublecosets.Thusit su ces to provethe claim
in the casethat f and g are both characteristic functions of K -double cosets.In this
caseit is immediate that their corvolution product is the characteristic function of
the set of products of the elements in the two double cosets.This product setis itself
a nite union of K -doublecosets.This impliesthat the structure constaris m. ( ) of
the Hede ring, de ned below, are nonnegatie integers. The characteristic function
of K is the unit elemen of H. For the proof of the next lemmasee[Gro, x2].

Lemma 9.2. H is commutative and assaiative.

In fact much moreistrue. For 2 X (T) let ¢ be the characteristic function of
the correspnding K -double coset ( ) 2 KnG=K.

Lemma 9.3. 1. The assignment ! c inducesan isomorphismof free akelian
groupsZ[P*] ! H.

2. The Heckering is a lter ed ring with the ltr ation levelsindexal by the ordered
akelian semigoup P*. In particular, we have

X
C C=cCc: + m. ()c: (16)

< +
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P
Here and in what follows denotesthe sumover elemes from P*. We note

<

that this sumis nite.

We will prove belonv, Lemma9.16,that the structure constarts m. () are poly-
nomialsin g with integer coe cien ts. Hereand in what follows we will keeptrack of
the dependenceof certain quartities on the cardinality g of the residue eld. Thusq
will play the role of a variable in what follows. One of the main points here s that
the structure constaris n. () of the represetation ring R(G-) do not depend on g.
They will be encaled in the coe cien ts of the polynomialsm. ( ) (along with the
coe cien ts of the Kazhdan-Lusztig polynomialsb ( )).

We recall the de nition of the structure constaris m. . ( ): Given double cosets
of (); (); ()inKnG=K, considerthe characteristic functionsc , ¢ andc of
thesedouble cosets;then decompmsethe triple product

X
C C C = m. .()c

in the Hedke algebraH. This denesm. . (). Our primary interestis m. . (1)
(where 1 is the trivial character); it will be viewed asa function of the variable g.

In our proof of the saturation conjecture for GL(m) we will needthe following
lemma, where denotesthe weight cortragrediert to . Then ( ) is arepresen-
tativ e for the double cosetobtained by inverting the elemers in the onerepreseted

by ().

Lemma 9.4.
m, ;@) =vol(K ()K)m, ( ):

Proof: We de ne aninner product (( ; )) on Co(G), the spaceof compactly supported
complex-\alued functions on G, by
Z

((f:g) :=  fx)g(x)dx:

G
We rst claim that

vol K ()K; if =
0; otherwise

((c;c)) =

Indeed Z
((c;c))= ¢ (x)c (x)dx:
G

The claim follows by noting that the product function is idertically oneif the cosets
coincideand otherwiseit is identically zero.

Next we obsene that

((c;c)=c c (D:
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Indeed, the right-hand sideis equalto

Z Z
c (x)c (x Hax= ¢ (x)c (x)dx:
G G
Hence (
¢ ¢ (1)= vol K ()K; if :.
0; otherwise.
Finally

X
m ., @)= m; ()c c)@)=m; ()volK ()K: O

9.2 A geometric interpretation of m. . (1)

In this sectionwe will prove the following

Theorem 9.5. m. . (1) is the numler of trianglesin the building X with rst vertex
o and side-lengths ; ;

We recall that given 2 we dene S(o; ) = fx 2 X : (o;x) = g, the
\ -sphere of radius and certer at 0"

Lemma 9.6. For each 2 the group K actstransitively on S(o; ).

Proof: Let x 2 S(o; ). By the properties of the action of G on the building X,
presered in the List 5.10,there existsg2 G sudh that g o= oandg x 2 A
whereA is the model apartmernt. Sinceg o= owe haveg= k 2 K, whence

|
ok x=0d : (equality of vectors)

If followsthat k x= andx=k 1. O

As a consequenceave can identify the right K {quotients of the K {double cosets
in G to the {spheres S(o; ) in the building. The proof of the following lemma s
then clear.

Lemma 9.7. Let 2 X (T). Thenthemapk ! k ( ) inducesa bijection betwesn
the quotientK ( )K=K and S(o; ( )).

We de ne
f:K ()K=K K ()K=K ! KnG=K

by sending(g:; &) to the double cosetrepreseted by f (g1; @) := 9, * @&. The reader
will obsene that f is well-de ned. Thus f inducesa map (again denotedf) from
S(o; (1)) S(o; ()) to KnG=K.

Now let ; ; 2 X (T). Wede ne the set

T. . =f(xxy)2K ()K=K K ()K=K:f(x;y)2K ( )Kg:
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Note that this setis nite sinceq< 1 . Let ( 0;X1;X;) beatriangle in the building
X with the -side lengths ; ; . Thenf (Xy;x,) 2 K ( )K and we obtain a map
F : ( 0;X1;X2) 7! (X1;X2) from the spaceof triangles in X with side-lengths ; ;
and rst vertex at ointo the setT. . . We leave the proof of the following lemmato
the reader.

Lemma 9.8. F is a bijection.

Remark 9.9. The appearance of the contragredient coweight comesalout because
werequire (X,;0) = , but (X»;0) is the contragredient of the (0;X;).

Write
K ()K=[lyxK and K ()K=[],yK;

whereboth | and J are nite (sinceq< 1 ). The theoremwill be a consequencef
the following lemma.

Lemma 9.10. m. . (1) =#(T. .).

Proof: We have

Z Z
m,.(1)=c c c@= ( cxc(x ycy Hdx)dy
Z )Q Z G G |
= ¢ (xik)e (k x y)dk ¢ (y Yy
G -1 K
X z
= c(x) c(xty)c(y Hdy
i=1 G
X X Z
= c(x) c(xyke (k ty Hdk
i=1 j=1 K
X X
= c (xi)c (x; 'y;)e v, 9
i=1 j=1
X X

= c(xi'y)=#T, ;) O

i=1 j=1

As a consequencef Theorem 9.5 and Lemma 9.4, we nd that the structure
constarts for the Hede algebraare determinedby the geometry of the building.

Theorem 9.11. Let ; ; 2 X (T). Then we have
— #(T ) ) .
™ O s On )

Proof: We have only to apply Lemma 9.4 and obsene that sincewe are assuming
that vol(K) = 1 we have vol(K ( )K) = vol(K ( )K=K) = #(S(o; ())). O
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9.3 The Satake transform

In this sectionwe de ne an integral transform S, the Satake transform, from com-
pactly supported, K -biinvariant functions on G to left K -invariant, right U-invariant
functions on G.

Let :B ! R, bethe modular function of B, [Gro, x3]. We may regard as
a left K -invariant, right U-invariant function on G. By the Iwasava decompsition
for G, [Tits, pg. 51], any sud function is determined by its restriction to T. We
normalize the Haar measuredu on U sothat the open subgroupK \ U hasmeasure
1. For a compactly supported K -biinvariant function f on G we de ne its Satake
transform as a function Sf (g) on G given by

Z
sf(g)= (@  f(gu)du:

u

Then Sf is a left K -invariant, right U-invariant function on G with valuesin
Z[0*?; g ¥2]; this function is determinedby its restriction to T=T\ K = X (T). The
main result of [Sat] (seealso[C, pg. 147]),is that the imageof S liesin the subring

X (MDY ZlgZq 1= R(G-)  Z[qq 7,

where= is a ring isomorphism. Here and in what follows G- = G-(C). Furthermore
we have (see[Sat], [C, pg. 147]):

Theorem 9.12. The Sataketransform givesa ring isomorphism
S:H Z[g7q ™= R(G) Zlg7q

For 2 P* let chV be the character of the irreducible represetation V of
G- (seee.qg. [FH, pg. 375]). We may identify chV with a W-invariant elemen of
Z[X (T-)] = Z[X (T)].

In what follows we will needtwo basesfor the free Z[g*2; g *?]-module R(G-)
Z[o*?;q ¥?]. The rst basisis

S=fS(c): 2P'g;

the secondbasisis
R:=fchv: 2P'g:

The changeof basismatrices relating thesetwo basesare both upper triangular
(seeLemma9.13below) with %rtrles in the ring Z[0*2; g ™?]. We de ne the order (at
1) ord(f) oftheelemenf = 2", &g 2 Z[q"%;q 2] by ord(f ) = N, provided
that ay 6 0. Note that if f is a polynomial in g then ord(f) = 2dedf) wherededf)
is the degreeof f in g. We will accordingly extend the degreeto Z[g*™?;q ] by
de ning

degf) = 1=2 ord(f):
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Thus the extendeddegreetakes valuesin the half integers. We de ne degs(F) for
F 2 R(G-) Z[q¥?;q ¥?] to be the maximum of the degreesof the componerts
of F whenF is expressd in the basis S. We will use a similar convertion (i.e.,
expandingit terms of the basisS) when we speak of the \leading term” of F. We
retain the notation deg (without subscript) for the ordinary notion of degree2 %Z
for the Laurent polynomialsin Z[g*?; g ™?]. Analogously we de ne deg (F) when
F is expandedin terms of the basisR.

For the following lemma, due to Lusztig, we refer the readerto [Gro, (3.11) and
(3.12)], [Lu2, (6.10)]. See[Hal, x2], for the statemen of the lemmain the generality
we require here.

Lemma 9.13. 1. There exist polynomialsa ( ) in q suchthat
X

S(c)=d" 'chv + a()d" ‘chv:

2. Conversely,there exist polynomialsb ( ) in g suchthat
X

q" 'chV =S(c)+ b()S(c):

<

As an immediate corollary of this lemmawe get

dek(S(c)) 0= deg(S(c)):
and thus
dek(F) deg(F) (18)
for F 2 R(G-) Z[g*?;q ).

The degreeestimate below follows from [Lu2], who proved that the polynomials
b ( ) were Kazhdan-Lusztigpolynomials This inequality will play a critical role
in what follows. These polynomials have many remarkable properties but the only
property we needhereis the degreeestimate.

Lemma 9.14. Forall < ; 2 P* wehave:
degb( ))< h pod h; i:
This lemmawhen combined with Lemma 9.13 hasthe following consequences.
Lemma 9.15. For each cocharacter 2 P* nf0Og we have:
degs(q" 'chV) < h; i:
Proof: By Lemma9.13we get
q" ‘chV = S(c )+ X b ( )S(c):

HenceLemma9.14implies
degs(q" 'chV) < h; i:
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Lemma 9.16. There existsa polynomial M. . (g) in the variable g, suchthat we
havethe equality of functions in ¢

m, . (1)=M,; ; (0:

Furthermore, all structure constantsm. ( ) are polynomialsin q.

Proof: We will prove that all the structure constarts m. ( ) are polynomialsin g.
The rst statemen will follow from this.

Following [Gro] wedene 2 R(G-) Z[q"?;q ] by
=" 'chv:

The elemets f : 2 X (T-)g give a new basis for the Z[q*?;q *2]-module
R(G-) Z[g"*q *7].
We claim that the structure constarts for the ring relative to this basisare poly-
nomialsin g. Indeed, we have
X

=q"* 'chV chV =¢'* ' n, ()chVv
X N i
= n+ ()g*
Now, since + , the coneight + is a sum of positive coroots and
consequetty h + ; 1 IS an nonnegatie integer.

We can now prove the secondstatemert. Let and be given. We expandS(c )
and S(c ) in terms of the basisof 's thereby introducing the polynomialsa ( ). We
then multiply the resulting expressions Accordingto the paragraphabove, the result
is an expressionin the 's with polynomial coe cien ts in g. We then substitute for
the 's usingLemma9.13introducingthe polynomialsb ( ). O

9.4 A solution of Problem Q4 is a solution of Problem Q3

We recall the de nition of the structure constarts n. . ( ):

X
ch(V) ch(V) ch(V)= n. . ()chV):

2Pt

We are interesting in comparingthe coe cient n. . (1) (correspnding to the trivial
represetation 1 of G-) with m. . (1).
The main goal of this sectionis to prove the following

Theorem 9.17. If the triple ; ; is a solution of ProblemQ4 then it is also a
solution of ProblemQ3. More precisely,

n. . (1)60=) m, .(1)60
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The above theorem follows from

Theorem 9.18. Supmsethat G is of a reductive algebaic group over K which is
split over K. Then:

(8) The dgyree of the polynomial M . . (q) is at mosth + + ; i.
(b) The leading coe cient of M. . (q), i.e., thecoecient atqg'* * ', is equal
ton. . (1).

The above theoremimmediately implies the following

Corollary 9.19. If n. . (1) 6 Othenh + + ; i 2 Z.

Proof of Theorem 9.18 For the benet of the reader, belov we explain the idea
behind the proof of Theorem 9.18. We have to compute the coe cient of 1 in the
Hede triple product ¢ ¢ c . Instead, we will computethe coe cient of 1 in the
triple product S(c ) S(c) S(c) in the represemation ring R(G-) Z[g*?;q 7]
wherethe triple product is expandedrelativeto the basisS. In orderto do this we will
usethe formula from Lemma 9.13 and compute (initially) in the basisR. Howewer,
to prove the theoremwe must again apply Lemma9.13to rewrite the result in terms
of the basisS.

The theoremwill follow from the next three lemmas. We owe the rst of theseto
Jiu-Kang Yu.

Lemma 9.20. For all 2 P* satisfying < wehave:

dega ()" ') < h; i:

Proof: The proofis by induction on  with respectto the partial order<. We remind
the readerthat ead setf 2 P*: < gis nite. If thesetf 2 P": < gis
empty then there is nothing to prove.

Now assumehat wearegiven 2 P* andthat we have provedthe above estimate
for all predecessorsf in the partial order <. We have, accordingto Lemma9.13,

X
S(c)=d" ‘chv b ( )S(c)

<

and ' X _
Sc)=d" 'chv + a()q" 'chVv:

<

Thus
o X o X X -
S(c) = d" ‘chv b ()g" ‘chv b()a()d 'chv:
We make the changeof variable ! ; ! in the last sumto obtain
. X _ X X ,
S(c)=d" 'chv b ()" 'chv b()a()d" ‘chv:
< < f:i< <g
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SincechV ; 2 P*;is abasisof the Z[q ¥?;q"?]-module R(G-) Z[¢*?;q 7],
by combining the previousformula with the part 1 of Lemma9.13, we obtain:

. . X .
a()d" '= b()d"' b()a()d" "

f:< <g

The degreeof the rst term satis es the required estimate by Lemma 9.14. We
estimate the degreesof the terms in the secondsum. By the induction hypothesis,
dega ( )g" ') < h; i and by Lemma9.14we have

degb( ) <h ;i
Consequetly, for all , we get
degb ()a ( )gd" < h ci+h;i=h; i: O
Corollary 9.21. dega ( )) < h ;o0

Lemma 9.22. For ; ; 2 P* suchthat + + s a nontrivial character, we
have:

degs(S(c) S(c) S(c) d'* *iichVv chv chv)<h + + : i:

Proof: By expandingthe triple product
S(c) S(c) S(c)=

. X .
(d" 'chV + a ()" '‘chv)
(d"'chv + a()d" '‘chVv)

<

(d" ‘chv + a ()q" 'chVv)

<

in terms of the basisR := fchV g we get the following typesof summands:

q* *ilchv chVv chv;

. X .
q " i'chv chv a()q" ‘chv;

<

. X . X .
q'ilchv (- a()d" 'chv) (- a ()d" 'chv);
and similar onesobtained by permuting ; ; , and nally:

a(la()la()d"** '‘chv chv chV;
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where in the latter case < ; < ; < , :: 2 P*. The rst term
(" * * ichV chV chV) cancelsout, we estimate the degreeof eah of the re-
maining terms separately We will do it in the caseof the 2-nd and 4-th term and
leave the 3-rd term to the reader:

First, since <
deg[d"* ‘'chv chv a ( )d" 'chv]
deg[q"* " 'chv chVv a ( )d" 'chV]
h + ; i+dega()d"")<
(by Lemma9.20)

<h+ ;i+h;i=h+ + ;i
Similarly,
degfa ()a ()a()gq"* *' 'chVv chv chV]
degz[a ()a()a () * ** 'chv chVv chV]=
deda ( )" ']+ deda ( )g" ']+ deda ( )" ']<
(by Lemma 9.20)
<h+ + ;i
The lemma follows. O

Now we can prove the degreeestimatein Theorem9.18. It su ces to prove the
estimate for the image of the polynomial M. . (q) in the ring H. According to
Lemma9.13, X

S(c)=d" 'chv + a( )d" ‘chVv:

<

Hence,by Lemma9.20,
deg (S(c)) = h; i;

and consequetty
deg(S(c) S(c) S(c)) dexkr((S(c) S(c) S(c)=h + + ;i
ThusdegM. .) h + + ; i which provesthe rst assertionof Theorem.

Let N. . (q©2) be the polynomial in g**? with coe cients in the ring R(G-)
Z[g*%;q ] given by

N. . () :=q"*"* 'chv chvV chV:

Hereasusualwe assumethat the irreducible charactershave beenexpandedin terms
of the basisS using Lemma 9.13. We seeas a consequenc®f the previous lemma
that the Theorem9.18will follow from

Lemma 9.23.

degg(N. . (@™ n. . (O * " )<h + + ;i
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Proof: By de nition of the structure constaris n. . ( ) we have

. X .
q* *ilchv chv chv = n. .()q** igichv:
But by Lemma9.15, 6 1=) deg(q' '‘chvV) < h; i. O
This proves Theorem9.18 and henceTheorem9.17. O

We now give another explanation why
n. . (1)60=) h+ + ;i22:
Theorem 9.24. 1. m. .(1)6 0=) + + 2QR-)=) h + + ;1i2Z.
2.n. . (1)860=) + + 2Q(R-).

Proof: (1) follows from Theorem8.2, part 4. Hence(2) follows from (1) via Theorem
9.18, howewer we give a direct proof below.

The certer of G- actson ead of the factors of the triple tensorproduct by a scalar,
henceit acts by a scalaron the triple tensor product itself. But if n. . (1) 6 O this
scalaris necessarilyl. Hencethe certer xes the (highest) weight vector with weight

+ + ,whence + + annihilatesthe certer. Accordingly it isin the character
lattice of the adjoint group Ad G-. Thus + + 2 Q(R-). O

9.5 A solution of Problem Q3 is not necessarily a solution of
Problem Q4

In this sectionwe considertwo examples: G = SO(5), whenceG- = Sp(4;C) and
the group G of type G, and G- = G,(C).

We beginwith G = SO(5); we assumethat we have chosenWitt basesfor C° and
C* We let T- be the split torus consisting of diagonal matricesin Sp(4;C) and T
be the split torus of SO(5) consisting of diagonal matrices. We usethe rectangular
coordinates x;; X, in the Cartan subalgebraa- sp(4; C) sud that the simple roots
arex; Xo; 2X». We set

= = =(L12X (T-)=X (T):

Notethat + + belongsto the coroot lattice of SO(5), i.e., the condition stated
in Theorem9.24is satis ed.

We give two proofs of the next lemma, the rst computational, the secondcon-
ceptual.

Lemma 9.25.
n. .(1)=20:
m. . 1)=0¢ g

Thus this choice of side-lengthsis a solution ProblemQ3 but not of ProblemQ4.

76



Remark 9.26. In fact the second equality implies the rst because, in this case,
h + + ;i =6 Hene, (according to Theorem 9.18) M. . (g) = n. . ()¢ +
lower terms. But the coe cient of ¢f in the atoveformula for m. . (1) is 0.

Proof: The rst equality is obvious if we obsene that underthe isomorphismbetween
Sp(4) and Spin(5) the represemation of Sp(4; C) with the highestweigh (1;1) cor-
respondsto the standard (vector) represetation of SO(5; C) on C° (consideredas a
nonfaithful represetation of Spin(5; C)). Now it is standardthat the tensorsquareof
this represetation consistsof three irreducible summands,the trivial represetation

(correspnding to the invariant quadratic form), the exterior squareof the standard
represetation and the harmonic quadratic polynomials on C®. Since none of these
are equivalert to the standard represemation and all represetations of Sp(4; C) are
self-dualthe rst statemert follows.

The proof of the secondstatemert requiresmore work. From [Gro, pg. 231], we
have:
S(cay) = oFchVyyy L

Upon taking the cube and calculating in the represetation ring of Sp(4;C) one
obtains

S(cain)® = o°[chVig;z) + 2chVia1) + chViz0) + 3chV;]
3q4[ChV(2;2) + ChV(Z;O) + 1] + 3q2ChV(1;1) 1:

Upon substituting for the chV using Lemma 9.13 (and computing the appropriate
Kazhdan-Lusztigpolynomialsb ( )) the lemmafollows. O

As for the conceptual proof of (the secondpart of) the lemma, note that the
side-lengthsbelong to the root-subgroup SL(2) correspnding to the positive root
X1+ Xp. But it is evidert that one can construct an equilateral triangle with side-
lengths equal to the positive root and vertices of the correct type in the tree for
SL(2;K). Sincethis tree is corvex in the building for SO(5; K) and the xed vertex
for SL(2;O) in this embeddedtree is o (the xed vertex for SO(5; O)), the lemma
follows. Equivalertly if we can realize the trivial double cosetas a product of the
three SL(2; O){double cosetsin SL(2;K) belongingto (1; 1); (1;1); (1; 1) then we can
certainly do it in SO(5; K).

Remark 9.27. This last sentene is the essene of the counterexample. The solutions
to ProblemsQ3 and Q4 behavedi er ently with respect to inclusions of sulgroups. The
solutions of ProblemQ3 \push forward", the solutions of ProblemQ4 do not.

We now give another exampleof a triple of coroots ; ; sud that the triple is
a solution to Problem Q3 but not of Problem Q4. Wetake G = G,. HenceG- = G,
aswell. Wetake = ,and = = ,. Here ;isthe rst fundamertal weigh (the
highestweight of the unique irreducible seen dimensionalrepresetation) and , is
the the secondfundamerntal weight (the highestweight of the adjoint represeration).

Lemma 9.28. m .. ,. ,(1) = o®(gq+ 1)(¢® 1)
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Proof: From [Gro, pg. 231, (5.7)], we have

S(c,)=qgchv, 1
S(c,)=q°chv, ¢chv, o

Multiplying (using LIE) one obtains
S(c,) S(c,)=cchV . ,+ (P P)(ch\V,,+chv,) dchv, ¢'S(c,) S(c),):
Hence,by Lemma9.13we have
my(2)=b, . @+ 1b,2,(d q L
Usingb ,. .+ ,(@) = 1+ qand b, ,(q) = 1 we obtain
m,,(2=¢ 1
Now Lemma 9.4 implies that
m,,. ,1)=m . ,(2) vol(K ,( )K):

From [Gro, pg. 735],we getvol(K ,( )K)=dedc,)= q°+ ®+ ¢+ g + o+
The lemma follows. O

Corollary 9.29.

n 1, 2; 2(1) =0
Proof: From [Gro, pg. 231, (5.7)], we have h 1; i = 3and h ,; i = 5 whence
h,+ >+ 5 i = 13. Hence,the structure constart has degree(one) lessthan the
maximum possibledegree. O

We now give a geometric proof (using unfolding) that m ,. ,. ,(1) is nonzero.
We show that there exists a triangle T° (with -side-lengths 1; »; ») in a discrete
Euclidean building X modeledon the discretea ne Coxeter complexof type G,, so
that all vertices of T° are special. We start with the billiard triangle T in Figure 7,
cortained in a model apartmert A X ; this triangle hastwo geaesicsideszx; zy
and one broken side xtly. Note that all three vertices of this billiard triangle are
special vertices of the Coxeter complex. The break point u on the broken side of the
billiard triangle belongsto the wall | of the Coxeter complex,the wall | separateshe
broken side xuy from the vertex z = o. Thus, by Lemma 7.7, one can unfold the
billiard triangle T to a geadesictriangle T X preservingthe re ned side-lengths.

9.6 The saturation conjecture for GL(')
In this subsectionwe explain Green'sideafor proving that for GL (")

; ; isasolution of Problem Q3 =) ; ; isasolution of Problem Q4:
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Figure 7: A billiard triangle in the a ne Coxeter complexof type G,.

Let K be a valued eld with a discrete completevaluation v andlet O K be the
subring of elemers with nonnegatie valuation. Pick a uniformizer 2 K for the
valuation v. We will assumethat the residue eld is nite.

Let G be a connectedreductive group algebraicgroup over K and set G = G(K)
and let G- = G-(C) be its Langlandsdual. We will assumethat G is split over K.
Recall that the structure constantsm. ( ) andn. ( ) for the Hede ring of G and
the represeration ring of G- respectively, are given by

X
cC Cc = m. ()c;

X
ch(V) ch(V)= n. ()ch(V):

We will say that a dominant weight for GL(") is a partition if all componerts of
the integervector are nonnegatiwe.

The starting point is that if the dominarnt weights ; ; arepartitions then there
is a standard formula [Mac, pg. 161]that expresseshe structure constart m. ( )
asthe number of nite O-module extensions

1t At B!l C! 1,

whereA= ;0= 1),B= ;0= )andC= ;0= /).

We will say that sud an extensionis of type ( ; ; ). Now for GL(") thereis an
explicit formula (the Littlew ood- Richardsonrule) for the structure constart n. ( )
(in case ; ; arepartitions) asthe number of Littlew ood{Richardsonsequencesof
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partitions) of type ( ; ; ), see[Mac, pg. 68, 90]. Then the obsenation of J. Green
is the following

Lemma 9.30. Supmsethere existsan extensionof O-modulesoftype ( ; ; ). Then
there existsa Littlewood-Richardson sequene (of partitions) of type ( ; ; ).
Thus for the group GL(") we nd that if ; ; arepartitions and the structure

constart m. () is nonzerothen the structure constart n. () is nonzero (the
superscript denotesthe cortragrediert dominart weigh).

We next remove the assumptionthat ; ; are partitions. To this endlet be
the cocharacter of GL (") that sendsz 2 Q nf0g to the scalar matrix with diagonal
ertries equalto z. If is a cocharacter then there exists k sudh that X is a
partition. Now sincethe matrix ( ) is scalarit is clearthat forany ¢ ¢ =c¢
It then follows that

mk;k(2" ):m;():

Now the previous operation of corvolving with the function ¢ ; correspnds, under
Langlands' duality, to multiplying a characterby 1, the characterof the determinart
represetation. Thus

m. ( )60, mw«.« (* )80, nv.« (* )60, n. ()60
Finally, by Lemma9.4 we have
m. .(1)60, m, ( )60

Also it isimmediatethat n. () = n. . (1). Thus,if Problem Q3 can be solved for

; ;  then Problem Q4 can be aswell. By combining this with Theorem 9.17, we
concludethat for GL(") ProblemsQ3 and Q4 are equivalert. Sincewe have proved
that 1 is a saturation factor for the Problem Q3 it is alsoa saturation factor for Q4.

9.7 Computations for the root systems B, and G»

Given a root systemR, the intersectionD3(X)\ P(R-) is a semigroupwhose nite

generatingset (a Hilbert basis can be computed oncewe know the explicit stability
inequalitiesde ning the corvex coneD3(X ). We have performedthesecomputations
for the root systemsR = B,; G, using the program 4ti2 (which could be found at
http://www.4ti2.de) and the stability inequalitiesestablishedin [KLM1]. Let $ ;%>
be the long and short fundamertal coweights for the root systemR; belov we will

usethe coordinates[x; y] for the coveight x$ 1 + y$ ».

B, computation. The Hilbert basisin the caseR = B, consistsof the following

8 triples ( ; ; ) and their permutations under the S; action:
c .0 . 0 1.1 0 |
1" 1 "0 ’ o' 0 " o0 ’
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O Oor oOpR
©O Or RO
O OFr RO
O RrFLr NO

OPFr OFr O°Fr
oOpFr OFr OFF

11 1 1
We note that the rst 5 generatorsare represeted by at triangles cortained in an

apartment in X and therefore are solutions of Q4 (and of courseof Q3). The last
three generatorsare not solutionsof Q3 since + + 2 Q(R-).

Howewer, a direct computation (using Littelmann triangles) shaws that for every
generator( ; ; ) amongthe last 3 generatorsin our list, (2 ;2 ;2 ) is a solution
of Q4. Therefore,sincethe solution set of Q4 forms a semigroup,we obtain

Prop osition 9.31. If ( ; ; ) belongsto D3(X)\ X (T) thenthetriple (2 ;2 ;2 )
is a solution of the problemQ4 for the group Sp(4).

We next obsene that the solution set of the problem Q3 for the group Spin(5) is
not a semigroup. Indeed, using the coordinates asin the Example 7.9, considerthe
triples ( °= (4;1); °= (L;1); °= (LD), ( ®= (1;1); = (1;1); ®= (2,0)). As
in section9.5,the rst triple is a solution of the problem Q3 for Spin(5), the second
triple represes a at triangle with the vertices(0; 0); (1; 1); (2; 0) in the apartmert.
Howewer ( O+ ©9 04 0004 0§=( - - )ijsthe triple from the Example 7.9, and
thereforeis not a solution of Q3.

G, computation. The Hilbert basisin the caseR = G, consistsof the following

triples ( ; ; ) andtheir permutations under the S; action:
0 o 0 1 1 0
1 ) 1 ) O ) O ) O ) O )
c .0 . 0 i .1 1 |
11 1 ’ O’ 0 " o0 ’
1 1 0 1 2 0
O’ 0 ' 3 ’ O’ 0 ' 3 ’
1.0 .0 | i .0 0 |
o' 1 ' 1 ’ o' 1 ' 2 ’
1 1 . 0
o’ 0 ' 2 ’
1 1 0 1 1 1
O’ 0 " 1 ’ O’ 0 " 1
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The rst 9 generatorsaresolutionsof Q4 andthe last two generatorsare only solutions
of Q3. Howewer onecanshav (arguing analogouslyto the Example 7.9) that the sum
of the last two generators,

2 2 1

o' 0 ' 2
is not a solution of Q3. Hencethe solution set of Q3 for the root systemG; is not a
semigroup.On the other hand, a direct computation shavsthat for both k = 2,k = 3
the triples

are solutions of Q4. Therefore, since the solution set of Q4 is a semigroup and
becausesat natural number k 2 hasthe form 2n+ 3m;n;m 2 N[ fOg, we get:

Prop osition 9.32. For eachk 2 N nf 1g the semigioup
k (Ds(X)\ P(R-))

is contained in the solution set of Q4.

10 App endix: Decomp osition of tensor pro ducts
and Mumford quotien ts of products of coad-
join t orbits

10.1 The existence of semistable triples and nonzero invari-
ant vectors in triple tensor pro ducts

In this sectionwe will assumehat G is areductive complexLie groupwith Lie algebra
g and Weyl group W. We let K be a maximal compactsubgroupof G and T be a
maximal torus in G and B be a Borel subgroupcortaining T. We let h denotethe
Lie algebraof T. We may chooseT sothat it is presened by the Cartan involution
of G correspndingto K. Let g = k p denotethe Cartan dﬁcomp)sition of the
Lie algebrag of G and let a := h\ p. Then multiplication by 1 interchangesp
and k We let X := G=K be the asseiated symmetric space. The choice of B is
equivalent to a choice of positive roots or a positive chamber a. We will be
sloppy throughout with the di erence betweenthe solution setsfor Problem Q1 for
G and G- sincethesesetsare canonicallyisomorphic(say by usingan Ad K invariant
metric on K). In the similar fashionwe will identify k with k and p with p .

We will use the following notation. Let 2 a be a dominant weight for the
torus T. Then we let V be an irreducible G{module with the highest weight
(so V is unique up to isomorphism). We let  be the highest weight of the dual
represemation, so = wg( ) wherew, is the longestelemen in W.
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For ea fundamertal weight ILg)elongingto a p wede ne the coadjoint orbit,
O k,to bethe Ad K{orbit of 1 .

Let 2 a beadominant weight. Then the coadjoirt orbit O as above carries
a natural homogeneousomplexstructure (see[Vo, Chapter 1]) sothat the coadjoirt
action of K on O extendsto a holomorphic action of G. The dominant weigh
de nes a very ampleline bundle L over O and the action of G on O extendsto a
holomorphicactionGy L .

The key point in what follows is the famoustheorem of Borel and Weil below,
Theorem10.1, seee.g. [Vo, Chapter 1].

Theorem 10.1. The space of holomorphicsections ( O ;L ) of L is isomorphicas
a G{module to the G{module V .

Now let and bedominart weighs. In this sectionwe will discussthe problem
of nding the possibleirreducible constituerts of tensorproductsV V. Of course
this is equivalent to nding for which triples , , , the spaceof G{invariants

(V. V V)®=Homg(V ;V V)

IS nonzero.
Givendominant weights ; ; we de ne complex G{manifold

O . =0 O O:
We also have the outer tensor product
L..:=L L L

which is a very ample G{in variant line bundle overO. .

Sincethe line bundle L. . is very ample, it determinesa G|equiv ariant holo-
morphic embeddingF of O. . into P(V V V) ). Wewill usethe notation

M. . =F(@O, ;)==G

for the Mumford quotient assaiated with this line bundle. Seethe end of section6.1
for further discussion;note that herewe have shortenedthe notation M (. . ).sst(B)
(in x6.1)to M . ..

Lemma 10.2. The maduli space of triangles in the in nitesimal symmetric space p
with  {side lengths , , is canonically homemorphic to the Mumford quotient
M . . dened alove.

Proof: By a theorem of Kempf and Ness[KN], the Mumford quotient M . . is
canonically homeomorphicto the symplectic quotient O. . =sAd (K). It is a stan-
dard argumert (essetially the formula for the momert map of the action of the
diagonal subgroupof a product) that

O. .==Ad (K)=1f(; ; )20. . : + + = 0g=Ad (K):
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Howeer the latter is canonically isomorphicto the moduli spaceof triangles in p
with the {side lengths ; ; 2 . O

Thus
M. .6; () (;;)2Ds(p () (; ;)2Ds(X):
The main goal of this sectionis to prove Theorem 10.3,that relatesthe existence

of semistabletriples in O. . and the existenceof nonzeroinvariants in triple tensor
products of irreducible represetations of G.

Theorem 10.3. For each triple of dominant weights ; ; 2 a the following are
equivalent:

1. There existsa positive integer k > 0 suchthat (Vi Vi Vi )¢ 6 0.

2. M. . 6;,ie. there existsa semistablepoint in O. . .

Remark 10.4. Theorem10.3impliesthatif (v~ V  V)® 8 0 thenthere existsa
weightel semistablecon guration on @i X of type ( ; ; ). Howeverthe converse
is false as we haveseen in section 9.5.

Theorem 10.3will follow from the next two lemmas.

Let A bethe gradedring assaiated to the projective variety F(O. . ). Then by
de nition A®) is the set of restrictionsto F(O. . ) of the homogeneougpolynomials
of degreek in the projective coordinates given by a basisof

V V. V=(v V V)):

Thus
AW = (0. ;L. .) k=1®:;

Herel ) is the degreek{summand of the gradedideal of polynomialsin the sections
of L. . that vanishon O. .. Equivalertly, | %) is the degreek componert of the
ideal I of polynomialsthat vanishon F(O. . ) in the ring of polynomials on
P(V V V))

Now another de nition of the Mumford quotient is Proj(A®) where A® is the
subring of G{in variants of the gradedring A. We de ne another gradedring R by

M
R = (O. .;(L L L)YM:
k=0
Below and in what follows, if U; U, are Gy; Go{modules,then U; U, denotesthe
G: Gy{module with the underlying vector spaceequalto the tensorproduct U; Us,.

Wede ne agradedG G G{module R°by
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We will abusenotation and use R°to denotethe restriction of the previous module
to the diagonalin G G G. Then, we have an isomorphismof G{modules

o M
R"= M M W)
k=0

Lemma 10.5. Thereis a canonical isomorphismof graded (G G  G){modules
R =R

Proof: The lemmafollows from the following three equations. First, let M; and M,
be complexmanifoldsand L 1, resp. L,, be a holomorphicline bundle over M4, resp.
M,. First we have

(L: L) “=1L,% L,
Next, we have

(M1 MyLy L2)= (Mg Li)  (MgLy):

Finally, for a natural number k, a dominant weight ~ and the correspnding orbit O
we have
(0L )= (0 ;L) O

Next we shav that A and R are isomorphic. This is the exceptionalfeature of
the homogeneousituation. The key point, the surjectivity of the natural map below,
was pointed out to us by LawrenceEin.

Lemma 10.6. Thereisanatural G G G{equivariant isomorphismfrom the graded
ring A to the grade ring R.

Proof: To obtain the desiredmap from the gradedring A to the gradedring R we
obsene that for any complex manifold M and holomorphic line bundle L over M
there is a natural map (usually not onto) from ( M;L) Xto ( M;L ¥). Hencethere
is a natural map from A® to R, The exceptionalfeature hereis that this natural
map is onto.

To seethis we note that by the theoremof Borel and Weil the actionof G G G
on R® is irreducible. But the imageof A in R® is an invariant subspace.Hence
AK) mapsonto R, Clearly the map is injective (becausewe have divided by the

ideal | (), O

Theorem 10.3 follows by taking G{invariants from the G{isomorphism A = R®.
Indeed, there emstsatnengle with {side | ngths , » , the Mumford quotient
M. . isnonempy, ( ., A®)¢60, (M Ve W)eso. O

Remark 10.7. The reason that the existene of a nonzeo G{invariant doces not
follow from the existene of a triangle is that the lowestdegree G{invariant might not
havedegree 1, that is, it is possiblethat

(RME = fog but (RS 6 0 for somek > 1:
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10.2 The semigroups of solutions to Problems Q1 and Q4

We will useSg to denotethe semigroupof dominart charactersof G henceforth. We
beginthis sectionby noting that the setof triples of dominant characters( ; ; ) that
belongto D3(X) is a subsemigroupSyiangie  Sg (Sinceit is determinedby a system
of homogeneoudinear inequalities). Moreover, sincetheseinequalities have integral
coe cients, the subsemigroupSy iangie iS nitely generated. We let S;¢, denote the
subsetof D3(X )\ S& which consistsof thosetriples ( ; ; ) for which

(V V V)¢so:

Werecallthat if S; S, is an inclusion of semigroupsthen the saturation of S;
in S, is the semigroupof elemens of s 2 S, sud that for somepositive integer n we
havens 2 S;.

Theorem 10.8. 1. The set S¢p is @ subsemigoup of the semigoup S2 (and of
Str iangle)-

2. The saturation of S;ep in S iS Syiangle-

First we needa generallemma. Let G; be a complex reductive group, B; be a
Borel subgroupof G; and and bedominant characters(asin the beginningof the
appendix). Werecall that the irreducible represetation V , is always anirreducible
constituert of multiplicit y 1 in the tensorproductV. V. Let :V VI V.,
be the G,{equivariant projection.

Lemma 10.9. Letv; 2V andv, 2 V be nonzepo vectors. Then

(vi v») 6 0:

Proof: Let M = G;=B;. We apply the Borel-Weil Theoremto obtainV = ( M;L ),
V = (M;L)andV ., = (M;L + ). Then v; correspndsto a sections; and
V, correspndsto a sections,. Hence (vi V,) correspndsto the product section
s; S, of the product line bundleL . . But sinceM is irreducible the product section
cannot be zero. O

Now we can prove the theorem.

Proof: Let ( i; i; i) 2 Siep @nd let v; be a nonzeroG{in variant vector in

vV, V., Vi=1L1L2

WetakeG;:=G G GandB;:=B B B,whereB G isaBorel subgroup

as before;we have the G;{modules
V=V, V, V,;V =V, V

Then
V V :(Vl VZ) (Vl VZ) (Vl VZ)
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By the above lemma, the vector (vi V») is nonzero.Sinceit is clearly G{in variant,
(V1+2 V1+2 V1+ 2)G60:

Hence( 1+ 3, 1+ 5 1+ 2)2 Sg andthe rst statemert of Theorem follows.
The secondstatemern follows from Theorem 10.3. O

Theorem 10.10. There existsa (nonzemw) k 2 N degending only on the group G so
that k Str iang le Srep-

Proof: By Gordan'slemma, see[Fu2, Proposition 1, Page12], the semigroupSy iang e
is nitely generated.Choosea nite setof generatorss,;:::; s, of this semigroup. For
eat generators; there exists a positive integerk; sud that

ki Si 2 Srep;

seeTheorem10.3. Then take k = LCM (Ky; :::; Km). O

Therefore, since S, cortains nitely generatedsemigroupk Syiangle as a sub-
semigroupof nite index, we get

Corollary 10.11. S;¢p is nitely genented.
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