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Abstract

In this paper we apply our results on the geometry of polygonsin in�nitesi-
mal symmetric spaces,symmetric spacesand buildings, [KLM1, KLM2], to four
problems in algebraic group theory. Two of theseproblems are generalizations
of the problems of �nding the constraints on the eigenvalues (resp. singular
values)of a sum (resp. product) when the eigenvalues(singular values)of each
summand (factor) are �xed. The other two problems are related to the nonva-
nishing of the structure constants of the (spherical) Hecke and representation
rings associated with a split reductive algebraic group over Q and its complex
Langlands' dual. We give a new proof of the \Saturation Conjecture" for GL(`)
as a consequenceof our solution of the corresponding \saturation problem" for
the Hecke structure constants for all split reductive algebraic groups over Q.

1 In tro duction

In this paper we will examineand generalizethe algebraproblemslisted immediately
below from the point of view of spacesof non-positive curvature. Let � , � and 
 be
m-tuples of real numbers arrangedin decreasingorder. In Problem P3 we let K be
a complete,nonarchimedeanvalued �eld. We assumethat the valuation v is discrete
and takesvalues in Z. We let O � K be the subring of elements with nonnegative
valuation.

In order to state Problems P2 and P3 below we recall some de�nitions from
algebra. The singular valuesof a matrix A are the (positive) square-roots of the
eigenvaluesof the matrix AA � . To de�ne the invariant factors of a matrix A with
entries in K note �rst that it is easyto seethat the double coset

GL(`; O) � A � GL(`; O) � GL(`; K)

is represented by a diagonal matrix D := D(A). The invariant factors of A are the
integers obtained by applying the valuation v to the diagonal entries of D. If we
arrangethe invariant factors in decreasingorder they are uniquely determinedby A.
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In the Problem P4 we will assumethat � , � and 
 are dominant weights of
GL(m; C) (i.e. they are vectors in Zm with nonincreasingentries) and that V� , V�

and V
 are the irreducible representations of GL(`; C) with thesehighest weights.

Now we can state the four algebraproblemsthat interest us here, following the
presentation in [Fu1].

� P1. Eigen values of a sum. Give necessaryand su�cien t conditions on � , �
and 
 in order that there exist Hermitian matrices A, B and C such that the
set of eigenvalues(arranged in decreasingorder) of A, resp. B , resp. C is � ,
resp. � , resp. 
 and

A + B + C = 0:

� P2. Singular values of a pro duct. Give necessaryand su�cien t conditions
on � , � and 
 in order that there exist matrices A, B and C in GL(m; C) the
logarithms of whosesingular valuesare � ; � and 
 , respectively, so that

AB C = 1:

� P3. In varian t factors of a pro duct. Givenecessaryand su�cien t conditions
on the integer vectors � , � and 
 in order that there exist matrices A, B and
C in GL(m; K) with invariant factors � ; � and 
 , respectively, so that

AB C = 1:

� P4. Decomp osing tensor pro ducts. Give necessaryand su�cien t condi-
tions on � , � and 
 such that

(V� 
 V� 
 V
 )GL (m;C) 6= 0:

Theseproblemshave a long history which is described in detail in [Fu1]. Their
completesolution and the relation betweenthem were establishedonly recently due
to the e�orts of several people. It turns out that the sets of solutions (� ; � ; 
 ) for
ProblemsP1 and P2 form the samepolyhedral conein R3m . This polyhedral cone
is given by a �nite systemof linear homogeneousinequalities involving the Schubert
calculusin the GrassmanniansG(p;Cm ). The setsof solutions (� ; � ; 
 ) for Problems
P3 and P4 are also the same,namely the integral points in the above polyhedral
cone. We refer to [AW], [AMW ], [Fu1], [EL], [Kly1], [Kly2] and [Bel] for more details
and further developments.

The above description of the set of solutions to Problem P1 using the Schubert
calculuswas proved by A. Klyachko [Kly1], with an improvement by P. Belkale [Bel]
after much classicalwork. The equivalenceof Problems P1 and P2 was proved by
Klyachko [Kly2]. The equivalenceof ProblemsP3 and Problem P4 is due to P. Hall,
J. Green and his student, T. Klein [Kle1] and [Kle2]; seealso [Mac, pg. 100] and
[Kle1] for the history of this problem. The description of the solutions to Problem
P4 asthe setof integral points in the above polyhedral coneis dueto A. Knutson and
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T. Tao, [KT ] (seealso [DW]). The Knutson-Tao theorem combined with the above
equivalenceof ProblemsP3 and P4 establishesthat the set of solutions to Problem
P3 is alsothe set of integral points in the above polyhedral cone. In what follows we
reversethis path: we �rst prove directly that the set of solutions to Problem P3 is
the set of integral points in the above polyhedral cone,then using the equivalenceof
ProblemsP3 and P4 we deducethat this set is also the set of solutions to Problem
P4.

The algebraproblemsabove extend naturally to generalreductive groups. Let F
be either the �eld R or C, and let K be a nonarchimedeanvalued �eld with discrete
valuation ring O and the value group Z. For the statements below (and in what
follows) involving the Heckering wewill alsoneedto assumethat K is locally compact,
that is, we will assumethat K is a totally-disconnected local �eld, see[Ta, pg. 5].
However by applying Theorem 1.6, it follows that Theorems1.13 and 1.16 hold in
the casewhen K is not locally compact (for examplethe casein which K = C((t))
the �eld of fractions of the ring of formal power seriesC[[t]]).

For simplicity, let us considerhere and throughout this Introduction a split re-
ductive group G over Q, seechapter 4 for a more generaldiscussion.

� Q1. Eigen values of a sum. Set G := G(F), let K be a maximal compact
subgroupof G. Let g be the Lie algebraof G, and let g = k+ p be its Cartan
decomposition. Give necessaryand su�cien t conditions on � ; � ; 
 2 p=Ad(K )
in order that there exist elements A; B ; C 2 p whoseprojections to p=Ad(K )
are � ; � and 
 , respectively, so that

A + B + C = 0:

� Q2. Singular values of a pro duct. Let G and K be the sameas above.
Give necessaryand su�cien t conditions on � ; � ; 
 2 K nG=K in order that
there exist elements A; B ; C 2 G whoseprojections to K nG=K are � ; � and 
 ,
respectively, so that

AB C = 1:

� Q3. In varian t factors of a pro duct. Set G := G(K) and K := G(O). Give
necessaryand su�cien t conditionson � ; � ; 
 2 K nG=K in order that thereexist
elements A; B ; C 2 G whoseprojectionsto K nG=K are� ; � and 
 , respectively,
so that

AB C = 1:

Equivalently, if c� , c� and c
 arethe characteristic functionsof the abovedouble
cosetsand c� �c� �c
 =

P
� m�;� ;
 (� ) c� , is the triple product in the Hecke algebra

H G (seechapter 9), give necessaryand su�cien t conditions on � , � and 
 so
that

m�;� ;
 (1) 6= 0:
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� Q4. Decomp osing tensor pro ducts. Let G_ be the Langlands' dual group
of G, seeDe�nition 2.13. Give necessaryand su�cien t conditions on highest
weights � ; � ; 
 of irreducible representations V� , V� , V
 of G_ := G_ (C) sothat

(V� 
 V� 
 V
 )G_
6= 0:

Equivalently, if ch(V� ) is the character of the irreducible representation of G_

with the highest weight � and ch(V� ) � ch(V� ) � ch(V
 ) =
P

� n�;� ;
 (� ) ch(V� ), is
the triple product in the representation ring R(G_ ), givenecessaryand su�cien t
conditions on � , � and 
 so that

n�;� ;
 (1) 6= 0:

Here 1 denotesthe trivial character (corresponding to the zeroweight vector).

Remark 1.1. Throughoutthe paper we wil l refer to triples (� ; � ; 
 ) which belongto
the solution setsof ProblemsQ1, Q2, Q3 and Q4 as solutionsof ProblemsQ1, Q2,
Q3 and Q4 respectively.

Remark 1.2. The product � in Q3 is the convolution product in the Hecke algebra.
ProblemsQ3 and Q4 are related by the Satake isomorphismS, which is an isomor-
phism from H G 
 Z[q1=2; q� 1=2] to R(G_ ) 
 Z[q1=2; q� 1=2], where q is the order of the
residue�eld of K (assuming that K is locally compact and q is �nite). HoweverS
does not sendc� to a multiple of ch(V� ) but rather S(c� ) and qh�;� i ch(V� ) di�er by
terms of lower order in the dominance order. Here h� ; � i is a half-integer, see chapter
9.

The quotient spacesp=Ad(K ) and K nG=K in ProblemsQ1 and Q2 are naturally
identi�ed with the EuclideanWeyl chamber � insidea Cartan subspacea � p. Notice
that in the casethat F = C, wehavethat p = i �kandProblemQ1 canbereformulated
as �nding necessaryand su�cien t conditions on triples of Ad(K )-orbits in k in order
that they contain elements with sum zero.

The doublecosetspaceappearingin Problem Q3 is a moresubtle discreteobject,
namely the intersectionof � with a certain lattice L G � a. To be more preciselet T
be a maximal split torus of G. Let X � (T) be the lattice of cocharacters(i.e. algebraic
one-parametersubgroups)of T. Then L G = X � (T) if G is split over Q. If the group
G does not split over Q, the extended cocharacter lattice L G contains X � (T) as a
subgroupof �nite index, seesection4.4 for the precisede�nition of this lattice.

We now explain the appearanceof the dual group G_ in Problem Q4. The torus
T correspondsnaturally to a maximal torus T _ of G_ such that the character group
X � (T_ ) of T_ satis�es the duality

X � (T_ ) = X � (T):

Thus a = X � (T_ ) 
 R = X � (T) 
 R. The set of highestweights in Problem Q4 is the
intersection of the cone � � a with the lattice X � (T_ ). Thus the parameter space
� inv f act of the ProblemQ3 and the parameterspace � tensor of ProblemQ4 are equal.
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In this paper, we reformulate the algebraproblemsQ1{ Q3 asgeometric problems
which are special casesof a geometricquestionraisedand studied in [KLM1, KLM2].
We �x a Euclidean Coxeter complex (E; Waf f ) with the Euclidean Weyl chamber
� �= E=Wsph, and consider nonpositively curved metric spacesX with geometric
structuresmodeled on (E; Waf f ). The spacesof this kind which weareinterestedin are
symmetric spacesof nonpositive curvature, their in�nitesimal versions(in�nitesimal
symmetric spaces, seesection5.2), and Euclideanbuildings. For such spacesX there
is a notion of �-length for oriented geodesicsegments which re
ects the anisotropy
of X . This leadsto the following problem:

� GTI: Generalized Triangle Inequalities. Give necessaryand su�cien t con-
ditions on � ; � ; 
 2 � in order that there exists a geodesictriangle in X with
�-side lengths � ; � and 
 .

As explainedin section5.4, for a symmetric spaceX , the problem GTI is equiv-
alent to the Singular Value Problem Q2. For an in�nitesimal symmetric spaceX , it
is equivalent to the Eigenvaluesof a Sum Problem Q1:

Theorem 1.3. Supposethat G is a reductive algebraic group over R and F = C or
F = R, X = G=K is the symmetric space corresponding to G = G(F). Then the
solution set for the ProblemQ1 for G is equal to the solution set for the ProblemQ2
for G, and is equal to the set D3(X ).

The GeneralizedTriangle Inequalitieshave beendeterminedin the papers[KLM1]
and [KLM2] in full generality.

Theorem 1.4 ([KLM1, KLM2 ]). Supposethat X is a symmetric space of noncom-
pact type, or an in�nitesimal symmetric space or a thick Euclidean building. Then:

1. The set D3(X ) � � 3 of triples (� ; � ; 
 ) for which a triangle in the Problem
GTI (for X ) exists, is a polyhedral cone.

2. D3(X ) dependsonly on the spherical Coxeter complexassociated to X . More
precisely,supposethat X ; X 0 are metric spaces(eachof whichis either an in�nitesimal
symmetric space or a nonpositively curved symmetric space or a Euclidean building)
modeled on Euclidean Coxeter complexes(E; Waf f ); (E 0; W 0

af f ) respectively. Then
each a�ne embedding f : E ! E 0 which induces an embedding � of the spherical
CoxetergroupsWsph ! W 0

sph, inducesan embeddingD3(X ) ! D3(X 0). In particular,
if f and � are also surjective, then the map D3(X ) ! D3(X 0) is a bijection.

Corollary 1.5. Let G; G0 are (real or complex)Lie groupsas in Theorem 1.3, which
have isomorphic Weyl groups W; W 0. Then the ProblemsQ1 and Q2 for G are
equivalent to the ProblemsQ1 and Q2 for G0.

Combining this, for instance, with the description of the polyhedron D3(X ) for
complex semisimpleLie algebrasin terms of Schubert calculus [BeSj, KLM1], one
obtains a method for determining the polyhedronD3(X ) (and hencethe solution sets
for the algebraproblemsQ1 andQ2) in general.The equivalenceof ProblemsQ1 and
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Q2 (known as Thompson'sConjecture) for someclassicalgroups (including GL(`))
wasproved by Klyachko in [Kly2], for all complexsemisimplegroupsin [AMW], and
in generalcaseby Evensand Lu in the recent paper [EL], using di�erent methods.

The Invariant Factor Problem Q3 correspondsto the casewhenX is a Euclidean
building and in this casethe inequalitiesde�ning D3(X ) giveonly necessaryconditions
on (� ; � ; 
 ) to solve the algebraic problem Q3. Solutions of the algebraic problem
correspond to triangles in X that have vertices with stabilizers conjugate to G(O)
(seechapter 5). We thus have to re�ne the geometricproblem taking into account the
lack of homogeneity in Euclideanbuildings. To do so,we introducea re�ned notion of
length for oriented geodesicsegments xy, called re�ned length� r ef (x; y), which keeps
track of the location of endpoints; � r ef takesvaluesin (E � E)=Waf f . We thus are
lead to the following problem:

� RGTI: Re�ned generalized triangle \inequalities". Give necessaryand
su�cien t conditions on � ; � ; 
 2 (E � E)=Waf f in order that there exists a
geodesictriangle in X with re�ned side lengths � ; � and 
 .

We have only partial results regarding this problem. We have the following com-
parisonresult for the set D r ef

3 (X ) � ((E � E)=Waf f )3 of triples which can be realized
as re�ned side lengths of a triangle in X .

Theorem 1.6 (T ransfer theorem, [KLM2 ]). Let X and X 0 be Euclidean buildings
modeled on Coxetercomplexes(E; Waf f ) and (E 0; W 0

af f ) of the samedimension. Then
each embedding (E; Waf f ) ,! (E 0; W 0

af f ) of Coxeter complexesinduces an embedding
D r ef

3 (X ) ,! D r ef
3 (X 0).

In particular, if the Coxeter complexes(E; Waf f ) and (E 0; W 0
af f ) are isomorphic

then the isomorphisminducesa bijection D r ef
3 (X ) ! D r ef

3 (X 0).

Remark 1.7. 1. Theorems1.4 and 1.6 are also valid for n-gons.

2. A special caseof the transfer theorem used in the presentpaper is whenWaf f =
W 0

af f , E = E 0, the map E ! E 0 is a Euclidean dilation � , the 
at metric on E is
obtained via pull-back of the 
at metric on E 0 via � .

For applications to the algebraproblemsQ3 and Q4 we have to imposefurther
integrality conditions on the side lengths. Set L := L G and let X := X G denote
the Bruhat-Tits building associated with the group G = G(K). We de�ne the set
� L of L-integral � -lengthsas the intersection � \ L � o, where o is the vertex of E
�xed by Wsph. We will identify o with the origin 0 2 E and thus identify L � o with
L. We de�ne the set of L-integral re�ned lengthsas (L � L)=Waf f . The Invariant
Factor Problem Q3 is then equivalent to determining the set D r ef ;L

3 (X ) of possible
L-integral re�ned side lengths for triangles accordingto the following theorem (the
�rst statement is explained in x5.4, the secondfollows immediately from the �rst
together with Theorem1.4).

Theorem 1.8. Let � ; � ; 
 2 (� \ LG)3. Then
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1. There exists a geodesic triangle in the X with re�ned side-lengths� ; � ; 
 ,
(� ; � ; 
 ) is a solution of ProblemQ3.

2. (� ; � ; 
 ) is a solution of ProblemQ3 ) (� ; � ; 
 ) is a solution of ProblemQ2.

We have the natural map (seex7)

� : D r ef ;L
3 (X ) ! L3 \ D3(X ); (1)

and our goal will be to identify its image. (The map � is induced by identifying
parallel directed segments in E.) We will show that

�(D r ef ;L
3 (X )) � D L; 0

3 (X ) := f (� ; � ; 
 ) 2 L 3 \ D3(X ) : � + � + 
 2 Q(R_ )g:

We remind the reader that �(D r ef ;L
3 (X )) is the set of solutions to Problem Q3,

that is:

�(D r ef ;L
3 (X )) = f (� ; � ; 
 ) 2 (L \ �) 3 : 1 2 K � (� )K � (� )K 
 (� )K g:

The following theorem, a consequenceof a recent theorem in logic of M. C. Las-
kowski [La], building on work of S. Kochen [Ko], revealsthe generalstructure of the
imageof D r ef ;L

3 (X ) in D L; 0
3 (X ) � L3. De�ne a subsetof L 3 to be elementaryif it is

the set of solutions of a �nite set of linear inequalitieswith integer coe�cien ts and a
�nite set of linear congruences.Then Laskowski provesthe following

Theorem 1.9 (M. C. Laskowski, [La ]). There is an integer N = NG, depending
only on G, such that for any nonarchimedean Henselian valued �eld K with value
group Z and residuecharacterstic greater than N we have

�(D r ef ;L
3 (X )) � L3 is a �nite union of elementarysets:

Remark 1.10. It follows from our Transfer Theorem above that Theorem 1.9 holds
for all completenonarchimedean valued �elds K. This is becauseall the groups G,
as K varies, have the same Coxeter complex. Hence by our Transfer Theorem for
a split group the set �(D r ef ;L

3 (X )) does not depend on K. Therefore, once the above
statementis true for one of them it is true for all of them.

Problem 1.11. Find the corresponding inequalities and congruences.

We will seein section9.7 that the set �(D r ef ;L
3 (X )) is not a semigroupfor the root

systemsB2; G2.

We cansolve the Problem 1.11and thus the Problem Q3 for the following groups:

Theorem 1.12. a. Let G = SL(`) or G = GL(`). Then the embedding (1) is onto.

b. If G is covered by SL(`) (and whence L = L G k LSL (`)), then the imageof (1)
is the subsetof the triples (� ; � ; 
 ) in � 3

L \ D3(X ) suchthat

� + � + 
 2 LSL (`) :
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A similar statement holds for a more generalclassof groups,seeTheorem 8.15. For
example,the conclusionof part (a) holdsfor the groupsSL(`; D) whereD is a division
algebraover K.

In general, the map (1) is not surjective: Counterexamplesfor the groups G =
Spin(5) and G = Sp(2`); ` � 2, are given in section 7.2. However, we have the fol-
lowing theorem(the solution of the \saturation problem" for the structure constants
of the Hecke algebra),seeCorollaries8.9, 8.11:

Theorem 1.13. There exist positive integerskinv f act(G) (dependingonly on the as-
sociated root systemR and the lattice L G) and kR (dependingonly on R), suchthat:

1. For k = kinv f act(G), the image of (1) contains D3(X ) \ k � � 3
L . Equivalently,

if (� ; � ; 
 ) 2 D3(X ) \ k � � 3
L then

mk�;k � ;k 
 (1) 6= 0:

2. The imageof (1) satis�es

kR � D L; 0
3 (X ) � I mage(�) � D L; 0

3 (X ):

Remark 1.14. We may reformulatethe abovetheorem without reference to the Gen-
eralized Triangle Inequalities as follows. Supposethere existsN suchthat

mN �;N � ;N 
 (1) 6= 0:

Then mk�;k � ;k � (1) 6= 0:

We have the following explicit formulae for kinv f act(G):

1. For a simply-connectedsplit simple algebraicgroup G over K with the associ-
ated root systemR of rank `, let � 1; :::; � ` be the simple roots and � be the highest
root:

� =
`X

i =1

mi � i : (2)

Then kinv f act(G) = kR is the least commonmultiple (LCM) of m1; :::; m` .
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2. In general(for split groups) we have:

Root systemR G kinv f act(G) kR

A` SL(` + 1) 1 1
A` GL(` + 1) 1 1
A` PSL(` + 1) ` + 1 1
B ` SO(2` + 1); Spin(2` + 1) 2 2
C` Sp(2`); PSp(2`) 2 2
D ` Spin(2`) 2 2
D ` SO(2`) 2 2

D ` ; ` > 4 PSO(2`) 4 2
D4 PSO(8) 2 2
G2 G 6 6
F4 G 12 12

E6
~G; Ad(G) 6 6

E7
~G; Ad(G) 12 12

E8 G 60 60

(3)

Here ~G denotesthe simply-connectedalgebraicgroup, the symbol Ad(G) denotesthe
algebraicgroup of adjoint type, i.e. the quotient of ~G by its center. In the caseof root
systemswith the index of connectionequal to 1, Ad(G) = ~G, so we have used the
symbol G to denotethe uniqueconnectedalgebraicgroup with the given root system.
Note that for the non-simply-connectedclassicalgroups we always get the order of
the fundamental group as the saturation factor (except for the group PSO(8)), we
refer the readerto chapter 8 for more details.

The above saturation constants are not necessarilythe smallest possible,for in-
stance, in x9.7 we prove that k = 2 is the least possiblesaturation constant in the
caseof the root systemG2. However for the root systemC` (` � 2) we cannot take
k = 1 as the saturation constant (seex7.2).

We now discussthe relation betweenthe DecomposingTensorProducts Problem
Q4 for a reductive complexLie group G_ = G_ (C) and the corresponding problems
of more geometricnature (Problems Q1{Q3 ). As we have pointed out before, the
dominant weights � ; � ; 
 of the group G_ belongto the intersectionof the lattice L G

with the cone�.
It is well-known, seeTheorem 10.3 in the Appendix, that, as in the caseof the

Invariant Factor Problem, every solution (� ; � ; 
 ) 2 X � (T_ )3 to the Problem Q4 for
G_ , lies in D3(X ), whereX is the symmetric spaceG=K (K is a maximal compact
subgroup of the complex Lie group G = G(C)). The converse in general is false,
however it is true up to \saturation". More precisely, there exists a positive integer
k = ktens (G) so that for any (� ; � ; 
 ) 2 X � (T_ )3 such that (� ; � ; 
 ) 2 D3(X ),

(Vk� 
 Vk� 
 Vk
 )G_
6= 0:
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SeeTheorem10.10.
Little is known about the saturation factors ktens . Sincethe solution set of the

ProblemQ4 is a semigroup,chapter 10, the minimal constant ktens canbe in principle
computedfor every givengroupG. In section9.7wewill show that onecantakek = 2
in caseof the root system B2 and one can take any k > 1 for the root system G2.
Note also that ktens (GL(`)) = 1 due to the solution of the Saturation Conjecture.

As discussedabove, the Invariant Factor ProblemQ3 is equivalent to a discretere-
�nement of the GeneralizedTriangleInequality Problemfor the appropriateEuclidean
building. The relationship betweenthe problemsQ3 and Q4 is moresubtle. For one
thing, the triangles with two straight edgesand oneedgea Lakshmibai-Seshadripath
(to be called Littelmann triangles below) used in [L1] to study the decomposition
of the tensor products of representations have striking similarities with the \billiard
triangles", which are foldingsof triangles in Euclideanbuildings into apartments (see
section7.1). We pose

Problem 1.15. Characterize the set of billiard triangles in an apartment of a Eu-
clidean building X that can be unfolded to triangles in X .

We refer the reader to section 7.1 for a conjecturedescribingunfoldable billiard
triangles via the Lakshmibai-Seshadripaths. Instead of pursuing this geometriccon-
nection betweenthe two problems,we establisha connectionbetweenProblemsQ3
and Q4 through the Satakeisomorphism. We prove the following

Theorem 1.16. Supposethat a triple (� ; � ; 
 ) 2 (X � (T))3 = (X � (T_ ))3 is a solution
of ProblemQ4. Then it is alsoa solution of ProblemQ3. In other words, existence of
a nonzero invariant vector in the triple tensorproduct for G_ (a \quantuum triangle")
implies the existence of a triangle (with the verticesin the G-orbit of the distinguished
vertex o stabilized by K , and � -side lengths � ; � ; 
 ) in the Euclidean building X G

associated with the dual group G = G(K).

In section 9.5 we give an example to show that the conversestatement is false
for the caseG = SO(5), whenceG_ = Sp(4; C), and another to show that it is
false for the caseG = G2 and G_ = G2(C). The secondexamplewas motivated by
unpublishedobservations of S. Kumar and J. Stembridge.

Wemake the following conjectureconcerningthe saturation factorsktens for Prob-
lem Q4:

Conjecture 1.17. Supposethat a triple � ; � ; 
 2 X � (T) = X � (T_ ) satis�es the Gen-
eralized Triangle Inequalities for the discrete Euclidean building X = X G associated
with the group G = G(K). Assumethat � + � + 
 2 Q(R_ ). Let k = kR be the sat-
uration constant for the root systemR (see chapter 3). Then the triple (k� ; k� ; k
 )
is a solution of ProblemQ4 for the group G_ . Equivalently, we conjecture that if for
someN the triple (N � ; N � ; N 
 ) is a solution of ProblemQ4 for the group G_ then
the triple (k� ; k� ; k
 ) is a solution as well.

This conjectureis consistent with the conjectureof Shrawan Kumar [Ku], to the
e�ect that there is a saturation factor ktens for Problem Q4 whoseprime factors are
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only the \bad primes" for the root systemassociated to G_ . We recall that the bad
primesfor a root systemare the primesthat divide the coe�cien ts mi in the equation
(2); they are de�ned and studied in [SpSt].

We concludeby pointing out how our result that the saturation factor for the
Invariant Factor Problem Q3 for the group GL(`) is 1 gives a new proof of the
Saturation Conjecture for GL(`) (the theorem of Knutson and Tao). Indeed, for the
caseof G = GL(`), Problems P3 and P4 have been known to be equivalent since
1968,due to the work of P. Hall, J. Greenand T. Klein [Kle1] and [Kle2].

In fact we know from Theorem1.16that the implication

(� ; � ; 
 ) is a solution of Problem Q4 =) (� ; � ; 
 ) is a solution of Problem Q3

is true for all split reductive groupsover Q.

This was the harder of the two implications for GL(`), proved by T. Klein in
[Kle1] and [Kle2], seealso [Mac, pg. 94{100].

The exceptional(i.e. not true for all split reductive groups) implication

(� ; � ; 
 ) is a solution of Problem Q3 =) (� ; � ; 
 ) is a solution of Problem Q4

was �rst proved for GL(`) by Philip Hall but not published. In fact it follows from
a beautiful and elementary observation of J. Green,which is set forth and proved in
[Mac, pg. 91-92],and which we will explain in x9.6.

SinceProblemsQ3 and Q4 are equivalent for GL(`) and 1 is a saturation factor
for Problem Q3, it follows that 1 is alsoa saturation factor for Problem Q4 as well.

This paper is organizedas follows.

In chapter 2 we review root systemsfor algebraicreductive groups.

In chapter 3 we discussCoxeter groups; we are also making somecomputations
with the root systemswhich will be critical for computation of the saturation factors.

In chapter 4 wesetup the generalalgebraproblemR which generalizesthe setting
of the Problems Q1{Q3 . We then discussin detail the parameter spacesfor the
ProblemsQ1{Q4 and their mutual relation.

In chapter 5 we �rst convert the problem R into an abstract geometry problem
about existenceof polygons with the prescribed generalizedside-lengths(Problem
5.1). Next, we introducea classof metric spaces(metric spacesmodeledon Euclidean
Coxeter complexes)and restate the abstract geometry problem for three classesof
such spaces:in�nitesimal symmetric spaces,nonpositively curved symmetric spaces
and Euclidean buildings. We introduce the notion of re�ned and coarse(the �-
length) generalizedside-lengthsfor the geodesicpolygonsin such metric spaces.For
the in�nitesimal symmetric spacesand symmetric spaces,the problem of existenceof
polygonswith the prescribed �-side lengthsis adequatefor solving the corresponding
algebraproblems(Q1 and Q2), but in the caseof buildings it is not.

In chapter 6 we describe the solution (given in [KLM1, KLM2]) to the problem
GTI of existenceof polygonswith the prescribed �-side lengths in the above classes
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of metric spacesX . We also discussthe relation of this solution to symplectic and
Mumford quotients. We describe the system of generalizedtriangle inequalities for
X and give an explicit set of inequalities in the caseof root systemof type B2.

In chapter 7 we show that the geometry problem GTI solved in the previous
chapter is not adequate(in the building case)for solving the algebraproblem Q3.

In chapter 8 weshow that in somecasessolution of the unre�ned geometryproblem
GTI given in chapter 6 solves the algebra problem Q3 as well (the caseof A-type
root systems). In the caseof the group GL(`) this results in the new proof of the
Saturation Conjecture. Moregenerally, weestablishexistenceof the saturation factors
k = kinv f act and compute thesenumbers; modulo multiplication by k the unre�ned
geometryproblem GTI is equivalent to the algebraproblem Q3.

In chapter 9 we comparethe algebraic problems Q3 and Q4 and give our new
proof of the saturation conjecturefor GL(m).

In the Appendix, chapter 10, we relate the solution set of the problem Q4 to
Mumford quotients and show that the former forms a semigroup. Although these
results are known to experts, we include them for the sake of completeness.
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When we told G. Lusztig of our Theorem 1.16 he informed us that although he
had not known the result beforeour message,it wasan easyconsequenceof his work
in [Lu2]. We shouldsay that our proof dependsin an essential way on Lusztig's paper
[Lu2]. We usehis changeof basisformulas, Lemma 9.13,and his realization that the
coe�cien ts in oneof thoseformulas wereKazhdan-Lusztigpolynomials for the a�ne
Weyl group, Lemma 9.14. Subsequently, an alternative proof of Theorem 1.16 was
given by Tom Haines[Ha2].
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2 The ro ot datum of a reductiv e group

Let G be a reductive algebraicgroup over a �eld F and T be a split torus in G. Our
goal in this section is to describe the root datum associated to the pair (G; T). The
readerwill �nd the de�nition of root datum in [Sp, x1].

2.1 Split tori over F

We recall that the algebraicgroup Gm is the a�ne algebraicgroup with coordinate
ring F[S;T](ST � 1) and comultiplication � given by �( T) = T 
 T; �( S) = S 
 S.

De�nition 2.1. An a�ne algebraic group T de�ned over F is a split torus of rank l
if it is isomorphic to the product of l copiesof Gm .

A character of an algebraic group T de�ned over F is a morphism of algebraic
groupsfrom T to Gm . The product of two charactersand the inverseof a character
are charactersand accordingly the set of charactersof T is an abelian group denoted
by X � (T).

Lemma 2.2. Suppose that T is a split torus over F of rank l. Then the character
group of T is a lattice (i.e. free abelian group) of rank l.

Proof: We have F[T] �= F[T1; T � 1
1 ; � � � ; Tl ; T � 1

l ]. A character of T corresponds to a
Hopf algebra morphism from F[Gm ] to F[T1; T � 1

1 ; � � � ; Tl ; T � 1
l ]. Such a morphism is

determined by its value on T. This value is necessarilya grouplike element (this
means�( f ) = f 
 f ). However the grouplike elements of F[T1; T � 1

1 ; � � � ; Tl ; T � 1
l ] are

the monomials in the Ti 's and their inverses. The exponents of the monomial give
the point in the lattice.

Corollary 2.3.
H om(Gm ; Gm ) �= Z:

We note that the previous isomorphismis realizedas follows. Any Hopf-algebra
homomorphism of coordinate rings is of the form T ! T n for someintegern. Then
the above isomorphismsends to n.

De�nition 2.4. A cocharacter or a one-parameter (algebraic) subgroup of T is a
morphism � : Gm ! T. The set of cocharacters of T wil l be denoted X � (T).

Lemma 2.5. Supposethat T is a split torus over F of rank l. Then the cocharacter
group of T is a free abelian group of rank l.

Proof: We have F[T] �= F[T1; T � 1
1 ; � � � ; Tl ; T � 1

l ]. A cocharacter of T corresponds to a
Hopf algebramorphism  from F[T1; T � 1

1 ; � � � ; Tl ; T � 1
l ] to F[Gm ]. Such a morphism

is determined by its value on T1; � � � ; Tl . Then  corresponds to the lattice vector
(m1; � � � ; ml ) whereTm i =  (Ti ).
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We de�ne an integer-valued pairing h ; i between characters and cocharacters
as follows. Suppose � is a cocharacter of T and � is a character. Then � � � 2
H om(Gm ; Gm ) �= Z. We de�ne h�; � i to be the integer corresponding to � � � .

We now describe two homomorphismsthat will be useful in what follows. Let
Te(T) be the Zariski tangent spaceof T at the identit y e.

De�nition 2.6. We de�ne � : X � (T) � ! Te(T) by

�( � ) = � 0(1):

Here 1 is the identity of GL(1; F) and � 0(1) denotesthe derivative at 1.

We also de�ne � _ : X � (T) � ! T �
e (T) by

� _ (� ) = d� je:

Remark 2.7. The character and cocharacter groupsX � (T); X � (T) are multiplicative
groups, the trivial (co)character wil l be denoted by 1. However,we wil l use the em-
beddings � and � _ to identify them with additive groups. This wil l be done for the
most part in chapters4 and 9.

2.2 Ro ots, coro ots and the Langlands' dual

The reductive group G picks out a distinguished �nite subsetof X � (T), the relative
root systemR = Rr el(G; T). A character of T is a root if it occurs in the restriction
of the adjoint representation of G to T. We let Q(R) denotethe subgroupof X � (T)
generatedby R and de�ne V := Q(R) 
 R.

We recall

De�nition 2.8. The algebraic group G is split over F if it has a maximal torus T
de�ned over F, which is split.

From now on we assumeG is split over F and T is a maximal torus as in the
above de�nition.

It is proved in [Sp,x2], that R � V satis�es the axiomsof a root system. Moreover
in the samesectionit is proved that to every root � 2 R there is an associated coroot
� _ 2 X � (T) such that h� ; � _ i = 2. We let R_ denotethe resulting set of coroots, let
Q(R_ ) be the subgroupof X � (T) they generateand V _ := Q(R_ ) 
 R. The root and
coroot systemR and R_ determine(isomorphic) �nite Weyl groupsW; W _ which acts
on V _ and V respectively. The action of the generatorss� ; s� _ of the group W; W _

on X � (T) and X � (T) are determinedby the formulae:

s� (x) := x � hx; � _ i � and s� _ (u) := u � hu; � i � _ :

We then have [Sp, x2]:

Prop osition 2.9. The quadruple	( G; T) := (X � (T); R; X � (T); R_ ) is a root datum.
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De�nition 2.10. Let 	 = (X ; R; X _ ; R_ ) and 	 0 = (X 0; R0; (X 0)_ ; (R0)_ ) be root
data. Then an isogeny from 	 0 to 	 is a homomorphism� from X 0 to X suchthat �
is injective with �nite cokernel. Moreover we require that � induces a bijection from
R0 to R and the transposeof � inducesa bijection of coroots.

Now supposef : G � ! G0 is a covering of algebraicgroups. If T is a maximal
torus in G then its imageT0 is a maximal torus in G0. The inducedmap on characters
givesrise to an isogeny of root data, denoted	( f ).

Conversely, we have [Sp, Theorem2.9]:

Theorem 2.11. 1. For any root datum 	 with reduced root systemthere exist a
connected split (over F) reductive group G and a maximal split torus T such
that 	 = 	( G; T). The pair (G; T) is uniqueup to isomorphism.

2. Let 	 = 	( G; T) and 	 0 = 	( G0; T0) and � be an isogenyfrom 	 0 to 	 . Then
there is a covering f : G � ! G0 with the image of T equal to T 0 such that
� = 	( f ).

Beforestating the next de�nition we needa lemma which we leave to the reader.

Lemma 2.12. If (X ; R; X _ ; R_ ) is a root datum so is (X _ ; R_ ; X ; R).

We now have

De�nition 2.13. Let G be a (connected) split reductive group over Q. Let 	 =
	( G; T) = (X ; R; X _ ; R_ ) be the root datum of (G; T). Then the Langlandsdual G_

of G is the unique (up to isomorphism) reductive group over Q which has the root
datum 	 0 = (X _ ; R_ ; X ; R).

In fact we will needonly the complexpoints G_ := G_ (C) of G_ in what follows.
We will accordinglyabusenotation and frequently refer to G_ as the Langlandsdual
of G. One has

(G_ )_ �= G:

3 Ro ot systems and Coxeter complexes

3.1 Ro ots and weights for reductiv e groups

In this subsectionwe review the properties of root systemsand Coxeter groups, we
refer the reader for a more thorough discussionto [Hum, Section4.2] and [Bo]. Let
R � V � be a root systemof rank n on a real Euclidean vector spaceV. We do not
assumethat n equalsthe dimensionof V . Note that in the caseof semisimpleLie
algebras,the spaceV will be a Cartan subalgebraa � g with the Killing form.

We will sometimesidentify V and V � usingthe metric. Let Q(R) � V � denotethe
root lattice, i.e. the integer span of R. This subgroupis a lattice in SpanR(R) � V ,
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it is a discretefree abelian subgroupof rank n. Given a subgroup� � R we de�ne a
collection H = H R;� of hyperplanes(called walls) in V as the set

H := f H �;t = f v 2 V : � (v) = tg; t 2 � ; � 2 Rg:

In this paper wewill bemostly interestedin the casewhen� is either Z or R, but much
of our discussionis more general. We de�ne an a�ne Coxeter group Waf f = WR;�

as the group generatedby the re
ections wH in the hyperplanesH 2 H. The only
re
ection hyperplanesof the re
ections in Waf f are the elements of H . The pair
(E; Waf f ) is called a Euclidean Coxeter complex, where E = V is the Euclidean
space.The verticesof the Coxeter complexarepoints which belongto the transversal
intersectionsof n walls in H . (This de�nition makessenseeven if n < dim(V), only
in this casethere will be continuum of verticeseven if � = Z.) If Waf f is trivial, we
declareeach point of E a vertex. We let E (0) denote the vertex set of the Coxeter
complex.

De�nition 3.1. An embedding of Euclidean Coxeter complexesis a map (f ; � ) :
(E; W) ! (E 0; W 0), where � : W ! W 0 is a monomorphismof Coxeter groupsand
f : E ! E 0 is a � -equivariant a�ne embedding.

Let L tr ans denote the translational part of Waf f . If � = Z then L tr ans is the
coroot lattice Q(R_ ) of R. In general,L tr ans = Q(R_ ) 
 �. The linear part Wsph

of Waf f is a �nite Coxeter group acting on V, it is called a spherical Coxeter group.
The stabilizer of the origin 0 2 E (which we will regard as a base-point o 2 E) in
Waf f maps isomorphically onto Wsph. Thus Waf f = Wsph n L tr ans . A vertex of the
Euclidean Coxeter complex is called special if its stabilizer in Waf f is isomorphic to
Wsph. We let E (0) ;sp denotethe set of special verticesof E.

Remark 3.2. The normalizer Naf f of Waf f (in the full group V of translations on
E) acts transitively on the set of special vertices. The vertex set E (0) of the complex
(E; Waf f ) contains Naf f � o, but typically it is strictly larger that. Moreover, in many
casesE (0) does not form a group.

We recall that the weight group P(R) and the coweight group P(R_ ) are de�ned
by

P(R) = f � 2 V � : � (v) 2 Z; 8v 2 R_ g;

P(R_ ) = f v 2 V : � (v) 2 Z; 8� 2 Rg:

Remark 3.3. In the case when n < dim(V) our de�nition of weights is di�er ent
from the one in [Sp].

Again, P(R) and P(R_ ) are lattices provided that n = dim(V), otherwise they
are nondiscreteabelian subgroupsof V. We have the inclusions

Q(R_ ) � P(R_ ); Q(R) � P(R):

The normalizer Naf f equalsP(R_ ) 
 �.
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The spherical Coxeter groups Wsph which appear in the above construction act
naturally on the sphereat in�nit y S = @1 E; the pair (S;Wsph) is called a spheri-
cal Coxeter complex. The de�nitions of walls, vertices, etc., for Euclidean Coxeter
complexesgeneralizeverbatum to the sphericalcomplexes.We will usethe notation
� sph � S for the sphericalWeyl chamber, � sph is the ideal boundary of the Euclidean
Weyl chamber � � E (i.e. a fundamental domain for the action Wsph y E, which is
boundedby walls).

From our viewpoint, the EuclideanCoxeter complexis a morefundamental object
than a root system. Thus, if the root systemR wasnot reduced,we replaceit with a
reducedroot systemR0 which has the samegroup Waf f : If � ; 2� 2 R we retain the
root 2� and eliminate the root � . We will assumehenceforththat the root systemR
is reduced.

Pro duct decomp osition of Euclidean Coxeter complexes . Supposethat
(E; Waf f ) is a EuclideanCoxeter complexassociated with the reducedroot systemR,
let R1; :::; Rs denotethe decomposition of R into irreduciblecomponents. Accordingly,
the EuclideanspaceE splits as the metric product

E = E0 �
sY

i =1

E i ;

where E i is spannedby R_
i , 1 � i � s. This decomposition is invariant under the

group Waf f which in turn splits as

Waf f =
sY

i =1

W i
af f ;

whereW i
af f = WR i ;� for each i = 1; :::; s; for i = 0 we get the trivial Coxeter group

W 0
af f . The group W i

af f is the imageof WR i ;� under the natural embedding of a�ne
groupsAf f (E i ) � !

Q s
i=1 Af f (E i ) = Af f (E).

Analogously, the sphericalCoxeter group Wsph splits as the direct product

W 0
sph � ::: � W s

sph

(whereW 0
sph = f 1g). The Weyl chamber � of Wsph is the direct product of the Weyl

chambers � 0 � � 1 � ::: � � s, where � i is a Weyl chamber of W i
sph and � 0 = E0.

Similarly, the normalizer Naf f of Waf f splits as

Naf f = V0 �
sY

i =1

N i
af f ;

whereV0 is the vector spaceunderlying E0 and N i
af f is the normalizer of W i

af f in the
group of translations of E i . Note that for each i = 1; :::; s the groupsW i

af f and N i
af f

act as lattices on E i . We observe that the vertex set of the complex(E; Waf f ) equals

E0 � E (0)
1 � ::: � E (0)

s ;
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where E (0)
i is the vertex set of the complex (E i ; W i

af f ). Similarly, the set of special
verticesE (0) ;sp of E equals

E0 � E (0) ;sp
1 � ::: � E (0) ;sp

s :

3.2 The saturation factors associated to a ro ot system

In this sectionwe de�ne and computesaturation factorsassociated with root systems.

De�nition 3.4. Let (E; Waf f ) be a Euclidean Coxeter complex,Waf f = WR;Z . We
de�ne the saturation factor kR for the root systemR to be the least natural number k
suchthat k � E (0) � E (0) ;sp = Naf f � o. The numbers kR for the irr educibleroot systems
are listed in the table (5).

Below we explain how to compute the saturation factors kR . First of all, it is
clear that if the root system R is reducible and R1; :::; Rs are its irreducible com-
ponents, then kR = LC M (kR1 ; :::; kRs ), where LC M stands for the least common
multiple. Henceforth we can assumethat the system R is reduced, irreducible and
n = dim(V). Then the a�ne Coxeter group Waf f is discrete,acts cocompactly on E
and its fundamental domain (a Weyl alcove) is a simplex.

Let f � 1; :::; � ng bethe collectionof simpleroots in R (correspondingto the positive
Weyl chamber �) and � 0 := � be the highest root. Then

� =
nX

i =1

mi � i : (4)

We can choose as a Weyl alcove C for Waf f the simplex bounded by the hy-
perplanesH � j ;0; H � ;1, j = 1; :::; n. The vertices of C are: o = x0 (the origin) and
the points x1; :::; xn . Each x i ; i 6= 0, belongsto the intersection of the hyperplanes
H � 0 ;1; H � j ;0, 1 � j 6= i � n. The set of values(mod Z) of the linear functionals �
(� 2 R) on the vertex set E (0) of the Coxeter complex,equalsf � i (x i ) : i = 1; :::; ng.
Note that 1 = � (x i ) = mi � i (x i ) wherethe numbers mi are the oneswhich appear in
the equation (4). Thus � i (x i ) = 1

m i
.

Lemma 3.5. kR = LC M (m1; :::; mn ).

Proof: We have: � i (kx i ) 2 Z for each i , which in turn implies that � (kx i ) 2 Z for all
� 2 R; i = 1; :::; n. Hence� (kE (0) ) � Z for each � 2 R. SinceNaf f = P(R_ ), this
provesthat kE (0) � Naf f � o. If k 2 N is such that k � E (0) � P(R_ ), then mi divides
k for each i = 1; :::; n.

In our paper wewill alsoneeda generalizationof the numberskR , which wediscuss
for the rest of this section. (The reader who is interested only in simply-connected
groupscan ignore this material.) We again considera generalreducible root system
R. Supposethat L0 is a subgroup of Naf f containing the lattice L tr ans = Q(R_ );
we will assumethat L 0 acts as a lattice on E (i.e. a discretecocompact group). Set
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L := L0 \ V1 � ::: � Vs, whereVi are the vector spacesunderlying E i . We note that
sinceL tr ans � L and L tr ans acts asa lattice on E1 � ::: � Es, the discretegroup L also
acts as a lattice on E1 � ::: � Es.

Let pi denote the orthogonal projections E ! E i . Consider the imagesL i of L
under the projections pi (i = 0; :::; s); sinceL � Naf f and pi (Naf f ) = N i

af f , we have
the inclusions

L i
tr ans � L i � N i

af f ; i = 1; :::; s;

whereL i
tr ans is the translation subgroupof W i

af f .

Example 3.6. Supposethat (E; Waf f ) is the Coxetercomplexassociated with the root
systemof the group GL(n). Then E = Rn , L0 = LGL (n) = Zn is the cocharacter group
of the maximal torus T (represented by diagonal matrices) in GL(n). The group L 0

is generated by the cocharacters ei = (0; :::; 0; 1; 0:::0) (1 is on the i -th place). The
coroot lattice Q(R_ ) is generated by the simple coroots � _

i = ei � ei +1 ; i = 1; :::; n � 1.
The metric on E is given by the trace of the product of matrices. We have the
decomposition E = E0 � E1 where E0 is 1-dimensionaland is spanned by the vector
e = e1 + ::: + en , and the space E1 is the kernel of the map

tr : (x1; :::; xn ) 7!
nX

i =1

x i :

Thus E1 is the (real) Cartan subalgebra of the Lie algebra sl(n) of SL(n), the derived
subgroup of GL(n).

The projection p1 : E ! E1 is given by p1(u) = u � 1
m tr (u)e. The group Waf f

equals W 1
af f , which acts on E1 as the Euclidean Coxeter group with the extended

Dynkin diagram of type ~An� 1.

The intersection L = L 0 \ E1 = Q(R_ ), where R_ is a root systemcontained in
E1. It is the coroot systemof the Lie algebra sl(n) The projection L 1 = p1(L0) is
P(R_ ), the coweightlattice of the Lie algebra sl(n).

Considerthe group of isometries ~W generatedby elements of Waf f and L. Then
~W is a Euclidean Coxeter group with the linear part Wsph and translation part L,
~W = Wsph n L. Since ~W i = W i

sph n L i normalizesW i
af f , for each i we get the induced

action of the �nite abelian group Fi := ~W i =Wi
af f

�= L i =Li
tr ans on the Weyl alcove ai

of W i
af f .

De�nition 3.7. A face � i � ai of a Weyl alcove ai of W i
af f , wil l be called L i -

admissibleif there existsan elementg 2 Fi whichpreserves� i and hgi acts transitively
on its vertices (i = 1; :::; s).

Note that in the caseL i = L i
tr ans , the only L i -admissiblesimplicesare the vertices

of � i .

De�nition 3.8. For each pair of groups(W i
af f ; L i ), de�ne the saturation factor ki =

k(W i
af f ; L i ) 2 N, to be the smallest natural number ki suchthat for eachL i -admissible
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face c � ai , the multiple of its barycenter ki bc, belongsto E (0) ;sp
i = N i

af f � o. We let
k(Waf f ; L) = k(Waf f ; L0) denoteLC M (k1; :::; ks). In the caseL = Naf f we wil l use
the notation kw for k(Waf f ; L).

We note that in the caseL = L tr ans we get k(Waf f ; L) = kR and if L is the weight
lattice, L = P(R_ ) we have k(Waf f ; L) = kw.

Our next goal is to compute the saturation factors for various irreducible root
systemsand various lattices L.

We again assumethat the root systemR is irreducible and that its rank n equals
dim(V). Note that the group F = L=L tr ans acts by automorphismson the extended
Dynkin diagram ~� of the root system R (since F acts on the Weyl alcove a which
is uniquely determinedby the labeledgraph ~�, whosenodescorrespond to the faces
of a). For i = 1; :::; n we mark the i -th node (corresponding to � i ) of ~� with the
natural number mi which appearsthe formula for the highest root (4). We mark the
0-th node of ~� (corresponding to � ) with 1. Then the automorphismsof ~� preserve
this labeling; the action of the full group Naf f on ~� is transitive on the set of all the
nodes labeled by 1. Not all automorphismsof ~� can be induced by F even if one
takesL as large as possible,i.e. L = Naf f . Recall that the action on a comesfrom
the action of ~W by conjugation on Waf f ; this action inducesinner automorphismsof
the sphericalWeyl group Wsph. Thus, if g is an automorphism of ~� induced by an
element of F and g �xes a vertex with the label 1, then g acts trivially on ~�. This
doesnot completelydeterminethe imageof Naf f in Aut (~�) but it will su�ce for the
computation of the saturation factors.

Here is the procedurefor computing the saturation factor k = k(Waf f ; L). Given
g 2 F (including the identit y) considerthe orbits of hgi in the vertex set of the graph
~�. Here and in what follows hgi denotesthe cyclic subgroupof Isom(E) generated
by g. Let O = f x i 1 ; :::; x i t g be such an orbit. This orbit corresponds to the orbit
O = f x i 1 ; :::; x i t g of hgi on the vertex set of the Weyl alcove. Take the barycenter

b(O) =
1
t

tX

j =1

x i j

of the corresponding vertex set (also denotedO) of the Euclidean Coxeter complex.
For the point b = b(O) compute the rational numbers � i (b); i = 0; :::; n.

Then �nd the LCD (the least common denominator) of the rational numbers
� i (b); i = 0; :::; n, call it kO . Finally, let

k := LC M (f kO ; whereO runs through all orbits of all hgi � F g):

Remark 3.9. Instead of taking all g 2 F it is enoughto consider representativesof
their conjugacyclassesin ~W=Waf f (under the conjugation by the full automorphism
group of ~� ).

It is clear that the number k computed this way satis�es the required property:
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1. For the barycenter b of each L-admissiblefaceof a, the multiple kb belongsto
the coweight lattice (which equalsNaf f � o)

2. The number k is the least natural number with this property.
The numbers kR and kw are listed in the table (5) below (the number i in the table
is the index of connection). We will verify the computation in the most interesting
case,namely for the root systemof the A-type.

Lemma 3.10. Supposethat the Dynkin diagram � has type An and that F �= Z=m.
Then k = k(Waf f ; L) equalsm. In particular, if L = Naf f then we get kw = n + 1.

Proof: The group F �= Z=m acts on the graph ~� = ~An by cyclic permutations. Let
g 2 F be a permutation of order t; note that t divides m. Then for each orbit O of
g (in the vertex set of the Weyl alcove a) we get:

b(O) =
1
t

X

x j 2O

x j :

For each i 6= 0, � i (b(O)) = 0 if x i =2 O, and � i (b(O)) = 1=t if x i 2 O. For the highest
root we get: � (b(O)) = t � 1

t if x0 2 O and � (b(O)) = 1 if x0 =2 O . In any case,kO = t.
Sinceall t 's divide the order m of the group F (and for the generatorof F , t = m),

the LCM of kO 's taken over all orbits and all elements of F , equalsm.
Similarly we have

Lemma 3.11. Supposethat the Dynkin diagram � has type D ` and F �= Z=2. Then
k = k(Waf f ; L) equals4 if F permutesat least two roots labeled by 2 and k = 2 if it
doesnot (the latter holdsfor the orthogonal groups).

We note that for all classicalroot systemsexcept D4 where kw = kR , kw equals
the index of connection i and for all exceptional root systems,kR = kw (so for the
computation of saturation constants for Problem Q3 D4 behaveslike an exceptional
root system).

Root system � i kR kw

A` � 1 + ::: + � ` ` + 1 1 ` + 1
B ` � 1 + 2� 2 + ::: + 2� ` 2 2 2
C` 2� 1 + 2� 2 + ::: + 2� ` � 1 + � ` 2 2 2

D ` ; ` > 4 � 1 + � 2 + � 3 + 2� 4 + ::: + 2� ` 4 2 4
D4 � 1 + � 2 + � 3 + 2� 4 4 2 2
G2 3� 1 + 2� 2 1 6 6
F4 2� 1 + 3� 2 + 4� 3 + 2� 4 1 12 12
E6 � 1 + � 2 + 2� 3 + 2� 4 + 2� 5 + 3� 6 3 6 6
E7 � 1 + 2� 2 + 2� 3 + 2� 4 + 3� 5+ 2 12 12

+3� 6 + 4� 7

E8 2� 1 + 2� 2 + 3� 3 + 3� 4 + 4� 5+ 1 60 60
+4� 6 + 5� 7 + 6� 8

(5)
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Remark 3.12. Our discussionof Coxeter groups was somewhatnongeometric; a
more geometric approachwouldbe to start with an a�ne Coxetergroup and from this
get root systems,etc.

4 The �rst three algebra problems and the param-
eter spaces � for K nG=K

We will seein this chapter that the problemsQ1{ Q3 for reductive algebraicgroups
G can reformulated asspecial casesof a singlealgebraicproblem as follows. There is
a group G (closelyassociated to G) which contains K , a maximal boundedsubgroup
of G. The conditions of �xing � , � and 
 in problemsQ1{ Q3 will amount to �xing
three doublecosetsin � = K nG=K. The problemsQ1{ Q3 will be then reformulated
as:

� Problem R( G): Find necessaryand su�cien t conditions on � ; � ; 
 2 � in
order that there exist A; B ; C 2 G in the double cosetsrepresented by � ; � ; 

resp.,such that A � B � C = 1.

We will now describe the groups G and K for the problems Q1{ Q3. The main
part of this chapter will then be occupied with describing the double coset spaces
� = K nG=K. In section4.1 we will also prove that the problem R( G) agreeswith
the Problem Q1 from the Introduction (the equivalencewill be clear for two other
problems).

1. For the Problem Q1: For F = R or C, let G be a connectedreductive algebraic
group over R, G := G(F) be a real or complex Lie group with Lie algebra g.
Pick a maximal compactsubgroupK of G. Let k denotethe Lie algebraof K .
Then we have the orthogonal decomposition (with respect to the Killing form)

g = k� p:

We let G be the Cartan motion group G = K n p.

2. For the problem Q2: G and K are the sameas in 1, but now we take G = G =
G(F).

3. For the problem Q3: Let K be a completenonarchimedeanvalued �eld with a
discretevaluation v and the value group Z = v(K) � R. Let O denotethe ring
of elements in K with nonnegative valuation. Let G be a connectedreductive
algebraicgroup over K, G := G := G(K) and K := G(O).

In order to relateProblemsQ1{ Q3 with geometrywewill have to computethe double
cosetspaces� = K nG=K . Moreover we will show that the parameterspaces� admit
canonicallinear structures: In the �rst two problemswe usea Cartan decomposition
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G = K AK , then � is described as the (positive) Weyl chamber � in a, the Lie
algebraof A. In the caseof the third problem, � is identi�ed with the intersection
LG \ � � a = X � (T) 
 R, whereT is a maximal K-split torus of G and L G is extended
cocharacter lattice of T (seesection4.3).

4.1 The generalized eigenvalues of a sum problem Q1 and
the parameter space � of K -double cosets

We continue with the notation of previous section, in particular, G = K n p. We
now describe the parameterspace� = K nG=K. We choosea Cartan subspacea � p
(i.e. a maximal subalgebraof p, necessarilyabelian and reductive). We recall that
the positive Euclidean Weyl chamber � is the dual conein a to the coneof positive
restricted roots in a� .

Lemma 4.1. The inclusion � : � ! K n p given �(� ) = (1; � ) induces a bijection
onto � .

Proof: We �rst observe that since (k1; x) � (k2; 0) = (k1k2; x), every double coset
in K nG=K has a representativ e of the form (1; x). Since (k; 0) � (1; x) � (k; 0)� 1 =
(1; Ad k(x)) the lemma is clear.

Now in caseg = gl(m) and F = C, the Cartan subspacep is the spaceof Hermitian
m-by-m matrices, a is the spaceof diagonal m-by-m matrices with real entries and
the cone� � a is the conein which the diagonal entries are arrangedin decreasing
order. Thus the parameter space� for the double cosetsof elements in G is the
coneof m-tuples of real numbers arrangedin decreasingorder. This agreeswith the
parameterspaceof the Problem P1 in the Introduction.

We complete the proof of equivalenceof R(G) with Problem Q1 by observing
that for gi = (ki ; x i ), i = 1; 2; 3,

(k1; x1) � (k2; x2) � (k3; x3) = (k1k2k3; x1 + Adk1x2 + Ad(k1k2)x3): (6)

We see from (6) that if g1g2g3 = 1 then putting a = x1; b = Adk1x2; c =
Ad(k1k2)x3 we �nd

a + b+ c = 0:

Thus we �nd representativ es a;b and c in p of the orbits Ad(K )(x i ); 1 � i � 3
whosesumequalszero(i.e. we have a solution of the Eigenvaluesof a SumProblem).
Conversely, if a;b;c 2 p solve the Eigenvaluesof a Sum Problem then

g1 � g2 � g3 = (1; a) � (1; b) � (1; c) = (1; 0)

and henceg1; g2; g3 solve the double cosetproblem R(G).

Thuswemay �nd A, B and C in G in the requiredK -doublecosetswith A�B �C =
1 if and only if there exist a;b;c 2 p with a + b+ c = 0 in the required Ad K -orbits
in p.
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4.2 The generalized singular values of a pro duct and the pa-
rameter space � of K -double cosets

Let G := G = G(F) and consider the Cartan decomposition G = K AK where A
is the maximal abelian subgroup of G, whoseLie algebra is the Cartan subalgebra
a � p from the previoussection. We will identify A and a via the exponential map,
let A � := exp(�) � A. Then we get the re�nement of the Cartan decomposition:
G = K A � K . It is now clear that the inclusion � : � ! G given by �(� ) = exp(� )
inducesa bijection onto � = K nG=K. In what follows we will parameterizedouble
cosetsin � by their logarithms, which are vectors in �.

In the caseG = GL(`; C), we note that K = U(m), the subgroup A consists
of diagonal matrices with positive diagonal entries, A � consistsof matrices D 2 A
with diagonal entries arrangedin the decreasingorder, and the projection f of g to
K gK 2 � = A �

�= � is given by �rst sendingg to h =
p

gg� , then diagonalizingh,
arrangingthe diagonalvaluesin the decreasingorderand then taking their logarithms.
Thus f (g) is given by the vector whosecomponents are the logarithms of the singular
valuesof the matrix g. We concludethat Problem P2 in the introduction is a special
caseof the Problem Q2 in the caseG = GL(`; C).

4.3 The generalized invarian t factor problem and the param-
eter space � of K -double cosets

The goal of this section is to give an explicit description of the parameter space
� = � inv f act for the Invariant Factor Problem Q3. We start by noticing that the
discrete valuation v : K ! Z admits a splitting � : Z ! K: it is given by sending
1 2 Z to the uniformizer � 2 K. Throughout this section,G will denotea connected
reductive algebraicgroup over K, which has the (relative) rank l. Let T � G be a
maximal K-split torus, and let X � (T) and X � (T) be the lattices of characters and
cocharacters. Wedenoteby P � G bea minimal parabolic subgroupsuch that (P; T)
is a parabolic pair, [C, pg. 127].

This data determinesa (relative) root system Rr el and hencea (relative) �nite
Weyl group Wsph. Let Z � G and N � G be respectively the centralizer and nor-
malizer (over K) of the algebraicgroup T. As usual we let G; N; Z and T denotethe
groupsof K-points of the corresponding algebraicgroups. We let K denoteG(O) and
B := T(O) = K \ T. We will frequently refer to G as a nonarchimedean reductive
Lie group.

As in the previous section, we have to discussthe Cartan decomposition G =
K � � � K of the group G (where � will be an appropriate subsetof Z ). In the split
casethis decomposition will have the form G = K � A � � K , where A � � A and A
will be a subgroupof T so that A � B = T.

We can now describe � inv f act(G) = K nG=K, the parameterspacefor the gener-
alized invariant factors problem for the nonarchimedeanreductive Lie group G.
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Split Case. We�rst considerthe casewhenG is split over K sincethe description
is more transparent in this case.In this casethere is an algebraicgroup de�ned and
split over Q and in fact a group schemeover Z such that G is obtained from it by
extensionof scalars.We will abusenotation and alsodenotethe above group-scheme
over Z by G aswell. Under this assumptionthe torus T is alsode�ned and split over
Q, hencethe group of real points of T is well-de�ned. We thus considerthe real torus
T(R) with the real Lie algebraa. The map � of De�nition 2.6 (with F = R) givesus
an identi�cation

X � (T) 
 R �= a:

Then the group X � (T) is identi�ed with a lattice L := L G in a. Similarly we usethe
map � _ to identify X � (T) with a lattice in the dual spacea� . The root system R
sits naturally in the dual spacea� and the corresponding �nite Weyl group Wsph acts
on a and a� in the usual way; Wsph leaves invariant the lattices X � (T) and X � (T).
Let � � E be the (positive) Weyl chamber of the group Wsph, determined by the
parabolic subgroupP. Our goal is to prove that the spaceK nG=K can be identi�ed
with the \cone"

� L = � \ L:

By de�nition, a cocharacter � is a homomorphismfrom the group Gm (K) to the
group T: note that the map 	 : X � (T) ! T given by 	( � ) = � (� ) is injective (where
� is a �xed uniformizer). We de�ne the subgroupA by

A = 	( X � (T)):

The following lemma is immediate (it su�ces to prove it for GL(1)).

Lemma 4.2. The group T is a direct product T = A � B .

Remark 4.3. In the casewhere G = GL(`; K) and T is the torus of diagonalmatrices
with entries in K, we �nd that 	( � ) = � (� ) is the diagonal matrix with diagonal
entries (� m1 ; � � � ; � m l ), where � correspondsto the lattice vector (m1; � � � ; ml ).

We let A � L � A be the imageof � L = X � (T) \ � under the map 	.

Lemma 4.4. (See [Tits, page51].) We havethe Cartan decomposition

G = K � A � L � K ;

i.e., each elementg 2 G has a unique representationas a product k1 � a � k2, where
a 2 A � L and ki 2 K .

Corollary 4.5. The inclusion � : A � L � A � T � G inducesa bijection
A � L

�� ! K nG=K.

Now that we have identi�ed the double cosetspace

� inv f act(G) = K nG=K
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with � L , it is clear that the generalizedinvariant factor problem Q3 in the Introduc-
tion agreeswith the doublecosetproblem R(G). However it may not be clearat this
point why theseproblemsagreewith Problem P3 in caseG = GL(`).

To seethis we note that we can give a seconddescription of the vector �( � ) if we
choosecoordinates in T. Let � 1; � � � ; � n be a basis for the group X � (T) and de�ne
� : T � ! Kn to be the map with components � j ; 1 � j � n. We observe that we
may usethe derivative of � j at e to obtain coordinateson Te(T) and accordinglywe
obtain a map _� : a � ! Rn . We leave the following lemma to the reader.

Lemma 4.6. _� (�( � ) is the (integral) vector in Rn obtained by applyingthe valuation
v to the coordinatesof � (� (� )) .

General Case. We now consider the general casewhen G is not necessarily
split. Most of the above discussionremainsvalid, however the Cartan decomposition
for G has a slightly di�erent form and for this reasonwe cannot usethe cocharacter
lattice as LG. We no longer can talk about real points of T, so we do not have the
interpretation of a as a tangent space.We de�ne a asX � (T) 
 R. We set V := a.

Let E denotethe a�ne spaceunderlying V; asbefore,� � V is the positive Weyl
chamber for Wsph. Note that X � (Z ) � X � (T) is a subgroupof �nite index.

De�nition 4.7. De�ne the homomorphism� : Z ! V by the formula (see [Tits])

h�; � (z)i = � v(� (z)) ; 8z 2 Z; � 2 X � (Z ): (7)

Note that on the left hand side of the above formula, the pairing of � 2 X � (Z ) �
X � (T) with � (z) is coming from the pairing h�; �i betweenX � (T) and X � (T). On the
right hand sideof the equation (7), the action of � on z is coming from the fact that
each character � 2 X � (Z ) de�nes a character of the group Z = Z(K), i.e. we have
� (z) 2 K � .

Let Zc denotethe kernel of � and let L G denotethe imageof � in V . Then Zc is
a maximal compactsubgroupof Z , see[C, pg. 135].

De�nition 4.8. We wil l refer to the group L := L G := � (Z ) as the extendedcochar-
acter lattice of T.

We have the inclusions

X � (T) = H om(X � (T); Z) � LG � H om(X � (Z ); Z)

with equality in the casewhen G is split over Q. The quotient group N=Zc operates
on the a�ne spaceE faithfully , through a discretegroup ~W. The �nite Weyl group
Wsph is the linear part of ~W (the stabilizer of the origin) and we have ~W = Wsph n LG .

Wereferto [Tits , section1.2]for moredetails. Let � L := � \ L and Z � := � � 1(�).
Then onehas:
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Theorem 4.9. [Tits, section 3.3.3] G = K ZK and the map K nG=K ! V given by

K zK 7! � (z); z 2 Z � ;

descendsto a bijection K nG=K ! � L .

This provesthat in the nonsplit casewe can also identify � L with the parameter
space� inv f act(G) = K nG=K for the Problem Q3.

4.4 Comparison of the parameter spaces for the four algebra
problems

We can now comparethe four algebraproblemsQ1{Q4 stated in the Introduction.
We have already comparedthe parameterspacesfor Q3 and Q4 in the Introduction.
To comparethe �rst three problemswe assumethat we are given groupsG1; G2; G3

which areconnectedreductive algebraicgroups(possiblyall the same),wherethe �rst
two are de�ned over R, and G3 is over F(3) = K, whereK is a nonarchimedeanvalued
�eld with valuation v and value group Z. Supposethat the �elds F(1) ; F(2) are either
R or C. We assumethat all three Lie groupsGi = Gi (F(i )) have the same(relative)
rank l and isomorphic(relative) Weyl groupsW = Wsph acting on the appropriately
chosenvector spacea. Let � � a be a (positive) Weyl chamber. Let L = L G3

be the
extendedcocharacter lattice, seeDe�nition 4.8. Then the parameter spaces� 1; � 2

for the Problems Q1 and Q2 (for the groups G1; G2 resp.) are exactly the same:
they are equal to �. The parameterspace� inv f act(G3) is the intersection � L of the
lattice L with �.

Note that in the special casewhen G = Gi , i = 2; 3, is split over Q, L = X � (T)
and we get a canonicalisomorphism

X � (T) 
 R ! a;

described in the previous section (here a is the real Lie algebra of T(R)). This
isomorphismidenti�es � inv f act(G3) with the set of \in teger points" � L in the Weyl
chamber �.

5 The existence of polygonal link ages and solu-
tions to the algebra problems

In this chapter we will show that the algebra problems R(G) from chapter 4 can
be restated geometrically, in terms of the existenceof triangles with the prescribed
\side-lengths" in three classesof spacesof nonpositive curvature, which are:

1. X is an in�nitesimal symmetric space (a Cartan motion space),X = p.

2. X is a symmetric spaceof nonpositive curvature.

3. X is an Euclideanbuilding.
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5.1 Setting up the general geometry problem

We start with a purely set-theoreticdiscussion.Let X be a set with a base-point o,
and let G is a group acting on X . Let K denotethe stabilizer of o in G. In general,
the G-action is not transitive (such exampleswill appear when X is a Euclidean
building), we let Y denotethe orbit G � o. For pairs of points (x; x0) 2 X 2 we de�ne
the invariant

� �G(x; x0)

asthe projection of (x; x0) to GnX 2. Wewill regard� �G asthe \generalizedG-invariant
distance" betweenpoints in X . Given � 2 GnX 2 we regard the set

S(o;� ) = f x 2 X : � �G(o;x) = � g;

as the \sphere of radius � " centered at o.

For pairs of points (x; y) 2 Y 2 onecan interpret the invariant � �G(x; y) as follows:
Let � denotethe quotient space

� = K nY = K nG=K:

Then for pairs of points (x; y) = (gK ; hK ) in Y we can identify � �G(x; y) with the
double cosetK g� 1hK . In other words, translate the pair (x; y) by g� 1 to (o;z) =
(o;g� 1(o)) and then project g� 1(o) to the element � �G(x; y) 2 K nY. Then two pairs
(x; y) and (x0; y0) in Y 2 belongto the sameG-orbit if and only if � �G(x; y) = � �G(x0; y0);
Hence,GnY � Y can be bijectively identi�ed with � = K nG=K .

We will usethe notation � for the map G ! �. For � 2 � we let O� � G denote
� � 1(� ).

It is now clear that the Problem R(G) stated in chapter 4 can be restated as a
special case(n = 3) of the following:

Problem 5.1. Give conditions on the vector of generalized side-lengths
!
� =

(� 1; � � � ; � n ) 2 � n that are necessary and su�cient in order that there exist
elementsg1; g2; � � � ; gn in G suchthat

�( gi ) = � i ; 1 � i � n; and
nY

i =1

gi = id:

WesetO =
Q n

i=1 O� i . Note that (K � K )n actson O by right and left multiplications.

Motivated by the connectionbetweenthe moduli spacesof n-gonsand symplectic
quotients whenY is a completesimply-connected3-dimensionalRiemannianmanifold
of constant curvature (see [KM], [KMT ]), [Tr]) we de�ne the \momentum map"
� : O � ! G by

� (g1; :::; gn ) = g1 � g2 � � � gn :

We de�ne the analogueof the symplectic quotient of O by K , by

O==K = f g 2 O : � (g) = idg=K:
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Here we divide out by the diagonal action of K , where K acts on each factor by
conjugation. This action is the only action of K on O that we will usehenceforth.

We let Q� (G) be the subsetof g 2 O such that � (g) = id. Thus Q � (G) is the set
of solutions of the problem 5.1 and O==K is its quotient by K .

Our goal now is to reformulate the problem 5.1 in more geometricterms.

An n-gon (or a closed n-gonal linkage) in X with the vertices x1; :::; xn 2 X is
an n-tuple

!
x= (x1; :::; xn ) 2 X n , regardedas a map Z=nZ ! X . The generalized

side-lengthsof the polygon
!
x are the elements

� i = � �G(x i ; x i +1 ) 2 GnX 2; i 2 Z=nZ:

Thusfor each n-gonweget a vector
!
� = (� 1; :::; � n ) of its generalizedside-lengths.The

group G actsnaturally on the spacePoln (X ) of all n-gons,preservingthe generalized
side-lengthsof the polygons.

Fix
!
� = (� 1; :::; � n ) and form the space

Poln;� (X ) := f P 2 Poln (X ) : � �G(x i ; x i +1 ) = � i g;

and its quotient, the moduli space of polygonswith the �xed side-lengthsin X :

M n;� (X ) := Poln;� (X )=G: (8)

In the casewhen X is a topological spaceand G acts homeomorphicallyon X we
give the spaceM n;� (X ) the quotient topology.

We note that Poln (Y) sits naturally in Poln (X ) as the subsetof polygonswith
vertices in Y. The generalizedside-lengthsof the polygons with vertices in Y are
regardedas elements of � = K nY.

We de�ne a map � : Q� (G) ! Y n by

�(
!
g) = (o;g1 � o;g1g2 � o;� � � ; g1g2 � � � gn� 1 � o):

We seethat � is K -equivariant (recall that K acts on O by conjugation on each
factor).

Lemma 5.2. The map � induces a surjection � from O==K onto the moduli space
M n;� (Y).

Proof: We �rst verify that each polygon �(
!
g) hasthe \correct" side-lengths.By the

left-invarianceof � �G we have

� �G(
kY

i =1

gi � o;
k+1Y

i =1

gi � o) = � �G(o;gk � o) = � k :

To prove surjectivity of the map � let
!
y= (y1; :::; yn) 2 Poln;

!
� (X ). Chooseg such

that g � y1 = o and replace
!
y by g� 1�

!
y. Since� �G(y1; y2) = � 1 and (now) y1 = o we
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�nd that y2 2 S(o;� 1). Hencethere exists g1 2 O� 1 such that y2 = g1 � o. Similarly,
there existsg2 2 O� 2 such that g1g2 � o = y3. Continuing in this way we get an n-tuple
(g1; : : : ; gn� 1; g0

n ) 2 O such that

(o;g1 � o;g1g2 � o;� � � ; g1g2 � � � gn� 1 � o;g1g2 � � � gn� 1g0
n � o) = (y1; :::; yn ; y1);

wherey1 = o. Thus g1g2 � � � gn� 1g0
n = k 2 K and after replacing g0

n with gn = g0
nk� 1

we get an n-tuple
!
g= (g1; :::; gn) 2 O such that � (

!
g) = id and �(

!
g) =

!
y.

Thus we �nd that the problem 5.1 can be solved if and only the moduli space
M n;� (Y) is nonempty.

To prove a versionof Lemma5.2 with a bijective map and to get a better analogy
with the symplecticquotients we have to make a further assumptionabout the action
G y Y:

Assumption 5.3. Through the rest of this section we assumethat G contains a
subgroup B which acts simply-transitively on Y.

Now, insteadof the orbits O� i and their product O we considerthe intersections:

bO� i := O� i \ B ; and bO := O \ B n :

The group K no longeracts on bO by conjugations,insteadonehasthe usea dressing
action, dress(K ), see [KMT ] for the de�nition in the casewhen X = Y = H3,
G = PSL(2; C) and B �xes a point at in�nit y. In the caseof in�nitesimal symmetric
spacesX = p (where p � k = g) one takesB = p and the adjoint action of K as the
dressingaction. We now rede�ne the symplectic quotient as follows:

bO==K := ( bO \ � � 1(id))=dress(K ):

Then onegetsan analogueof Lemma 5.2 (which we do not needfor the purposesof
this paper), we refer the reader to [KMT ] for the discussionin the caseof X = H3:

Lemma 5.4. The map � induces a bijection b� from bO==K onto the moduli space
M n;� (Y). Moreover, let Y be a topological space and G � H omeo(Y). Then the
quotient spaces bO==K and M n;� (Y) have natural topology and the bijection b� is a
homeomorphism.

The above discussionhasbeencompletely formal, our next goal is to describe the
spacesX which can be usedto analyzethe problem 5.1 for various groupsG.

5.2 Geometries mo deled on Coxeter complexes

Fix a sphericalor EuclideanCoxeter complex(A; W), whereA is a EuclideanspaceE
or a sphereS and W = Waf f or W = Wsph is a (possiblynondiscrete)Euclideanor a
sphericalCoxeter groupacting on A. If W is discretethen the Coxeter complex(A; W)
is calleddiscrete. In the caseof EuclideanCoxeter complexeswelet L tr ans � W denote
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the translation subgroupof W. Pick a special vertex o 2 E with stabilizer Wsph (see
chapter 3) and let � � E be a Weyl chamber of Wsph. We will usethe notation � sph

to denote the ideal boundary of �; � sph is contained in the sphereS which will be
regardedas the sphereat in�nit y of E; thus � sph is a fundamental domain for the
action Wsph y S.

Let Z be a metric space.A geometric structure on Z modeled on (A; W) consists
of an atlas of isometric embeddings' : A ,! Z satisfying the following compatibilit y
condition: For any two charts ' 1 and ' 2, the transition map ' � 1

2 � ' 1 is the restriction
of an isometry in W. The charts and their images, ' (A) = a � Z , are called
apartments. We will sometimesrefer to A as the model apartment. We will require
that there are plenty of apartments in the sensethat any two points in Z lie in a
common apartment. All W-invariant notions introduced for the Coxeter complex
(A; W), such as walls, singular subspaces,chambers etc., carry over to geometries
modeledon (A; W).

One de�nes the group of automorphismsAut (A) of the model apartment as the
group of isometriesof A which normalize the subgroupW. If X is a spacemodeled
on (A; W) then an isometry g : X ! X is an automorphismif it sendsapartments to
apartments and for each pair of apartments (A; ' 1); (A; ' 2) the composition ' � 1

2 � g� ' 1

is the restriction of an automorphism of A. The group of automorphismsof X is
denotedAut (X ).

Examplesof the above geometriesare provided by symmetric spacesof noncom-
pact type and their in�nitesimal analogues(in�nitesimal symmetric spaces).These
are modeled on Euclidean Coxeter complexeswith transitive a�ne Weyl group. In
the caseof a symmetric spaceX , the apartments are the maximal 
ats. The associ-
ated Coxeter complexhas the form (E; Waf f ) whereE is an apartment and Waf f is
the group generatedby re
ections at singular hyperplanes.

Take a real or complex reductive Lie group G, the Lie algebra g of G has the
decomposition g = p � k, whereK � G is a maximal compactsubgroup,let k denote
the Lie algebraof K . We will identify the Cartan subspacep with the tangent space
TpX to the symmetric spaceX = G=K at the point p stabilizedby K . The subspaces
p � g, equipped with the a�ne action of G = p o K , are in�nitesimal symmetric
spaces in the following sense. The (E; Waf f )-structure on X inducesa (E; Waf f )-
structure on the Cartan subspace p = TpX , such that the apartments in p are the
translatesof the Cartan subalgebras(i.e. the maximal abelian subalgebras)in p. The
apartments through 0 in p are the tangent spacesto the apartments through p in X .
The term \in�nitesimal symmetric space"may be also justi�ed by noting that there
is a one-parameterfamily of spacesX � parametrizedby � � 0 and all isometric to X
for � > 0 such that X 0 = p, see[KMT , x5].

The last kinds of geometriesconsideredin this paper are sphericaland Euclidean
buildings. We refer the readerto [Ba] for the de�nitions of CAT (� ) metric spaces.

De�nition 5.5. A sphericalbuilding is a CAT(1)-space modeled on a spherical Cox-
eter complex.

We will use the notation \ T its for the metric in a spherical building. Spherical
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buildings have a natural structure as polysimplicial piecewisespherical complexes.
We prefer the geometric to the combinatorial view point becauseit appears to be
more 
exible.

De�nition 5.6. A discrete Euclidean building is a CAT(0)-space modeled on a dis-
crete Euclidean Coxetercomplex.

In the non-discretecasethe de�nition of Euclidean buildings is more subtle, see
[KL, section4.1.2]. We refer to [KL] for a thorough discussionof buildings from the
geometricviewpoint.

A building is called thick if every wall is an intersection of apartments. A non-
thick building can always be equipped with a natural structure of a thick building by
reducing the Weyl group.

Example 5.7. If X is a symmetric space of noncompact type or a thick Euclidean
building modeled on the Coxetercomplex(E; Waf f ), then its ideal boundary @T its X is
a thick spherical building modeled on (@T its E; Wsph). In the casethat X is a building,
the spacesof directions � x X are spherical buildings modeled on (@T its E; Wsph). The
building � x X is thick if and only if x is a special vertex of X . We note that in the
casewhenX is a discrete building, � xX is just the link of the point x 2 X .

Let B be a sphericalbuilding modeledon a sphericalCoxeter complex(S;Wsph).
We say that two points x; y 2 B are antip odal, if \ T its (x; y) = � ; equivalently, they
are antip odal points in an apartment s � B containing both x and y. The quotient
map S ! S=Wsph

�= � sph inducesa canonicalprojection � : B ! � sph folding the
building onto its model Weyl chamber. The � -imageof a point in B is called its type.

Remark 5.8. To de�ne � (x) pick an apartment s containing x and a chart � : S ! s.
Then � (x) is the projection of � � 1(x) to S=Wsph

�= � sph. We note that this is clearly
independentof s and � .

The samede�nition applies in the caseof Euclidean buildings B. The di�erence
however is that the action Waf f y E in generalis no longer discrete,so we cannot
identify the image of B ! E=Waf f with a simplex. If Waf f acts as a lattice on E,
then E=Waf f can be identi�ed with a fundamentalalcovefor the action Waf f y E.

We now give two properties of the projection � :
1. If h : a ! a0 is an isomorphismof apartments in B (i.e. � 0� 1 � h � � 2 W) then

� � h = � .
2. If B is a spherical building, x; x0 2 B which belong to apartments a;a0 re-

spectively and � x 2 a; � x0 2 a0 are antip odal to x; x0, then � (x) = � (x0) im-
plies � (� x) = � (� x0). To prove this pick an isomorphism h : a ! a0. Then
(since � (x) = � (x0)) there exists w 2 W y a0 such that w(h(x)) = x0. Hence
w � h(� x) = � w � (x) = � x0. The claim now follows from 1.

DeRham decomp osition of Euclidean buildings. Supposethat X is a thick
Euclideanbuilding modeledon a reduciblediscreteCoxeter complex(E; Waf f ). Con-
sider the deRhamdecomposition of the building X :

X = X 0 � X 1 � ::: � X s;
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whereeach X i is a thick Euclideanbuilding modeledon the EuclideanCoxeter com-
plex (E i ; W i

af f ) and X 0
�= E0 is the 
at deRham factor. For each i = 1; :::; s the

group W i
af f acts as an irreducible a�ne Coxeter group on the Euclidean spaceE i ,

for i = 0 we get the trivial Coxeter group W 0
af f . Accordingly, the EuclideanspaceE

splits (metrically) as the product

E0 �
sY

i =1

E i ;

this decomposition is invariant under Waf f which in turn splits as

Waf f =
sY

i =0

W i
af f ;

as explainedin Section3.

5.3 Bruhat-Tits buildings associated with nonarc himedean
reductiv e Lie groups

In what follows we will describe properties of the Euclidean building (the Bruhat-
Tits' building) associated to a reductive nonarchimedeanLie group by Bruhat and
Tits. Let K be a valued �eld with valuation v and value group Z. Let O denote
the subring in K which consistsof elements with nonnegative valuation. Let G be a
connectedreductive algebraicgroup over K which has relative rank l. The subgroup
K := G(O) � G = G(K) is a maximal boundedsubgroupof G. In this section we
review the properties of a Euclidean building X = X G attached to the group G. We
refer the readerto [Tits ] and [BT, Chapter 7] for more details.

We begin by recalling the notation from section4.3. Let T � G be a maximal K-
split torus, Z � G and N � G be its centralizer and normalizer (over K) respectively.
We alsoget the groupsN; Z and T of K-points of the corresponding algebraicgroups.
Then V := X � (T) 
 R, whereX � (T) is the group of cocharactersof T. The Euclidean
spaceE is the a�ne spaceunderlying V with appropriately chosenEuclideanmetric.
Let Rr el � V � denote the relative root systemof the pair (G; T); then Wsph is the
�nite Coxeter group corresponding to this system.

De�nition 4.7 gives us a homomorphism� : Z ! V, with the kernel Zc � Z
and the imageequalto the extendedcocharacter lattice L G. We alsoget the quotient
groupN=Zc, which actson the EuclideanspaceE discretelyand isometrically through
a group ~W. UnlessG is semisimple, ~W is not an a�ne Weyl group.

In the casewhenthe groupG is simply-connectedandsemisimple,onecantakethe
pair (E; ~W) asthe EuclideanCoxeter complex(E; Waf f ) of the Bruhat-Tits building
X G attached to the group G. In generalhowever it is not the caseand onehas to do
more work to de�ne Waf f . The construction of this group will be unimportant for us
(we refer to [Tits ] for the explicit construction), the important propertiesof Waf f are
the following:
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1. dim(E) = l, the relative rank of G or the dimensionof T.

2. Waf f � ~W is a normal subgroup[Tits , section1.7, page34], the index
j ~W : Waf f j is �nite in the semisimplecase.

3. ~W = Wsph n LG.

4. Waf f is an a�ne Coxeter group attached to a root systemR � V � .

5. The root systemR in generalis not the sameas Rr el but they have the same
rank and the same�nite Weyl group Wsph, [Tits , section1.7].

6. Waf f = Wsph n L tr ans , whereWsph is the �nite Weyl group as above.

7. We have the inclusions

Q(R_ ) = L tr ans � LG � Naf f = P(R_ ):

8. If G is a simply-connectedsemisimplegroup then Waf f = ~W, [Tits , section
1.13]. If G is split over an unrami�ed extensionof K then L G = X � (T), [Tits ,
section1.3].

9. If G is split then the reduced(Bruhat-Tits) root systemassociated with Waf f

is the usual reducedroot systemRr el of the group G (note that Rr el is also the
absoluteroot systemsincewe are in the split case).

Here as usual, L tr ans is the translation subgroupof Waf f and Naf f is the normalizer
of Waf f in V . When we are dealing with the root systemassociated with G, as in 4
or 5 above, we will refer to R, and not to Rr el.

De�nition 5.9. We wil l call R the Bruhat-Tits root system associated with the
algebraic group G.

We note that the root systemsR and Rr el are not very di�erent sincethey have
the same�nite Coxeter group. Thus, in the irreducible case,both root systemsare
either isomorphicor oneof them is of type B l and the other of type Cl . In particular,
the saturation factors for R and Rr el are exactly the same(seechapter 3).

Having describedthe propertiesof the Coxeter complex(E; Waf f ), wewill describe
the properties of the Bruhat-Tits building X = X G associated with the group G:

List 5.10. 1. X is modeled on the Euclidean Coxetercomplex(E; Waf f ) described
above.

2. The group G acts on X by (isometric) automorphisms.

3. The subgroup K is the stabilizer of a special vertex o in X .

4. G acts transitively on the set of apartments in X .
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5. For each apartment a � X let Ga be the stabilizer of a in G. Then the image
of Ga in Aut (a) is the group ~W (containing Waf f as a normal subgroup).

6. The building X is thick (see [BT, Prop. 7.4.5]).

7. The group Waf f acts discretely and (in the semisimplecase)cocompactly on E.

Remark 5.11. The properties in the List 5.10, except the last one, hold in the case
of symmetric spacesand their in�nitesimal analogues.

We note that the a�ne spaceE has the distinguishedpoint o, the origin (corre-
sponding to the trivial cocharacter). The corresponding vertex in X is also denoted
by o, it is stabilized by K = G(O).

5.4 Geodesic polygons

In this paper we will be consideringpolygons in the metric spacesmodeled on the
Coxeter complexes,which were discussedin section 5.2. With the exception of the
rank zerosphericalbuildings, all such metric spacesX aregeodesicand thuswe de�ne
a geodesicpolygonin X asa polygon with the verticesz1 : : : zn together with a choice
of sideszi zi +1 , i.e. the geodesicsegments connectingzi to zi +1 . We note that in the
caseof metric spacesmodeledon EuclideanCoxeter complexesthe sidesare uniquely
determinedby the polygonz1 : : : zn . We recall that n-gonsin X are regardedasmaps
Z=nZ ! X .

Let (A; W) be a sphericalor EuclideanCoxeter complex. The completeinvariant
of a pair of points (x; y) 2 A2 with respect to the action W y A, is its image� W (x; y)
under the canonicalprojection to A � A=W. Wede�ne the re�ned lengthof a geodesic
segment xy as � r ef (x; y) := � W (x; y). This notion carriesover to geometriesmodeled
on the Coxeter complex (A; W): For a pair of points (x; y) pick an apartment a
containing x; y and, after identifying a with the model apartment A, let � r ef (x; y) be
the projection to A � A=W.

In the caseof Euclidean Coxeter complexesthere are extra structures associated
with the concept of re�ned length. Given a Euclidean Coxeter complex (E; Waf f ),
pick a special vertex o 2 E. Then we can regard E as a vector spaceV, with the
origin 0 = o. Let � � E denotea Weyl chamber of Wsph, the tip of � is at o.

Supposethat L is a subgroupof the group V of all translations of E so that:

L tr ans � L � Naf f ;

whereNaf f � V is the normalizerof Waf f . Sinceo is the origin in E, we will identify
the orbits L � o and L tr ans � o with L and L tr ans respectively. We de�ne the set of
re�ned L-integral lengthsas the subset

(L � L)=Waf f � (E � E)=Waf f :

If L = L tr ans then we have a natural bijection

(L tr ans � L tr ans )=Waf f
�= � \ L tr ans :
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Since (E; Waf f ) is a Euclidean Coxeter complex, there is also a coarsernotion of
� -length obtained from composing � r ef with the natural forgetful map

E � E=Waf f ! E=Wsph
�= � :

To compute the �-length � (x; y) we regard the oriented geodesicsegment xy as a
vector in E and project it to �.

Again, the conceptsof �-length, L-integral �-lengths, etc., carry over to the
geometriesmodeled on (E; Waf f ). Note that �-length and re�ned length coincide
for symmetric spacesand their in�nitesimal analoguesbecausethe a�ne Weyl group
acts transitively. We de�ne the set of L-integral �-lengths as the subset� \ L � �.
A segment with L-integral �-length hasL-integral re�ned length i� its verticeslie in
the distinguishedorbit L � o (identi�ed with L). For segments with endpoints of type
Waf f � o, the notions of �-length and re�ned length are equivalent.

Given a collection � = (� 1; :::; � n ) 2 � n of �-lengths we de�ne the moduli space
M n;� (X ) as the quotient of the collection of geodesicpolygonsin X with the �-side-
lengths � by the action of the group G. We give M n;� (X ) the quotient topology.

We are now ready to state the questionswhich will be (for n = 3) the geometric
counterparts to the algebraquestionsin chapter 4:

Problem 5.12. Let X be a symmetric space of noncompact type or an in�nitesimal
symmetric space, or a thick Euclidean building. Describe the set D n (X ) � � n of
� -side lengthswhich occur for geodesicn-gonsin X .

Remark 5.13. In the papers [KLM1, KLM2] the notation Pn was used instead of
Dn .

Problem 5.14. Let X be a thick Euclidean building. Describe the set

D r ef ;L
n (X ) � (WnL � L)n � (WnA � A)n

of re�ned L-integral side-lengthswhich occur for n-gonsin X .

Below we explain how givenan algebraicproblemQ1{ Q3 one�nds a metric space
X modeledon a EuclideanCoxeter complex,so that the geometricproblem 5.14(for
n = 3) is equivalent to the corresponding algebraicproblem.

As we explainedin the beginningof chapter 4, with each problem Qi , i=1, 2, 3,
we can associate a pair of groupsK � G.

1. For the Problem Q1 we take G = K n p and let X := p. Then X is a metric
spacemodeledon the EuclideanCoxeter complex(A; W) = (E; Waf f ).

2. For the Problem Q2 we take G = G and let X be the symmetric space
X = G=K.

In both casesG acts transitively on X and we apply Lemma 5.2 to the transitive
action G y X , to concludethat Q1 and Q2 are equivalent to Problem 5.12 for the
corresponding spaceX .
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Example 5.15. Let G = GLm (C), K = U(m). Then the symmetric space X asso-
ciated with G is G=K , which is the space Pm of positive-de�nite Hermitian m � m
matrices. The model apartment A in Pm consists of diagonal matrices with positive
diagonalentries. The �nite Weyl Wsph = Sm group acts on A by permutations of the
diagonalelements;the a�ne Weyl group Waf f is isomorphic to Wsph n Rm� 1. Thus
we get a geometric model for analyzingthe ProblemP2 from the Intr oduction.

3. For the Problem Q3 we assignto the group G = G(K) the Euclidean(Bruhat-
Tits) building X asit wasexplainedin the previoussection. We let Y be the G-orbit
of the special vertex o 2 X .

Although, unlike in the previous two examples,the group G does not act tran-
sitively on the building X , this group acts transitively on the subset Y � X and
we apply Lemma 5.2 to the action G y Y to seethat the problem Q3 (or, equiva-
lently, R(G)) is equivalent to �nding necessaryand su�cien t conditions for existence
of geodesictriangles in X whoseverticesare in Y and whose�-lengths are the pre-
scribed elements of � L , whereL = LG . More generally, there is a surjective map

pr : WnA � A ! GnX � X ;

and by applying the TransferTheorem1.6 we get:

Prop osition 5.16. Supposethat there existsa polygonP in X whose� G-side-lengths
are (� 1; :::; � n ). Then for any choice of ~� i 2 pr � 1(� i ), there existsa polygon ~P in X
whose� r ef -side-lengthsare ~� 1; :::; ~� n .

Therefore we will stick to the notion of the re�ned side-length � r ef through the
rest of the paper.

6 Weighted con�gurations, stabilit y and the rela-
tion to polygons

Let X be a symmetric spaceof nonpositive curvature or a Euclideanbuilding. Recall
that the ideal boundary B = @T its X has the structure of a spherical building, the
metric on B is denotedby \ T its . Given a Weyl chamber � in X , we get a spherical
Weyl chamber � sph = @1 � � @T its X . We will identify � sph with the unit vectors in
�. Recall that there is a canonicalprojection � : @T its X ! � sph, seesection5.2.

Take a collection of weights m1; :::; mn � 0 and de�ne a �nite measurespace
(Z=nZ; � ) where the measure� on Z=nZ is given by � (i ) = mi . An n-tuple of ideal
points (� 1; :::; � n) 2 B n together with (Z=nZ; � ) determinea weighted con�guration at
in�nity , which is a map

 : (Z=nZ; � ) ! @T its X :

The type � ( ) = (� 1; : : : ; � n ) 2 � n of the weighted con�guration  is given by � i =
mi � � (� i ). Let � =  � (� ) be the pushedforward measureon B. We de�ne the slope
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of a measure� on B with �nite total massj� j as

slope� (� ) = �
Z

B
cos\ T its (� ; � ) d� (� ):

In this paper we will consideronly measureswith �nite support.

De�nition 6.1 (Stabilit y). A measure � on B (with �nite support) is called semi-
stable if slope� (� ) � 0 and stable if slope� (� ) > 0 for all � 2 B .

There is a re�nement of the notion of semistability motivated by the corresponding
conceptin geometricinvariant theory.

De�nition 6.2 (Nice semistabilit y). A measure � on B (with �nite support) is
called nice semistableif � is semistableand f slope� = 0g is a subbuildingor empty.
In particular, stablemeasures are nice semistable.

A weighted con�guration  on B is called stable, semistableor nice semistable,
respectively, if the corresponding measure � � has this property.

For the purposesof this paper, i.e. the study of polygons,nice semistability plays
a role in the caseof symmetric spacesand in�nitesimal symmetric spacesonly. We
note however that for thesespaces,existenceof a semistablecon�guration  on @T its X
implies existenceof a nice semistablecon�guration on @T its X , which has the same
type as  , see[KLM1].

Example 6.3. (i) Let B be a spherical building of rank 0. Then a measure � on B
is stablei� it contains no atoms of mass� 1

2 j� j, semistablei� it contains no atoms
of mass> 1

2 j� j, and nice semistablei� it is either stableor consistsof two atoms of
equal mass.

(ii) Suppose that B is a unit sphere and regard it as the ideal boundary of a
Euclidean space E, B = @T its E. Eachsemistablemeasure � hasslope zero everywhere.

De�ne the subset � n
ss(B ) � � n consisting of those n-tuples � 2 � n for which

there exists a weighted semistablecon�guration on B of type � .

Suppose now that G is a reductive complex Lie group, K � G is a maximal
compact subgroup, X = G=K is the associated symmetric space. Then the spaces
of weighted con�gurations in @T its X of the given type � 2 � n can be identi�ed with
products

F = F1 � ::: � Fn

whereFi 's aresmooth complexalgebraicvarieties(generalized
ag varieties)on which
the group G acts transitively. HenceG acts on F diagonally.

In caseX is the symmetric spaceassociated to a complexLie group, the notions
of stabilit y (semistability, etc.) introducedabove coincidewith corresponding notions
from symplecticgeometry, and, in the casewherethe weights � i 's are L-integral (i.e.,
belong to L = LG) they also coincide with the conceptsof stabilit y (semistability,
etc.) usedin the Geometric Invariant Theory; for a proof of this see[KLM1].
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6.1 Gauss maps and associated dynamical systems

We now relate polygons in X (where X is a metric spacemodeled on a Euclidean
Coxeter complex) and weighted con�gurations on the ideal boundary B of X , which
is, in a sense,the heart of [KLM1] and [KLM2]. If X is an in�nitesimal symmetric
spacep we identify the visual boundary of X with the Tits boundary @T its X 0 of the
corresponding symmetric spaceX 0 via the exponential map p ! X 0. Thus for all
three geometries,the ideal boundary B is a sphericalbuilding.

Considera (closed)polygon P = x1x2 : : : xn in X , i.e. a map Z=nZ ! X . The
distancesmi = d(x i ; x i +1 ) determinea �nite measure� on Z=nZ by � (i ) = mi . The
polygon P givesrise to a collection Gauss(P) of Gaussmaps

 : Z=nZ � ! @T its X (9)

by assigningto i an ideal point � i 2 @T its X so that the geodesicray x i � i (originating
at x i and asymptotic to � i ) passesthrough x i +1 . This construction, in the case
of the hyperbolic plane, already appears in the letter of Gaussto W. Bolyai, [G].
Taking into account the measure� , we view the maps  : (Z=nZ; � ) ! @T its X as
weighted con�gurationsof points on @T its X . Note that if X is a Riemanniansymmetric
spaceand the mi 's are all non-zero,there is a unique Gaussmap due to the unique
extendability of geodesics. On the other hand, if X is a Euclidean building then,
due to the branching of geodesics,there are in generalin�nitely many Gaussmaps.
However, the corresponding weighted con�gurations are of the sametype, i.e. they
project to the sameweighted con�guration on � sph.

The following crucial observation explains why the notion of semistability is im-
portant for studying closedpolygons.

Lemma 6.4 ([KLM1], [KLM2]). For each Gaussmap  the pushed forward mea-
sures� =  � � are semistable.If X is a symmetricspace or an in�nitesimal symmetric
space then the measure � is nice semistable.

We are now interested in �nding polygons with prescribed Gauss map. Such
polygons will correspond to the �xed points of a certain dynamical system. For
� 2 @T its X and t � 0, we de�ne the map � := � � ;t : X ! X by sendingx to the
point at distancet from x on the geodesicray x� . SinceX is nonpositively curved,
the map � is 1-Lipschitz. Fix now a weighted con�guration  : (Z=nZ; � ) ! @T its X
with non-zerototal mass.We de�ne the 1-Lipschitz self-map

� = �  : X � ! X

asthe composition � n � � � � � � 1 of the maps� i = � � i ;m i . The �xed points of � are the
�rst verticesof closedpolygonsP = x1 : : : xn so that  is a Gaussmap for P. Since
the map � is 1-Lipschitz, and the spacein question is completeand hasnonpositive
curvature, the existenceof a �xed point for � reduces(see[KLM2]) to the existence
of a boundedorbit for the dynamical system(� n )n2 N formed by the iterations of �.
Of course,in general,there is no reasonto expect that (� n )n2 N hasa boundedorbit:
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for instance, if the support of the measure� =  � (� ) is a singlepoint, all orbits are
unbounded.

One of our results is that under the appropriate semi-stability assumptionon  
the system(� n )n2 N hasa boundedorbit:

Theorem 6.5 ([KLM1], [KLM2]). Supposethat X is either a symmetric space or
a Euclidean building with one vertex. Suppose that  is a nice semistableweighted
con�guration on @T its X (in the symmetric space case) or a semistablecon�guration
(in the building case). Then �  has a �xed point.

This theorem also holds for arbitrary Euclidean buildings: It was proven in an
early version of [KLM2] under the local compactnessassumption, this proof was
supersededby a proof by AndreasBalser[B] who had removed the local compactness
assumption.

Combining the above result with the TransferTheorem1.6 we get:

Theorem 6.6 ([KLM1, KLM2 ]). Suppose that X is a symmetric space of non-
positive curvature or an in�nitesimal symmetric space or a Euclidean building with a
model Weyl chamber � . Then Dn (X ) = � n

ss(@T its X ).

The equivalenceof the ProblemsQ1 and Q2 (and consequently P1 and P2) in the
Introduction follows immediately from the above theorem since for an in�nitesimal
symmetric spacep and the corresponding symmetric spaceX the Tits boundariesare
the same.As another corollary of the combination of Theorems1.6 and 6.6 we get:

Theorem 6.7 ([KLM1, KLM2]). Let X be either a thick Euclidean building, a
symmetric space or an in�nitesimal symmetric space. Then D n (X ) dependsonly on
the associated spherical Coxeter complexand not on the type of the geometry.

For instance,supposethat X is a nonpositively curved symmetric spaceand X 0

is a Euclidean building which have isomorphic �nite Weyl groups and the same
rank. Then Dn (Cone(@T its X )) = � n

ss(@T its X ) = Dn (X ), Dn (Cone(@T its X 0)) =
� n

ss(@T its X 0) = Dn(X 0), whereCone(@T its X ) and Cone(@T its X 0) are Euclidean cones
over the Tits boundary of X ; X 0, i.e. 1-vertex buildings. Since Cone(@T its X ) and
Cone(@T its X 0) have isomorphic spherical Weyl groups, their a�ne Weyl groups are
isomorphicaswell, so the transfer theorem implies that

Dn (Cone(@T its X )) = Dn (Cone(@T its X 0))

as required.

In the casewhen the group G is complex, for the ideal boundariesB of sym-
metric spacesX = G=K one constructs the moduli spaceof semistableweighted
con�gurations on B as follows.

Given a type � (so that for each i the vector � i is nonzero),the set of semistable
con�gurations Conf � ;sst (B ) (resp. nice semistablecon�gurations Conf � ;nsst (B )) of
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type � on B hasa natural topologicalstructure. De�ne a relation � on Conf � ;sst (B )
by  �  0 if

G �  \ G �  0 6= ; :

One then veri�es that � is an equivalencerelation, see[HL] and [Sj]. De�ne the
moduli spaceM � (B ) of semi-stablecon�gurations on B of type � as the quotient
Conf � ;sst (B )= � . We note that the moduli space(see(8)) M n;� (X ) of n-gonsin X
with the given side-lengths� 2 � n , is alsoa compact topological space.

Theorem 6.8. The moduli space M � ;sst (B ) is Hausdor�. The map P 7! Gauss(P)
de�nes a natural homeomorphismh : M n;� (X ) ! M � ;sst (B ).

Proof: It was proven in [HL] and [Sj] that M � ;sst (B ) = Conf � ;nsst (B )=G, and that
M � ;sst (B ) is Hausdor�. The surjection h is clearly continuous, it is also easily seen
to be injective. Thereforethe map

h : M n;� (X ) ! Conf � ;nsst (B )=G:

is alsoa homeomorphism.

Remark 6.9. For the purposesof this paper weonly need to knowthat M � ;sst (B ) 6= ;
i� M n;� (X ).

Below are few more details concerningthe symplecticnature of the moduli space
M � ;sst (B ) in the casewhen G is a complexLie group. Recall that g = p � k and p =p

� 1k. For � 2 � n � an � pn we identify each � i with the element � i :=
p

� 1� i of the
Lie algebrak. We considerthe product M :=

Q n
i=1 Oi of the orbits Oi := Ad(K )( � i ),

i = 1; :::; n. The manifold M carriesa natural symplecticstructure which is invariant
under the diagonaladjoint action of the group K . Let f : M ! k be the momentum
mappingof this action. Sincethe map f is given by the formula

f : (� 1; ::; � n ) 7!
nX

i =1

� i ;

we obtain an identi�cation of the moduli spaceM n;� (p) of polygons in p with the
symplectic quotient:

M � ;sst (B ) = Conf � (B )==G := M ==G := f � : f (� ) = 0g=K:

In the casewhen all � i belongto the cocharacter lattice L, this quotient is the same
as the Mumford quotient of the projective variety Conf � by the group G.

6.2 The polyhedron Dn(X )

One of the main results of [KLM1] is a description of Dn (X ) (where X is an in-
�nitesimal symmetric space)in terms of the Schubert calculusin the Grassmannians
associated to complex and real Lie groups G (i.e. the quotients G=P where P is a
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maximal parabolic subgroupof G). Below we describe Dn (X ) for the three classes
of metric spacesconsideredin the present paper. We �rst do it in the context of
symmetric spacesof noncompact type (i.e. their deRhamdecomposition contains no
Euclidean factor1) sincethe description in this classis more natural.

Let X be a symmetric spaceof noncompacttype and G the identit y component of
its isometry group. The ideal boundary @T its X is a sphericalbuilding modeledon a
sphericalCoxeter complex(S;W) with model sphericalWeyl chamber � sph � S. We
identify S with an apartment in @T its X . Let � denotethe Euclidean Weyl chamber
of X . We identify � sph with @T its �.

Let B be the stabilizer of � sph in G. For each vertex � of @T its X onede�nes the
generalizedGrassmannianGrass� = G� = G=P. (Here P is the maximal parabolic
subgroupof G stabilizing � .) It is a compact homogeneousspacestrati�ed into B-
orbits called Schubert cells. Every Schubert cell is of the form C� = B� for a unique
vertex � 2 W� � S(0) of the sphericalCoxeter complex. The closuresC� are called
Schubert cycles. They areunionsof Schubert cellsand represent well de�ned elements
in the homologyH � (Grass� ; Z2).

For each vertex � of � sph and each n-tuple
!
� = (� 1; : : : ; � n ) of vertices in W�

considerthe following homogeneouslinear inequality for � 2 � n :
X

i

� i � � i � 0 (�
� ;

!
� )

Here we identify the � i 's with unit vectors in �.

Let I Z2 (G) be the subsetconsistingof all data (� ;
!
� ) such that the intersectionof

the Schubert classes[C � 1 ]; : : : ; [C � n ] in H � (Grass� ; Z2) equals[pt].

Theorem 6.10 ([KLM1]). � n
ss(@T its X ) � � n consists of all solutions � to the

systemof inequalities (�
� ;

!
� ) where (� ;

!
� ) runs throughI Z2 (G).

Remark 6.11. This systemof inequalities dependson the Schubert calculus for the
generalized GrassmanniansG=P associated to the group G. It is one of the resultsof
[KLM2] that the set of solutions dependsonly on the spherical Coxeter complex.

Typically, the system of inequalities in Theorem 6.10 is redundant. If G is a
complexLie group one can use the complex structure to obtain a smaller systemof
inequalities. In this case,the homogeneousspacesGrass� are complexmanifoldsand
the Schubert cyclesare complex subvarieties and hencerepresent classesin integral
homology. Let I Z(G) � I Z2 (G) be the subsetconsistingof all data (� ;

!
� ) such that

the intersection of the Schubert classes[C � 1 ]; : : : ; [C � n ] in H � (Grass� ; Z) equals[pt].
We have the analogousresult

Theorem 6.12 (Stabilit y inequalities, see [BeSj ], [KLM1]). � n
ss(@T its X ) con-

sists of all solutions � to the systemof inequalities (�
� ;

!
� ) where (� ;

!
� ) runs through

I Z(G).

1In the context of Lie groups it corresponds to the caseof semisimplealgebraic groups.
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Remark 6.13. The above theorem wasproven independentlyand by completelydif-
ferent methods in [BeSj], [KLM1 ] in the context of in�nitesimal symmetric spaces
associated with semisimplecomplexLie groups.

We now considerthe generalcasewhen X is a symmetric spaceor a Euclidean
building which splits as X 0 � X 1, where X 0 is the 
at deRhamfactor of X . In the
casewhen X = p is an in�nitesimal symmetric spacewe considerthe decomposition
X = X 0 � X 1 corresponding to the orthogonal decomposition p = p0 � p1, wherep0

is the Lie algebraof the split part of the of the central torus of G (whereg is the Lie
algebraof G). In this casewe againrefer to p0 := X 0 asthe EuclideandeRhamfactor
of X . If p = Tp(X 0), whereX 0 is a nonpositively curved symmetric space,then the
above decomposition of p is the in�nitesimal versionof the splitting o� the deRham
factor of X 0.

Let E = E0 � E1 be the corresponding decomposition of the Euclidean Coxeter
complex, the Weyl chamber � � E splits as � 0 � � 1, where � 1 � E1 is the Weyl
chamber for the action Wsph y E1 and � 0 = E0. Let Dn (X i ) � (� i )n denote the
side-lengthspolyhedron for the spaceX 1. It is clear that

Dn (X 0) = f (� 1; :::; � n ) :
nX

i =1

� i = 0g:

Then we get:
Dn (X ) = Dn (X 0) � Dn (X 1): (10)

We refer the readerto Proposition 8.7 for the explanation.

Combining our results oneobtains the following recipe for determining the poly-
tope Dn (X ) for any of the spacesX as in Theorem6.7 (i.e., in�nitesimal symmetric
spaces,symmetric spacesand Euclidean buildings): Given X , �rst of all, split X as
X 0 � X 1, where X 0 is the Euclidean deRham factor. In view of the formula (10)
it su�ces to describe Dn (X 1); so we let X := X 1. Then �nd a complex semisim-
ple Lie group G of noncompacttype, whosesphericalCoxeter complexis isomorphic
to the one of X . Let X 0 be the symmetric spaceG=K associated with G. Using
Schubert calculus for the GrassmanniansG=P associated to G as in Theorem 6.12
above, computethe systemof stabilit y inequalitiesdescribing� n

ss(@T its X 0) = Dn (X 0).
The polytopesDn (X ) and Dn (X 0) are equal. We note that although the polyhedron
Dn (X ) dependsonly on the sphericalCoxeter group, the systemof stabilit y inequal-
ities describingDn (X ) depends on the root system. In fact in [KLM1] it is shown
that the systemsobtained for the root systemsB3 and C3 are di�erent (even though
they have the samenumber of inequalities).

Example 6.14. Supposethat G is a reductive algebraic over Q and G_ is its Lang-
lands' dual. Let g and g_ be the Lie algebras of G and G_ and let X = G=K; X _

be the corresponding symmetric spaces. Let g = k � p be the Cartan decomposition.
Takea Cartan subalgebra a � p. The pairing h ; i induces an isomorphisma� �= a_ ,
where a_ is a Cartan subalgera of g_ . We then identify a with a� using the invariant
metric. This givesus an isometry f : a ! a_ which conjugatesthe spherical Coxeter
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group Wsph of g to the spherical Coxetergroup W _
sph of g_ . This isometry alsocarries

a Euclidean Weyl chamber � of Wsph y a onto a Euclidean Weyl chamber for the
action W _

sph y a_ . Thus f induces a bijection

f n : Dn (X ) ! Dn (X _ ):

For instance, if G and G_ are simple complexLie groupsof type B ` and C` respec-
tively, then the aboveconstruction providesan isometry D n (X ) �= Dn (X _ ).

In the next subsectionwe will write down the inequalities6.12for the root system
B2 in the casen = 3.

6.3 The polyhedron for the ro ot system B2

In [KLM1] and [KuLM] the stabilit y inequalities for the polyhedraD3(X ) werecom-
puted for all X of rank 2 or 3 (the polyhedron for G2 was computed in [BeSj]). We
now give the exampleof the polyhedron for the root systemB2. This examplewill
be useful to us later.

Sinceall symmetric spaceswith the sameroot systemgive rise to the samepoly-
hedron we may take X = SO(5; C)=SO(5). The Weyl chamber � is given by

� = f (x; y) : x > y > 0g:

Thus the �-lengths � i are vectors (x; y) in �. Since the root system has rank 2,
� sph has exactly two vertices � 1; � 2. Thus we get two generalizedGrassmannians,
Grass� i ; i = 1; 2. TheseGrassmanniansare the spacesof isotropic lines and isotropic
planesin C4. Thus the set of stabilit y inequalities breaks into two subsystems,one
for each � i . This gives a system of 19 inequalities in addition to the inequalities
de�ning the chamber �. Below we have dropped oneof these19 inequalities, which
was implied by the inequalities de�ning the chamber.

The �rst subsystemof stabilit y inequalities (corresponding to the Grassmannian
of isotropic lines) is given by

x i � x j + xk ; f i; j; kg = f 1; 2; 3g

yi � yj + xk ; f i; j; kg = f 1; 2; 3g:

In order to describe the secondsystemwe let S be the sum of all the coordinates of
the side-lengths,so

S = x1 + y1 + x2 + y2 + x3 + y3:

The secondsubsystem(corresponding to the Grassmannianof isotropic planes) is
then given by

x i + yj � S=2; 1 � i; j � 3:

To the abovesystemof 18 inequalitieswealsohave to add the \chamber inequalities":

x i � yi ; i = 1; 2; 3 and yi � 0; i = 1; 2; 3:

In total we get 24 inequalities. Thus we have:
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Corollary 6.15. Supposethat X is a symmetric space with the (�nite) Weyl group
of type B2. Then there exists a triangle in X whose� -side lengthsare vectors � i =
(x i ; yi ) 2 � , i = 1; 2; 3 if and only if � i 's satisfy the abovesystemof 18 inequalities.

Remark 6.16. Using a computer we haveveri�e d that the abovesystemis minimal,
the polyhedron D3 is a cone over a compact polytope with 15 vertices and 24 top-
dimensional faces.

Note that the Weyl chamber � � a determinesa partial order on a:

� � � � ( ) � � � 2 � :

One may ask if the \naiv e" triangle inequalities

� � � � + 


are satis�ed by the �-side lengthsof triangles in a symmetric spaceX with the Weyl
chamber �. Below is a counter-example:

Considerthe root systemB2 = C2 and the vectors

� =
�

x1

y1

�
; � =

�
x2

y2

�
= 
 =

�
x3

y3

�
=

�
t
t

�
;

where 0 < t < y1 < x1 < 2t. The reader will verify that the stabilit y inequalities
above are satis�ed by the vectors � ; � ; 
 , however the inequality

� � � � + 


fails sinceit would imply that 0 < x1 � y1 < (x2 � y2) + (x3 � y3) = 0.

Nevertheless,it is easyto seethat the systemof stabilit y inequalities for the root
systemB2 = C2 is equivalent to the systemof inequalities:

�
2x i + yi

x i

�
� �

�
2x j + yj

x j

�
+

�
2xk + yk

xk

�
;

�
x i

yi

�
� �

�
x j

yj

�
+

�
2xk + yk

xk

�
;

for all i; j; k such that f i; j; kg = f 1; 2; 3g.

7 Polygons in Euclidean buildings and the gener-
alized invarian t factor problem

Let X bea thick Euclideanbuilding modeledon a discreteCoxetercomplex(E; Waf f ).
As in section5.4, let L bea lattice in E which contains the translation subgroupL tr ans

of Waf f and which normalizesWaf f . Note that L acts by automorphismson the
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Coxeter complex(E ;Waf f ). For the algebraicapplicationswe would like to determine
for which

!
� 2 Dn (X ) \ Ln , there existsa polygon in X with L-integral side-lengths

!
�

and the �rst vertex at a distinguishedspecial vertex o 2 X . In other words, we are
interestedin the imageof the map

� : D r ef ;L
n (X ) ! Dn (X ) \ Ln : (11)

In this chapter we will show that in generalthe map (11) is not onto (section7.2):
The counterexamplesare basedon the idea of folding triangles into apartments (see
section 7.1). In the subsequent chapter 8 we will prove \p ositive results": Someof
them guaranteethat the map (11) is onto for certain pairs (Waf f ; L), the other results
establishsu�cien t conditions for elements of Dn (X ) \ Ln to belongto the imageof �.

7.1 Folding polygons in to apartmen ts

In this section we describe a construction which producesbilliard triangles in an
apartment from triangles in a building .

Supposethat �( x; y; z) is a triangle in a (Euclidean or spherical) building B. In
generalit is not contained in an apartment. However (see[KLM2, x3.2]) there exists
a �nite subdivision of the edgexy by points x0 = x; x1; :::; xk� 1; xk = y such that each
geodesictriangle �( z; x i ; x i +1 ) is contained in an apartment in B .

Remark 7.1. it is easy to see that there is a uniform upper bound on the number k
which dependsonly on the Coxetergroup W.

For each i , let ai � B be an apartment containing �( z; x i ; x i +1 ). We will identify
a0 with the model apartment A. We will produce points x0

i in the �rst apartment
a0 such that the triangles �( z; x0

i ; x0
i+1 ) are congruent to the triangles �( z; x i ; x i +1 )

via apartment isomorphisms� i : ai ! A. This is done inductively as follows. We
start with x0

0 = x0 and x0
1 = x1. Supposethat x0

i hasbeenconstructed. To �nd x0
i+1 ,

choose� i : ai ! a so that it carrieszx i to zx0
i . Put x0

i+1 = � i (x i +1 ). The procedure
yields a billiard triangle in the apartment A consistingof two geodesicsideszx0

0 and
zx0

k with the samere�ned lengths as the corresponding sidesof the original triangle
�( x; y; z), and onepiecewisegeodesicpath x0

0x0
1 : : : x0

k . The points x0
1; :::; x0

k� 1 are the
break points of the broken sideof this billiard triangle.

Remark 7.2. If z is a special vertex of X , then, by projecting the apartment A to
a Weyl chamber � (with the tip at z), we can assumethat the folded triangle is
contained in � .

Considerthe sphericalbuilding Yi := � x i (B ) whoseCoxeter complexis (� x0
i
A; Wi ),

wherethe group Wi is the stabilizer of x i in W. Let � i be the canonicalprojection of
Yi to the Weyl chamber in this building.

Remark 7.3. Notice that Wi may be smaller than Wsph.
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Sincethe re�ned lengthsof x i x i +1 and x0
i x

0
i+1 areequal,it follows that � i (

� � � !x i x i � 1) =

� i (
� � � !
x0

i x
0
i � 1), � i (

� � � !x i x i +1 ) = � i (
� � � !
x0

i x
0
i+1 ). Becausethe directions � � � !x i x i � 1 and � � � !x i x i +1 in the

sphericalbuilding Yi = � x i (B ) are antip odal, the properties of the canonicalprojec-
tion � i (seesection5.2) imply that the directions

� � � !
x0

i x
0
i � 1 and

� � � !
x0

i x
0
i+1 in the spherical

Coxeter complex(� x0
i
A; Wi ) are antip odal modulo the action of Wi .

De�nition 7.4. A broken triangle T � A with two geodesic sideszx0
0 and zx0

k and
one piecewisegeodesicpath x0

0x0
1 : : : x0

k is a billiard triangle if at everybreak point x0
i ,

the directions
� � � !
x0

i x
0
i � 1 and

� � � !
x0

i x
0
i+1 in the spherical Coxeter complex� x0

i
A are antipodal

modulo the action of the stabilizer Wi of x0
i in the Coxetergroup of A.

We note that each broken sidex0
0x0

1 : : : x0
k of a billiard triangle can be straightened

in the model apartment A, i.e. there existsa geodesicsegment x00
0x00

k � A (a straight-
ening of x0

0x0
1 : : : x0

k) such that x00
0 = x0

0, the metric length of x00
0x00

k is the sameas of
x0

0x0
1 : : : x0

k , and the direction of x00
0x00

k at x0
0 is the sameas the direction of x0

0x0
1.

x
i-1
'

x
i+1
'

x
i
'

z

reflection

Figure 1: A billiard triangle.

A billiard triangle T in the model apartment canbeunfoldedto a geodesictriangle
in the building if and only if, for each break point x0

i , 0 < i < k, the following
holds. Let � 0

i ; � 0
i ; � 0

i 2 � x0
i
A be the directions towards x0

i � 1; x0
i+1 ; z. The necessaryand

su�cien t condition is:

Condition 7.5. For each i there existsa triangle �( � i ; � i ; � i ) in the spherical building
Yi = � x0

i
B so that \ (� i ; � i ) = � and the re�ned lengthsof � i � i and � i � i are the same

as for � 0
i �

0
i and � 0

i �
0
i respectively.

Remark 7.6. A necessarycondition for existence of a triangle �( � i ; � i ; � i ) is that
\ (� 0

i ; � 0
i ) + \ (� 0

i ; � 0
i ) � � , which is just the usual (metric) triangle inequality in the

spherical building Yi .

Lemma 7.7. Supposethat wehavean apartment a0 in a Euclidean building X and a
billiard triangle T0 � a0, T0hasgeodesicsidesz0x0

0; z0x0
k and thebrokensidex0

0x
0
1 : : : x0

k .
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Supposethat for each break point x0
i ; i = 1; :::; k � 1, there is a wall H i � a0 throughx0

i

which weakly separates2 f x0
i � 1; x0

i+1 g from the vertex z0. Assumethat the re
ection w

in the wall H i carries the direction
� � � !
x0

i x
0
i+1 to the direction antipodal to

� � � !
x0

i x
0
i � 1. Then

there existsa geodesic triangle T = �( x; y; z) � X so that

� r ef (z0x0
0) = � r ef (zx); � r ef (z0x0

k) = � r ef (zy)

and the re�ned side-lengthof xy is the sameas for the straightening of the broken
side x0

0x0
1 : : : x0

k .

s'+

s'-

'h'hw (    )

z '

-s

Y

F

'x

h

i

Figure 2: Unfolding.

Proof: We prove the lemma by verifying Condition 7.5 for each i = 1; :::; k � 1. The
sphericalbuilding Y := � x0

i
X contains the apartment s0 = � x0

i
(a0) and the directions

� 0; � 0; � 0 of the geodesicsegments

x0
i x

0
i � 1; x0

i x
0
i+1 ; x0

i z0:

The wall F := � x0
i
(H i ) in the sphericalapartment s0 separatess0 into half-apartments

s0
+ ; s0

� , sothat cl(s0
+ ) contains � 0 and cl(s0

� ) contains the directions � 0; � 0. Becausethe
building Y is thick, thereexistsan apartment s � Y which intersectss0alongthe half-
apartment s0

+ . Let s� := cl(sns0
+ ). Thereexistsan isomorphismof Coxeter complexes

� : s0 ! s which restricts to the identit y on s+ . Set � := �(� 0); � := � 0; � := � 0. Clearly,

� r ef (� � ) = � r ef (� 0� 0); � r ef (� � ) = � r ef (� 0� 0):

It remainsto verify that \ (� ; � ) = � , i.e. that the points � and � are antip odal. Note
that we alsohave the third apartment s00= s0

� [ s� and the isomorphismof Coxeter
complexes

j : s0 ! s00

2I.e., H i separatesa0 into half-apartments a0
+ ; a� 0such that z is in the closureof a0

+ and x0
i � 1; x0

i +1
are in the closureof a0

� .
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which is the identit y on s0
� , seeFigure 2. The restriction of j to s0

+ equals� � w. Thus
j carriesw(� 0) (which is antip odal to � 0 by assumption)to the point � , and j (� 0) = � .
Thus the points � ; � are antip odal.

We now state a conjecture describing unfoldable billiard triangles. Let � � E
be a Weyl chamber with the tip at a special vertex o. We �rst de�ne a weak LS
path between two special vertices x = x0; y = xk 2 � to be a broken geodesic
x0x1 : : : xk � � which satis�es Littelmann's axiomsfor an LS path in [L2, x4] except
we do not require dist(� i � 1; � i ) = 1 in the de�nition of an a-chain. A billiard triangle
is a Littelmann triangle if the broken side x0x1 : : : xk is an LS path. We say that a
billiard triangle in � with the geodesicsidesox0; oxk and a broken sidex0x1 : : : xk is
a generalized Littelmann triangle if x0x1 : : : xk is a weakLS path. We recall (see[L2])
that there exists a Littelmann triangle with geodesicsidesox0; oxk and the broken
side x0x1 : : : xk� 1xk i� V
 � V� 
 V� where � := � (ox0); 
 = � (oxk) and � is the
�-length of the straightening of the broken geodesicx0x1 : : : xk� 1xk , provided that
� ; � ; 
 are charactersof the split torus T _ � G_ (C). Here V� ; V� ; V
 are irreducible
representations of the group G_ (C), cf. x1.

Conjecture 7.8. A billiard triangle in � with the sidesox0; oxk and x0x1 : : : xk� 1xk

and with the special vertices 0; x0; xk , is unfoldablei� it is a generalized Littelmann
triangle.

7.2 A Solution of Problem Q2 is not necessarily a solution
of Problem Q3

In this sectionwe �rst construct an exampleof a discretethick Euclideanbuilding X
(modeledon discreteEuclideanCoxeter complexwith the root systemR of type B2)
and a triangle P � X with the �-side lengths � 1; � 2; � 3 2 L = Q(R_ ) so that:

1. The verticesof P are at verticesof X .

2. There is no triangle P 0 � X with vertices at special vertices of X and the
�-lengths � 1; � 2; � 3.

In terms of our basicalgebraproblems,(� ; � ; 
 ) is a solution of Problem Q2 but
not of Problem Q3 for the simply-connectedgroup G = Spin(5),

We next describe (without proof) analogouscounterexamplesfor the root systems
C` ; ` � 2 and L = Q(R_ ). In terms of our basic algebraproblems, this shows that
there are solutions of Problem Q2 that are not solutions to Problem Q3 for the
simply-connectedgroupsG = Sp(2`); ` � 2.

Example 7.9. Let X be a thick Euclidean building with associated discreteEuclidean
Coxetercomplex(E; Waf f ) of type B2. Then the map (11) is not surjective for n = 3
and L = Q(R_ ).

We recall that the simple roots for the root system B2 are (1; � 1) and (0; 1)
and the simple coroots are (1; � 1) and (0; 2). The folded triangle T is represented
in Figure 3. It has three vertices: s;p and q and two geodesic sides: sp and sq.
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Figure 3: A folded triangle.

The third side is the broken geodesicsegment which consistsof three pieces:pv; vu
and uq. The vectors in the Weyl chamber � = f (x; y) 2 R2 : 0 � y � xg which
represent the corresponding �-side lengths are (2; 2), (3; 1) and (2; 2), where (2; 2)
represents the broken side. To seethat T can be unfolded into a geodesictriangle in
the corresponding building X onecan either useLemma7.7 or simply verify that the
vectors (2; 2), (3; 1) and (2; 2) satisfy the inequalities of Section 6.3. Note that the
vectors(3; 1) and (2; 2) belongto the coroot lattice.

Wenow provethat there is no triangle �( s00; p00; q00) in the building X whose�-side
lengths are the vectors (2; 2), (3; 1) and (2; 2) and whoseverticesare special vertices
of X . Supposethat such triangle exists. As described in section 7.1, we subdivide
the sidep00q00and fold �( s00; p00; q00) to a billiard triangle T0 in the model apartment A.
Without lossof generality we can assumethat the side s00p00folds onto the geodesic
segment oc, whereo is the origin in A and c = (2; 2). By Remark 7.2 we can assume
that this triangle is contained in the Weyl chamber � = f (x; y) : x � y � 0g. Hence
the sides00q00folds onto the geodesicsegment oa wherea = (3; 1). Note that d(a;c) is
strictly lessthan 2

p
2, which is the magnitude of the vector (2; 2). Thus the broken

geodesicsegment f (p00q00) (which is the image of p00q00under folding) has to have at
least onebreak point. Next, observe that the only break points in f (p00q00) can occur
at the verticesof the a�ne Coxeter complex. Any vertex other than one in the set

S := f (2; 2); (3; 1); (2:5; 0:5); (1:5; 1:5);

(2:5; 1:5); (2:5; 2:5); (3:5; 0:5); (3:5; 1:5)g

would be too far from a;c for a billiard triangle to exist. We note that all points
in S n f a;cg are nonspecial verticesof the Coxeter complex. Thus the only break in
f (p00q00) which can occur at such a point is \backtracking".
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Figure 4: A billiard triangle.

Below we exclude breaks at various points of S and will leave the rest of the
possibilities to the reader,sincethe arguments are similar. Supposethat the broken
geodesicpath f (p00q00) is the concatenationof the geodesicsegments

ca; ab;ba;

whereb = (3:5; 1:5), seeFigure 4. The point b is oneof two break points of f (p00q00).
At the link � b(A) considerthe directions:

� 0; � 0; � 0

towards the points a;a and o. Then

\ (� 0; � 0) + \ (� 0; � 0) = 2\ (� 0; � 0) < � :

Hence,according to Remark 7.6, the billiard triangle T 0 cannot be unfolded into a
geodesictriangle �( s00; p00; q00) � X . Contradiction.

Lastly, considera break point at the vertex b = (2:5; 2:5); the broken geodesic
path f (p00q00) is the concatenationof the geodesicsegments

ca; ab;ba;

seeFigure 5. At the link � a(A) of the break point a considerthe directions:

� 0; � 0; � 0

towards the points c;b and o. Again,

\ (� 0; � 0) + \ (� 0; � 0) = 2\ (� 0; � 0) < � ;

contradiction. (Note that in this examplewedo not get a contradiction by considering
the link of the break point b.)
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Figure 5: A billiard triangle.

Remark 7.10. Considerthe usualembeddingR2 ! R` of the root systemR2 = B2 to
R` = B ` . The � -side length vectors (2; 2), (3; 1) and (2; 2) correspond to the vectors

� = � = (2; 2; 0; :::; 0); 
 = (3; 1; 0; :::; 0) 2 L = Q(R_
` ):

One can showthat for each ` � 3 and the appropriate discretebuilding X , the vectors
� ; � ; 
 belong to the image of � : D r ef ;L

3 (X ) ! D3(X ).

Considernow a thick building X 0
` modeledon the discreteEuclideanCoxeter complex

of type R0
` := C` , ` � 3. Set L = Q((R0

` )
_ ). To obtain examplesof triples of vectors

which do not belongto the imageof D r ef ;L
3 (X 0

` )
�

,! D3(X 0
` ) we do the following:

Choosethe vectors� 0 = � 0 = (2; 0) and 
 0 = (2; 1). Then � 0; � 0; 
 0arein the coroot
lattice L of C2. We claim this choiceof side-lengthsgivesa solution of Problem Q2
that is not a solution of Problem Q3 for the root systemC2.

Lemma 7.11. There existsan isomorphismof algebraic groups� : Spin(5) ! Sp(4)
carrying a split torus of Spin(5) to a split torus of Sp(4) such that the induced map
on Cartan subalgebras (relative to the coordinates of [Bo, pg. 252-255]), is given by
the matrix

1
2

�
1 1
1 � 1

�
;

Proof: Let � : Spin(5) ! SL(4) be the spin representation. By Theorem G (b) of
[Sam],the spin representation of Spin(2n+ 1) is symplecticif and only if either n � 0
mod 4 or n � 1 mod 4. Hence,the imageof � lies in Sp(4). If follows easily that �
is an isomorphism. Let � i ; i = 1; 2 be the coordinate functionals as in [Bo], loc. cit.
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Sincethe weights of the spin representation relative to the basisof the dual of the
Cartan subalgebraare (1=2; 1=2); (1=2; � 1=2); (� 1=2; 1=2) and (� 1=2; � 1=2) we �nd
that the pull-back by the map, induced on the duals of the Cartan subalgebras,of
the coordinate functional � 1 = (1; 0) is (1=2; 1=2) and the pull-back of the coordinate
functional � 2 = (0; 1) is (1=2; � 1:2). Thus the above matrix is the matrix of the map
on the duals. Since it is symmetric is also the matrix of the map on the Cartan
subalgebras.

Sincethe vectors � ; � ; 
 (from the previousexample)map to the vectors � 0 = � 0

and 
 0 = (2; 1) respectively, the claim follows.

Now considerthe natural embedding of root systemsC2 ,! C` = R` , ` � 2. One
can verify (similarly to the arguments presented in Example 7.9) that the vectors
� 0 = � 0; 
 0 2 L = Q(R_

` ) satisfy the property that

(� 0; � 0; 
 0) 2 D L
3 (X ` ) n �(D r ef ;L

3 (X ` )) ;

whereX ` is a discreteEuclideanbuilding modeledon the EuclideanCoxeter complex
associated with the root systemC` . Thus the triple (� 0; � 0; 
 0) is a solution of Problem
Q2 for Sp(2`; C) but not a solution of Problem Q3 for Sp(2; K) where K is an
nonarchimedeanlocal �eld with value group Z.

8 The existence of �xed vertices in buildings and
computation of the saturation factors for reduc-
tiv e groups

As we have seenin the previouschapter, the map

� : D r ef ;L
n (X ) ! Dn (X ) \ Ln : (12)

in generalis not surjective. The goal of this chapter is to �nd conditions on the root
systems,etc., which would guarantee existenceof polygonsP in Euclideanbuildings
X with the prescribed L-integral �-side lengths and vertices at the vertices of X .
Moreover, we will �nd conditions under which the vertices of P are in G � o, where
o 2 X is a certain special vertex. We will also seethat the image of � is always
contained in the set

D L; 0
n (X ) = f (� 1; :::; � n ) 2 Dn (X ) \ Ln :

nX

i =1

� i 2 Q(R_ ) = L tr ansg:

We will show that for each data (Waf f ; L) (where L tr ans � L � Naf f ), there exists a
natural number k such that for each � 2 Dn (X ) \ Ln , the vector k� belongsto the
imageof the map (11). We will compute the saturation factors k for various classes
of (Waf f ; L). In few caseswe are fortunate and k = 1, i.e. the map (12) is onto. We
then apply theseresults to the algebraProblem Q3.
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8.1 The existence of �xed vertices

We begin this sectionwith few simpleremarksabout existenceof polygonsin X with
the vertices of a given type. As before, G � Aut (X ) is such that the G-stabilizer
of the model apartment A acts on A through the group ~W, whosetranslational part
is L = LG . Thus, if xy � X is a geodesicsegment with x 2 G � o, then y 2 G � o
i� � (x; y) 2 L. Therefore the following are equivalent for a polygon P � X , whose
�-lengths are in L = L � o:

1. All verticesof P are in G � o.
2. One (say, the �rst) of the verticesof P is in G � o.
We alsohave

Lemma 8.1. For a vector
!
� 2 Dn (X ) \ Ln the following are equivalent:

1. There existsa polygonP � X with the � -lengths
!
� , suchthat all (equivalently,

one of) the verticesof P are in G � o.

2. There existsa polygonP � X with the � -lengths
!
� , suchthat all (equivalently,

one of) the verticesof P are special.

Proof: It is clear that (1)) (2), let's prove the converse. Let P = x1 � � � xn be a
polygon in X with the �-lengths

!
� , such that the �rst vertex x1 of P is special. Let

y1; :::; yn+1 2 E besuch that yi yi +1 � E have the samere�ned lengthsasthe segments
x i x i +1 , i = 1; :::; n. By assumption,the vertex y1 is special. Recall that the normalizer
Naf f of Waf f in the group of translations of E, acts transitively on the set of special
vertices. We identify the model apartment E with an apartment in X containing the
origin o. Let T 2 Naf f be such that T(y1) = o. Set zi := T(yi ), i = 1; :::; n. Then
zi are in L-orbit of o for each i and according to the Transfer Theorem 1.6, there
existsa geodesicpolygon Q = u1 � � � un � X with the re�ned side-lengthssameasfor
zi zi +1 ; i = 1; :::; n. In particular, � (ui ; ui +1 ) = � i for each i and all vertices of Q are
in G � o.

Thus a vector
!
� belongsto the image of the map (12) i� there exists a polygon

P � X with special verticesand the �-side lengths
!
� .

As we have seeingin chapter 6, the existenceproblem for polygonswith the given
�-side lengths in X is equivalent to the existenceof a �xed point for a certain map
�  : X ! X . In this section we will try to �nd conditions under which �  �xes
a special vertex in the building X . We �rst analyze the casewhen the Euclidean
Coxeter complex is irreducible.

We thereforeassumethat the a�ne Coxeter group Waf f correspondsto a reduced
irreducible root system R of rank ` in an `-dimensional vector spaceV, with the
underlying a�ne spaceE, seechapter 3. Recall that L is a lattice such that

L tr ans = Q(R_ ) � L � Naf f = P(R_ ): (13)

As before, ~W denotesthe subgroupof Isom(E) generatedby elements of Waf f and L.
Then ~W is a EuclideanCoxeter group with the linear part Wsph and translation part
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L. Since ~W normalizesWaf f , we get the induced action of the �nite abelian group
~W=Waf f

�= L=L tr ans = F on the Weyl alcove � of Waf f . The notion of L-admissible
facesof Weyl alcovesof (E; Waf f ) introducedin chapter 3, carriesover to the building
X . Note that in the caseL = L tr ans , the only L-admissiblefacesare the verticesof
X .

Supposethat � = (� 1; :::; � n ), where� i 2 L for each i . Let

 = ((m1; � 1); :::; (mn ; � n))

be a weighted con�guration on @T its X of the type � , where mi = � i =j� i j. Consider
the map � = �  : X ! X . Then � = � n � ::: � � 1 : X ! X whereeach � i acts on
every apartment ai asymptotic to � i by the translation Ti (by the vector which has
the same�-length as � i ). Thus the assumption� i 2 L � Naf f implies that each Ti is
an automorphism of the Euclidean Coxeter complex (which we identify with ai ). In
particular, the map � preservesthe simplicial structure of X .

Theorem 8.2. Assumein addition that � hasa �xed point in X . Then:
1. � �xes the barycenter of an L-admissibleface in X .
2. If

P n
i=1 � i 2 L tr ans then � �xes a vertex of X .

3. More generally, if L̂ is a lattice normalized by Wsph, suchthat L tr ans � L̂ � L ,
and

P n
i=1 � i 2 L̂ , then � �xes the barycenter of an L̂-admissibleface in X .

4. If � �xes a special vertex of X then
P n

i=1 � i 2 L tr ans . In particular, if the
Coxeter complexassociated with X is the irr educible Coxeter complex (E; Waf f ) of
type A ` , we have:

nX

i =1

� i 2 L tr ans ( ) � �xes a vertex of X :

Proof: 1. For a �xed point x = x1 of �, let � denote the smallest face (a simplex)
in X containing x. Consider the apartments a1 � X (containing x1; x2; � 1), a2 � X
(containing x2; x3; � 2),..., an � X (containing xn ; x1; � n). Then � 1(� ) � a1 \ a2,
� 2 � � 1(� ) � a2 \ a3,..., � n � ::: � � 1(� ) � an \ a1. Since� preserves the simplicial
structure of X and � is the smallestsimplex containing x, we get: �( � ) = � .

The map � j � : � ! � is the composition of maps

(Tn � ::: � T2 � T1)j � ;

whereeach Ti : ai ! ai is a translation. Let ' 1 : E ! a1 bean (isometric) parameter-
ization as in the de�nition of a spacemodeledon a Coxeter complex. We can assume
that � 0 := ' � 1

1 (� ) is a faceof the Weyl alcove � � E. There existsa parameterization
' 2 : E ! a2 so that ' � 1

2 � ' 1 = id on the domain of this composition. Similarly (like
in the de�nition of a developing map of a geometric structure) we chooseparame-
terizations ' i ; i = 1; :::; n, so that for each i , ' � 1

i +1 � ' i = id on the domain of this
composition. Then we get:

(Tn � ::: � T2 � T1)j � = (Tn � ' n � ' � 1
n� 1 � Tn� 1 � ::: � ' � 1

2 � T2 � ' 2 � ' � 1
1 � T1)j � :

57



Let T0
i := ' � 1

i � Ti � ' i : E ! E; thesemapsare translations by the vectors� 0
i , which

are in the Waf f -orbits of the vectors � i , i = 1; :::; n. Set T0 := T0
n � ::: � T0

1. Then the
\holonomy map"

T0 = ' � 1
n � Tn � ' n � ' � 1

n� 1 � ::: � ' � 1
2 � T2 � ' 2 � ' � 1

1 � T1 � ' 1 : E ! E

sendsthe simplex � 0 to itself. Moreover,

T0j � 0 = ' � 1
n � � � ' 1j � 0 = ' � 1

n � ' 1 � ' � 1
1 � � � ' 1j � 0 = w � ' � 1

1 � � � ' 1j � 0;

where w 2 Waf f . Thus, by letting � 0j � 0 := ' � 1
1 � � � ' 1j � 0, we concludethat � 0j � 0

admits the extension by w� 1T0 to the entire E. Since w� 1T0 2 ~W, � inducesan
automorphismof the simplex � by an element of the group ~W. We note that � does
not necessarilypermute all the verticesof � . Considerhowever an orbit of h� i on the
vertex set of � . It is clear that this orbit spansan L-admissiblesimplex c in � � X ;
since� j � is a 1-Lipschitz automorphism, it preservesthe barycenter of the simplex c
and hencethe �rst assertionof the theorem follows.

2. Let us prove the secondassertion. Set t =
P n

i=1 � i . Note that the map T0
i is

the translation in E by the vector � 0
i where � 0

i = wi (� i ) for somewi 2 Wsph. The
composition T0 = T0

n � ::: � T0
1 is the translation by the vector

v =
nX

i =1

� 0
i =

nX

i =1

wi (� i ):

We claim that v 2 L tr ans i� t 2 L tr ans . We leave the proof of the following elementary
lemma to the reader:

Lemma 8.3. If � 2 P(R_ ) then for each w 2 Wsph we have:

w(� ) � � 2 Q(R_ ):

Therefore

v =
nX

i =1

(wi (� i ) � � i ) +
nX

i =1

� i = s + t;

wheres 2 Q(R_ ) = L tr ans . This provesthe claim.

Recall that � 0j � 0 admits the extensionby w� 1T0 (where w 2 Waf f ) to the entire
model apartment E. Thus, if t 2 L tr ans then � 0j � 0 is the restriction of an element
g 2 Waf f . Sincethe alcove � is a fundamental domain for the action of Waf f on E
and � 0 is a faceof � , we concludethat � 0j � 0 = id. Hence� �xes a vertex of X .

3. The proof of 3 is analogousto the proof of 2 and we leave it to the reader.

4. Lastly, supposethat � �xes a special vertex x of X , then � = f xg, � 0 = f x0g is
a special vertex in E, and � 0(x0) = x0 implies that T0(x0) = w(x0), wherew 2 Waf f .
Sincex0 is a special vertex, w = T � w0, where w0 2 Waf f �xes x0 and T 2 L tr ans .
Thus T0(x0) = T(x0), which implies that T0 2 L tr ans , and hencet 2 L tr ans .

As an immediate corollary of the above theoremwe get:
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Corollary 8.4. 1. For each
!
� = (� 1; :::; � n ) 2 Dn (X ) \ Ln such that

P
i � i 2 L tr ans ,

there exists a polygon P � X such that � (P) =
!
� and the vertices of P are at the

verticesof X .

2. If there exists a polygon P � X with special vertices and � (P) =
!
� , thenP

i � i 2 L tr ans .

Example 8.5. For the irr educible Coxeter complex (E; Waf f ) of the type C2, there
are vectors � 1; � 2; � 3 2 L = P(R_ ) such that � �xes a vertex of X but

P 3
i =1 � i =2

Q(R_ ) = L tr ans .

Proof: Considerthe billiard triangle T shown in Figure 6. It hasgeodesicsideszx, zy
and the broken sidexuy. Its �-side lengthsare L tr ans -integral and it hasnon-special
vertices.

z

y
u

x

l

1

10 0.5

0.5

1.5

Figure 6: A billiard triangle.

Let us check that this triangle canbe unfoldedto a geodesictriangle �( z; x; y0) in
X (with verticesat the verticesof X ), in the senseof section7.1. This can be done
as follows. We note that the geodesicl (weakly) separatesz from x and y. Hencewe
can unfold the billiard triangle T to a geodesictriangle in X using Lemma 7.7.

Then the vectors � 1; � 2 representing the sidesxz and xy0 of �( x; y0; z) are in the
coroot lattice Q(R_ ), but the vector � 3 representing the side zy is not in the coroot
lattice. Hence

P 3
i=1 � i =2 Q(R_ ).

Thus the �xed point of � may not be special. However, if Naf f acts transitively
on the verticesof E, every vertex is special and we get:

Corollary 8.6. Supposethat the normalizer Naf f of Waf f in V acts transitively on
the verticesof E. Then the imageof D r ef ;L

n (X ) in Dn(X ) equals

D L; 0
n (X ) := f (� 1; :::; � n ) 2 Dn (X ) \ Ln ;

nX

i =1

� i 2 L tr ansg:
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The exampleof a Coxeter complexfor which the hypothesisof Corollary 8.6holds
is given by (E; Waf f ) for which the �nite Weyl group Wsph is of type A ` . Then each
vertex of the Coxeter complex(E; Waf f ) is special.

Next we consider the general casewhen the Coxeter complex (E; Waf f ) is re-
ducible. As in section5.2, we have the corresponding deRhamdecomposition of the
building X :

X = X 0 � X 1 � ::: � X s;

where X 0 is the 
at deRham factor, the group W i
af f (i > 0) acts as an irreducible

a�ne Coxeter group on the EuclideanspaceE i . The Weyl chamber � is the productQ s
i=0 � i of Weyl chambers, whereof course� 0 = E0. Let pi denote the orthogonal

projection X ! X i , i = 0; 1; :::; s; by abusingnotation we will also usepi to denote
the orthogonal projections E ! E i . Given a lattice L 0 in E we get the inclusions

L i
tr ans � pi (L) = L i � N i

af f ; i = 1; :::; s:

Note that

Dn (X 0) = f (� 1; :::; � n ) :
nX

i =1

� i = 0g:

We have

Prop osition 8.7. 1. Dn (X ) =
Q s

i=0 Dn (X i ).

2. For each
!
� 2 � n , there is a polygonP � X with the � -side lengths

!
� and the

verticesat the (special) verticesof X i� for each i there existsa polygonPi � X i with
the � i -side lengthspi (

!
� ) and the vertices at the (special) vertices of X i .

3. D r ef ;L 0

n (X ) =
Q s

i=0 D r ef ;L 0
i

n (X i ).

Proof: We will prove the third assertionsincethe proofs of (1) and (2) are similar.
First of all, if P � X is a polygon with L 0-integral re�ned side-lengthsthen its
projections Pi := pi (P) � X i are also polygonswith L i -integral re�ned side-lengths.
Conversely, if Pi � X i are polygonswith L 0

i -integral re�ned side-lengthsand x ij is
the j -th vertex of the polygon Pi , we set

x j := (x0j ; :::; xsj ) 2 X ;

this point is a vertex of X sinceall x ij 's areverticesof the correspondingbuildings X i .
This de�nes the polygon P = x1 � � � xn in X . It is clear that the re�ned side-lengths
of P are L0-integral.

The above proposition implies that Corollaries 8.4 and 8.6 remain valid for Eu-
clidean buildings with reducibleCoxeter complexes.

As in chapter 3, given a lattice L 0 in E we de�ne the lattice L as the intersection
of L0 and the translation group of E1 � ::: � Es. We now can compute the imageof
the map (12) \up to saturation":
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Theorem 8.8. 1. Let k = k(Waf f ; L0) = k(Waf f ; L) be the saturation factor de�ned
in chapter 3. Then for each

!
� 2 Dn (X ) \ (kL0)n , there existsan n-gon P � X with

special verticesand � -side lengths� 1; :::; � n .

2. Let R be the root systemcorresponding to the Coxeter complex(E; Waf f ) and
let k := kR = k(Waf f ; L tr ans ) be the saturation factor de�ned in chapter 3. Then for
each

!
� 2 Dn (X ) \ (kL0)n satisfying

X

i

� i 2 L tr ans = Q(R_ )

there existsan n-gon P � X with special verticesand � -side lengths� 1; :::; � n .

Proof: 1. We�rst considerthe casewhenthe root systemR is reduced,irreducibleand
hasrank equal the dimensionof the spaceV; then L = L 0. Let P0 � X be a polygon
with the �-lengths 1

k � 1; :::; 1
k � n . Since1

k � i 2 L for each i , Theorem8.2 implies that the
polygon P0 can be chosenso that its �rst vertex is the barycenter of an L-admissible
simplex in X . Let x i x i +1 , i = 1; 2; :::; n, be oriented segments in the model apartment
E, which represent the re�ned side-lengthsof the polygonP 0; the point x1 (and hence
x i for each i = 2; :::; n+1) is the barycenter of anL-admissiblesimplexin E. Weregard
E as the vector spaceV by identifying the origin with the special vertex o. Then,
accordingto the de�nition of k = k(Waf f ; L), the segments (kx i )(kx i +1 ) = yi yi +1 have
end-points at the special verticesof E. Considerthe a�ne transformation � : E ! E
which is the homothety x 7! kx. Then � : (E; Waf f ) ! (E; Waf f ) is an injective
endomorphismof the a�ne Coxeter systemsand the Transfer Theorem 1.6 implies
that there exists a polygon P in X whosere�ned side-lengthsare represented by
yi yi +1 , i = 1; :::; n. The verticesof P are special and its �-side-lengths are � 1; :::; � n .

We now consider the general casewhen the Coxeter complex (E; Waf f ) is re-
ducible. Let P0 � X bea polygonwith the �-lengths 1

k � 1; :::; 1
k � n . Sincep0(

P n
i=1 � i ) =

0, we have
1
k

nX

i =1

� i 2 L0 \ V1 � ::: � Vs = L:

Hencefor each j = 1; :::; s we get

1
k

nX

i =1

pj (� i ) 2 L j = pj (L):

Therefore,by Theorem 8.2 (part 3, wherewe take L̂ = L j , j = 1; :::; s), the polygon
P0 can be chosenso that for each j = 1; :::; s, the vertices of pj (P0) are barycenters
of L j -admissiblefacesof X j . Recall that k = LC M (k1; :::; ks).

By the irreduciblecase,for each j = 1; :::; s there is a polygonP 0
j � X j with special

vertices and side-lengthsk j

k pj (� 1); :::; pj (� n ). Let x i;j x i +1 ;j , i = 1; 2; :::; n; j = 1; :::; s,
be oriented segments in the model apartment E j , which represent the re�ned side-
lengths of the polygon P 0

j . It follows from the Transfer Theorem 1.6 that for each
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j = 1; :::; s there existsa polygon Pj � X j whosere�ned side-lengthsare represented
by the segments (mj x i;j )(mj x i +1 ;j ), wheremj = k=kj . Note that mj

k j

k pj (� i ) = pj (� i )
for each i and j . By the de�nition of kj , for each j the vertices of Pj are special
verticesof X j . Now Proposition 8.7 implies that there exists a polygon P � X with
the special vertices,whoseprojections to X j are Pj for each j and the �-side lengths
of P are � 1; :::; � n .

2. The proof of this assertion is analogousto the proof of 1. First, suppose
that the Coxeter complex is irreducible. Then, accordingto Theorem8.2 (part 2), a
polygon P0 � X with the �-lengths 1

k � 1; :::; 1
k � n can be chosenso that its verticesare

verticesof X . Let x i x i +1 , i = 1; 2; :::; n, be oriented segments in the model apartment
E, which represent the re�ned side-lengthsof the polygonP 0. Then, by the de�nition
of k = kR , the end-points of the segments (kx i )(kx i +1 ) are special verticesof X . The
rest of the argument is the sameas for (1).

8.2 Saturation factors for reductiv e groups

Wenow apply the resultsfrom the previoussectionto the generalizedInvariant Factor
Problem for nonarchimedeanreductive Lie groupsG. Supposethat G is a connected
reductive algebraicLie group over K, whereK is a �eld with discretevaluation v. Let
G := G(K). The group G determinesa Bruhat-Tits building X , Bruhat-Tits root
systemR, the corresponding a�ne Coxeter group Waf f and the extendedcocharacter
lattice L := LG satisfyingthe doubleinclusion(13). De�ne kinv f act(G) := k(Waf f ; L).

As an immediate corollary of Theorem8.8, we obtain:

Corollary 8.9. 1. For k = kinv f act(G) and any � 2 L n \ Dn (X ), there exists an
n-gon P in X with � -side-lengthsequal to k� and vertices in G � o.

2. For k = kR and any

!
� 2 D L; 0

n (X ) = f
!
� 2 Dn (X ) \ Ln :

nX

i =1

� i 2 Q(R_ )g;

there exist an n-gon P with � -side lengthsequal to k� and vertices in G � o.

3. If G is semisimpleand simply-connected then D L; 0
n (X ) = D L

n (X ) and
kinv f act(G) = kR .

Proof: Parts (1) and (2) follow from Theorem8.8 (parts (1) and (2) respectively) and
Lemma 8.1.

To prove (3) note that in this caseQ(R_ ) = L and thus

kinv f act(G) = kR = k(Waf f ; Q(R_ )) :

Remark 8.10. We emphasizethat kinv f act(G) and kR depend only on G and not the
choice of � .
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By specializingto the casen = 3 and using the equivalence(seex5.4) of Problem
RGTI for Euclideanbuildings with the Problem Q3, we get:

Corollary 8.11. For each k 2 N divisible by kinv f act(G) and each triple (� ; � ; 
 ) 2
k(L \ �) 3 which satis�es the generalizedtriangle inequalities for the space X , there
exist representativesA; B ; C of the doublecosetclasses

G(O)� (� )G(O); G(O)� (� )G(O); G(O)
 (� )G(O);

suchthat AB C = 1.

Example 8.12. Let G = Spin(5). Then Example 7.9 showsthat there is a triple
(� ; � ; 
 ) 2 (L \ �) 3; L = Q(R_ ), such that � ; � ; 
 satisfy the generalized triangle
inequalities and suchthat one cannot �nd A; B ; C in the corresponding doublecosets
of Spin(5; K) suchthat AB C = 1.

Thus one cannot take k = 1 for the caseG = Spin(5).

Example 8.13. kinv f act(GL(m)) = 1. In other words, let X be the Bruhat-Tits
building associated with the group GL(m; K), where K is a �eld with nonarchimedean
discrete valuation and the value group Z. Let

!
� 2 Zm have entries arranged in de-

creasingorder. Then
!
� satis�es the generalized triangle inequalities (i.e.

!
� 2 Dn(X ))

if and only if there exists an n-gon P in X with the �rst vertex at the origin (the
point stabilized by GL(m; O)) and � -side lengths

!
� .

Although this example is a special caseof Theorem 8.8 (part 2), we present a
completeproof for the bene�t of the reader.

Proof: Recall (seeExample 3.6) that the EuclideanCoxeter complex(E; Waf f ) of X
is reducible,E = E0 � E1, whereE1 is the kernel of the map

tr : (x1; :::; xm ) 7! x1 + ::: + xm ;

and E0 is the span of (1; :::; 1). Let V1 be the vector spaceunderlying E1. We may
identify V1 with the Lie algebra of tracelessreal diagonal matrices, the real Cartan
subalgebraof the Lie algebraof SL(m). Moreover (seeExample 3.6), L = L GL (m) =
Zm , is the cocharacter lattice; the orthogonal projection of L to V1 is the coweight
lattice of SL(m), and the root systemis of type Am� 1. On the other hand, suppose
that

!
� = (� 1; :::; � n ). Then, since

!
� 2 Dn (X ), there exists a polygon P̂ in X with the

�-side lengths � i . Let X = X 0 � X 1 be the deRham decomposition of X , where
X 0 = E0

�= R is the 
at factor. Sincethe projection of P̂ to the 
at deRhamfactor
E0 of X is alsoa polygon, we get:

p0(� 1 + ::: + � n ) = tr (� 1 + ::: + � n ) = 0:

Hence� 1 + ::: + � n 2 L \ E1 = Q(R_ ). Therefore we can apply Theorem 8.2 (part
2 or 4) to concludethat there exists a polygon P 0 � X 1 whoseverticesare (special)
verticesof X 1 and whose�-side lengthsare p1(� 1); :::; p1(� n ). By combining this with
the polygonp0(P̂) via Proposition 8.7we concludethat there existsa polygonP � X
whoseverticesare(special) verticesof X and whose�-side lengthsare� 1; :::; � n . Thus
kinv f act(GL(m)) = 1.
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Theorem 8.14. 1. Let DG be the derived (i.e. commutator) subgroup of G. Then

kinv f act(G) = kinv f act(DG): (14)

2. Moreover, if G1; :::; Gs are the simple factors of DG then

kinv f act(G) = LC M (kinv f act(G1); :::; kinv f act(Gs)) :

Proof: The equation (14) follows from three observations:

We �rst claim that the lattice L 0 = LG \ V1 � ::: � Vs equalsLD G . This is because
we can assumethat the maximal split tori TD G and TG of DG and G are related by

TD G = TG \ DG:

Hencethe cocharacter lattice of DG is the sublattice of L G consistingof thosecochar-
acters whoseimage is contained in DG. Passingto tangent vectors at the identit y
yields the claim.

Second,by de�nition, the coroot system R_
D G of DG is the sameas the coroot

systemR_
G of G regardedasa root systemin E1 � ::: � Es. Thus G and DG have the

samea�ne Weyl group Waf f .

Lastly, the projection of the lattice L G into V1 � ::: � Vs is contained in P(R_ ) \
V1 � ::: � Vs.

With theseobservations, the sameargument asin the caseof GL(m) goesthrough:

k(Waf f ; LG) = k(Waf f ; LD G)

(the saturation factor kinv f act dependsonly on the group Waf f and the cocharacter
lattice), which implies (14).

To prove the secondassertionof the Theorem note that the Euclidean Coxeter
complex for DG is the direct product of the Euclidean Coxeter complexesfor its
factorsGi ; i = 1; :::; s. Let T i be maximal split tori of Gi , i = 1; :::; s and L i = X � (T i )
be their cocharacter lattices. Let TG :=

Q
i T i , and L0 := X � (TG); then each L i

is the projection of L 0 to Vi , where (Vi ; W i
af f ) are the Euclidean Coxeter complexes

associated with Gi .

Then De�nition 3.8 implies that

k(Waf f ; L0) = LC M (k(W 1
af f ; L1); ::::; k(W s

af f ; L s)) :

We canalsogive a completesolution (in terms of the stabilit y inequalities) for the
Invariant Factor Problem Q3 in the caseof nonarchimedeanreductive Lie groupsG
with root systemof type Am� 1. For instance,G could be the quotient of SL(m) by
a subgroupof its center. As before,let L denotethe lattice L G and let X := X G be
the Bruhat-Tits building associated with G.
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Theorem 8.15. Let G be a reductive algebraic group over K, so that the group G
has the associated root systemR of type Am� 1. Then the natural embedding

D r ef ;L
3 (X ) ,! D L

3 (X ) = f (� ; � ; 
 ) 2 D3(X ) \ L3 : � + � + 
 2 Q(R_ )g (15)

is onto.

Proof: The assertionfollows from Corollary 8.9 and the fact that kR = 1 for the root
systemof type A.

Specializing to the caseof GL(m) and SL(m) we get the following corollary:

Corollary 8.16. Let X = Pm be the symmetric space of symmetric positive-de�nite
m � m-matrices. Then there exists a solution to the Invariant Factor ProblemQ3
for the caseG = SL(m; K) (or GL(m; K)) and K = SL(m; O) (resp. GL(m; O)) if
and only if � , � and 
 are integer diagonal matrices so that tr (� + � + 
 ) = 0 and
the projections

� �
1
m

tr (� )I ; � �
1
m

tr (� )I ; 
 �
1
m

tr (
 )I

satisfy the stability inequalities 6.12 for the space X . Here I is the identity matrix.

9 The comparison of Problems Q3 and Q4

9.1 The Hecke ring

In this sectionwe will (for the most part) follow the notation of [Gro]. We urge the
reader to consult this paper for more details. However we will let K and O be as
in section4.3. We will assumethat the valuation v is discrete, the �eld K is locally
compactand the residue�eld is �nite of order q and uniformizer � .

We let G be a connectedreductive algebraicgroup over K. We will assumethat
G is split over K. Then G is the general �b er of a group scheme(also denotedG)
over O with reductive special �b er. We �x a maximal split torus T � G de�ned over
O. We put G = G(K); K = G(O) and T = T(K). We let B � G be a Borel subgroup
normalizedby T and put B = B(K). We let U be the unipotent radical of B whence
B = TU. Let X = X G denotethe Bruhat-Tits building associated with the group G;
o 2 X is a distinguishedspecial vertex stabilized by the compactsubgroupK .

Wehavealreadyde�ned in section4.3the freeabeliangroups(of rank l = dim(T))
X � (T) and X � (T) and a perfect Z-valued pairing h ; i between them. The �rst
contains the coroots R_ , the secondcontains the roots R of G.

The roots are the charactersof T that occur in the adjoint representation on the
Lie algebra of G. The subset R+ of the roots that occur in representation on the
Lie algebra of B forms a positive system and the indecomposableelements of that
positive systemform a systemof simpleroots �. We let W denotethe corresponding
(�nite) Weyl group.
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The root basis� determinesa positive Weyl chamber P + in X � (T), by

P+ = f � 2 X � (T) : h�; � i � 0; � 2 � g:

We de�ne a partial ordering on P + by � > � i� the di�erence � � � is a sum of
positive coroots.

We de�ne the element � 2 X � (T) 
 Z[1=2] by

2� =
X

� 2 R+

� :

We recall that � is the sum of the fundamental weights of R. Then, for all � 2 P + ,
the half-integer h�; � i is positive.

De�nition 9.1. The Heckering H = H(G; K ) is the ring of all locally constant, com-
pactly supported functions f : G � ! Z which are K -biinvariant. The multiplication
in H is by the convolution

f � g(z) =
Z

G
f (x) � g(x � 1z)dx

where dx is the Haar measure on G giving K volume1.

We claim that the function f � g alsotakesvaluesin Z. Indeed, f and g are �nite
sumsof characteristic functions of K -doublecosets.Thus it su�ces to prove the claim
in the casethat f and g are both characteristic functions of K -doublecosets.In this
caseit is immediate that their convolution product is the characteristic function of
the set of products of the elements in the two doublecosets.This product set is itself
a �nite union of K -doublecosets.This implies that the structure constants m�;� (� ) of
the Hecke ring, de�ned below, are nonnegative integers. The characteristic function
of K is the unit element of H . For the proof of the next lemma see[Gro, x2].

Lemma 9.2. H is commutative and associative.

In fact much more is true. For � 2 X � (T) let c� be the characteristic function of
the corresponding K -double coset� (� ) 2 K nG=K.

Lemma 9.3. 1. The assignment� � ! c� inducesan isomorphismof free abelian
groupsZ[P+ ] � ! H .

2. The Heckering is a �lter ed ring with the �ltr ation levelsindexed by the ordered
abelian semigroup P+ . In particular, we have

c� � c� = c� + � +
X

� <� + �

m�;� (� )c� : (16)
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Hereand in what follows
P

� <�
denotesthe sum over elements � from P + . We note

that this sum is �nite.

We will prove below, Lemma 9.16, that the structure constants m�;� (� ) are poly-
nomials in q with integer coe�cien ts. Here and in what follows we will keeptrack of
the dependenceof certain quantities on the cardinality q of the residue�eld. Thus q
will play the role of a variable in what follows. One of the main points here is that
the structure constants n�;� (� ) of the representation ring R(G_ ) do not depend on q.
They will be encoded in the coe�cien ts of the polynomials m�;� (� ) (along with the
coe�cien ts of the Kazhdan-Lusztigpolynomials b� (� )).

We recall the de�nition of the structure constants m�;� ;
 (� ): Given double cosets
of � (� ); � (� ); 
 (� ) in K nG=K, considerthe characteristic functions c� , c� and c
 of
thesedouble cosets;then decomposethe triple product

c� � c� � c
 =
X

�

m�;� ;
 (� ) c�

in the Hecke algebra H. This de�nes m�;� ;
 (� ). Our primary interest is m�;� ;
 (1)
(where 1 is the trivial character); it will be viewed as a function of the variable q.

In our proof of the saturation conjecture for GL(m) we will need the following
lemma, where 
 � denotesthe weight contragredient to 
 . Then 
 � (� ) is a represen-
tativ e for the doublecosetobtained by inverting the elements in the onerepresented
by 
 (� ).

Lemma 9.4.
m�;� ;
 (1) = vol(K 
 (� )K ) m�;� (
 � ):

Proof: We de�ne an inner product (( ; )) on C0(G), the spaceof compactly supported
complex-valued functions on G, by

((f ; g)) :=
Z

G
f (x)g(x)dx:

We �rst claim that

((c� ; c� )) =

(
vol K � (� )K ; if � = �

0; otherwise:

Indeed

((c� ; c� )) =
Z

G
c� (x)c� (x)dx:

The claim follows by noting that the product function is identically one if the cosets
coincideand otherwiseit is identically zero.

Next we observe that
((c� ; c� )) = c� � c� � (1):
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Indeed, the right-hand side is equal to
Z

G
c� (x)c� � (x � 1)dx =

Z

G
c� (x)c� (x)dx:

Hence

c� � c� � (1) =

(
vol K � (� )K ; if � = �

0; otherwise.

Finally

m�;� ;
 � (1) =
X

�

m�;� (� )(c� � c
 � )(1) = m�;� (
 )vol K 
 (� )K :

9.2 A geometric in terpretation of m�;� ;
 (1)

In this sectionwe will prove the following

Theorem 9.5. m�;� ;
 (1) is the number of triangles in the building X with �rst vertex
o and side-lengths� ; � ; 
 .

We recall that given � 2 � we de�ne S(o;� ) = f x 2 X : � (o;x) = � g, the
\�-sphere of radius � and center at o".

Lemma 9.6. For each � 2 � the group K acts transitively on S(o;� ).

Proof: Let x 2 S(o;� ). By the properties of the action of G on the building X ,
presented in the List 5.10, there exists g 2 G such that g � o = o and g � x 2 � � A
whereA is the model apartment. Sinceg � o = o we have g = k 2 K , whence

� � � !
o k � x = �!o � ; (equality of vectors):

If follows that k � x = � and x = k � 1� .
As a consequencewe can identify the right K {quotients of the K {double cosets

in G to the �{spheres S(o;� ) in the building. The proof of the following lemma is
then clear.

Lemma 9.7. Let � 2 X � (T). Then the mapk � ! k � � (� ) inducesa bijection between
the quotient K � (� )K =K and S(o;� (� )) .

We de�ne
f : K � (� )K =K � K 
 � (� )K =K � ! K nG=K

by sending(g1; g2) to the doublecosetrepresented by f (g1; g2) := g� 1
1 � g2. The reader

will observe that f is well-de�ned. Thus f inducesa map (again denoted f ) from
S(o;� (� )) � S(o;
 � (� )) to K nG=K.

Now let � ; � ; 
 2 X � (T). We de�ne the set

T�;� ;
 := f (x; y) 2 K � (� )K =K � K 
 � (� )K =K : f (x; y) 2 K � (� )K g:
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Note that this set is �nite sinceq < 1 . Let �( o;x1; x2) be a triangle in the building
X with the �-side lengths � ; � ; 
 . Then f (x1; x2) 2 K � (� )K and we obtain a map
F : �( o;x1; x2) 7! (x1; x2) from the spaceof triangles in X with side-lengths� ; � ; 

and �rst vertex at o into the set T�;� ;
 . We leave the proof of the following lemma to
the reader.

Lemma 9.8. F is a bijection.

Remark 9.9. The appearance of the contragredient coweight
 � comesabout because
we require � (x2; o) = 
 , but � (x2; o) is the contragredient of the � (o;x2).

Write
K � (� )K = [ I

i =1 x i K and K 
 (� )K = [ J
j =1 yj K ;

whereboth I and J are �nite (sinceq < 1 ). The theorem will be a consequenceof
the following lemma.

Lemma 9.10. m�;� ;
 (1) = #( T�;� ;
 ).

Proof: We have

m�;� ;
 (1) = c� � c� � c
 (1) =
Z

G
(
Z

G
c� (x)c� (x � 1y)c
 (y� 1)dx)dy

=
Z

G

 
IX

i =1

Z

K
c� (x i k)c� (k� 1x � 1

i y)dk

!

c
 (y� 1)dy

=
IX

i =1

c� (x i )
Z

G
c� (x � 1

i y)c
 (y� 1)dy

=
IX

i =1

JX

j =1

c� (x i )
Z

K
c� (x � 1

i yj k)c
 (k� 1y� 1
j )dk

=
IX

i =1

JX

j =1

c� (x i )c� (x � 1
i yj )c
 (y� 1

j )

=
IX

i =1

JX

j =1

c� (x � 1
i yj ) = #( T�;� ;
 )

As a consequenceof Theorem 9.5 and Lemma 9.4, we �nd that the structure
constants for the Hecke algebraare determinedby the geometryof the building.

Theorem 9.11. Let � ; � ; 
 2 X � (T). Then we have

m�;� (
 ) =
#( T�;� ;
 � )

#( S(o;
 (� )))
: (17)

Proof: We have only to apply Lemma 9.4 and observe that sincewe are assuming
that vol(K ) = 1 we have vol(K 
 (� )K ) = vol(K 
 (� )K =K ) = #( S(o;
 (� ))).

69



9.3 The Satak e transform

In this section we de�ne an integral transform S, the Satake transform, from com-
pactly supported, K -biinvariant functions on G to left K -invariant, right U-invariant
functions on G.

Let � : B � ! R�
+ be the modular function of B , [Gro, x3]. We may regard � as

a left K -invariant, right U-invariant function on G. By the Iwasawa decomposition
for G, [Tits , pg. 51], any such function is determined by its restriction to T. We
normalize the Haar measuredu on U so that the open subgroupK \ U hasmeasure
1. For a compactly supported K -biinvariant function f on G we de�ne its Satake
transform as a function Sf (g) on G given by

Sf (g) = � (g)1=2 �
Z

U
f (gu)du:

Then Sf is a left K -invariant, right U-invariant function on G with values in
Z[q1=2; q� 1=2]; this function is determinedby its restriction to T=T \ K �= X � (T). The
main result of [Sat] (seealso [C, pg. 147]), is that the imageof S lies in the subring

(Z[X � (T)])W 
 Z[q1=2; q� 1=2] �= R(G_ ) 
 Z[q1=2; q� 1=2];

where�= is a ring isomorphism. Hereand in what follows G_ = G_ (C). Furthermore
we have (see[Sat], [C, pg. 147]):

Theorem 9.12. The Sataketransform givesa ring isomorphism

S : H 
 Z[q1=2; q� 1=2] �= R(G_ ) 
 Z[q1=2; q� 1=2]:

For � 2 P+ let chV� be the character of the irreducible representation V� of
G_ (seee.g. [FH, pg. 375]). We may identify chV� with a W-invariant element of
Z[X � (T_ )] = Z[X � (T)].

In what follows we will needtwo basesfor the freeZ[q1=2; q� 1=2]-module R(G_ ) 

Z[q1=2; q� 1=2]. The �rst basisis

S := f S(c� ) : � 2 P+ g;

the secondbasisis
R := f chV� : � 2 P+ g:

The changeof basismatrices relating thesetwo basesare both upper triangular
(seeLemma9.13below) with entries in the ring Z[q1=2; q� 1=2]. We de�ne the order (at
1 ) ord(f ) of the element f =

P k= N
k= � M akqk=2 2 Z[q1=2; q� 1=2] by ord(f ) = N , provided

that aN 6= 0. Note that if f is a polynomial in q then ord(f ) = 2deg(f ) wheredeg(f )
is the degreeof f in q. We will accordingly extend the degreeto Z[q1=2; q� 1=2] by
de�ning

deg(f ) = 1=2 ord(f ):
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Thus the extendeddegreetakes values in the half integers. We de�ne degS(F ) for
F 2 R(G_ ) 
 Z[q1=2; q� 1=2] to be the maximum of the degreesof the components
of F when F is expressed in the basis S. We will use a similar convention (i.e.,
expanding it terms of the basisS) when we speak of the \leading term" of F . We
retain the notation deg (without subscript) for the ordinary notion of degree2 1

2Z
for the Laurent polynomials in Z[q1=2; q� 1=2]. Analogously, we de�ne degR (F ) when
F is expandedin terms of the basisR.

For the following lemma, due to Lusztig, we refer the reader to [Gro, (3.11) and
(3.12)], [Lu2, (6.10)]. See[Ha1, x2], for the statement of the lemma in the generality
we require here.

Lemma 9.13. 1. There exist polynomials a� (� ) in q suchthat

S(c� ) = qh�;� i chV� +
X

�<�

a� (� )qh�;� i chV� :

2. Conversely,there exist polynomials b� (� ) in q suchthat

qh�;� i chV� = S(c� ) +
X

�<�

b� (� )S(c� ):

As an immediate corollary of this lemma we get

degR (S(c� )) � 0 = degS(S(c� )) :

and thus
degR (F ) � degS(F ) (18)

for F 2 R(G_ ) 
 Z[q1=2; q� 1=2].

The degreeestimate below follows from [Lu2], who proved that the polynomials
b� (� ) were Kazhdan-Lusztigpolynomials. This inequality will play a critical role
in what follows. Thesepolynomials have many remarkable properties but the only
property we needhere is the degreeestimate.

Lemma 9.14. For all � < �; � 2 P+ we have:

deg(b� (� )) < h� � �; � i � h�; � i :

This lemma when combined with Lemma 9.13has the following consequences.

Lemma 9.15. For each cocharacter � 2 P + n f 0g we have:

degS(qh�;� i chV� ) < h�; � i :

Proof: By Lemma 9.13we get

qh�;� i chV� = S(c� ) +
X

�<�

b� (� )S(c� ):

HenceLemma 9.14 implies

degS(qh�;� i chV� ) < h�; � i :
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Lemma 9.16. There exists a polynomial M �;� ;
 (q) in the variable q, such that we
havethe equality of functions in q:

m�;� ;
 (1) = M �;� ;
 (q):

Furthermore, all structure constantsm�;� (
 ) are polynomials in q.

Proof: We will prove that all the structure constants m�;� (
 ) are polynomials in q.
The �rst statement will follow from this.

Following [Gro] we de�ne � � 2 R(G_ ) 
 Z[q1=2; q� 1=2] by

� � = qh�;� i chV� :

The elements f � � : � 2 X � (T_ )g give a new basis for the Z[q1=2; q� 1=2]-module
R(G_ ) 
 Z[q1=2; q� 1=2].

We claim that the structure constants for the ring relative to this basisare poly-
nomials in q. Indeed,we have

� � � � � = qh� + � ;� i chV� � chV� = qh� + � ;� i
X


 � � + �

n� + � (
 ) chV


=
X


 � � + �

n� + � (
 ) qh� + � � 
 ;� i � 
 :

Now, since 
 � � + � , the coweight � + � � 
 is a sum of positive coroots and
consequently h� + � � 
 ; � i is an nonnegative integer.

We can now prove the secondstatement. Let � and � be given. We expandS(c� )
and S(c� ) in terms of the basisof � � 's thereby introducing the polynomialsa� (� ). We
then multiply the resulting expressions.According to the paragraphabove, the result
is an expressionin the � � 's with polynomial coe�cien ts in q. We then substitute for
the � � 's using Lemma 9.13 introducing the polynomials b� (� ).

9.4 A solution of Problem Q4 is a solution of Problem Q3

We recall the de�nition of the structure constants n�;� ;
 (� ):

ch(V� ) � ch(V� ) � ch(V
 ) =
X

� 2 P +

n�;� ;
 (� ) ch(V� ):

We are interesting in comparingthe coe�cien t n�;� ;
 (1) (corresponding to the trivial
representation 1 of G_ ) with m�;� ;
 (1).

The main goal of this sectionis to prove the following

Theorem 9.17. If the triple � ; � ; 
 is a solution of Problem Q4 then it is also a
solution of ProblemQ3. More precisely,

n�;� ;
 (1) 6= 0 =) m�;� ;
 (1) 6= 0:
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The above theoremfollows from

Theorem 9.18. Suppose that G is of a reductive algebraic group over K which is
split over K. Then:

(a) The degree of the polynomial M �;� ;
 (q) is at most h� + � + 
 ; � i .
(b) The leading coe�cient of M �;� ;
 (q), i.e., the coe�cient at qh� + � + 
 ;� i , is equal

to n�;� ;
 (1).

The above theorem immediately implies the following

Corollary 9.19. If n�;� ;
 (1) 6= 0 then h� + � + 
 ; � i 2 Z.

Proof of Theorem 9.18. For the bene�t of the reader,below we explain the idea
behind the proof of Theorem 9.18. We have to compute the coe�cien t of 1 in the
Hecke triple product c� � c� � c
 . Instead, we will compute the coe�cien t of 1 in the
triple product S(c� ) � S(c� ) � S(c
 ) in the representation ring R(G_ ) 
 Z[q1=2; q� 1=2]
wherethe triple product is expandedrelativeto the basisS. In order to do this wewill
usethe formula from Lemma 9.13 and compute (initially) in the basisR. However,
to prove the theoremwe must againapply Lemma9.13to rewrite the result in terms
of the basisS.

The theoremwill follow from the next three lemmas.We owe the �rst of theseto
Jiu-Kang Yu.

Lemma 9.20. For all � 2 P+ satisfying � < � we have:

deg(a� (� )qh�;� i ) < h�; � i :

Proof: The proof is by induction on � with respect to the partial order < . We remind
the reader that each set f � 2 P + : � < � g is �nite. If the set f � 2 P+ : � < � g is
empty then there is nothing to prove.

Now assumethat wearegiven� 2 P + and that wehaveprovedthe aboveestimate
for all predecessorsof � in the partial order < . We have, accordingto Lemma 9.13,

S(c� ) = qh�;� i chV� �
X

�<�

b� (� )S(c� )

and
S(c� ) = qh�;� i chV� +

X

� <�

a� (� )qh� ;� i chV� :

Thus

S(c� ) = qh�;� i chV� �
X

�<�

b� (� )qh�;� i chV� �
X

�<�

X

� <�

b� (� )a� (� )qh� ;� i chV� :

We make the changeof variable � ! � ; � ! � in the last sum to obtain

S(c� ) = qh�;� i chV� �
X

�<�

b� (� )qh�;� i chV� �
X

�<�

X

f � :�<� <� g

b� (� )a� (� )qh�;� i chV� :
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SincechV� ; � 2 P+ ; is a basisof the Z[q� 1=2; q1=2]-module R(G_ ) 
 Z[q1=2; q� 1=2],
by combining the previousformula with the part 1 of Lemma 9.13,we obtain:

a� (� )qh�;� i = � b� (� )qh�;� i �
X

f � :�<� <� g

b� (� )a� (� )qh�;� i :

The degreeof the �rst term satis�es the required estimate by Lemma 9.14. We
estimate the degreesof the terms in the secondsum. By the induction hypothesis,
deg(a� (� )qh�;� i ) < h� ; � i and by Lemma 9.14we have

deg(b� (� )) < h� � � ; � i :

Consequently, for all � , we get

deg(b� (� )a� (� )qh�;� i ) < h� � � ; � i + h� ; � i = h�; � i :

Corollary 9.21. deg(a� (� )) < h� � �; � i .

Lemma 9.22. For � ; � ; 
 2 P+ such that � + � + 
 is a nontrivial character, we
have:

degS(S(c� ) � S(c� ) � S(c
 ) � qh� + � + 
 ;� i chV� � chV� � chV
 ) < h� + � + 
 ; � i :

Proof: By expandingthe triple product

S(c� ) � S(c� ) � S(c
 ) =

(qh
 ;� i chV
 +
X

�<


a
 (� )qh�;� i chV� )

�(qh� ;� i chV� +
X

�<�

a� (� )qh�;� i chV� )

�(qh�;� i chV� +
X

� <�

a� (� )qh�;� i chV� )

in terms of the basisR := f chV� g we get the following typesof summands:

qh� + � + 
 ;� i chV� � chV� � chV
 ;

qh� + � ;� i chV� � chV�

X

�<


a
 (� )qh�;� i chV� ;

qh
 ;� i chV
 � (
X

�<�

a� (� )qh�;� i chV� ) � (
X

� <�

a� (� )qh�;� i chV� );

and similar onesobtained by permuting � ; � ; 
 , and �nally:

a� (� )a� (� )a
 (� )qh� + � + �;� i chV� � chV� � chV
 ;

74



where in the latter case � < � ; � < � ; � < 
 , � ; �; � 2 P + . The �rst term
(qh� + � + 
 ;� i chV� � chV� � chV
 ) cancelsout, we estimate the degreeof each of the re-
maining terms separately. We will do it in the caseof the 2-nd and 4-th term and
leave the 3-rd term to the reader:

First, since� < 
 ,

degS[qh� + � ;� i chV� � chV� � a
 (� )qh�;� i chV� ] �

degR [qh� + � ;� i chV� � chV� � a
 (� )qh�;� i chV� ] �

h� + � ; � i + deg(a
 (� )qh�;� i ) <

(by Lemma 9.20)

< h� + � ; � i + h
 ; � i = h� + � + 
 ; � i :

Similarly,

degS[a� (� )a� (� )a
 (� )qh� + � + �;� i chV� � chV� � chV
 ] �

degR [a� (� )a� (� )a
 (� )qh� + � + �;� i chV� � chV� � chV
 ] =

deg[a� (� )qh�;� i ] + deg[a� (� )qh�;� i ] + deg[a
 (� )qh�;� i ] <

(by Lemma 9.20)

< h� + � + 
 ; � i :

The lemma follows.
Now we can prove the degreeestimate in Theorem 9.18. It su�ces to prove the

estimate for the image of the polynomial M �;� ;
 (q) in the ring H. According to
Lemma 9.13,

S(c� ) = qh�;� i chV� +
X

�<�

a� (� )qh�;� i chV� :

Hence,by Lemma 9.20,
degR (S(c� )) = h�; � i ;

and consequently

degS(S(c� ) � S(c� ) � S(c
 )) � degR ((S(c� ) � S(c� ) � S(c
 )) = h� + � + 
 ; � i :

Thus deg(M �;� ;
 ) � h� + � + 
 ; � i which provesthe �rst assertionof Theorem.

Let N �;� ;
 (q1=2) be the polynomial in q1=2 with coe�cien ts in the ring R(G_ ) 

Z[q1=2; q� 1=2] given by

N �;� ;
 (q1=2) := qh� + � + 
 ;� i chV� � chV� � chV
 :

Hereasusualwe assumethat the irreducible charactershave beenexpandedin terms
of the basisS using Lemma 9.13. We seeas a consequenceof the previous lemma
that the Theorem9.18will follow from

Lemma 9.23.

degS(N �;� ;
 (q1=2) � n�;� ;
 (1)qh� + � + 
 ;� i ) < h� + � + 
 ; � i :
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Proof: By de�nition of the structure constants n�;� ;
 (� ) we have

qh� + � + 
 ;� i chV� � chV� � chV
 =
X

� � � + � + 


n�;� ;
 (� ) qh� + � + 
 � � ;� i qh� ;� i chV� :

But by Lemma 9.15, � 6= 1 =) degS(qh� ;� i chV� ) < h� ; � i .
This provesTheorem9.18and henceTheorem9.17.

We now give another explanation why

n�;� ;
 (1) 6= 0 =) h� + � + 
 ; � i 2 Z:

Theorem 9.24. 1. m�;� ;
 (1) 6= 0 =) � + � + 
 2 Q(R_ ) =) h� + � + 
 ; � i 2 Z.

2. n�;� ;
 (1) 6= 0 =) � + � + 
 2 Q(R_ ).

Proof: (1) follows from Theorem8.2, part 4. Hence(2) follows from (1) via Theorem
9.18,however we give a direct proof below.

The center of G_ actson each of the factorsof the triple tensorproduct by a scalar,
henceit acts by a scalaron the triple tensor product itself. But if n�;� ;
 (1) 6= 0 this
scalaris necessarily1. Hencethe center �xes the (highest) weight vector with weight
� + � + 
 , whence� + � + 
 annihilates the center. Accordingly it is in the character
lattice of the adjoint group Ad G_ . Thus � + � + 
 2 Q(R_ ).

9.5 A solution of Problem Q3 is not necessarily a solution of
Problem Q4

In this section we considertwo examples: G = SO(5), whenceG_ = Sp(4; C) and
the group G of type G2 and G_ = G2(C).

We beginwith G = SO(5); we assumethat we have chosenWitt basesfor C5 and
C4. We let T_ be the split torus consistingof diagonal matrices in Sp(4; C) and T
be the split torus of SO(5) consistingof diagonal matrices. We usethe rectangular
coordinatesx1; x2 in the Cartan subalgebraa_ � sp(4; C) such that the simple roots
are x1 � x2; 2x2. We set

� = � = 
 = (1; 1) 2 X � (T_ ) = X � (T):

Note that � + � + 
 belongsto the coroot lattice of SO(5), i.e., the condition stated
in Theorem9.24 is satis�ed.

We give two proofs of the next lemma, the �rst computational, the secondcon-
ceptual.

Lemma 9.25.

n�;� ;
 (1) = 0:

m�;� ;
 (1) = q5 � q:

Thus this choice of side-lengthsis a solution ProblemQ3 but not of ProblemQ4.
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Remark 9.26. In fact the second equality implies the �rst because, in this case,
h� + � + 
 ; � i = 6. Hence, (according to Theorem 9.18) M �;� ;
 (q) = n�;� ;
 (1)q6 +
lower terms. But the coe�cient of q6 in the above formula for m�;� ;
 (1) is 0.

Proof: The �rst equality is obvious if we observe that under the isomorphismbetween
Sp(4) and Spin(5) the representation of Sp(4; C) with the highest weight (1; 1) cor-
responds to the standard (vector) representation of SO(5; C) on C5 (consideredas a
nonfaithful representation of Spin(5; C)). Now it is standard that the tensorsquareof
this representation consistsof three irreducible summands,the trivial representation
(corresponding to the invariant quadratic form), the exterior squareof the standard
representation and the harmonic quadratic polynomials on C5. Sincenone of these
are equivalent to the standard representation and all representations of Sp(4; C) are
self-dual the �rst statement follows.

The proof of the secondstatement requiresmore work. From [Gro, pg. 231], we
have:

S(c(1;1)) = q2chV(1;1) � 1:

Upon taking the cube and calculating in the representation ring of Sp(4; C) one
obtains

S(c(1;1))3 = q6[chV(3;3) + 2chV(3;1) + chV(2;0) + 3chV(1;1)]

� 3q4[chV(2;2) + chV(2;0) + 1] + 3q2chV(1;1) � 1:

Upon substituting for the chV� using Lemma 9.13 (and computing the appropriate
Kazhdan-Lusztigpolynomials b� (� )) the lemma follows.

As for the conceptual proof of (the secondpart of) the lemma, note that the
side-lengthsbelong to the root-subgroup SL(2) corresponding to the positive root
x1 + x2. But it is evident that one can construct an equilateral triangle with side-
lengths equal to the positive root and vertices of the correct type in the tree for
SL(2; K). Sincethis tree is convex in the building for SO(5; K) and the �xed vertex
for SL(2; O) in this embeddedtree is o (the �xed vertex for SO(5; O)), the lemma
follows. Equivalently if we can realize the trivial double coset as a product of the
three SL(2; O){double cosetsin SL(2; K) belongingto (1; 1); (1; 1); (1; 1) then we can
certainly do it in SO(5; K).

Remark 9.27. This last sentence is the essence of the counterexample.The solutions
to ProblemsQ3 and Q4 behavedi�er ently with respect to inclusionsof subgroups. The
solutions of ProblemQ3 \push forward", the solutions of ProblemQ4 do not.

We now give another exampleof a triple of coroots � ; � ; 
 such that the triple is
a solution to Problem Q3 but not of Problem Q4. We take G = G2. HenceG_ = G2

aswell. We take � = � 1 and � = 
 = � 2. Here� 1 is the �rst fundamental weight (the
highest weight of the unique irreducible seven dimensionalrepresentation) and � 2 is
the the secondfundamental weight (the highestweight of the adjoint representation).

Lemma 9.28. m� 1 ;� 2 ;� 2 (1) = q5(q+ 1)(q6 � 1):
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Proof: From [Gro, pg. 231, (5.7)], we have

S(c� 1 ) = q3chV� 1 � 1

S(c� 2 ) = q5chV� 2 � q3chV� 2 � q4:

Multiplying (using LiE) oneobtains

S(c� 1 ) � S(c� 2 ) = q8chV� 1+ � 2 + (q8 � q6)(chV2� 1 + chV� 1 ) � q6chV� 2 � q4S(c� 1 ) � S(c� 2 ):

Hence,by Lemma 9.13we have

m� 1 ;� 2 (� 2) = b� 2 ;� 1+ � 2 (q) + (q2 � 1)b� 2 ;2� 1 (q) � q � 1:

Using b� 2 ;� 1+ � 2 (q) = 1 + q and b� 2 ;2� 1 (q) = 1 we obtain

m� 1 ;� 2 (� 2) = q2 � 1:

Now Lemma 9.4 implies that

m� 1 ;� 2 ;� 2 (1) = m� 1 ;� 2 (� 2) � vol(K � 2(� )K ):

From [Gro, pg. 735],we get vol(K � 2(� )K ) = deg(c� 2 ) = q10 + q9 + q8 + q7 + q6 + q5:
The lemma follows.

Corollary 9.29.
n� 1 ;� 2 ;� 2 (1) = 0:

Proof: From [Gro, pg. 231, (5.7)], we have h� 1; � i = 3 and h� 2; � i = 5 whence
h� 1 + � 2 + � 2; � i = 13. Hence,the structure constant has degree(one) lessthan the
maximum possibledegree.

We now give a geometric proof (using unfolding) that m� 1 ;� 2 ;� 2 (1) is nonzero.
We show that there exists a triangle T 0 (with �-side-lengths � 1; � 2; � 2) in a discrete
Euclideanbuilding X modeledon the discretea�ne Coxeter complexof type G2, so
that all vertices of T0 are special. We start with the billiard triangle T in Figure 7,
contained in a model apartment A � X ; this triangle has two geodesicsideszx; zy
and one broken side xuy. Note that all three vertices of this billiard triangle are
special verticesof the Coxeter complex. The break point u on the broken sideof the
billiard triangle belongsto the wall l of the Coxeter complex,the wall l separatesthe
broken side xuy from the vertex z = o. Thus, by Lemma 7.7, one can unfold the
billiard triangle T to a geodesictriangle T 0 � X preservingthe re�ned side-lengths.

9.6 The saturation conjecture for GL(`)

In this subsectionwe explain Green'sidea for proving that for GL(`)

� ; � ; 
 is a solution of Problem Q3 =) � ; � ; 
 is a solution of Problem Q4:
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Figure 7: A billiard triangle in the a�ne Coxeter complexof type G2.

Let K be a valued �eld with a discretecompletevaluation v and let O � K be the
subring of elements with nonnegative valuation. Pick a uniformizer � 2 K for the
valuation v. We will assumethat the residue�eld is �nite.

Let G be a connectedreductive group algebraicgroup over K and set G = G(K)
and let G_ = G_ (C) be its Langlandsdual. We will assumethat G is split over K.
Recall that the structure constantsm�;� (
 ) and n�;� (
 ) for the Hecke ring of G and
the representation ring of G_ respectively, are given by

c� � c� =
X




m�;� (
 )c
 ;

ch(V� ) � ch(V� ) =
X




n�;� (
 ) ch(V
 ):

We will say that a dominant weight � for GL(`) is a partition if all components of
the integer vector � are nonnegative.

The starting point is that if the dominant weights � ; � ; 
 arepartitions then there
is a standard formula [Mac, pg. 161] that expressesthe structure constant m�;� (
 )
as the number of �nite O-module extensions

1 ! A ! B ! C ! 1;

whereA �= � `
i =1 O=(� � i ), B �= � `

i =1 O=(� 
 i ) and C �= � `
i =1 O=(� � i ).

We will say that such an extensionis of type (� ; � ; 
 ). Now for GL(`) there is an
explicit formula (the Littlew ood- Richardsonrule) for the structure constant n �;� (
 )
(in case� ; � ; 
 are partitions) as the number of Littlew ood{Richardsonsequences(of
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partitions) of type (� ; � ; 
 ), see[Mac, pg. 68, 90]. Then the observation of J. Green
is the following

Lemma 9.30. Supposethere existsan extensionof O-modulesof type (� ; � ; 
 ). Then
there existsa Littlewood-Richardsonsequence (of partitions) of type (� ; � ; 
 ).

Thus for the group GL(`) we �nd that if � ; � ; 
 � are partitions and the structure
constant m�;� (
 � ) is nonzero then the structure constant n�;� (
 � ) is nonzero (the
superscript � denotesthe contragredient dominant weight).

We next remove the assumptionthat � ; � ; 
 � are partitions. To this end let � be
the cocharacter of GL(`) that sendsz 2 Q n f 0g to the scalar matrix with diagonal
entries equal to z. If � is a cocharacter then there exists k such that � k � � is a
partition. Now sincethe matrix � (� ) is scalar it is clear that for any � c� � c� = c� �� .
It then follows that

m� k ��;� k �� (� 2k � 
 � ) = m�;� (
 � ):

Now the previous operation of convolving with the function c� 1 corresponds, under
Langlands' duality, to multiplying a characterby � 1, the characterof the determinant
representation. Thus

m�;� (
 � ) 6= 0 , m� k ��;� k �� (� 2k � 
 � ) 6= 0 , n� k ��;� k �� (� 2k � 
 � ) 6= 0 , n�;� (
 � ) 6= 0:

Finally, by Lemma 9.4 we have

m�;� ;
 (1) 6= 0 , m�;� (
 � ) 6= 0:

Also it is immediate that n�;� (
 � ) = n�;� ;
 (1). Thus, if Problem Q3 can be solved for
� ; � ; 
 then Problem Q4 can be as well. By combining this with Theorem 9.17, we
concludethat for GL(`) ProblemsQ3 and Q4 are equivalent. Sincewe have proved
that 1 is a saturation factor for the Problem Q3 it is alsoa saturation factor for Q4.

9.7 Computations for the ro ot systems B2 and G2

Given a root systemR, the intersection D3(X ) \ P(R_ ) is a semigroupwhose�nite
generatingset (a Hilbert basis) can be computed oncewe know the explicit stability
inequalitiesde�ning the convex coneD3(X ). We have performedthesecomputations
for the root systemsR = B2; G2 using the program 4ti2 (which could be found at
http://www.4ti2.de) and the stabilit y inequalitiesestablishedin [KLM1]. Let $ 1; $ 2

be the long and short fundamental coweights for the root system R; below we will
usethe coordinates [x; y] for the coweight x$ 1 + y$ 2.

B2 computation. The Hilbert basisin the caseR = B2 consistsof the following
8 triples (� ; � ; 
 ) and their permutations under the S3 action:

��
0
1

�
;
�

0
1

�
;
�

0
0

��
;

��
1
0

�
;
�

1
0

�
;
�

0
0

��
;
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��
1
0

�
;
�

0
1

�
;
�

0
1

��
;

��
1
0

�
;
�

1
0

�
;
�

0
2

��
;

��
1
0

�
;
�

1
0

�
;
�

1
0

��
;

��
1
0

�
;
�

1
0

�
;
�

1
1

��
;

��
0
1

�
;
�

0
1

�
;
�

0
1

��
;

��
1
0

�
;
�

1
0

�
;
�

0
1

��
:

We note that the �rst 5 generatorsare represented by 
at triangles contained in an
apartment in X and therefore are solutions of Q4 (and of courseof Q3). The last
three generatorsare not solutions of Q3 since� + � + 
 =2 Q(R_ ).

However, a direct computation (using Littelmann triangles) shows that for every
generator (� ; � ; 
 ) among the last 3 generatorsin our list, (2� ; 2� ; 2
 ) is a solution
of Q4. Therefore,sincethe solution set of Q4 forms a semigroup,we obtain

Prop osition 9.31. If (� ; � ; 
 ) belongsto D3(X ) \ X � (T) then the triple (2� ; 2� ; 2
 )
is a solution of the problemQ4 for the group Sp(4).

We next observe that the solution set of the problem Q3 for the group Spin(5) is
not a semigroup. Indeed, using the coordinates as in the Example 7.9, considerthe
triples (� 0 = (1; 1); � 0 = (1; 1); 
 0 = (1; 1)), (� 00= (1; 1); � 00= (1; 1); 
 00= (2; 0)). As
in section9.5, the �rst triple is a solution of the problem Q3 for Spin(5), the second
triple represents a 
at triangle with the vertices(0; 0); (1; 1); (2; 0) in the apartment.
However (� 0+ � 00; � 0+ � 00; 
 0+ 
 00) = (� ; � ; 
 ) is the triple from the Example 7.9, and
thereforeis not a solution of Q3.

G2 computation. The Hilbert basisin the caseR = G2 consistsof the following
triples (� ; � ; 
 ) and their permutations under the S3 action:

��
0
1

�
;
�

0
1

�
;
�

0
0

��
;

��
1
0

�
;
�

1
0

�
;
�

0
0

��
;

��
0
1

�
;
�

0
1

�
;
�

0
1

��
;

��
1
0

�
;
�

1
0

�
;
�

1
0

��
;

��
1
0

�
;
�

1
0

�
;
�

0
3

��
;

��
1
0

�
;
�

2
0

�
;
�

0
3

��
;

��
1
0

�
;
�

0
1

�
;
�

0
1

��
;

��
1
0

�
;
�

0
1

�
;
�

0
2

��
;

��
1
0

�
;
�

1
0

�
;
�

0
2

��
;

��
1
0

�
;
�

1
0

�
;
�

0
1

��
;

��
1
0

�
;
�

1
0

�
;
�

1
1

��
:
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The �rst 9 generatorsaresolutionsof Q4 and the last two generatorsareonly solutions
of Q3. However onecanshow (arguing analogouslyto the Example7.9) that the sum
of the last two generators, ��

2
0

�
;
�

2
0

�
;
�

1
2

��

is not a solution of Q3. Hencethe solution set of Q3 for the root systemG2 is not a
semigroup.On the other hand, a direct computation shows that for both k = 2; k = 3
the triples

k �
��

1
0

�
;
�

1
0

�
;
�

0
1

��
; k �

��
1
0

�
;
�

1
0

�
;
�

1
1

��

are solutions of Q4. Therefore, since the solution set of Q4 is a semigroup and
becauseeach natural number k � 2 has the form 2n + 3m; n; m 2 N [ f 0g, we get:

Prop osition 9.32. For each k 2 N n f 1g the semigroup

k � (D3(X ) \ P(R_ ))

is contained in the solution set of Q4.

10 App endix: Decomp osition of tensor pro ducts
and Mumford quotien ts of pro ducts of coad-
join t orbits

10.1 The existence of semistable triples and nonzero invari-
ant vectors in triple tensor pro ducts

In this sectionwewill assumethat G is a reductivecomplexLie groupwith Lie algebra
g and Weyl group W. We let K be a maximal compact subgroupof G and T be a
maximal torus in G and B be a Borel subgroupcontaining T. We let h denote the
Lie algebraof T. We may chooseT so that it is preserved by the Cartan involution
of G corresponding to K . Let g = k � p denote the Cartan decomposition of the
Lie algebra g of G and let a := h \ p. Then multiplication by

p
� 1 interchangesp

and k. We let X := G=K be the associated symmetric space. The choice of B is
equivalent to a choice of positive roots or a positive chamber � � a. We will be
sloppy throughout with the di�erence betweenthe solution setsfor Problem Q1 for
G and G_ sincethesesetsare canonicallyisomorphic(say by usingan Ad K invariant
metric on k). In the similar fashionwe will identify k with k� and p with p� .

We will use the following notation. Let � 2 a� be a dominant weight for the
torus T. Then we let V� be an irreducible G{module with the highest weight �
(so V� is unique up to isomorphism). We let � � be the highest weight of the dual
representation, so � � = w0(� � ) wherew0 is the longestelement in W.
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For each fundamental weight � belongingto a� � p� we de�ne the coadjoint orbit,
O� � k� , to be the Ad� K {orbit of

p
� 1� .

Let � 2 a� be a dominant weight. Then the coadjoint orbit O� as above carries
a natural homogeneouscomplexstructure (see[Vo, Chapter 1]) so that the coadjoint
action of K on O� extends to a holomorphic action of G. The dominant weight �
de�nes a very ample line bundle L � over O� and the action of G on O� extendsto a
holomorphic action G y L � .

The key point in what follows is the famous theorem of Borel and Weil below,
Theorem10.1,seee.g. [Vo, Chapter 1].

Theorem 10.1. The space of holomorphicsections �( O� ; L � ) of L � is isomorphic as
a G{module to the G{module V� .

Now let � and � be dominant weights. In this sectionwe will discussthe problem
of �nding the possibleirreducible constituents of tensor products V� 
 V� . Of course
this is equivalent to �nding for which triples � , � , 
 , the spaceof G{in variants

(V� 
 V� 
 V
 )G �= H omG(V
 � ; V� 
 V� )

is nonzero.
Given dominant weights � ; � ; 
 we de�ne complexG{manifold

O�;� ;
 := O� � O� � O
 :

We alsohave the outer tensor product

L �;� ;
 := L � � L � � L 


which is a very ample G{in variant line bundle over O�;� ;
 .
Sincethe line bundle L �;� ;
 is very ample, it determinesa G|equiv ariant holo-

morphic embedding F of O�;� ;
 into P((V� 
 V� 
 V
 )� ). We will usethe notation

M �;� ;
 := F (O�;� ;
 )==G

for the Mumford quotient associated with this line bundle. Seethe end of section6.1
for further discussion;note that herewe have shortenedthe notation M (�;� ;
 );sst (B )
(in x6.1) to M �;� ;
 .

Lemma 10.2. The moduli space of triangles in the in�nitesimal symmetric space p
with � {side lengths � , � , 
 is canonically homeomorphic to the Mumford quotient
M �;� ;
 de�ned above.

Proof: By a theorem of Kempf and Ness [KN], the Mumford quotient M �;� ;
 is
canonically homeomorphicto the symplectic quotient O�;� ;
 ==Ad� (K ). It is a stan-
dard argument (essentially the formula for the moment map of the action of the
diagonalsubgroupof a product) that

O�;� ;
 ==Ad� (K ) = f (�; �; � ) 2 O�;� ;
 : � + � + � = 0g=Ad� (K ):
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However the latter is canonically isomorphic to the moduli spaceof triangles in p
with the �{side lengths � ; � ; 
 2 �.

Thus

M �;� ;
 6= ; ( ) (� ; � ; 
 ) 2 D3(p) ( ) (� ; � ; 
 ) 2 D3(X ):

The main goal of this sectionis to prove Theorem10.3, that relatesthe existence
of semistabletriples in O�;� ;
 and the existenceof nonzeroinvariants in triple tensor
products of irreducible representations of G.

Theorem 10.3. For each triple of dominant weights� ; � ; 
 2 a� the following are
equivalent:

1. There existsa positive integer k > 0 suchthat (Vk� 
 Vk� 
 Vk
 )G 6= 0.

2. M �;� ;
 6= ; , i.e. there existsa semistablepoint in O�;� ;
 .

Remark 10.4. Theorem 10.3 implies that if (V� 
 V� 
 V
 )G 6= 0 then there existsa
weighted semistablecon�guration on @T its X of type (� ; � ; 
 ). Howeverthe converse
is falseas we haveseen in section 9.5.

Theorem10.3will follow from the next two lemmas.

Let A be the gradedring associated to the projective variety F (O�;� ;
 ). Then by
de�nition A (k) is the set of restrictions to F (O�;� ;
 ) of the homogeneouspolynomials
of degreek in the projective coordinatesgiven by a basisof

V� 
 V� 
 V
 = ((V� 
 V� 
 V
 )� )� :

Thus
A(k) = �( O�;� ;
 ; L �;� ;
 )
 k=I (k) :

Here I (k) is the degreek{summand of the gradedideal of polynomials in the sections
of L �;� ;
 that vanish on O�;� ;
 . Equivalently, I (k) is the degreek component of the
ideal I of polynomials that vanish on F (O�;� ;
 ) in the ring of polynomials on
P((V� 
 V� 
 V
 )� ).

Now another de�nition of the Mumford quotient is Proj (AG) where AG is the
subring of G{in variants of the gradedring A. We de�ne another gradedring R by

R =
1M

k=0

�( O�;� ;
 ; (L � � L � � L 
 )
 k):

Below and in what follows, if U1; U2 are G1; G2{modules, then U1 � U2 denotesthe
G1 � G2{module with the underlying vector spaceequalto the tensorproduct U1 
 U2.

We de�ne a gradedG � G � G{module R0 by

R0 =
1M

k=0

(Vk� � Vk� � Vk
 ):
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We will abusenotation and useR0 to denote the restriction of the previous module
to the diagonal in G � G � G. Then, we have an isomorphismof G{modules

R0 =
1M

k=0

(Vk� 
 Vk� 
 Vk
 ):

Lemma 10.5. There is a canonical isomorphismof graded (G � G � G){modules
R �= R0.

Proof: The lemma follows from the following three equations. First, let M 1 and M 2

be complexmanifolds and L 1, resp. L2, be a holomorphic line bundle over M 1, resp.
M2. First we have

(L1 � L2)
 k = L 
 k
1 � L 
 k

2 :

Next, we have

�( M 1 � M 2; L1 � L2) �= �( M 1; L1) 
 �( M 2; L2):

Finally, for a natural number k, a dominant weight � and the corresponding orbit O�

we have
�( O� ; L 
 k

� ) �= �( O� ; L k� ):

Next we show that A and R are isomorphic. This is the exceptional feature of
the homogeneoussituation. The key point, the surjectivity of the natural map below,
was pointed out to us by LawrenceEin.

Lemma 10.6. There is a natural G� G� G{equivariant isomorphismfrom the graded
ring A to the graded ring R.

Proof: To obtain the desiredmap from the graded ring A to the graded ring R we
observe that for any complex manifold M and holomorphic line bundle L over M
there is a natural map (usually not onto) from �( M ; L) 
 k to �( M ; L 
 k). Hencethere
is a natural map from A (k) to R(k) . The exceptionalfeature here is that this natural
map is onto.

To seethis we note that by the theoremof Borel and Weil the action of G� G� G
on R(k) is irreducible. But the imageof A (k) in R(k) is an invariant subspace.Hence
A(k) maps onto R(k) . Clearly the map is injective (becausewe have divided by the
ideal I (k)).

Theorem 10.3 follows by taking G{in variants from the G{isomorphism A �= R0.
Indeed, there exists a triangle with �{side lengths � ,� ,
 , the Mumford quotient
M �;� ;
 is nonempty , (

L 1
k=1 A(k))G 6= 0 ,

L 1
k=1 (Vk� 
 Vk� 
 Vk
 )G 6= 0.

Remark 10.7. The reason that the existence of a nonzero G{invariant does not
follow from the existence of a triangle is that the lowestdegree G{invariant might not
havedegree 1, that is, it is possiblethat

(R(1) )G = f 0g but (R(k))G 6= 0 for somek > 1:
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10.2 The semigroups of solutions to Problems Q1 and Q4

We will useSG to denotethe semigroupof dominant charactersof G henceforth. We
beginthis sectionby noting that the setof triples of dominant characters(� ; � ; 
 ) that
belongto D3(X ) is a subsemigroupStr iang le � S3

G (sinceit is determinedby a system
of homogeneouslinear inequalities). Moreover, sincetheseinequalities have integral
coe�cien ts, the subsemigroupStr iang le is �nitely generated. We let Sr ep denote the
subsetof D3(X ) \ S3

G which consistsof thosetriples (� ; � ; 
 ) for which

(V� 
 V� 
 V
 )G 6= 0:

We recall that if S1 � S2 is an inclusion of semigroupsthen the saturation of S1

in S2 is the semigroupof elements of s 2 S2 such that for somepositive integer n we
have ns 2 S1.

Theorem 10.8. 1. The set Sr ep is a subsemigroup of the semigroup S3
G (and of

Str iang le).

2. The saturation of Sr ep in S3
G is Str iang le.

First we needa general lemma. Let G1 be a complex reductive group, B1 be a
Borel subgroupof G1 and � and � be dominant characters(as in the beginningof the
appendix). We recall that the irreducible representation V� + � is always an irreducible
constituent of multiplicit y 1 in the tensor product V� 
 V� . Let � : V� 
 V� ! V� + �

be the G1{equivariant projection.

Lemma 10.9. Let v1 2 V� and v2 2 V� be nonzero vectors. Then

� (v1 
 v2) 6= 0:

Proof: Let M = G1=B1. We apply the Borel-Weil Theoremto obtain V� = �( M ; L � ),
V� = �( M ; L � ) and V� + � = �( M ; L � + � ). Then v1 corresponds to a section s1 and
v2 corresponds to a sections2. Hence� (v1 
 v2) corresponds to the product section
s1 � s2 of the product line bundle L � + � . But sinceM is irreducible the product section
cannot be zero.

Now we can prove the theorem.

Proof: Let (� i ; � i ; 
 i ) 2 Sr ep and let vi be a nonzeroG{in variant vector in

V� i 
 V� i 
 V
 i ; i = 1; 2:

We take G1 := G � G � G and B1 := B � B � B , whereB � G is a Borel subgroup
as before;we have the G1{modules

V� := V� 1 � V� 1 � V
 1 ; V� := V� 2 � V� 2 � V
 2 :

Then
V� 
 V�

�= (V� 1 
 V� 2 ) � (V� 1 
 V� 2 ) � (V
 1 
 V
 2 ):
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By the above lemma, the vector � (v1 
 v2) is nonzero.Sinceit is clearly G{in variant,

(V� 1+ � 2 � V� 1+ � 2 � V
 1+ 
 2 )G 6= 0:

Hence(� 1 + � 2; � 1 + � 2; 
 1 + 
 2) 2 SG and the �rst statement of Theoremfollows.

The secondstatement follows from Theorem10.3.

Theorem 10.10. There existsa (nonzero) k 2 N depending only on the group G so
that k � Str iang le � Sr ep.

Proof: By Gordan's lemma,see[Fu2, Proposition 1, Page12], the semigroupStr iang le

is �nitely generated.Choosea �nite set of generatorss1; :::; sm of this semigroup.For
each generatorsi there exists a positive integer ki such that

ki si 2 Sr ep;

seeTheorem10.3. Then take k = LC M (k1; :::; km ).

Therefore, sinceSr ep contains �nitely generatedsemigroupk � Str iang le as a sub-
semigroupof �nite index, we get

Corollary 10.11. Sr ep is �nitely generated.
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