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Abstra ct . Let � : �

1

( R ) ! PSL(2 ; C ) b e a homomorphism of the fundamen tal

group of an orien ted, closed surface R of gen us exceeding one. W e will establish

the follo wing theorem.

Necessary and su�cien t for � to b e the mono drom y represen tation asso ciated with

a complex pro jectiv e stucture on R , either un branc hed or with a single branc h p oin t

of order 2, is that � ( �

1

( R )) b e nonelemen tary . A branc h p oin t is required if and

only if the represen tation � do es not lift to SL(2 ; C ).

1
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1. Intr oduction and Ba ck gr ound

1.1. In tro duction. The goal of this pap er is to presen t a complete, self-con tained

pro of of the follo wing result:

Theorem 1.1.1. L et R b e an oriente d close d surfac e

1

of genus exc e e ding one, and

� : �

1

( R ; O ) ! � � PSL (2 ; C )

a homomorphism of its fundamental gr oup onto a nonelementary gr oup � of M• obius

tr ansformations. Then:

(i) � is induc e d by a c omplex pr oje ctive structur e for some c omplex structur e on R

if and only if � lifts to a homomorphism

�

�

: �

1

( R ; O ) ! SL(2 ; C ) :

1

In this pap er, all surfaces are assumed to b e connected. A close d surface is one whic h is compact,

without b oundary .
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(ii) � is induc e d by a br anche d c omplex pr oje ctive structur e with a single br anch p oint

of or der two for some c omplex structur e on R if and only if � do es not lift to a

homomorphism into SL(2 ; C ) .

The terms will b e explained in x x 1.2{1.4.

Theorem 1.1.1 c haracterizes the class of groups arising as mono drom y groups of

Sc h w arzian di�eren tial equations or equiv alen tly , of the pro jectivized mono drom y

groups for the asso ciated linear second order di�eren tial equations. P oincar � e him-

self explicitly raised the question b y noting (for punctured spheres) second order

equations dep end on the same n um b er of parameters as their mono drom y groups

(the p osition of the singularities{the conformal structure{is allo w ed to c hange) and

from this observ ation b oldly concluded, \On p eut en g � en � er al trouv er une � equation

du 2d ordre, sans p oin ts �a apparence singuli � ere qui admette un group e donn � e"

[P oincar � e 1884 , p. 218]. In our o wn time, the question w as raised in [Gunning 1981 ]

and [Hejhal 1975a ]; in fact Gunning conjectured P art (i) of our theorem and T an

[T an 1994 ] conjectured P art (ii).

Sc h w arzian equations themselv es ha v e long b een an imp ortan t to ol in the study

of Riemann surfaces and their uniformization. Their relation with algebraic geome-

try w as established b y Gunning in [Gunning 1967a ]: F or a �xed complex structure

on R , the linear mono drom y represen tations of the complex pro jectiv e structures

corresp ond to 
at maximal ly unstable rank 2 holomorphic v ector bundles o v er R .

A similar relation for branc hed structures w as later studied b y Mandelbaum e.g.

[Mandelbaum 1973 ], [Mandelbaum 1975 ] (see also x 11).

In x 11, w e will presen t an analogue Theorem 11.3.3 of our main theorem in the

con text of holomorphic v ector bundles o v er Riemann surfaces. Namely , let S b e an

orien ted closed surface of gen us exceeding one and � : �

1

( S ) ! SL(2 ; C ) a nonelemen-

tary represen tation. Then � is the mono drom y of a holomorphic 
at connection on a

maximal ly unstable holomorphic ve ctor bund le of rank t w o o v er a Riemann surface R ,

where R is di�eomorphic to S via an orien tation preserving di�eomorphism R ! S .

Besides the fuc hsian groups of uniformization, the class of mono drom y groups

includes the discrete, isomorphic groups of quasifuc hsian deformations (Bers slices

whic h mo del T eic hm • uller spaces and their b oundaries), and discrete groups suc h as

Sc hottky groups whic h are co v ered b y fuc hsian surface groups. See [Maskit 1987 ] for

a wide arra y of p ossibilities.

Theorem 1.1.1 further implies that the image in PSL (2 ; C ) of \almost" ev ery ho-

momorphism of the fundamen tal group has a geometric structure. This is quite

astonishing, esp ecially so as the image groups are often not discrete and not ev en

�nitely presen table.
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Ryszard Rubinsztein [Rubinsztein 1996 ] observ ed that if G

0

� G = �

1

( R ) is any in-

dex t w o subgroup, the restriction of � to G

0

can b e lifted from P S L (2 ; C ) to S L (2 ; C )

in 2

2 g

w a ys. Consequen tly b y Theorem 1.1.1, a homomorphism whose restriction to

an index t w o subgroup is nonelemen tary is alw a ys asso ciated with a complex pro jec-

tiv e structure for some complex structure on the corresp onding t w o sheeted co v er.

One suc h index t w o subgroup is constructed in x 8.6.

Sp ecial cases of Theorem 1.1.1(i) w ere pro v ed in [Hejhal 1975a ] and the case of ho-

momorphisms in to PSL(2 ; R ) w as in v estigated in [Gallo et al. 1987] and [T an 1994 ].

Pro ofs of Theorem 1.1.1(i) ha v e b een announced b efore. Gallo's researc h announce-

men t [Gallo 1989 ] prop osed an inno v ativ e strategy for a pro of, but the promised de-

tails ha v e not b een published or con�rmed. Gallo's strategy had b een dev elop ed in

consultation with W. Goldman and W. P . Th urston, and w as particularly inspired b y

Th urston's approac h to the deformation of fuc hsian groups b y b ending. Goldman's

pap er [Goldman 1987 ] is an exemplar of this strategy applied in the in teresting sp ecial

case where � is an isomorphism on to a fuc hsian group; it deals with the problem of

determining al l complex pro jectiv e structures with the prescrib ed mono drom y . This

question is discussed further in x 12.

The recen t pap er [Kap o vic h 1995 ] prop osed a pro of con�rming Theorem 1.1.1(i).

Although the argumen t presen ted is incomplete (Lemmas 1 is incorrect and a condi-

tion is omitted in Lemma 4, they are corrected in the presen t pap er, and some details

are missing in the pro ofs of Prop ositions 1 and 2), the pap er con tains new ideas and

directly motiv ated a fresh examination of the whole issue.

The presen t w ork w as b egun b y Marden with the goal of settling the v alidit y

of the claims. In a general sense, Gallo's and Kap o vic h's strategy is follo w ed, al-

though the details, esp ecially in P art B, are quite di�eren t from those suggested in

[Gallo 1989 ] or [Kap o vic h 1995 ]. In the latter phase of the in v estigation, a collab o-

ration with Kap o vic h b egan. Almost immediately this pro duced a breakthrough in

understanding the connection b et w een a certain construction in v arian t and the lifting

obstruction ( x x 9{10). Instead of using the di�cult con tin uit y argumen ts prop osed in

[Kap o vic h 1995 ], w e use br anche d structures. Motiv ated b y T an's w ork [T an 1994 ] on

real branc hed structures, w e found a tec hnique for constructing branc hed pro jectiv e

structures complemen ting that dev elop ed earlier for joining pan ts. This approac h ex-

hibits clearly the connection. It also clari�es the role of the second Stiefel{Whitney

class and degree of instabilit y of holomorphic bundles whic h is discussed b y Kap o vic h

in x 11. In fact, one of our disco v eries is that it is e asier to pro v e Theorem 1.1.1 sim ul-

taneously for branc hed and un branc hed structures than to establish the un branc hed

case b y itself.
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P art C of our pap er brings together additional results that �ll out the picture

presen ted b y our main theorem. These are dev elop ed in the con text of holomorphic

bundles o v er Riemann surfaces. F or example, in some resp ects Theorem 1.1.1 is

more clearly seen in the con text of a more general existence theorem for br anche d

complex pro jectiv e structures with a prescrib ed branc hing divisor and mono drom y

represen tation. This re�nemen t, Theorem 11.2.4, is expressed in terms of the second

Stiefel-Whitney class. In addition, w e presen t the full pro of of the div ergence theo-

rem brie
y outlined in [Kap o vic h 1995 ]. This Theorem 11.4.1 deals with sequences

of mono drom y homomorphisms �

n

: �

1

( R ) ! PSL (2 ; C ) asso ciated with div ergen t

Sc h w arzian equations on a �xe d Riemann surface. Suc h a sequence of homomor-

phisms c annot con v erge algebraically to a homomorphism, either nonelemen tary or

elemen tary . In terminology of T eic hm • uller theory , the extension of a Bers slice to the

full represen tation v ariet y is prop erly em b edded. In x 12 w e list and brie
y discuss a

n um b er of op en problems arising from our w ork.

W e three authors decided to join together to p o ol the fruits of a decade of our

individual and collab orativ e researc h relating to the main result. By doing so w e

ha v e arriv ed at a rather larger understanding of the fundamen tal existence problem

for the mono drom y of pro jectiv e structures.

Our topic falls under the ancien t and rev ered sub ject heading of linear ordinary

di�eren tial equations on Riemann surfaces, a sub ject in tro duced b y P oincar � e. The

problem w e consider �ts comfortably with those asso ciated with \the Riemann-

Hilb ert Problem" (Hilb ert's 21st problem) for �rst-order fuc hsian systems and n -

th order fuc hsian equations. Y et our approac h is quite di�eren t than that asso ci-

ated with this theory [A-B 1994 ], [Iw asaki et al. 1991 ], [Sibuy a 1990 ], [Y oshida 1987 ],

[Hejhal 1975b ]. F or one thing, our approac h is sp ecial to second order equations.

Then w e w ork primarily with pr oje ctivize d mono drom y in PSL(2 ; C ). This turns

the problem in to one largely in v olving the geometry of surfaces and M• obius groups.

Another di�erence is that here w e are mainly dealing with equations without sin-

gularities. Finally w e do not prescrib e the complex structure in adv ance, rather it

is determined as part of the solution: the n um b er of parameters in the equations

matc hes the n um b er in the represen tations. The need to in tro duce a branc h p oin t

to handle part (ii) of our Theorem is ho w ev er reminiscen t of the need for \apparen t

singularities" in that theory .

Except for a particular case, w e ha v e left aside the general existence problem for

surfaces with punctures and branc h p oin ts. Ho w ev er, w e b eliev e that the foundation

laid here will stim ulate (further) exploration of these and other imp ortan t asp ects of
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the sub ject, including a c haracterization of the non uniqueness, that are not no w w ell

understo o d.
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1.2. M• obius transformations. M• obius transformations corresp ond to elemen ts of

PSL(2 ; C ) according to

� ( z ) =

az + b

cz + d

 ! �

�

a b

c d

�

with ad � bc = 1 :

They extend from their action on the extended plane C [ 1 to upp er half-three-space

or, via stereographic pro jection, from the 2-sphere S

2

to the 3-ball. The extensions

form the group of orientation-preserving isometries of h yp erb olic three-space, whic h

w e denote b y H

3

(in either the ball mo del or the upp er half-space mo del) with @ H

3

denoting the \sphere at in�nit y", that is, the extended plane or S

2

, dep ending on the

mo del. Throughout our pap er, w e will iden tify the extended plane with S

2

.

W e recall the standard classi�cation:

� A transformation � is p ar ab olic if it has exactly one �xed p oin t on @ H

3

, or,

equiv alen tly , if it is not the iden tit y and its trace satis�es tr

2

� = ( a + d )

2

= 4.

P arab olic transformations are those conjugate to z 7! z + 1.

� An el liptic transformation has t w o �xed p oin ts in @ H

3

and also �xes p oin t wise

its axis of r otation , that is, the h yp erb olic line in H

3

joining the �xed p oin ts.

Its trace satis�es 0 � tr

2

� < 4, and it is conjugate to an elemen t of the form

z 7! e

2 i�

z , for 0 < � < � .

� A loxo dr omic transformation � lik ewise has t w o �xed p oin ts in @ H

3

, one repul-

siv e and the other attractiv e; it preserv es the line in H

3

b et w een them whic h

is called the axis . The trace of � satis�es tr

2

� =2 [0 ; 4], and � is conjugate to

z 7! �

2

z , where � satis�es j � j > 1 and tr

2

� = ( � + �

� 1

)

2

. The transformation

� acts on its axis b y b y mo ving eac h p oin t h yp erb olic distance 2 log j � j to w ard

the attractiv e �xed p oin t.
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The iden tit y is not part of this classi�cation.

A group � is elementary if there is a single p oin t on @ H

3

, or a pair of p oin ts on

@ H

3

, or a single p oin t in H

3

, whic h is in v arian t under all elemen ts of �.

The generic group � with t w o or more generators is nonelemen tary , and is lik ely

to b e nondiscrete as w ell. F or example, an y t w o lo xo dromic transformations � and

� without a common �xed p oin t generate a nonelemen tary group � = h � ; � i . The

group � is the homomorphic image, in man y w a ys, of an y surface group of gen us

g � 2.

The most imp ortan t class of groups ruled out b y the condition that � b e nonele-

men tary are groups of rotations of the t w o-sphere and groups conjugate to them

(unitary groups). W e recall that a group, discrete or not, that is comp osed solely of

elliptic transformations is conjugate to a group of rotations of the 2-sphere.

In an ticipation of our later w ork, w e also recall the de�nition of a t w o-generator

classic al Schottky gr oup G = h � ; � i . There are four m utually disjoin t circles with

m utually disjoin t in teriors, arranged as t w o pairs ( c

1

; c

0

1

) and ( c

2

; c

0

2

). The generator

� sends the exterior of c

1

on to the in terior of c

0

1

, and � do es the same for ( c

2

; c

0

2

).

The common exterior of all four circles serv es as a fundamen tal region for its action

on its regular set 
.

Let � : 
 ! S := 
 =G denote the natural pro jection. The surface S has gen us

t w o, and � ( c

1

) and � ( c

2

) are disjoin t, nondividing simple lo ops on S . If d � S is

a simple lo op with an � -in v arian t lift d

�

� 
, the free homotop y class of d in S is

uniquely determined up to Dehn t wists ab out � ( c

1

) (see x 1.8).

The group G extends to act on 
 [ H

3

; the quotien t is a handleb o dy of gen us

t w o in whic h � ( c

1

) and � ( c

2

) are c ompr essing lo ops that b ound m utually disjoin t

c ompr essing disks in the in terior.

If, instead of circles, the pairs ( c

1

; c

0

1

) and ( c

2

; c

0

2

) are Jordan curv es (whic h can

alw a ys b e assumed to b e smo oth), the resulting group is called more generally a

(rank-t w o) Schottky gr oup . According to [Ch uc kro w 1968 ], or [Ziesc hang 1962 ] in the

handleb o dy in terpretation, ev ery set of free generators of a Sc hottky group (of the

general kind!) corresp onds to pairs of Jordan curv es as describ ed ab o v e.

Our metho d of construction in this pap er will alw a ys yield classical Sc hottky groups

in terms of designated generators. The extra kno wledge that, for the designated

generators, the lo ops can b e tak en as round circles is pleasing and con v enien t, but it

is not really necessary for the pro ofs.

1.3. Pro jectiv e structures. Let R b e a closed Riemann surface of gen us at least

t w o, and let R = H

2

=G b e its represen tation in the univ ersal co v ering surface H

2

(the
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t w o-dimensional h yp erb olic plane) b y a fuc hsian co v ering group G . W e will describ e

a pro jectiv e structure �rst in the univ ersal co v er H

2

and then in trinsically in R .

A c omplex pr oje ctive structur e with resp ect to G is a meromorphic, lo cally univ alen t

(i.e. lo cally injectiv e) function f : H

2

! f ( H

2

) � S

2

, for whic h there corresp onds a

homomorphism � : G ! � � PSL (2 ; C ) suc h that f ( 
 ( t )) = � ( 
 ) f ( t ) for an y t 2 H

2

and an y 
 2 G . It follo ws that f descends to a m ultiv alued function f

�

on R , called

the (multivalue d) developing map ; it \unrolls" R on to the sphere. The Schwarzian

deriv ativ e of f ,

S

t

( f ) :=

�

f

00

f

0

�

0

�

1

2

�

f

00

f

0

�

2

= � ( t ) ;(1)

satis�es � ( 
 ( t )) 


0

2

( t ) = � ( t ), and therefore descends to a holomorphic quadratic

di�eren tial on R .

Con v ersely , giv en an y holomorphic � ( t ) in H

2

with this in v ariance under G , there

is a solution f ( t ) of (1), uniquely determined up to p ost comp osition b y M• obius

transformations, whic h is a lo cally univ alen t meromorphic function that induces a

homomorphism � of G .

The Sc h w arzian equation is related to the second-order linear di�eren tial equation

u

00

( t ) +

1

2

� ( t ) u ( t ) = 0(2)

as follo ws. The ratio f ( t ) = u

1

( t ) =u

2

( t ) of an y t w o linearly indep enden t solutions u

1

and u

2

in H

2

giv es a solution f of the Sc h w arzian; con v ersely , an y solution f of the

Sc h w arzian can b e so expressed, indeed

u

2

= ( f

0

)

�

1

2

; u

1

= f u

2

;(3)

if the W ronskian �( u

1

; u

2

), whic h is necessarily a constan t, is normalized as � = 1.

Another pair au

1

+ bu

2

, cu

1

+ du

2

of indep enden t solutions corresp onds to the solution

B f of the Sc h w arzian, where B ( z ) = ( az + b ) = ( cz + d ).

On the Riemann surface R = H

2

=G , a form of (2) that is in v arian t under c hange

of lo cal co ordinates z is,

v

00

( z ) +

1

2

f � ( z ) + S

z

( �

� 1

) g v ( z ) = 0 ;(4)

where � denotes the pro jection from H

2

. In in terpreting this equation, the Sc h w arzian

transforms as a connection under c hange of lo cal co ordinate z 7! � = � ( z ) and v

transforms as a half-order di�eren tial (see [Ha wley and Sc hi�er 1966 ]), sp eci�cally

v ( � ( z )) �

0

( z )

�

1

2

= v ( z ) :
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The mono dr omy gr oup and mono dr omy r epr esentation are computed as follo ws.

Fix �

1

( R ; O ) with basep oin t O 2 R , and a solution f

�

( z ) (or v

1

( z ) =v

2

( z )) near O .

Let c 2 �

1

( R ; O ) b e a simple lo op based at O . Analytically con tin ue f

�

(or v

1

=v

2

)

around c , arriving bac k at a solution 
 f

�

(or 
 ( v

1

=v

2

)), for 
 2 PSL (2 ; C ). Set

� ( c ) = 
 . In this manner the lo cal solutions f

�

(or v

1

=v

2

) determine a mono drom y

epimorphism

� : �

1

( R ; O ) ! � � PSL(2 ; C ) ;

where � is a mono drom y group for the equation. A di�eren t lo cal solution B f

�

(or B ( v

1

=v

2

)), coming p ossibly from a di�eren t c hoice of basep oin t, determines a

conjugate homomorphism c 7! B � ( c ) B

� 1

. Th us, the equation itself determines a

conjugacy class of homomorphisms in to PSL(2 ; C ).

If P is a fundamen tal p olygon for G in H

2

, w e can regard f ( P ) as spread o v er the

Riemann sphere, a membr ane in Hejhal's terminology [Hejhal 1975a ]. The � -image

of the edge pairing transformations of P will b e edge-pairing transformations of the

mem brane f ( P ), whic h therefore serv es as an organizing principle for �.

F rom the top olo gic al p oin t of view, a pro jectiv e structure is de�ned b y an orien ta-

tion preserving lo cal homeomorphism, called the (multivalue d) developing map , of R

in to S

2

or, the (single value d) developing map of the univ ersal co v er

~

R in to S

2

whic h

is equiv arian t with resp ect to the giv en homeomorphism � . F rom this p ersp ectiv e,

the group � is called the holonomy (or, more classically , mono dr omy ) gr oup . There

is a unique complex structure on R for whic h the lo cal homeomorphism b ecomes

conformal.

The fact that the Sc h w arzian equation can b e replaced b y the linear di�eren tial

equation implies the follo wing:

Lemma 1.3.1. If the homomorphism � : �

1

( R ; O ) ! � � PSL (2 ; C ) is induc e d by a

pr oje ctive structur e on R , it c an b e lifte d to a homomorphism �

�

: �

1

( R ; O ) ! �

�

�

SL(2 ; C ) .

Pr o of. Consider an action of G

�

=

�

1

( R ; O ) on H

2

giv en b y the uniformization of the

surface R , tak e an elemen t h 2 G . Then the solution pair (3) c hanges under analytic

con tin uation from t to T = h ( t ) according to (see [Ha wley and Sc hi�er 1966 ])

�

1 =

p

f

0

f =

p

f

0

�

( T ) =

p

h

0

( t )

�

a b

c d

� �

1 =

p

f

0

f =

p

f

0

�

( t ) :(5)

where

�

a b

c d

�

2 SL(2 ; C ) ; � ( h ) =

az + b

cz + d
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There are 2

2 g

p ossible c hoices for

p

h

0

( t ) o v er a set of canonical generators f h g of G .

After w e mak e a c hoice w e get the homomorphism

�

�

: G ! SL (2 ; C ) ; �

�

( h ) =

�

a b

c d

�

2 SL(2 ; C ) :

Note ho w ev er that �

�

is not canonically determined b y the di�eren tial equation (2).

W e emphasize that our notion of lifting do es not require that the image � of � b e

isomorphic to the image of the lift �

�

. F or example, a lift to SL(2 ; C ) of a half-rotation

in PSL(2 ; C ) has order four, not t w o.

W e will refer to �

�

as a line ar mono dr omy r epr esentation of the pro jectiv e structure.

Remark 1.3.2. The pro jectiv e structure asso ciated with the equation S

z

( f ) = �

can b e joined to the iden tit y b y means of solutions of S

z

( f ) = t� , for t 2 C .

1.4. Branc hed pro jectiv e structures. A branc hed pro jectiv e structure on a h y-

p erb olic Riemann surface R is a holomorphic mapping f : H

2

! S

2

whic h is lo cally

univ alen t except in a discrete subset of H

2

and whic h is equiv arian t with resp ect

to a homomorphism � : G ! PSL(2 ; C ). W e will sa y that suc h a structure is singly

br anche d if f

0

( z ) has at most simple zero es and the pro jection of the set f z : f

0

( z ) = 0 g

to R is exactly one p oin t q . These are the structures whic h app ear in Theorem 1.1.1

and w e will restrict our commen ts here to this sp ecial case. The more general case will

b e discussed separately in x 11. Near suc h p oin t q (whic h w e will iden tify with zero

in lo cal co ordinates), the quadratic di�eren tial � = S

z

( f ) has a Lauren t expansion

of the form,

� ( z ) =

� 3

2 z

2

+

b

z

+

1

X

i =0

a

i

z

i

; b

2

+ 2 a

0

= 0 :(6)

Con v ersely , if � ( z ) has suc h an expression near z = 0, a solution of the Sc h w arzian

will b e of the form f ( z ) = az

2

(1 + o (1)) near z = 0. With � giv en b y (6), the equation

(2) has the t w o linearly indep enden t solutions with expansions near z = 0 of the form

v

1

( z ) = z

3 = 2

(1 + o

1

(1)) ;

v

2

( z ) = z

� 1 = 2

(1 + o

2

(1)) :

A circuit ab out z = 0 generates the mono drom y

�

u

1

u

2

�

7! J

�

u

1

u

2

�

; where J =

�

� 1 0

0 � 1

�

:

The pro jectivized mono drom y in PSL (2 ; C ) is just the iden tit y .
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Therefore the branc hed structure determines the homomorphism � : �

1

( R ; O ) !

PSL(2 ; C ) as in the un branc hed case. Ho w ev er, � cannot b e lifted to a homomorphism

in to SL(2 ; C ). Indeed, giv en a standard presen tation

h a

1

; b

1

; : : : ; a

g

; b

g

j

Q

[ b

i

; a

i

] = 1 i

for �

1

( R ; O ), and matrix represen tations A

i

and B

i

for � ( a

i

) and � ( b

i

), w e ha v e

�

�

�

Y

[ b

i

; a

i

]

�

=

Y

[ B

i

; A

i

] = J ;

where �

�

( a

i

) = A

i

and �

�

( b

i

) = B

i

.

W e will discuss this matter further in x x 11.5, 11.6.

1.5. P arameter Coun t. The v ector bundle Q

g

of quadratic di�eren tials o v er T eic h-

m • uller space T

g

has complex dimension 6 g � 6. Lik ewise, the represen tation v ariet y

V

g

of homomorphisms � : �

1

( R ; O ) ! PSL (2 ; C ), mo dulo conjugacy , has complex

dimension 6 g � 6. Let V

0

g

� V

g

denote the subset of nonelementary represen tations, i.e.

equiv alence classes of homomorphisms whose images are nonelemen tary subgroups of

PSL(2 ; C ). Theorem 1.1.1 asserts that the map P

g

of pro jectiv e structures Q

g

! V

g

is

surjectiv e on to the comp onen t of V

0

g

consisting of represen tations liftable to SL(2 ; C ).

In fact, the image space V

0

g

is itself a complex analytic manifold [Gunning 1981 ],

[Hejhal 1975a ]. According to [Goldman 1988 ], or as a consequence of Theorem 1.1.1,

it has t w o comp onen ts (one corresp onds to liftable represen tations and the other one

to unliftable represen tations). See [B-C-R 1996 ] and [Li 1993] for more information

ab out represen tation v arieties of surface groups.

According to Hejhal's holonom y theorem [Hejhal 1975a ] the map P

g

is a lo cal

homeomorphism whic h is sho wn in [Earle 1981 ] to b e lo cally biholomorphic. In par-

ticular, the set of p oin ts with a giv en mono drom y � is discrete. According to (1) in

x 1.6 b elo w, there is at most one represen tativ e in the �b er o v er a particular Riemann

surface. Ho w ev er P

g

is not a co v ering map [Hejhal 1975a ].

In Theorem 11.5.2 w e will pro v e an analogue of Hejhal's holonom y theorem for

singly branc hed pro jectiv e structures; w e pro v e that the holonom y mapping from the

space of singly branc hed pro jectiv e structures to V

g

is lo cally a �b er bundle with �b er

of complex dimension 1.

1.6. The global structure. Recorded b elo w are basic facts ab out pro jectiv e struc-

tures. F or the un branc hed case, pro ofs are in [Gunning 1967a ] and [Kra 1969, 1971 ].

Other useful references are [Gunning 1981 ] and [Hejhal 1975a ]; the latter includes

extensiv e historical bac kground.
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Here is a brief pro of that (in the un branc hed case) the holonom y group � = � ( G )

cannot b e a unitary group, that is, cannot b e conjugate to a group of isometries of

S

2

. Assume otherwise. Then � preserv es the spherical metric � . Its pullbac k f

�

� is a

G -in v arian t metric on H

2

whic h is lo cally isometric to the sphere. Consequen tly f

�

�

has constan t curv ature +1, in violation of the Gauss-Bonnet theorem.

F or the case of a singly branc hed structures, prop ert y (1) b elo w is a sp ecial case of

[Hejhal 1975a , Theorem 15], (2) will b e established as Theorem 11.6.1, and (3) will

b e established as Corollary 11.6.2.

Belo w w e consider pro jectiv e structures � on R = H

2

=G whic h ha v e the holo-

morphic dev eloping mapping f : H

2

! S

2

and mono drom y represen tation � : G !

PSL(2 ; C ). Assume that � is either un branc hed (i.e. f is lo cally univ alen t) or is singly

branc hed. Let � ( G ) = � � PSL(2 ; C ) denote the mono drom y group. The follo wing

three prop erties hold.

(1) If t w o dev eloping mappings f

1

and f

2

determine the same homomorphism � ,

then f

1

= f

2

.

(2) � is a nonelemen tary group.

(3) The follo wing statemen ts are equiv alen t pro vided that, when � is branc hed,

f ( H

2

) is not a round disk in S

2

:

(i) f ( H

2

) 6= S

2

;

(ii) H

2

! f ( H

2

) is a p ossibly branc hed co v er;

(iii) � acts discon tin uously on f ( H

2

).

Prop ert y (1) do es not rule out the p ossibilit y that the same target group � ma y

arise from di�eren t pro jectiv e structures on R . Prop ert y (2) sho ws that the require-

men t in Theorem 1.1.1 that � b e nonelemen tary is necessary . The situation (3) has a

ric h structure as it is asso ciated with the theory of co v ering surfaces; in particular it

includes the theory of quasifuc hsian groups and Sc hottky groups. In con trast, in the

general case there is a bare minim um of structure b ecause � need not b e discrete.

1.7. Strategy of the pro of. Giv en a homomorphism

� : �

1

( R ; O ) ! � � PSL (2; C )

suc h that � is nonelemen tary , the strategy consists of t w o parts.

Part A ( x x 3{5). Find a pan ts decomp osition f P

i

g of R with the prop ert y that

� ( �

1

( P

i

)), for 1 � i � 2 g � 2, is a t w o-generator (classical) Sc hottky group.

W e recall that a p ants is a Riemann surface conformally equiv alen t to a three-holed

sphere. A surface of gen us g � 2 requires 3 g � 3 simple lo ops to cut it in to pan ts,
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and there results 2 g � 2 pan ts. It has in�nitely man y homotopically distinct pan ts

decomp ositions.

Part B ( x x 6{10). Find represen tations of the univ ersal co v ers

~

P

i

in the regular sets

(i.e. domains of discon tin uit y) of � ( �

1

( P

i

)) � S

2

. Glue them together as dictated

b y the com binatorics of f

~

P

i

g in

~

R , as rela y ed b y � . In general there is a Z = 2-

obstruction to suc h gluing. If there is no obstruction, w e end up with a simply

connected p ants c on�gur ation

~

S o v er S

2

that mo dels the univ ersal co v er of a new

Riemann surface S homeomorphic to R . The pro jection of

~

S to S

2

is a � -equiv arian t

lo cal homeomorphism. If there is an obstruction, in tro duce a single branc h p oin t of

order 2 b y applying a twist . This remo v es the obstruction to the construction and a

new Riemann S surface homeomorphic to R can b e assem bled as b efore. The result is

either un branc hed or singly branc hed pro jectiv e structure on S with the mono drom y

represen tation � . According to Theorem 11.2.3 if � lifts to SL(2 ; C ) then the structure

has to b e un branc hed, if � do es not lift then the structure has to b e singly branc hed;

in other w ords, the Z = 2-obstruction to gluing is the 2nd Stiefel-Whitney class of the

represen tation � . This pro v es Theorem 1.1.1.

The metho d used to assem ble the pan ts con�guration is a form of \grafting", �rst

applied to kleinian groups in [Maskit 1969 ].

1.8. T erminology and notation. Throughout this pap er w e will w ork on closed

surface R , of gen us g � 2. When con v enien t, w e will assume that R is a Riemann

surface R = H

2

=G in terms of its univ ersal co v er (whic h ma y b e tak en as the h y-

p erb olic plane H

2

) and fuc hsian co v er group G . Fix O 2 R as the basep oin t for its

fundamen tal group �

1

( R ; O ). Let

� : �

1

( R ; O ) ! � � PSL (2 ; C )

b e the designated homomorphism with a nonelemen tary image �.

Throughout w e will use lo w ercase Latin letters a; b; c; : : : to denote elemen ts of

�

1

( R ; O ), and the corresp onding Greek letters � ; � ; 
 ; : : : to denote their � -images in

�. A nontrivial lo op is one not homotopic to a p oin t.

W e will write the comp ositions of b oth curv es and transformations (and their

asso ciated matrices) starting at the righ t. Th us, b follo ws a in b oth ba and � ( b ) � ( a ) =

� � .

By a standar d set of gener ators f a

i

; b

i

g of �

1

( R ; O ), where 1 � i � 2 g , w e mean

a set of orien ted simple lo ops that generate the fundamen tal group and ha v e the

follo wing prop erties. F or eac h i , the lo op b

i

crosses a

i

at O , from the righ t side of a

i

to the left, and is otherwise disjoin t. F or j 6= i , the simple lo ops ( a

j

; b

j

) are freely
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homotopic to simple lo ops disjoin t from ( a

i

; b

i

). The pro duct of the comm utators

Y

i

b

� 1

i

a

� 1

i

b

i

a

i

b ounds a simply connected region lying to its left.

W e will refer to a pro duct ba as a simple lo op if it is homotopic to one (with �xed

basep oin t). Th us, for an y k 2 Z , the lo op b

1

a

k

1

is simple, and so are a

2

b

� 1

1

a

k

1

and

a

2

b

1

a

1

, but not a

� 1

2

b

1

a

k

1

, or, for k 6= 1, the lo op a

2

b

1

a

k

1

. The curv e b

� 1

1

a

1

b

1

is simple,

but not a

2

b

� 1

1

a

1

b

1

.

Often w e will mo dify a simple lo op c � R b y applying a Dehn twist , whic h can b e

describ ed as follo ws. Let A b e an ann ular neigh b orho o d ab out a (non trivial) simple

lo op a . Orien t @ A so that A lies to its left. Hold one comp onen t of @ A �xed and

rotate the other j n j -times in the p ositiv e or negativ e direction according to whether

n � 1 or n � � 1. This action extends to an orien tation preserving homeomorphism

�

n

of A , and then to all R , b y setting �

n

= id outside A . �

n

, or more precisely its

homotop y class on R , is called the Dehn t wist of order n ab out a . If c is not freely

homotopic to a curv e disjoin t from a , then �

n

( c ) is not freely homotopic to c .

2. Fixed Points of M

•

obius Transf orma tions

In this section w e will collect the lemmas needed to con trol the t yp e of comp osed

transformations.

2.1. Basic lemmas.

Lemma 2.1.1.

(i) Supp ose � is loxo dr omic and � sends neither �xe d p oint of � to the other. Given

M > 0 ther e exists N � 0 such that j tr � �

n

j > M and � �

n

is loxo dr omic for al l

j n j � N .

(ii) Supp ose � is loxo dr omic and � sends exactly one �xe d p oint of � to the other.

Given M > 0 ther e exists N � 0 such that j tr � �

n

j > M and � �

n

is loxo dr omic for

al l n � N (if � sends r epulsive to attr active) or for al l n � � N (if � sends attr active

to r epulsive).

(iii) Supp ose � is p ar ab olic and � do es not shar e a �xe d p oint with � . Given M > 0

ther e exists N � 0 such that j � �

n

j > M and � �

n

is loxo dr omic for al l j n j � N

Pr o of. F or (i) and (ii) w e ma y assume

� =

�

� 0

0 �

� 1

�

with j � j > 1 ; � =

�

a b

c d

�

with ad � bc = 1 :
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Then tr � �

n

= �

n

a + �

� n

d . Not b oth a and d can v anish, b ecause � do es not

in terc hange the �xed p oin ts of � . The assertions no w follo w directly .

F or (iii), w e ma y assume

� =

�

1 1

0 1

�

; � =

�

a b

c d

�

with ad � bc = 1 :

Then tr � �

n

= ( a + d ) + nc , where c 6= 0. Again, the desired conclusion follo ws.

Lemma 2.1.2. Assume � is loxo dr omic with attr active �xe d p oint p

�

and r epulsive

�xe d p oint p

�

.

(i) F or any se quenc e k ! + 1 , the �xe d p oints of � �

k

c onver ge to � ( p

�

) and p

�

. The

�xe d p oints of �

k

� c onver ge to p

�

and �

� 1

( p

�

) .

(ii) F or any se quenc e k ! �1 , the �xe d p oints of � �

k

c onver ge to � ( p

�

) and p

�

. The

�xe d p oints of �

k

� c onver ge to p

�

and �

� 1

( p

�

) .

Pr o of. P art (ii) follo ws from (i) up on replacing � b y �

� 1

. The computational pro of

is instructiv e. Set

� =

�

� 0

0 �

� 1

�

and � =

�

a b

c d

�

;

where j � j � 1 and ad � bc = 1. If ac 6= 0, the t w o �xed p oin ts of �

k

� are �

2 k

� (1 �

p

�) = 2 c � d= 2 c; where

� = 1 +

2 d

a�

2 k

+

d

2

a

2

�

4 k

�

4

a

2

�

2 k

:

The \+" �xed p oin t approac hes 1 with k . The \ � " �xed p oin t has the form

2

ac

�

d

c

�

d

2

2 ac�

2 k

(1 +

p

� )

� 1

�

d

2 c

:

This one approac hes � b=a = �

� 1

(0).

If c = 0, one �xed p oin t of �

k

� is 1 . The other one is b= ( d�

� 2 k

� a ). This to o

approac hes � b=a = �

� 1

(0) with k .

If a = 0 the t w o �xed p oin ts are ( � d �

p

d

2

� 4 �

2 k

) = 2 c . Both approac h 1 with k .

Here �

� 1

(0) = 1 .

The �xed p oin ts of � �

k

= � ( �

k

� ) � con v erge to � ( p

�

) and � ( �

� 1

p

�

) = p

�

.

Lemma 2.1.3. Supp ose 
 is loxo dr omic with attr active �xe d p oint p

�

, r epulsive �xe d

p oint p

�

.

(i) Supp ose � ( p

�

) 6= p

�

and � ( p

�

) 6= p

�

. Given M > 0 ther e exists N � 0 such that

j tr 


� n

� 


n

� j > M and 


� n

� 


n

� is loxo dr omic and do esn 't shar e a �xe d p oint with �

or � for al l n � N .
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(ii) Supp ose � ( p

�

) 6= p

�

and � ( p

�

) 6= p

�

. Given M > 0 ther e exists N � 0 such that

j tr 


� n

� 


n

� j > M and 


� n

� 


n

� is loxo dr omic and do esn 't shar e a �xe d p oint with �

or � for al l n � � N .

Pr o of. W e ma y assume


 =

�

� 0

0 �

� 1

�

; � =

�

a b

c d

�

; � =

�

u v

w x

�

;

with j � j > 1, ad � bc = 1, and ux � v w = 1. W e �nd that tr 


� n

� 


n

� = �

2 n

cv +

�

� 2 n

bw + ( au + dx ).

In case (i) w e ha v e c 6= 0 (since � ( p

�

) 6= p

�

), and v 6= 0 (since � ( p

�

) 6= p

�

); th us

cv 6= 0 and 


� n

� 


n

� is lo xo dromic for all large n . Moreo v er, if q is a �xed p oin t of

� , then q 6= p

�

but lim

n ! + 1




� n

� 


n

� ( q ) = p

�

.

Supp ose instead that q is a �xed p oin t of � , and of 


� n

� 


n

� for all large n .

First q 6= p

�

since 


� n

� 


n

� ( p

�

) = p

�

implies � ( p

�

) = p

�

. Then � ( q ) 6= p

�

for




� n

� ( p

�

) = q holds for all large n only if q = p

�

or q = p

�

. Th us once again,

lim

n ! + 1




� n

� 


n

� ( q ) = p

�

6= q .

In case (ii), b 6= 0 (since � ( p

�

) 6= p

�

), and w 6= 0 (since � ( p

�

) 6= p

�

); hence 


� n

� 


n

�

is lo xo dromic for all small n . Moreo v er if q is a �xed p oin t of � , w e ha v e q 6= p

�

, but

lim

n ! + 1




� n

� 


n

� ( q ) = p

�

.

Supp ose instead that q is a �xed p oin t of � , and of 


� n

� 


n

� for all small n . Again

q 6= p

�

and then � ( q ) 6= p

�

. As ab o v e, q cannot b e a �xed p oin t of 


� n

� 


n

� for all

small n .

Lemma 2.1.4. Supp ose � is a loxo dr omic tr ansformation with �xe d p oints u and v .

(i) Given p

�

6= u; v and T > 2 , ther e exists � > 0 such that if � is any loxo dr omic

tr ansformation with �xe d p oints p , q satisfying d ( p; p

�

) < � , d ( q ; p

�

) < � , and with

tr ac e satisfying j tr � j � T , then � and � gener ate a classic al Schottky gr oup.

(ii) Given p; q 6= u; v , ther e exists T > 2 such that if � is any loxo dr omic tr ansforma-

tion with �xe d p oints p; q and satisfying j tr � j � T , and if � also satis�es j tr � j � T ,

then � and � gener ate a classic al Schottky gr oup.

Pr o of. A lo xo dromic transformation � acts in H

3

[ @ H

3

. If P � H

3

is a plane

orthogonal to its axis, so is � ( P ). The t w o circles @ P and @ � ( P ) in @ H

3

that separate

the �xed p oin ts p and q of � b ound what w e will refer to as an annular r e gion A for

� . Giv en an y p oin t q

�

6= p; q ; u; v in @ H

3

, there are ann ular regions for � that con tain

q

�

in their in terior.

Fix p

�

� @ H

3

distinct from q

�

; p; q ; u; v . Let ( p

n

; q

n

) b e a sequence with p

n

6= q

n

and lim p

n

= lim q

n

= p

�

. Let T

n

b e the transformation with �xed p oin t q

�

suc h



MONODR OMY OF SCHW ARZIAN EQUA TIONS ON CLOSED RIEMANN SURF A CES 17

that T

n

( p ) = p

n

, T

n

( q ) = q

n

. Ultimately T

n

is lo xo dromic, its attractiv e �xed p oin t

con v erges to p

�

, and j tr T

n

j ! 1 . Consider an ann ular domain A for � con taining

q

�

in its in terior. T

n

A is an ann ular region for T

n

� T

� 1

n

, all con taining q

�

. The

sequence of b ounding circles of T

n

A con v erge to the p oin t p

�

; that is, T

n

A con v erges

to @ H

3

n f p

�

g . The analysis w ould b e equally applicable to a family of transformations

f � g , eac h with �xed p oin ts p; q , so long as they all satis�ed j tr � j � T for some T > 2

(uniformly lo xo dromic).

No w let A

0

b e an ann ular domain for � con taining p

�

in its in terior. Ultimately

the b ounding circles of T

n

A also lie in the in terior of A

0

. F or suc h indices n , � and

T

n

� T

� 1

n

generate a classical Sc hottky group. P art (i) follo ws at once.

T o establish part (ii), note that b oth � and � ha v e ann ular domains whose b ound-

aries are circles arbitrarily close to their �xed p oin ts, if T is large enough.

Corollary 2.1.5. Supp ose 
 is loxo dr omic with attr active �xe d p oint p

�

, r epulsive

�xe d p oint p

�

, and � ; � ar e loxo dr omic as wel l.

(i) If � ( p

�

) 6= p

�

and � ( p

�

) 6= p

�

ther e exists N � 0 such that 


� n

� 


n

and � gener ate

a classic al Schottky gr oup for al l n � N .

(ii) If � ( p

�

) 6= p

�

and � ( p

�

) 6= p

�

ther e exists N � 0 such that 


� n

� 


n

and � gener ate

a classic al Schottky gr oup for al l n � � N .

Pr o of. This is a corollary also of Lemma 2.1.3. In case (i), the �xed p oin ts of 


� n

� 


n

are arbitrarily close to p

�

for large n , since p

�

is not �xed b y � , where p

�

is not �xed

b y � . In case (ii), the �xed p oin ts of 


� n

� 


n

are arbitrarily close to p

�

, for small

n .

2.2. Lemmas regarding half-rotations.

Lemma 2.2.1. Supp ose � and � e ach have two �xe d p oints and � sends one of the

�xe d p oints of � to the other. Then � likewise sends one of the �xe d p oints of � to

the other if and only if

tr

2

� = tr

2

� :

Pr o of. W e ma y assume that

� =

�

� 0

0 �

� 1

�

and � =

�

0 b

c d

�

;

where � 6= � 1 and bc = � 1. The �xed p oin ts of � are ( � d �

p

d

2

� 4) = 2 c . Supp ose

� sends one to the other. Eac h case implies and is implied b y one of the relations

d ( �

2

� 1) = �

p

d

2

� 4( �

2

+ 1) :
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Squaring, w e get d

2

�

2

= ( �

2

+ 1)

2

, or

tr � = d = � ( � + �

� 1

) = � tr � :

Lemma 2.2.2. A n element J of or der two inter changes the �xe d p oints of an el liptic

or loxo dr omic tr ansformation 
 if and only if

J 
 J = 


� 1

;

and �xes them if and only if

J 
 J = 
 :

It �xes the �xe d p oint of a p ar ab olic tr ansformation 
 if and only if

J 
 J = 


� 1

:

Pr o of. F or the �rst part w e ma y assume that


 =

�

� 0

0 �

� 1

�

and J =

�

0 b

� b

� 1

0

�

;

while for the second,


 =

�

1 b

0 1

�

and J =

�

i 0

0 � i

�

:

The conclusion is v eri�ed b y computation.

Lemma 2.2.3. Supp ose � and � ar e loxo dr omic without b oth �xe d p oints in c ommon.

J is an element of or der two.

(i) If J inter changes the �xe d p oints of b oth � and � , J neither inter changes nor �xes

the �xe d p oints of � � .

(ii) If J inter changes the �xe d p oints of � but not of � �

k

for some k 6= 0 , then J �

do es not inter change the �xe d p oints of � .

(iii) If J inter changes the �xe d p oints of b oth � �

k

and � �

k +1

for some k , then J

inter changes the �xe d p oints of � �

k

for al l k , but neither inter changes nor �xes the

�xe d p oints of � , and do es not inter change the �xe d p oints of �

m

� for m 6= 0 .

Pr o of. F or (i), J � � J = �

� 1

�

� 1

6= �

� 1

�

� 1

, � � .

F or (ii), J

1

= J � has order t w o, but J

1

6= id . If J

1

�

k

J

1

= �

� k

, then J � �

k

J =

�

� k

�

� 1

, a con tradiction.

F or (iii), the h yp otheses J � �

k

J = �

� k

�

� 1

and J � �

k +1

J = �

� k

�

� 1

J � J imply in

turn that

�

k

�

� 1

J � J = �

� k � 1

�

� 1

;
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or

J � J = � �

� 1

�

� 1

; ( 6= �

� 1

; � ) :

Then

�

� k

�

� 1

= J � �

k

J = J � J � �

� k

�

� 1

;

or J � J = �

� 1

. No w, for an y k ,

J � �

k

J = �

� 1

� �

� k

�

� 1

= �

� k

�

� 1

:

Finally , for an y m 6= 0,

J �

m

� J = � �

� m

� �

� 1

= � �

� m

�

� 2

6= �

� 1

�

� m

:

(Note the pro of holds as w ell if some � �

k

is parab olic, under appropriate in terpreta-

tion; see Lemma 2.2.2.)

Lemma 2.2.4. Supp ose � has two �xe d p oints but �

2

6= id , while J is an element

of or der two that do es not inter change the �xe d p oints of � . Then ( � J )

2

6= id and

( J � )

2

6= id .

Pr o of. W e ma y assume that

� =

�

� 0

0 �

� 1

�

and J =

�

a b

c � a

�

:

with �

2

6= � 1, a

2

+ bc = � 1. Then

( � J )

2

=

�

�

2

a

2

+ bc �

2

ab � ab

ac � �

� 2

ac bc + �

� 2

a

2

�

:

If ( � J )

2

= id , then

ab ( �

2

� 1) = 0 ;

ac (1 � �

� 2

) = 0 :

Either a = 0 or b = c = 0.The former case is imp ossible b y h yp othesis. If b = c = 0,

then since a

2

= � 1, w e get �

2

= �

� 2

= 1. This is again a con tradiction.

Lemma 2.2.5. Supp ose b oth J and J

1

J inter change the �xe d p oints of the loxo dr omic

or el liptic tr ansformation 
 . Then J

1

�xes the �xe d p oints of 
 .

Pr o of. Under the h yp othesis, if p , q denote the �xed p oin ts of 
 , w e ha v e J ( p ) =

J

1

J ( p ) and J ( q ) = J

1

J ( q ). Hence J ( p ) = q and J ( q ) = p are �xed b y J

1

.
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Remark 2.2.6. Supp ose � and � are lo xo dromic without a common �xed p oin t and

� do es not send one �xed p oin t of � to the other. If 
 � �xes or in terc hanges the �xed

p oin ts of � , then 
 �

� 1

has neither of these prop erties. In the latter case, 
 � � � �

� 1

do es not send one �xed p oin t of � to the other. What will prev en t us from making

use of suc h facts as these is that if 
 � , for example, is the � -image of a simple lo op,

then in general 
 �

� 1

and 
 � � �

� 1

are not.
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A. The P an ts Decomp osition

3. Finding a Handle

3.1. Handles. By a hand le H = h a; b i w e mean t w o simple lo ops a; b 2 �

1

( R ; O ),

crossing at O but otherwise disjoin t, and suc h that � = � ( a ) and � = � ( b ) are

lo xo dromic and generate a nonelemen tary subgroup h � ; � i of �.

Prop osition 3.1.1. Ther e exists a hand le in R .

Pr o of. The pro of will o ccup y the remainder of this c hapter.

3.2. Case 1. There exists a simple, nondividing lo op a 2 �

1

( R ; O ) for whic h � ( a ) = �

is lo xo dromic. Cho ose b 2 �

1

( R ; O ) suc h that b is a simple lo op crossing a exactly at

O , and set � = � ( b ).

Supp ose �rst that � neither in terc hanges the �xed p oin ts of � nor shares a �xed

p oin t with � . Then, b y Lemma 2.2.1, � �

k

is lo xo dromic for some k . Moreo v er,

h � ; � �

k

i is nonelemen tary . W e can consequen tly c ho ose H = h a; ba

k

i .

Next supp ose that � shares exactly one �xed p oin t p with � . Because � is not

elemen tary , there is a simple lo op y 2 �

1

( R ; O ) that do es not cross a or b and suc h

that � ( y ) = � do es not �x p . T ak e y with the orien tation suc h that ay is homotopic

to a simple lo op. F or an y k , the lo op ay is homotopic to a simple lo op that crosses

ba

k

exactly at O (Figure 1).

No w � � do es not share the �xed p oin t p of � �

k

. F or at most one v alue of k , � �

shares another �xed p oin t q of � �

k

. F or if

� � ( q ) = q = � �

k

( q ) = � �

k + m

( q )

with m 6= 0, w e ha v e � ( q ) = q , and then � ( q ) = q = � ( q ), a con tradiction since q 6= p .

Nor can � � send the �xed p oin t p of � �

k

to another �xed p oin t q = � � ( p ) of � �

k

for

more than one k . F or

� � ( p ) = q = � �

k

( q ) = � �

k + m

( q )

for m 6= 0 implies that � ( q ) = q , and then � ( q ) = q . This is imp ossible since q 6= p .

Th us there exists k suc h that � � neither in terc hanges the �xed p oin ts of � �

k

, nor

�xes an y . By Lemma 2.1.1, w e ma y also assume that � �

k

is lo xo dromic.

Consequen tly w e can return to the case ab o v e with ba

k

and ay .

Finally , supp ose that � either �xes b oth �xed p oin ts of � or in terc hanges them.

Again �nd a simple lo op y that do es not cross a or b and suc h that � = � ( y ) neither

�xes b oth �xed p oin ts of � nor in terc hanges them. T ak e the orien tation of y so that

y b is homotopic to a simple lo op. Then � � neither �xes b oth �xed p oin ts of � nor
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y

ay

bak

Figure 1.

in terc hanges them. Consequen tly w e can return to one of the cases ab o v e with a and

y b .

3.3. Case 2. There is a simple, nondividing lo op a 2 �

1

( R ; O ) suc h that � ( a ) = �

is parab olic. Let b 2 �

1

( R ; O ) b e a simple lo op that crosses a exactly at O .

If � = � ( b ) do es not �x the �xed p oin t p of � , then � �

k

is lo xo dromic for all large

j k j , b y Lemma 2.1.1. Th us w e are bac k to Case 1.

Supp ose instead that � ( p ) = p . There is a simple lo op y 2 �

1

( R ; O ), not crossing

a or b , and suc h that � = � ( y ) do es not �x p . W e ma y tak e y with the orien tation

for whic h y b is homotopic to a simple lo op, and hence also y ba

k

is homotopic to a

simple lo op. Since � � ( p ) 6= p , w e conclude that � � �

k

is lo xo dromic for some k , and

y ba

k

brings us, once again, bac k to Case 1.

3.4. Case 3. Let f a

i

; b

i

g b e a canonical basis for �

1

( R ; O ), with � ( a

i

) = �

i

and

� ( b

i

) = �

i

. Assume that all the elemen ts �

i

, �

i

, �

j

�

i

, �

j

�

i

, and �

j

�

i

are elliptic or

the iden tit y . As the basis of our analysis of this case, w e will �nd a simple dividing

lo op d for whic h � ( d ) is lo xo dromic.

In this section w e will establish some useful lemmas.

Lemma 3.4.1. If � and � ar e el liptic, and their axes ar e not c oplanar in H

3

, then

� � is loxo dr omic.

Pr o of. Let P denote the plane in H

3

spanned b y the axis of � and the common

p erp endicular l to that and the axis of � . F orm the \op en b o ok" for P with spine

along the axis of � and angle half the rotation angle of � . Then � = R

l

R

l

�

, where R

l

�

and R

l

are half-rotations (180

�

) ab out the lines orthogonal to the axis of � indicated

in Figure 2. Similarly , � = R

l

�

R

l

, where l

�

is the line orthogonal to the axis of � at

its in tersection with l , and lies halfw a y b et w een l and � ( l ).
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P

l

ax(a)

la
Figure 2. Op en b o ok for plane P

Consequen tly , � � = R

l

�

R

l

�

. Therefore � � is elliptic if and only if the lines l

�

and

l

�

in tersect in H

3

: if instead they meet at @ H

3

, the comp osition � � is parab olic, and

if they do not meet at all in H

3

[ @ H

3

, the comp osition is lo xo dromic. Since the axis

of � do es not lie in P , l

�

do es not lie in the plane spanned b y l

�

and l . Therefore l

�

and l

�

cannot meet an ywhere.

Corollary 3.4.2. Under the hyp otheses of Case 3, the axes of the nonidentity ele-

ments of f �

i

; �

j

g either

(a) al l p ass thr ough some p oint � 2 H

3

, or

(b) al l lie in a plane P � H

3

, or

(c) ar e al l ortho gonal to a plane P � H

3

.

Pr o of. Apply Lemma 3.4.1 to the set f �

i

; �

j

g .

Note that, in case (c), the plane P con tains all the lines l

�

i

and l

�

i

. This is the

fuc hsian case: all elemen ts of � preserv e P .

Case (a) do es not arise for our situation since � is nonelemen tary .

Lemma 3.4.3. Supp ose � and � ar e el liptic with distinct axes that lie in a plane

P � H

3

. Assume � � is also el liptic. Its axis c annot lie in P .

Pr o of. The axes of � � and � are di�eren t, so there is a �xed p oin t x of � � not lying

in the axis of � . Set y = � ( x ); then � ( y ) = x . Let the plane P

0

b e the p erp endicular

bisector of the line segmen t [ x; y ]. By construction, x and y are equidistan t from P

0

.
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a

b

c

R1

R2

R3

Figure 3. Re
ection triangle for � , � , � � �

But x and y are also equidistan t from the axis of � , since � is a rotation ab out its

axis. All p oin ts equidistan t from x and y lie in P

0

, so the axis of � is con tained in

P

0

. Since x and y are also equidistan t from the axis of � , this line, to o, is con tained

in P

0

. W e conclude that P

0

= P , so x =2 P .

In fact, the pro of sho ws that if the axis of � � meets P or @ P , it do es so at, and

only at, a p oin t of in tersection or common endp oin t of the axes of � and � .

Lemma 3.4.4. Supp ose � , � , and 
 = � � ar e el liptic with distinct axes, and that

they pr eserve a plane P � H

3

. Then �

� 1

�

� 1

� � is loxo dr omic.

Pr o of. Let a; b; c denote the �xed p oin ts in P of � , � and 
 . Replace � and � b y

the in v erses, if necessary , so that they rotate coun terclo c kwise ab out a and b . Let

R

1

= J , R

2

and R

3

denote the re
ection in the lines through [ a; b ], [ b; c ] and [ c; a ],

resp ectiv ely . Then � = R

1

R

3

, � = R

2

R

1

, and 
 = R

2

R

3

. The v ertex angles of the

triangle in Figure 3 represen t the half-rotation angles. Then

�

� 1

�

� 1

� � = J 
 J 
 :

In order to b etter study J 
 J 
 , w e tak e the line l through a and b to b e the real

diameter in the disk mo del of P (Figure 3). J is re
ection in l ; let R denote re
ection

in the v ertical line through c and J c . Let � denote the half-rotation angle of 
 . Let

l

1

denote the line through c subtending angle � with the v ertical, and set l

2

= R l

1

.

Let R

0

1

denote re
ection in l

1

and R

0

2

re
ection in l

2

.
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Jl1 Jc

q

q q

R1

l1 l2

R2

R
l

J

Figure 4. Re
ection in J l

1

and l

2

No w w e ha v e 
 = R

0

1

R = R R

0

2

and

J 
 J = J R

0

1

J J R J = R

0�

1

R ;

where R

0�

1

= J R

0

1

J is re
ection in the line J l

1

. Consequen tly ,

J 
 J 
 = R

0�

1

R R R

0

2

= R

0�

1

R

0

2

:

The lines J l

1

and l

2

cannot in tersect in P [ @ P . Therefore the comp osition of re
ec-

tions in them, R

0�

1

R

0�

2

, is lo xo dromic (h yp erb olic).

Note, ho w ev er, that R

0�

1

R

0

1

= J 
 J 


� 1

= ( � �

2

� )

� 1

can sometimes b e elliptic.

3.5. Case 3 (con tin ued). Supp ose that the elemen ts f �

i

; �

i

g , whic h are all elliptic

or the iden tit y , preserv e a plane P � H

3

(Case (c) of Corollary 3.4.2). W e ma y

assume that �

1

6= id .

Consider �rst the case that �

1

is elliptic and its �xed p oin t in P di�ers from that

of �

1

. Then the transformation � = �

� 1

1

�

� 1

1

�

1

�

1

, whic h corresp onds to the simple

lo op d = b

� 1

1

a

� 1

1

b

1

a

1

, is h yp erb olic (Lemma 3.4.4). Because d divides R , there exists

an elemen t c of f a

2

; b

2

; : : : ; a

g

; b

g

g with 
 = � ( c ) 6= id . Apply the Dehn t wist of order

n ab out d to the simple lo op cb

1

, to get cd

n

b

1

d

� n

. Its image 
 �

n

�

1

�

� n

is lo xo dromic

for all large j n j b y Lemma 2.1.3, since the �xed p oin ts on @ P of the h yp erb olic � are

necessarily di�eren t from those of the elliptics 
 and �

1

in P . Since cd

n

b

1

d

� n

is a

simple, nondividing lo op, w e can return with it to Case 1 ( x 3.2).

Consider next the case where �

1

has the same �xed p oin t in P as �

1

, or is the

iden tit y . W e can �nd c in f a

2

; b

2

; : : : ; a

g

; b

g

g suc h that 
 = � ( c ) do es not ha v e the

same �xed p oin t in P as �

1

. If � ( cb

1

a

1

) is not elliptic, return with cb

1

a

1

to Case 1

or 2. Otherwise, set d = ( cb

1

)

� 1

a

� 1

1

( cb

1

) a

1

, and apply the Dehn t wist ab out d to ca

1

for a su�cien tly high p o w er. As ab o v e, return to Case 1 with the result.
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Next, supp ose that the axes of the elliptic elemen ts f �

i

; �

i

g , whic h are all elliptic

or the iden tit y , lie in a plane P � H

3

(Case (b) of Corollary 3.4.2). W e ma y assume

that �

1

6= id .

Assume �rst that the axes of �

1

and �

1

di�er. If they cross at p 2 P , or meet at

p 2 @ P , there is an elemen t c of f a

2

; b

2

; : : : ; a

g

; b

g

g suc h that the axis of 
 = � ( c )

do es not con tain p . By Lemma 3.4.3, the axis of �

1

�

1

do es not lie in P , but it crosses

P at p or meets @ P at p . Consequen tly this axis is not coplanar with the axis of 
 ,

whic h lies in P . No w Lemma 3.4.1 sa ys that 
 �

1

�

1

is lo xo dromic. Return to Case 1

with cb

1

a

1

.

On the other hand, supp ose that the axis l

1

of �

1

and the axis l

2

of �

1

are disjoin t

in P [ @ P . If the axis l of �

1

�

1

is not coplanar with l

1

or l

2

, the situation is again

as ab o v e. If l is coplanar with eac h of l

1

and l

2

, it cannot meet P [ @ P . The plane

P

0

orthogonal to l and to P is necessarily orthogonal to l

1

and l

2

. If the axes of all

noniden tit y elemen ts of f �

1

; �

1

; : : : ; g are orthogonal to P

0

, w e can return to the �rst

sub case of this section. Otherwise the axis of some 
 2 f �

2

; �

2

; : : : g is not orthogonal

to P

0

. Then 
 �

1

�

1

is lo xo dromic, since the axis of 
 is con tained in P .

Finally w e need to consider the situation where �

1

= id or the axes of �

1

and

�

1

coincide. Find � in f �

2

; �

2

; : : : g distinct from the iden tit y and ha ving an axis

distinct from that of �

1

. Replace �

1

b y � in the analysis ab o v e. The triple of lo ops

in �

1

( R ; O ) giving rise to the lo xo dromic elemen t found there also corresp onds to a

simple nondividing lo op, and it is only this prop ert y that is needed.

In ligh t of Corollary 3.4.2, the analysis of Case 3 is complete. A handle exists, and

Prop osition 3.1.1 is pro v ed.

4. Cutting the Handles

4.1. W e ha v e found a sp ecial handle H as sp eci�ed in x 3. The next step is to cut all

the other (top ological) handles, ending up with a (connected) surface of gen us one

with 2( g � 1) b oundary comp onen ts. In cutting the handles, w e will require that the

� -image of eac h cutting lo op is lo xo dromic.

Although H , or rather the established prop erties of the � -image of its fundamen tal

group, serv es to anc hor the cutting pro cess, in fact H itself will ha v e to undergo

successiv e c hanges. It will b ecome more and more complicated in terms of an initial

basis of �

1

( R ; O ). Roughly sp eaking, w e will b e applying Dehn t wists of p ossibly

high order to felicitous com binations of simple lo ops. The pro cess will b e go v erned

b y the applicabilit y of the lemmas of x 2 to yield lo xo dromic transformations, y et still

arising under � from simple lo ops in �

1

( R ; O ).
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b

a

y'

x'
u

Figure 5. Connection to handle H

4.2. Let H = h a; b i denote the sp ecial handle found in Chapter 3, and set � = � ( a ),

� = � ( b ). W e claim that after replacing H = h a; b i b y another handle of the form

h ab

q

; b i or h b; ab

q

i , if necessary , w e can assume that � do es not send one �xed p oin t

of � to the other.

F or supp ose � sends one �xed p oin t of � to the other. Then, using Lemma 2.1.1(ii),

�nd q so that � �

q

is lo xo dromic and tr

2

� �

q

6= tr

2

� . Necessarily , � �

q

do es not share

either of its �xed p oin ts with � . By Lemma 2.2.1, at least one of the follo wing

statemen ts is true: � do es not send one �xed p oin t of � �

q

to the other, or � �

q

do es

not send one �xed p oin t of � to the other.

4.3. No w supp ose that h x; y i is another pair of lo ops in �

1

( R ; O ) of the form x =

u

� 1

x

0

u , y = u

� 1

y

0

u , where x

0

and y

0

are simple lo ops disjoin t from a and b , with one

in tersection p oin t where they cross, and u is a simple arc from a \ b = O to x

0

\ y

0

,

otherwise disjoin t from a; b; x

0

; y

0

(see Figure 5).

Consider d = y ba

k

and its � -image � = � � �

k

, for some k . Set � = � ( x ) and

� = � ( y ). The e�ect of a Dehn t wist of order n ab out d is

h � ; � �

k

i 7! h �

n

� ; � �

k

i ;

h � ; � i 7! h �

n

� ; � i :

W e claim that there exist k and n suc h that:

(i) � �

k

is lo xo dromic;

(ii) � = � � �

k

is lo xo dromic;

(iii) �

n

� is lo xo dromic without a common �xed p oin t with � �

k

;

(iv) �

n

� is lo xo dromic;

or that, after necessary relab eling and rearrangemen t to b e sp elled out b elo w, anal-

ogous prop erties hold. This claim will b e established in the four steps of x 4.4.

Once this is accomplished, w e will replace the handle H = h a; b i b y the handle

h d

n

a; ba

k

i , and cut R along d

n

x , represen ted b y a freely homotopic simple lo op. This

op eration will also serv e as the basis of an induction pro cedure.
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Note that it ma y w ell b e that � = id, or � = id , or b oth. In the former case,

prop ert y (ii) is satis�ed with (i), and in the second, prop ert y (iv) is satis�ed with

(ii).

4.4. Step (i). By x 4 and Lemma 2.1.1(i), there exists K � 0 suc h that � �

k

is

lo xo dromic for all j k j � K .

Step (ii). If � � do es not in terc hange the �xed p oin ts of � , then b y Lemma 2.1.1

w e ma y tak e K in step (i) so large that � = � � �

k

is lo xo dromic for all k � K or for

all k � � K .

If, ho w ev er, � � do es in terc hange the �xed p oin ts of � but � � do es not, in terc hange

� and � and return to the paragraph ab o v e.

Finally , if b oth � � = J and � � = J

1

in terc hange the �xed p oin ts of � , then

� �

� 1

= J J

1

�xes them (and is either lo xo dromic or the iden tit y). In this case replace

h x; y i b y h x; y x

� 1

i , and � b y � �

� 1

, and rev ert to the original notation. F or this case,

then, � � �

k

is lo xo dromic for all j k j � K , for some K .

Step (iii). First note that for no k 2 Z and no m 6= 0 can b oth �

n

� and �

n + m

�

ha v e �xed p oin ts in common with � �

k

. F or the relations

�

n

� ( p ) = p = � �

k

( p ) ;

�

n + m

� ( p ) = p = �

n

�

m

� ( p )

imply that � ( p ) is a �xed p oin t of � , then that p is a �xed p oin t of � , and �nally

that p is a �xed p oin t of � . The last consequence is imp ossible.

F or an y sequence k ! + 1 , according to Lemma 2.1.2 the �xed p oin ts of � = � � �

k

con v erge to � � ( q ) and p , where q and p denote the attractiv e and repulsiv e �xed

p oin ts of � , resp ectiv ely . Th us, if � sends one �xed p oin t of � to the other for this

sequence, then � � ( q ) = p . Similarly , for a sequence k ! �1 , the �xed p oin ts of

� con v erge to � � ( p ) and q . If, for this sequence, � sends one �xed p oin t of � to

the other, then � � ( p ) = q . By our construction, � � do es not in terc hange the �xed

p oin ts of � , so � cannot in terc hange the �xed p oin ts of � = � � �

k

for b oth a sequence

k ! + 1 and a sequence k ! �1 .

No w if � � ( p ) = q , so that � is lo xo dromic for all k � K (step (ii)), then for

su�cien tly large K , � cannot send one �xed p oin t of � = � � �

k

to the other. Lik ewise,

if � � ( q ) = p so that � is lo xo dromic for k � � K , again � cannot send one �xed p oin t

of � to the other, for su�cien tly large K . If � � sends neither �xed p oin t of � to the

other, � sends neither �xed p oin t of � to the other, for all large j k j .

W e conclude that there exists K � 0 suc h that � = � � �

k

is lo xo dromic for an y

k � K or an y k � � K , or b oth. F urthermore, � do es not send one �xed p oin t of �
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to the other. Giv en k in the admissible range, there exists N = N ( k ) � 0 suc h that

�

n

� , for all j n j � N , is lo xo dromic and do es not ha v e a �xed p oin t in common with

� �

k

.

Step (iv). Consider � and � = � � �

k

for �xed k � K or k � � K , according to (iii).

If � do es not in terc hange the �xed p oin ts of � , w e can tak e N so large that either

�

n

� or �

n

�

� 1

is lo xo dromic for n � N = N ( k ).

Supp ose instead that � in terc hanges the �xed p oin ts of � but not of � � �

k +1

= �

0

.

Then replace � b y �

0

.

Ho w ev er, not b oth � and � � (nor equiv alen tly , � and �

� 1

� ) can in terc hange the

�xed p oin ts of b oth � � �

k

and � � �

k +1

. F or, if so, w e apply Lemma 2.2.5 to J = � ,

J

1

= � (or �

� 1

) and to b oth � � �

k

and � � �

k +1

. That implies that the �xed p oin ts of

b oth � � �

k

and � � �

k +1

coincide with �xed p oin ts p; q of � . F or this to o ccur, � �xes

b oth p and q , and then � � m ust do so as w ell. But since � itself �xes them, � m ust

also �x them. This is imp ossible.

W e ma y assume one of y x or y

� 1

x is a simple lo op. Dep ending on whic h, replace

h x; y i b y h y x; y i or h y

� 1

x; y i . Corresp ondingly , replace � b y � � or �

� 1

� . This returns

us to one of the previous cases for � = � � �

k

or � � �

k +1

.

4.5. Cutting the surface. The lo op d

n

x is freely homotopic to a simple, nondivid-

ing lo op d

0

, disjoin t from d

n

a and ba

k

. Cutting R along d

0

results in a new surface

R

(1)

with a handle H = h d

n

a; ba

k

i and t w o b oundary comp onen ts freely homotopic

to d

n

and y x

� 1

d

� n

y

� 1

(or y

� 1

x

� 1

d

� n

y ). The corresp onding transformations are �

n

�

and � �

� 1

�

� n

�

� 1

(or �

� 1

�

� 1

�

� n

� ), whic h ha v e the same trace. The common trace,

ho w ev er, can b e made as large as desired (Lemma 2.1.1).

If the gen us of R

1

exceeds one, rep eat the pro cess using the new H , and so on.

A t the end, w e will ha v e a surface R

g � 1

with a handle H = h a; b i (using again the

original notation) and 2( g � 1) b oundary comp onen ts.

Orien t all the b oundary comp onen ts so that R

g � 1

lies to their righ t. Let x; y ; : : :

denote simple lo ops from the basep oin t O parallel to them but otherwise disjoin t

from eac h other and from a and b . Our construction allo ws us to assume that the

� -images � ( x ), � ( y ), : : : are all lo xo dromic. P airwise they ha v e the same trace, but

the traces of di�eren t pairs can b e assumed to b e di�eren t.

5. The P ants Decomposition

5.1. W e carry on from the situation left in x 4.5. T o start, adjust the sp ecial handle

H = h a; b i as in x 4 so that � = � ( b ) do es not send one �xed p oin t of � = � ( a ) to

the other. Orien t b so that it crosses a from the righ t side of a to the left; then the
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y

x

O

b

ak

Figure 6. Connection of b oundary to handle H

b oundary of R

g � 1

lies to the left of c = b

� 1

a

� 1

ba and w e ha v e orien ted the b oundary

so that c lies to its righ t.

Cho ose simple lo ops x; y 2 �

1

( R

g � 1

; O ), eac h parallel to a b oundary comp onen t

and disjoin t from eac h other and a; b , except at O = a \ b . The orien tations are suc h

that y ba

k

and xba

k

(but not y b

� 1

a

k

or xb

� 1

a

k

for k 6= 1) are homotopic to simple

lo ops for all k (see Figure 6). F rom x 4.5 w e kno w that � = � ( x ) and � = � ( y ) are

lo xo dromic.

5.2. W e b egin b y sorting out the follo wing p ossibilities.

(1) If exactly one of � � and � � in terc hanges the �xed p oin ts of � , assume that

the one that do es is � � . In this case, w e claim that, for all su�cien tly large j k j , the

comp osition � = � � �

k

do es not �x either �xed p oin t p; q of � .

F or if � � �

k

�xes p for t w o v alues of k , then p itself m ust b e �xed b y � , and then

b y � � as w ell as b y � . On the other hand, since � � in terc hanges the �xed p oin ts p

and p

0

of � , w e get � � ( p

0

) = p = � ( p ), so � ( p

0

) = p . This con tradiction to the kno wn

prop erties of the handle H establishes the claim.

(2) If neither � � nor � � in terc hanges the �xed p oin ts of � , then b y in terc hanging

� and � and relab eling if necessary , w e ma y assume that for all su�cien tly large j k j ,

the comp osition � = � � �

k

do es not �x b oth �xed p oin ts p; q of � .

F or supp ose � � �

k

�xes p; q for t w o v alues of k , and, corresp ondingly , � � �

k

�xes

the t w o �xed p oin ts of � for t w o other v alues of k . The �rst supp osition implies that

p and q are �xed b y � , then b y � � , and of course b y � . The second implies that p

and q are �xed in addition b y � � and � . But � � ( p ) = p = � ( p ) implies that � itself

�xes p , a con tradiction.
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It is imp ortan t to note that if, in addition, � � sends one �xed p oin t of � to the

other, then w e ma y assume that � = � � �

k

, for j k j large, do es not �x ev en one �xed

p oin t of � . This is another application of the reasoning of (1).

(3) W e defer consideration un til x 5.5 of the remaining case that b oth � � and � �

in terc hange the �xed p oin ts of � .

5.3. In this section and the next w e will w ork with cases (1) and (2) of x 5.2. That is,

� � do es not in terc hange the �xed p oin ts of � , and, for all large j k j , the comp osition

� = � � �

k

do es not �x b oth �xed p oin ts of � , and if � � sends one �xed p oin t of � to

the other, � � �

k

do es not �x either �xed p oin t of � . Consider d = y ba

k

, for some k ,

and its � -image � . The e�ect of a Dehn t wist of order n ab out d is

h � ; � �

k

i 7! h �

n

� ; � �

k

i ;

h � ; � i 7! h �

� n

� �

n

; � i :

W e will �nd k and n suc h that:

(i) � �

k

is lo xo dromic;

(ii) � = � � �

k

is lo xo dromic;

(iii) �

n

� is lo xo dromic and has no common �xed p oin t with � �

k

;

(iv) �

� n

� �

n

� is lo xo dromic and has no common �xed p oin t with � ;

(v) �

� n

� �

n

and � generate a classical Sc hottky group.

(vi) j tr �

� n

� �

n

� j is un b ounded in j n j .

Once this is accomplished, w e will replace the handle h a; b i with h d

n

a; ba

k

i , then

remo v e from R

g � 1

the pan ts determined b y

( d

� n

xd

n

; y ; d

� n

xd

n

y ) ;

and rep eat the pro cess.

5.4. Step (i). The prop erties of the sp ecial handle H ( x 5.1) and Lemma 2.1.1(i)

imply that there is K � 0 suc h that � �

k

is lo xo dromic for all j k j � K .

Step (ii). Since � � do es not in terc hange the �xed p oin ts of � , w e can c ho ose K

ab o v e so large that � � �

k

is lo xo dromic for k � K , k � � K , or b oth. In addition, for

the admissible range of k , the comp osition � � �

k

do es not �x b oth �xed p oin ts of � .

Step (iii). This is iden tical with step (iii) of x 4.3. There exists K � 0 suc h that

� = � � �

k

is lo xo dromic for an y k � K , or an y k � � K , or b oth. Giv en k in the

admissible range, there exists N = N ( k ) � 0 suc h that, for all j n j � N , the elemen t

�

n

� is lo xo dromic and has no �xed p oin t in common with � �

k

.
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Step (iv). Note that w e ma y assume that K is su�cien tly large so that � = � � �

k

has no �xed p oin t in common with � for j k j � K . F or, if � � �

k

�xes a �xed p oin t p

of � for t w o v alues of k , then � itself m ust �x p , and then � m ust as w ell.

Case (1): � � sends one �xed p oin t of � to the other. In this case � has no �xed

p oin t in common with � ( x 5.3). Th us, b y Lemma 2.1.3, the comp osition �

� n

� �

n

�

is lo xo dromic for all large j n j , while w e m ust ha v e j n j � N to ensure that �

n

�

is lo xo dromic.

Case (2): � � do es not send one �xed p oin t of � to the other. Then �

n

� is

lo xo dromic for all j n j � N , while �

� n

� �

n

� is lo xo dromic either for n � N or for

n � � N , for su�cien tly large N .

Finally , �

� n

� �

n

� and � ha v e a �xed p oin t in common only if �

� n

� �

n

and � do. The

�xed p oin ts of �

� n

� �

n

are �

� n

( p ) and �

� n

( q ), where p and q are the �xed p oin ts of � .

If neither p oin t is �xed b y � , then, for su�cien tly large j n j , neither �

� n

( p ) nor �

� n

( q )

will b e �xed b y � . On the other hand, if p , sa y , is �xed b y � , the same conclusion

holds b ecause � and � do not share a �xed p oin t.

Step (v). Since � and � ha v e no �xed p oin t in common, it follo ws from Lemma 2.1.3

and Corollary 2.1.5 that �

� n

� �

n

and � generate a classical Sc hottky group for su�-

cien tly large N . Also the trace of �

� n

� �

n

� can b e made arbitrarily large, for su�-

cien tly large N .

5.5. No w w e turn to the case, left aside in x 5.2, where b oth � � = J and � � = J

1

in terc hange the �xed p oin ts of � . Then � = J J

1

� , where J J

1

is lo xo dromic or the

iden tit y , and �xes the �xed p oin ts of � .

A t the start w e arranged matters so that y ba

k

is homotopic to a simple lo op for all

k . This is equally true of ( ba

k

)

� 1

y ( ba

k

), and of x ( ba

k

)

� 1

y ( ba

k

), whic h is homotopic to

a simple lo op b ounding a triply connected region (pan ts) with b oundary comp onen ts

corresp onding to x and y .

W e claim that, in the presen t case, there exists K � 0 suc h that the corresp onding

transformation

� = � ( � �

k

)

� 1

� ( � �

k

) = � �

� k

�

� 1

J �

k

is lo xo dromic for all j k j � K .

F or � has no �xed p oin t in common with � : Indeed, � ( p ) = p = � ( p ) w ould imply

that J

1

�

� 1

( p ) = p , in other w ords that � ( q ) = p , where q is the other �xed p oin t of

� . Similarly , �

� 1

J has no �xed p oin t in common with � . Hence the assertion follo ws

from Lemma 2.1.3.
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W e can tak e K so large that, in addition, � do es not ha v e a �xed p oin t p in common

with

( � �

k

)

� 1

� ( � �

k

) = �

� k

�

� 1

J �

k

for j k j � K . F or, since neither � nor �

� 1

J has a �xed p oin t in common with � , w e

ha v e on the complemen t of q

�

; q

�

,

lim

k ! + 1

�

� k

�

� 1

J �

k

= q

�

and lim

k !�1

�

� k

�

� 1

J �

k

= q

�

;

where q

�

6= p and q

�

6= p denote the repulsiv e and attractiv e �xed p oin ts of � .

F or su�cien tly large K as dictated b y Corollary 2.1.5, � and ( � �

k

)

� 1

� ( � �

k

) gen-

erate a classical Sc hottky group for all j k j � K .

As in x 5.4(v), the trace magnitude of the transformation ( � �

k

)

� 1

� ( � �

k

) � corre-

sp onding to the new b oundary comp onen t of the pan ts can b e made arbitrarily large,

in particular in comparison with that of � and � , whic h corresp ond to the b oundary

comp onen ts on whic h the new pan ts w as built.

Replace the handle h a; ba

k

i b y its conjugate h ( ba

k

)

� 1

a ( ba

k

) ; ba

k

i . The new pan ts

is determined b y h x; ( ba

k

)

� 1

y ( ba

k

) i .

5.6. The pan ts decomp osition. In x x 5.3-5.4 w e sho w ed that, giv en an y t w o b ound-

ary comp onen ts of R

g � 1

, w e could construct a pan ts with them as b oundary comp o-

nen ts and suc h that the transformation corresp onding to the third b oundary comp o-

nen t has trace of arbitrarily large magnitude. The surface remaining after this pan ts

is remo v ed is again of gen us one, but with one few er b oundary comp onen ts. Again

c ho osing an y t w o b oundary comp onen ts, w e can construct another pan ts, and so on

un til all that remains is a surface of gen us one with one b oundary comp onen t: a

handle.

F or later requiremen ts, w e will sp ecify the initial steps of the decomp osition as

follo ws: Group the 2( g � 1) b oundary comp onen ts of R

g � 1

in to pairs, where the t w o

comp onen ts of eac h pair arise from cutting a handle of R . Construct �rst ( g � 1)

pan ts, one corresp onding to eac h pair, whic h then comprise t w o of its b oundary

comp onen ts. After this is done, �nish the construction with an y p ossible succession

of pairings.

Eac h pair of b oundaries of R

g � 1

corresp onds to transformations of the same trace,

but w e ma y assume from x 4.5 that di�eren t pairs corresp ond to transformations of dif-

feren t traces. When eac h new b oundary comp onen t forming a new pan ts is inserted,

w e can ensure b y x 5.4(v) and x 5.5 that the trace magnitude of its corresp onding

transformation exceeds that corresp onding to all previously inserted b oundaries.

The com binatorics of the decomp osition and a corresp onding reorganization of the

generating set for �

1

( R ; O ) will b e discussed in x 5.8 b elo w.
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5.7. The �nal cut. W e are left with 2 g � 3 pan ts and a handle H . Y et more

adjustmen t to H is necessary b efore gaining the assurance that one �nal cut will

pro duce a pan ts decomp osition f R

i

g called for in x 1.7. Consider the handle H = h a; b i

remaining at the end of the pro cess. A simple lo op c � b

� 1

a

� 1

ba b ounds H on its

righ t side (starting in x 5.1 w e sp eci�cally assumed that b crosses a from the righ t side

of a to the left). On the left side of c is a pan ts with b oundary comp onen ts orien ted

so that the pan ts is to their left. Also, c

� 1

� y x , where x and y are simple lo ops

parallel to the b oundary comp onen ts, and are disjoin t from c , b and a except for a

shared basep oin t.

Set � = � ( a ), � = � ( b ), � = � ( c ), � = � ( x ), � = � ( y ). W e kno w that h � ; � i is a

Sc hottky group and that � and � are lo xo dromic without a common �xed p oin t. As

in x 4.2, w e can assume that � do es not send one �xed p oin t of � to the other.

By construction (see x 5.4(iv)- (v) and x 5.5), the trace magnitude of � � exceeds

that of � and � . In particular, neither � nor � can b e conjugate within PSL(2 ; C ) to

� � = �

� 1

�

� 1

� � = �

� 1

.

W e ma y assume that � � = J do es not in terc hange the �xed p oin ts of � , and is not

the iden tit y . Otherwise, replace � and � b y their conjugates �

m

� �

� m

and �

m

� �

� m

,

where m is c hosen so that �

m

� �

� m

� = J

m

neither in terc hanges the �xed p oin ts of

� nor is the iden tit y . T o see that suc h an m exists, consider �

m

� �

� m

�

� 1

= J

m

J ,

whic h either has the same �xed p oin ts as � , or has order t w o. The latter case is

imp ossible b ecause h � ; � i is a Sc hottky group. Since � and � = � � ha v e no �xed p oin ts

in common, the former is imp ossible as w ell, except p erhaps for a �nite n um b er of

v alues of m . Consequen tly , replace h � ; � i b y the conjugate group h �

m

� �

� m

; �

m

� �

� m

i ,

and corresp ondingly h x; y i b y the conjugate pan ts h c

m

xc

� m

; c

m

y c

� m

i . Return again

to the original notation.

No w w e are ready to cut the handle H . But �rst, apply a Dehn t wist of order k

ab out a . This c hanges H to h a; ba

k

i .

Next, apply a Dehn t wist of order n ab out a simple lo op d � xba

k

. This results in

the c hanges

h a; ba

k

i 7! h d

n

a; ba

k

i ;

h x; y i 7! h x; d

� n

y d

n

i :

Finally , cut the resulting handle along a simple lo op freely homotopic to ba

k

. This

results in a pan ts whose fundamen tal group is

h ba

k

; ( d

n

a )

� 1

( ba

k

)

� 1

( d

n

a ) i :
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W e claim that k and n can b e c hosen so that the groups represen ting the adjacen t

pan ts are no w b oth Sc hottky groups

h 
 ; ( �

n

� )

� 1




� 1

( �

n

� ) i and h � ; �

� n

� �

n

i ;

where 
 = � �

k

and � = � 
 .

(i) There exists K � 0 suc h that � = � � �

k

is lo xo dromic either for k � K or for

k � � K ; for de�niteness assume the former is true. Indeed w e ha v e already arranged

matters so that � � do es not in terc hange the �xed p oin ts of � .

(ii) F or su�cien tly large K and k � K the comp osition � = � 
 has no �xed

p oin ts in common with � or 
 , and � 
 �

� 1

has no �xed p oin ts in common with

� � �

� 1

�

� 1

�

� 1

6= id .

First note that neither � �

k

nor � � �

k � 1

can ha v e the same �xed p oin ts for t w o

v alues of k . F or example, � �

k

( p ) = p = � �

m

( p ) for m 6= k implies that � ( p ) = p ,

and then � ( p ) = p , whic h is imp ossible. Consequen tly , for su�cien tly large K and

k � K , the elemen t 
 = � �

k

do es not share a �xed p oin t with � or � , nor � 
 �

� 1

with

� � �

� 1

�

� 1

�

� 1

, pro vided this latter is not the iden tit y . It follo ws that neither � 
 and


 , nor � 
 and � , can share �xed p oin ts either. Finally , � � �

� 1

�

� 1

�

� 1

6= id b ecause

� is not conjugate to � � = �

� 1

�

� 1

� � (b ecause they ha v e unequal traces, as w e ha v e

seen earlier in x 5.7).

(iii) W e sho w that h � ; �

� n

� �

n

i is a Sc hottky group, either for all n � N or all

n � � N , for some N � 0; for de�niteness w e will assume the former.

F or if � has b oth its �xed p oin ts in common with � , then � and � comm ute and

the group remains h � ; � i . If � has one �xed p oin t in common with � , sa y its repulsiv e

�xed p oin t p , the �xed p oin ts of �

� n

� �

n

con v erge to p as n ! + 1 . Since p is not

also a �xed p oin t of � , the group is Sc hottky for large n . If � has no �xed p oin ts in

common with � , it is Sc hottky for all large j n j .

(iv) W e sho w that h 
 ; ( �

n

� )

� 1




� 1

( �

n

� ) i is a Sc hottky group for all j n j � N , for

su�cien tly large N in (iii) and �xed k � K from (i) and (ii).

F or the �xed p oin ts of ( �

n

� )

� 1




� 1

( �

n

� ) are the images under �

� 1

�

� n

of the �xed

p oin ts of 
 . As n ! + 1 or n ! �1 , these images con v erge to �

� 1

( p ), where p

is the repulsiv e or attractiv e �xed p oin t of � , since � and 
 ha v e no �xed p oin ts in

common. If �

� 1

( p ) is not a �xed p oin t of 
 , Corollary 2.1.5 implies that the group is

Sc hottky for large j n j .

Supp ose to the con trary that 
 �

� 1

( p ) = �

� 1

( p ), while � 
 ( p ) = p . Then � 
 �

� 1

( p ) =

p , while p = � 
 �

� 1




� 1

�

� 1

( p ) = � � �

� 1

�

� 1

�

� 1

( p ). This do es not o ccur, b y (ii).

Remark 5.7.1. Had w e not b een so concerned ab out the �nal cut forming t w o of

the b oundary comp onen ts of a single pan ts corresp onding to a Sc hottky group, w e
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w ould ha v e pro ceeded more simply , as follo ws. Cut H = h a; b i along a resulting in

a pan ts h a; b

� 1

a

� 1

b i . P air b oundary comp onen ts of this with those of neigh b oring

pan ts h x; y i , to get t w o new pan ts h a; y i and h b

� 1

a

� 1

b; x i . Apply to these the Dehn

t wist of order m ab out c � b

� 1

a

� 1

ba . F or all large j m j , the corresp onding groups are

easily seen to b e Sc hottky .

5.8. The com binatorics of pan ts decomp osition. W e will systematically orga-

nize a generating set for the fundamen tal group of R in terms of the pan ts decomp o-

sition f P

i

g .

Start b y �xing p oin ts O

i

; O

0

i

; O

0 0

i

on eac h comp onen t of @ P

i

, and disjoin t simple

auxiliary arcs from O

i

to O

0

i

and O

00

i

. In terms of these auxiliary arcs, there is a

unique path in P

i

b et w een an y t w o b oundary comp onen ts. Also, a comp onen t of @ P

i

with an assigned orien tation uniquely determines a lo op from O

i

, whic h w e will tak e

as the basep oin t of �

1

( P

i

; O

i

). If a

i

and b

i

are t w o b oundary comp onen ts of P

i

, an

orien tation of a

i

uniquely determines an orien tation of b

i

suc h that b

i

a

i

is homotopic

to a simple lo op around the third (here making use of the auxiliary arcs).

If the comp onen ts a of @ P

i

and a

0

of @ P

j

corresp ond to the same simple lo op on

R , c ho ose the p oin ts O 2 a and O

0

2 a

0

to corresp ond to the same p oin t on R .

Let T denote the triv alen t graph of gen us g corresp onding to the pan ts decom-

p osition f P

i

g : eac h v ertex of T corresp onds to one of the pan ts P

i

, and eac h edge

corresp onds to a pair ( a; a

0

) of b oundary comp onen ts, one on eac h pan ts corresp ond-

ing to an endp oin t. Tw o b oundary comp onen ts are paired ( a; a

0

) if and only if they

corresp ond to the same simple lo op on R .

T has 2 g � 2 v ertices and 3 g � 3 edges. Exactly g of the v ertices ha v e one-edge

lo ops attac hed to them; this is a consequence of the particular com binatorics of the

decomp osition. W e call these v ertices extr eme .

Remo v e from T those g one-edge lo ops; the result T

0

is a maximal (connected)

tree. The extreme v ertices of T are those that are extreme in T

0

in the sense that

only one edge of T

0

is attac hed to the v ertex.

Designate one of these extreme v ertices as the r o ot v

0

of T

0

: for example, the

v ertex corresp onding to the last handle w e cut. There is a unique simple path in T

0

from an y v ertex to the ro ot.

Denote the pan ts corresp onding to the v ertex v b y P ( v ). Consider the v ertices

v

0

6= v whose shortest path to v

0

con tains v . Mark the b oundary comp onen ts of P ( v )

where these shortest paths �rst cross; w e will use these shortest paths b elo w. If v is

not extreme, t w o of the three b oundary comp onen ts of P ( v ) will b e mark ed. If v is

extreme but v 6= v

0

, none of the b oundary comp onen ts will b e mark ed. Exactly one

of the b oundary comp onen ts of P ( v

0

) will b e mark ed.
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Making use of the auxiliary arcs in the f P

i

g , the simple edge-arc in T

0

from the

v ertex v

i

= P

i

to v

j

= P

j

uniquely determines a simple arc in R from O

i

to O

j

.

Lik ewise, a simple edge-lo op in T uniquely determines a simple lo op in R .

Let P

0

b e the pan ts corresp onding to the ro ot v

0

, and O = O

0

the designated

basep oin t for its fundamen tal group. T ak e also O as the basep oin t of the fundamen tal

group of R . As w e ha v e seen, T

0

uniquely determines a simple arc c

i

in R from O

to eac h O

i

. Th us, a simple lo op a

i

2 �

1

( P

i

; O

i

) can b e uniquely asso ciated with

c

� 1

i

a

i

c

i

2 �

1

( R ; O ). Supp ose e

i

is one of the g edge-lo ops of T , with b oth end p oin ts

on the same v ertex v

i

. Lik ewise with the help of the auxiliary arcs in P

i

= P ( v

i

), the

edge e

i

, with an assigned orien tation, uniquely determines a lo op c

0� 1

i

e

i

c

0

i

2 �

1

( R ; O ).

The totalit y of elemen ts c

� 1

i

a

i

c

i

from orien ted b oundary comp onen ts of pan ts f P

i

g

plus g elemen ts c

0� 1

i

e

i

c

0

i

from edges e =2 T

0

generate �

1

( R ; O ).
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B. P an ts Con�gurations from Sc hottky Groups

6. Joining O verlapping Plane Regions

6.1. In this section w e will describ e a metho d of using co v ering surfaces to separate

t w o o v erlapping plane regions whic h are acted on b y a common M• obius transforma-

tion. It is no restriction to describ e the pro cess with the lo xo dromic transformation

� : z 7! �

2

z , with j � j > 1 and �xed p oin ts 0 and 1 . Let T or T ( � ) denote the

quotien t torus

T = ( C n f 0 g ) = h � i ;

and � the pro jection from C n f 0 g . Denote the simple compressing lo op � ( f z : j z j =

1 g ) in T b y c . A noncon tractible simple lo op on T lifts to a closed curv e in C n f 0 g

if and only if it is freely homotopic (or homologous) to � c .

If a simple lo op a is not of this t yp e, a

�

= �

� 1

( a ) is a simple � -in v arian t arc. If

a is giv en the orien tation dictated b y � , the arc a

�

is directed to w ard the attractiv e

�xed p oin t.

Con v ersely , if a

�

1

is a simple, � -in v arian t arc in C directed to w ard the attractiv e

�xed p oin t, a

1

= � ( a

�

1

) is a simple lo op freely homotopic (or homologous) to the

result of applying to a the Dehn t wist ab out c of some order n : namely , a

1

� a + nc .

6.2. Let S

N

denote the N -sheeted co v er of the sphere S

1

= S

2

, branc hed o v er

the �xed p oin ts 0 and 1 of � . T op ologically , S

N

is again a sphere. The map

z 7! z

1 = N

= w sends S

N

bac k to S

1

; it is conformal except at 0 and 1 . The cyclic

group of co v er transformations is conjugated to the group of rotations h w 7! e

2 � i= N

w i .

The transformation � lifts to an automorphism �

�

of S

N

, determined up to comp o-

sition with co v er transformations. It is conjugated to the lo xo dromic transformation

w 7! �

2 = N

w , whic h in turn is determined only up to comp osition with co v er transfor-

mations.

Consider the torus T

N

= T

N

( � ), de�ned b y

T

N

= ( S

N

n f 0 ; 1g ) = h �

�

i :

It is the N -sheeted torus o v er T , uniquely determined b y the prop erties that a lifts

to exactly N m utually disjoin t simple lo ops and c

N

lifts to one simple lo op.

F or the follo wing lemma a and c are simple lo ops on T as b efore: c is the pro jection

of the unit circle and a is the pro jection of a simple, � -in v arian t arc a

�

� C , p ositiv ely

orien ted b y � . If the simple arc a

1

crosses a transv ersely at ev ery p oin t of in tersection,

the geometric in tersection n um b er is de�ned as the n um b er of p oin ts of in tersection.

W e assume this n um b er is �nite.
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Lemma 6.2.1. Supp ose a

1

is fr e ely homotopic and tr ansverse to a , with ge ometric

interse ction numb er n . Set N = 2 n + 1 . Then ther e is a lift a

0

of a and a lift a

0

1

of

a

1

that ar e disjoint, fr e ely homotopic simple lo ops in T

N

. Corr esp ondingly, ther e is a

lift a

�

of a and a

�

1

of a

1

to S

N

that ar e disjoint, �

�

-invariant simple ar cs.

Remark 6.2.2. A more precise measure of in tersection w ould b e to set

n = max j m ( � ) j ;

where � � a

1

is a segmen t whose endp oin ts don't lie on a , m ( � ) is the algebraic

in tersection n um b er of � and a , and the maxim um is tak en o v er all suc h connected

segmen ts � of a

1

.

Pr o of. Fix a lift a

0

of a to T

N

or a lift a

�

to S

N

. W e can lab el the N = 2 n + 1 sheets

on T

N

or on S

N

o v er T n f a g in cyclic order, starting to the left of a

0

or of a

�

. A

p oin t in the ( n + 1)-st sheet can b e connected to one on a

0

or on a

�

only b y crossing

n other lifts of a . Fix p 2 a

1

n a , and the p oin t p

0

or p

�

lying o v er p in the ( n + 1)-st

sheet. The endp oin t of the arc ~a

1

lying one-to-one o v er a

1

n f p g and starting at p

0

or

p

�

also lies in the ( n + 1)-st sheet, b ecause a

1

is freely homotopic to a ; in T

N

, the arc

~a

1

closes up to form a simple lo op. The conclusion is a direct consequence.

Note that without the condition that a

1

, p ositiv ely orien ted b y � , b e freely homo-

topic to a , the conclusion of the lemma is false. Instead, the follo wing is true.

Corollary 6.2.3. Supp ose, mor e gener al ly, that the simple lo op a

1

� T , tr ansverse

to a , is the pr oje ction of an � -invariant ar c in C n f 0 g . Ther e exists N = N ( a; a

1

) � 1

and m 2 Z such that �

m

a

1

and a have disjoint lifts on T

N

and S

N

, wher e � denotes

the Dehn twist ab out c .

6.3.

Lemma 6.3.1. Supp ose a and a

1

ar e � -invariant simple ar cs in C n f 0 g , the lifts

of fr e ely homotopic tr ansverse lo ops in T ( � ) with ge ometric interse ction numb er n .

Supp ose a is c ontaine d in the b oundary of a simply c onne cte d r e gion P � C n f 0 g

lying to its left, while a

1

is c ontaine d in the b oundary of a simply c onne cte d r e gion

P

1

lying to its right. Set N = 2 n + 4 . Then on S

N

n f 0 ; 1g ther e ar e disjoint lifts a

�

of a and a

�

1

of a

1

with the pr op erty that the c orr esp onding lifts P

�

of P and P

�

1

of P

1

that c ontain a

�

and a

�

1

in their r esp e ctive b oundaries ar e disjoint as wel l.

Pr o of. Fix a lift a

�

of a in S

N

n f 0 ; 1g and let E b e the generator of the order- N

cyclic group of co v er transformations with the prop ert y that a

�

and E a

�

b ound to

the left of a

�

a lift �

�

of C n f a g , whic h w e will refer to as the �rst sheet of the
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P*

P*

E3a*

Ea*

a*

a*
1

1

s *

Figure 7. Separation of regions when N = 4

co v ering. In cyclic order to the left of a

�

the lifts of a are E a

�

; : : : ; E

N � 1

a

�

, and the

corresp onding sheets are �

�

, E �

�

, : : : , E

N � 1

�

�

.

Denote b y P

�

the lift of P adjacen t to a

�

on its left side. Necessarily P

�

lies en tirely

in the �rst sheet �

�

.

If a

1

is disjoin t from a , then N = 4 (although N = 3 will do). Let a

�

1

b e the lift

of a

1

lying in the third sheet E

2

�

�

, and P

�

1

the lift of P

1

adjacen t to a

�

1

on its righ t

side. P

�

1

lies in the sector b ounded b y a

�

1

and E

� 1

a

�

1

, whic h lies in the second sheet

E �

�

. Hence P

�

1

is disjoin t from P

�

(see Figure 7).

More generally , c ho ose p 2 a

1

\ a and let p

�

denote the p oin t o v er p on E

n +2

a

�

.

Let a

�

1

denote the lift of a

�

1

through p

�

; then a

�

1

do es not in tersect E

2

a

�

or E

� 2

a

�

.

Consequen tly , E

� 1

a

�

1

do es not in tersect E a

�

. Let P

�

1

b e the lift of P

1

adjacen t to a

�

1

on its righ t side; P

�

1

lies in the sector b et w een a

�

1

and E

� 1

a

�

. Therefore P

�

1

is disjoin t

from P

�

.

Note that w e ha v e not optimized the c hoice of N , whic h can b e done in particular

cases.
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Corollary 6.3.2. In the hyp otheses of L emma 6.3.1, assume that not only a and a

1

but also P and P

1

ar e � -invariant in C n f 0 g . Ther e is a lift �

�

of � to S

N

that le aves

P

�

and P

�

1

invariant.

Pr o of. Let �

�

b e the lift of � that maps the �rst sheet �

�

on to itself, and hence P

�

on to itself. Necessarily �

�

maps ev ery sheet E

k

�

�

on to itself, and hence P

�

1

on to itself

as w ell.

6.4. Joining o v erlapping regions. In this section w e will build a protot yp e for the

pro cedure that forms the basis of x 8. It is t ypical of tric ks used in classical function

theory and is a generalization of a tec hnique applied to M• obius groups called grafting

[Maskit 1969 ], [Hejhal 1975a ], [Goldman 1987 ].

Consider the h yp otheses of Lemma 6.3.1: a and a

1

are � -in v arian t simple arcs in

C n f 0 g directed to w ard 1 , and one do es not spiral around the other (an informal

w a y of sa ying that they arise from freely homotopic lo ops in T ). The region P lies

to the left of a , and P

1

to the righ t of a

1

. Lik e a and a

1

themselv es, P and P

1

can

badly o v erlap eac h other.

Ho w ev er, on S

N

, P

�

and P

�

1

are disjoin t. Let Q

�

b e the region on S

N

that lies to

the righ t of a

�

and to the left of a

�

1

: then P

�

1

[ a

�

1

[ Q

�

[ a

�

[ P

�

is a simply connected

region R

�

in S

N

n f 0 ; 1g . According to Corollary 6.3.2, if P and P

1

are � -in v arian t,

�

�

is a conformal automorphism of R

�

.

Let g : H

2

! R

�

b e a Riemann map, where the h yp erb olic plane H

2

is realized

as the unit disk. Then g

� 1

�

�

g is a h yp erb olic M• obius transformation �

�

0

in H

2

. Let

� : S

N

! S

2

denote the pro jection. Then f = � � g is a lo cally univ alen t meromorphic

function on H

2

with the prop ert y that

f �

�

0

( z ) = � f ( z )

for all z 2 H

2

. That is, f determines a complex pro jectiv e structure on H

2

that

induces the isomorphism b et w een cyclic groups h �

�

0

i ! h � i .

W e ha v e joine d to gether the ann ular regions P = h � i = P

�

= h �

�

i and P

1

= h � i =

P

�

1

= h �

�

i b y means of the ann ulus Q

�

= h �

�

i , whic h attac hes to the b oundary comp o-

nen ts a= h � i and a

1

= h � i .

7. P ants Within Rank-tw o Schottky Gr oups

7.1. Supp ose h �

1

; �

2

i is a t w o-generator classical Sc hottky group acting on its regular

set 
 � S

2

. The quotien t surface R = 
 = h �

1

; �

2

i has gen us t w o (and b ounds the

handleb o dy R

+

= H

3

= h �

1

; �

2

i if the group is extended to h yp erb olic three-space).

There are round circles b

�

1

and b

�

2

, m utually disjoin t in 
, with the follo wing prop-

ert y: The t w o pairs of circles ( b

�

1

; �

1

b

�

1

) and ( b

�

2

; �

2

b

�

2

) are m utually disjoin t with
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m utually disjoin t in teriors in S

2

, and �

i

maps the exterior of b

�

i

on to the in terior of

�

i

b

�

i

. The circles b

�

1

and b

�

2

are lifts of m utually disjoin t, nondividing simple lo ops b

1

and b

2

in R . These b ound disks in R

+

and for that reason are called c ompr essing

lo ops .

Let a

1

and a

2

b e simple, nondividing lo ops in R suc h that a

1

\ ( a

2

[ b

2

) = ; and

a

2

\ ( a

1

[ b

1

) = ; , while a

i

crosses b

i

transv ersely at a single p oin t. Then a

1

and a

2

ha v e

lifts a

�

1

and a

�

2

to 
 uniquely determined b y the condition that they are �

1

-in v arian t

and �

2

-in v arian t simple arcs, resp ectiv ely . Let �

i

denote the Dehn t wist ab out b

i

.

Then, for example, �

n

1

a

1

can b e used in place of a

1

: it, to o, can b e tak en to b e a

simple lo op disjoin t from a

2

and b

2

, meeting and there crossing b

1

at a single p oin t.

It to o has a uniquely determined �

1

-in v arian t lift ( �

n

a

1

)

�

in 
. (More generally , the

simple lo op a

0

1

has an �

1

-in v arian t lift if and only if a

0

1

is freely homotopic to a

1

within

the handleb o dy R

+

.)

7.2. Finding pan ts. Assign a

1

and a

2

their p ositive orientation , that is, the one

that directs a

�

1

and a

�

2

, their �

1

- and �

2

-in v arian t lifts, to w ard the attractiv e �xed

p oin ts of �

1

and �

2

. W e can join a

1

and a

2

to a common basep oin t O 2 R so that the

resulting simple lo ops a

0

1

and a

0

2

ha v e the prop ert y that a

0

2

a

0

1

is homotopic to a simple

lo op a

0

3

; this lo op a

0

3

is then freely homotopic to a simple lo op a

3

that, together with

a

1

and a

2

, divides R in to t w o pan ts P and P

0

; also, a

3

has an �

2

�

1

-in v arian t lift a

�

3

and an �

1

�

2

-in v arian t lift �

1

a

�

3

(Figure 8).

Note that the free homotop y class of a

3

on R is not uniquely determined b y that

of a

1

and a

2

: w e can c hange a

3

b y applying Dehn t wists ab out a simple dividing

lo op homotopic to b

0 � 1

1

a

0 � 1

1

b

0

1

a

0

1

without a�ecting a

1

or a

2

. W e can also c hange a

3

b y

applying Dehn t wists ab out b

1

or b

2

, but that will c hange a

1

or a

2

as w ell. In an y

case there is an �

2

�

1

-in v arian t lift of a

3

.

Let P denote the pan ts lying to the righ t of a

1

and a

2

, and to the left of a

3

. Of

course w e ma y assume that b

1

\ P and b

2

\ P are simple arcs. There is a lift P

�

0

of

P to 
 that is an \o ctagon" b ounded b y connected segmen ts of a

�

1

, a

�

2

, a

�

3

, �

1

a

�

3

and

b

�

1

, b

�

2

(see Figure 8, top). The orbit of P

�

0

(adding its b oundary arcs on b

�

1

and b

�

2

)

under h �

1

; �

2

i is a simply connected region P

�

that is the univ ersal co v er of P .

7.3. Isomorphisms are geometric. W e summarize the analysis of x 7.2 as follo ws.

Lemma 7.3.1. L et Q b e a p ants with oriente d b oundary c omp onents ( d

1

; d

2

; d

3

) ,

and cho ose gener ators d

0

1

; d

0

2

; d

0

3

, d

0

3

� d

0

2

d

0

1

, for �

1

( Q ; O ) such that d

0

i

is p ar al lel

to d

i

; O 2 Q . Supp ose � is the isomorphism of �

1

( Q ; O ) onto the Schottky gr oup

h �

1

; �

2

i determine d by the c orr esp ondenc e � ( d

0

1

) = �

1

, � ( d

0

2

) = �

2

. Then ther e is a

p ants P in R = 
 = h �

1

; �

2

i b ounde d by simple lo ops ( a

1

; a

2

; a

3

) , p ositively oriente d by
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b1

b2

a1 a2

a3

P'

P

a*

a  b*

a*

a  a*

b*

a*

a  b*

P*

b*

2

2

2

0

1   3

3

11

1
1

2

Figure 8. P an ts determined b y Sc hottky group

�

1

; �

2

; �

2

�

1

, and a home omorphism h :

�

Q !

�

P taking d

i

(with its orientation) to a

i

,

i = 1 ; 2 ; 3 , which induc es � : ther e is a p oint O

�

2 P

�

� 
 over h ( O ) 2 P such that

the lift of h ( d

0

i

) fr om O

�

terminates at �

i

( O

�

) , for i = 1 ; 2 ; 3 .

Pr o of. In x 7.2 w e observ ed the follo wing con v en tion for �nding pan ts P and P

0

in a

Sc hottky group with designated generators �

1

and �

2

. The three b oundary comp o-

nen ts ha v e �

1

-, �

2

-, and �

2

�

1

-in v arian t lifts, p ositiv ely orien ted b y �

1

, �

2

and �

1

�

2

,

resp ectiv ely . If a

1

and a

2

are represen ted b y generators a

0

1

and a

0

2

in �

1

( P ; O ) or

�

1

( P

0

; O

0

), then a

0

2

a

0

1

is homotopic to a simple lo op parallel to a

3

. The t w o pan ts P

and P

0

are distinguished in that one lies to the righ t of a

1

and a

2

, and to the left of

a

3

, while the opp osite holds for the other.

The orien tations of the d

i

can temp orarily b e rev ersed as necessary so that Q lies

to the righ t of d

1

; d

2

and left of d

3

. Mak e the corresp onding temp orary replacemen ts

of �

i

b y �

� 1

i

. No w �nd a pan ts P meeting the requiremen ts, and then return to the

original designations.
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7.4. Tw o groups with a common generator: Compatibilit y. Consider t w o

Sc hottky groups h �

1

; �

2

i and h �

2

; �

3

i with a common generator �

2

. Denote the

regular sets in S

2

b y 
 and 


0

, and set R = 
 = h �

1

; �

2

i and R

0

= 


0

= h �

2

; �

3

i . Cho ose

simple lo ops ( a

1

; b

1

; a

2

; b

2

) in R and ( a

0

2

; b

0

2

; a

0

3

; b

0

3

) in R

0

as in x 7.1; here a

0

j

and a

i

are tak en with their p ositiv e orien tations from �

j

and �

i

. Find, as in x 7.2, a pan ts

P � R lying, sa y , to the righ t of a

2

, and then a pan ts P

0

� R

0

lying to the left of a

0

2

.

De�nition 7.4.1. As ab o v e, supp ose a

2

and a

0

2

are simple lo ops on R and R

0

, with

�

2

-in v arian t lifts a

�

2

and a

0�

2

to 
 and 


0

, resp ectiv ely . The lo ops a

2

and a

0

2

are

c omp atible (with resp ect to �

2

) if the pro jections of a

�

2

and a

0�

2

(that is, the em b eddings

of a

2

and a

0

2

) in the torus T ( �

2

), are freely homotopic there.

Recall that T ( �

2

) = ( S

2

n f p; q g ) = h �

2

i , where p and q are the �xed p oin ts of �

2

.

Let �

2

denote the Dehn t wist ab out b

0

2

on R

0

. In general a

0

2

will not b e compatible

with a

2

. Ho w ev er,

Lemma 7.4.2. The lo op a

0

2

on R

0

c an b e made c omp atible with a

2

on R : a

2

is

c omp atible with �

m

2

a

0

2

for s unique value of m .

Pr o of. Let �

2

denote the Dehn t wist ab out b

0

2

on R

0

. Note that b

0

2

em b eds as a simple

lo op on T ( �

2

), so that �

2

can b e tak en to act on T ( �

2

) as w ell as on R

0

. F or exactly

one v alue of m , the lo op �

m

2

a

0

2

will b e compatible with a

2

.

Remark 7.4.3. W e emphasize that the pro cess of making a

2

and a

0

2

compatible

a�ects only one of the surfaces: sa y R

0

. And, on R

0

, it a�ects only a

0

2

, not a

0

3

.

Ho w ev er, the third b oundary comp onen t c

0

of the pan ts P

0

is a�ected. Indeed, there

is a lift c

0�

to 


0

in v arian t under �

3

�

2

. The simple lo op b

0

2

whic h crosses c

0

once

also em b eds in T ( �

3

�

2

), and the t wist �

2

equally can b e tak en to act on the torus

T ( �

3

�

2

). Th us, under the action of �

m

2

on R

0

, the lo op c

0

c hanges to �

m

2

c

0

; the pan ts

�

m

2

P

0

is b ounded b y �

m

2

a

0

2

, �

m

2

c

0

, and a

0

3

.

7.5. Compatibilit y conditions on one pan ts. Consider a Sc hottky group h � ; � i

and a pan ts P in 
 = h � ; � i , as in Figure 9.

Denote the b oundary comp onen ts of P b y a; b; c , with the orien tation indicated.

With resp ect to these curv es, w e can �nd compressing lo ops x and y (whic h lift to

closed lo ops in 
), with the orien tations and in tersections indicated in the �gure.

A Dehn t wist of order p ab out x comp osed with a t wist of order q ab out y has the

follo wing e�ect on a; b; c :

a 7! �

p + q

a; b 7! �

� q

b; c 7! �

p

c:
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x

ya b

c

Figure 9. P an ts and compressing lo ops

Here w e use the notation �

k

t to denote the e�ect on the simple orien ted lo op t of

a t wist of order k ab out an orien ted simple c ompr essing lo op crossing t once, from

its righ t side to its left; geometrically the result is realized and accoun ted for on the

torus T ( � ) that is asso ciated with t .

Supp ose b and c are to b e paired with b oundary comp onen ts b

0

and c

0

on other

pan ts, where �

m

b is compatible with b

0

and �

n

c is compatible with c

0

. This can

b e ful�lled sim ultaneously in P b y setting p = n and q = � m . The e�ect on a

is to replace it b y �

n � m

a . That is, compatibilit y for t w o b oundary comp onen ts of

P can alw a ys b e ac hiev ed, but then the state of the third b oundary comp onen t is

determined.

Supp ose instead that c is to b e paired with c

0

on another pan ts, with compatibilit y

requiremen t c

0

= �

n

c , while b is to b e paired with a with compatibilit y requiremen t

a = �

m

b . In terms of x 7.4, this means that there is a transformation 
 with � =


 � 


� 1

, where a and b ha v e b een determined b y � and � , resp ectiv ely . That is, there

is an � -in v arian t lift a

�

and a � -in v arian t lift b

�

, and the t w o can b e compared in

terms of the � -in v arian t arcs a

�

and 
 b

�

.

Therefore p = n , while q is determined b y the condition

� q = n + q + m; or q = �

1

2

( m + n ) :

A solution q 2 Z exists if and only if m + n is ev en, that is, if m and n ha v e the same

parit y .

In other w ords, the algebraic sum [( p + q ) � q + p ] = 2 p of the Dehn t wists that can

b e applied e�ectiv ely to the b oundary comp onen ts of a pan ts is ev en. Consequen tly ,

if the requiremen ts for compatibilit y in a pan ts demand that the algebraic sum b e

o dd, those requiremen ts cannot b e met.

Remark 7.5.1. There is also a compressing lo op u in 
 = h � ; � i that divides, separat-

ing a and b while crossing c t wice. A Dehn t wist ab out u lea v es a and b unc hanged,

but c hanges the homotop y t yp e of c and P on the surface 
 = h � ; � i . Y et it lea v es
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unc hanged the free homotop y t yp e of the pro jection c

�

of c to its asso ciated torus

T ( � � ).

F or on T ( � � ), there are t w o represen tativ es of u , u

� 1

and u

� 2

. They are disjoin t,

parallel and orien ted opp osite one another: one crosses c

�

from righ t to left, the other

from left to righ t. A Dehn t wist ab out u is re
ected b y t wists on T ( � � ) ab out u

� 1

and u

� 2

. But, b ecause of their opp osite orien tations, these t wists cancel, lea ving the

free homotop y class of c

�

unc hanged.

In short, t wists ab out u ha v e no e�ect on compatibilit y questions.

7.6. A compatibilit y condition on iden tical pan ts. F or later application in x 8,

consider the follo wing augmen tation to the second situation of x 7.5, where � = 
 � 


� 1

.

In the conjugate group 
 h � ; � i 


� 1

, consider the pan ts P

1

that corresp onds precisely

to P , distinguishing corresp onding elemen ts b y the subscript. Supp ose, as b efore,

that c and c

1

are to b e paired with c

0

and c

0

1

on other pan ts P

0

; P

0

1

, but no w with

the same compatibilit y requiremen ts: c

0

= �

n

c and c

0

1

= �

n

c

1

. Instead of pairing b

with a as b efore, pair b

1

with a and b with a

1

. Because the t w o groups are virtually

iden tical, the compatibilit y requiremen ts are a = �

m

b

1

and a

1

= �

m

b .

The result of Dehn t wists of order p and q ab out x and y , and of order p

1

and q

1

ab out x

1

and y

1

, is as calculated in x 7.5. W e m ust ha v e p = p

1

= n . That lea v es, for

q and q

1

, the equation

� q

1

= n + q + m; or q + q

1

= � ( m + n ) :

In this case there are alw a ys solutions: for example, q = � m and q

1

= � n .

8. Building the P ants Configura tion

8.1. What remains to b e done? In x 5.7 the com binatorics of the pan ts decomp osition

f P

i

g of R found in P art A w as describ ed as a triv alen t graph T arising from a tree

T

0

� T b y the addition of g edges, one attac hed to eac h extreme v ertex. The univ ersal

co v er of T is re
ected in the com binatorics of the lifts f Q

�

i

g in the univ ersal co v er H

2

of R , that is, in ho w the lifts �t together.

Corresp onding to eac h lift Q

�

i

is the Sc hottky group � (Stab Q

�

i

), whic h in turn

stabilizes the lift P

�

i

of a pan ts P

i

in its quotien t surface. Using the tec hnique of x 6,

our goal is to follo w the information in T , or the com binatorics of f Q

�

i

g in H

2

, to

build a simply connected Riemann surface J . This will b e the univ ersal co v er of a

surface obtained b y joining together the pan ts f P

i

g b y attac hing auxiliary cylinders.

Ho w ev er, to join a b oundary comp onen t a of P

i

to a

0

of P

j

(or p erhaps to a

0

of P

i

),

it is necessary that a and a

0

b e compatible in the sense of x 7.4. It is not necessarily

true that the totalit y of compatibilit y conditions can b e satis�ed.
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In x x 8.2{8.4, t ypical cases of joining pan ts will b e describ ed, b efore w e dra w the

general conclusions in x x 8.4{8.6. In x 9, w e will sho w ho w to add branc h p oin ts when

needed.

8.2. Joining pan ts. W e con tin ue with the situation of x 7.4. There, w e found simple

lo ops a

3

� a

2

a

1

on R and a

0

4

� a

0

3

a

0

2

on R

0

suc h that ( a

1

; a

2

; a

3

) b ound pan ts P � R

lying to the righ t of a

1

and a

2

, while ( a

0

2

; a

0

3

; a

0

4

) b ound pan ts P

0

� R

0

lying to the

left of a

0

2

and a

0

3

. Here ( a

1

; a

2

; a

0

2

; a

0

3

) are p ositiv ely orien ted b y generators �

1

, �

2

and

�

3

. According to Lemma 7.4.2, the lo op a

0

2

can b e tak en compatible with a

2

. W e will

no w sho w ho w to join the pan ts P and P

0

b y attac hing a cylinder to the left side of

a

2

and the righ t side of a

0

2

.

Let P

�

denote the region in 
 o v er P and P

0�

the region o v er P

0

in 


0

. Both P

�

and P

0�

are simply connected, as they represen t the resp ectiv e univ ersal co v ers.

W e are in a p osition to apply Lemma 6.3.1 to P

�

and P

0�

. There exists an N -

sheeted S

N

of S

2

, branc hed o v er the �xed p oin ts of �

2

, on whic h there are disjoin t

lifts a

��

2

and a

0 ��

2

of a

�

2

and a

0�

2

that b order disjoin t lifts P

��

and P

0 ��

of P

�

and P

0�

:

the pro jections P

��

! P

�

and P

0 ��

! P

0�

are homeomorphisms. Equally w ell, P

��

and P

0��

represen t the univ ersal co v ers of P and P

0

.

Next, tak e the sector Q

��

on S

N

lying b et w een the left side of a

��

2

and the righ t

side of a

0 ��

2

, and form

Q

��

1

= P

��

[ a

��

2

[ Q

��

[ a

0��

2

[ P

0��

:

Then Q

��

1

is in v arian t under a lift a

�

2

of �

2

to S

N

. It comes with a conformal structure

and a pro jection �

�

in to S

2

whic h is a lo cally injectiv e meromorphic function.

Construct the orbit of Q

��

1

under the group �

��

generated b y the co v er transfor-

mations of P

��

o v er P and P

0��

o v er P

0

; �

��

is the free pro duct of these groups with

amalgamation o v er h �

�

2

i . This can b e done as follo ws. Supp ose, for example, that

�

�

=2 h �

�

2

i is a co v er transformation of P

��

o v er P , so that �

�

is the lift of a co v er

transformation � of P

�

o v er P . In particular, �

�

sends the edge a

��

2

of P

��

to the

edge �

�

a

��

2

, whic h is in v arian t under the conjugate �

�

�

�

2

�

�� 1

of �

�

2

.

But the con�guration Q

��

1

extends b ey ond P

��

at a

��

2

. W e corresp ondingly attac h

�

�

( Q

��

1

) to extend b ey ond �

�

a

��

2

. Moreo v er there is a pro jection �

�

of Q

��

1

in to S

2

whic h is a lo cal homeomorphism, the extension of the restriction of �

�

to P

��

. Extend

�

�

from P

��

to �

�

( Q

��

1

) b y

�

�

( z ) = � �

�

( z

0

) ; z = �

�

( z

0

) ; z

0

2 Q

��

1

:
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The co v er transformation 


�

of P

��

or P

0 ��

o v er P or P

0

is conjugated to the co v er

transformation �

�




�

�

�� 1

of �

�

( P

��

) = P

��

or �

�

( P

0��

) o v er P or P

0

. The transfor-

mation �

�




�

�

�� 1

itself is the lift of the co v er transformation � 
 �

� 1

of P

�

o v er P or

of � ( P

0 �

) o v er P

0

.

Q

��

1

and then Q

��

1

[ �

�

( Q

��

1

) are simply connected Riemann surfaces that inherit

their complex structure from S

2

via �

�

.

Con tin uing on, w e construct a p ants c on�gur ation

J ( P ; a

2

; a

0

2

; P

0

)

whic h is a simply connected Riemann surface with a group of conformal automor-

phisms �

��

. It has a meromorphic pro jection �

�

in to (usually on to) S

2

, whic h is a

lo cal homeomorphism. The pro jection �

�

induces a homomorphism of �

��

on to the

group generated b y h �

1

; �

2

i and h �

2

; �

3

i .

Consequen tly , with the group �

��

, the abstract con�guration

J ( P ; a

2

; a

0

2

; P

0

)

is a mo del for the univ ersal co v ering of the Riemann surface

P [ a

2

[ ( Q

��

= h �

�

2

i ) [ a

0

2

[ P

0

:

It is a four-holed sphere; the pan ts P and P

0

ha v e b een connected b y the cylinder

Q

��

= h �

�

2

i , whic h joins a

2

and a

0

2

.

The Riemann mapping

g : H

2

! J ( P ; a

2

; a

0

2

; P

0

)

conjugates �

��

to a fuc hsian group G in H

2

. The function f = �

�

g : H

2

! S

2

is meromorphic and lo cally univ alen t in H

2

. It giv es a pro jectiv e structure on the

four-holed sphere H

2

=G with the asso ciated homomorphism sending G to the group

generated b y h �

1

; �

2

i and h �

2

; �

3

i .

8.3. Adding to the join of t w o pan ts. A t the lev el of the pan ts P in R and P

0

in

R

0

, the construction of x 8.2 only in v olv ed neigh b orho o ds of the b oundary comp onen ts

a

2

of P and a

0

2

of P

0

, and the sector of S

N

b et w een their t w o lifts.

Th us, supp ose there is another Sc hottky group h �

3

; �

4

i sharing the generator �

3

with h �

2

; �

3

i . W e can join the b oundary comp onen t a

0

3

of P

0

to a compatibly c hosen

b oundary comp onen t a

00

3

of a pan ts P

0 0

in R

00

= 


0 0

= h �

3

; �

4

i , lying to the righ t of

a

00

3

, b y constructing the appropriate S

N

. A lift of P

0�

app ears in b oth con�gurations

J ( P

0

; a

0

3

; a

00

3

; P

0 0

) and J ( P ; a

2

; a

0

2

; P

0

), and these t w o lifts of P

0 �

can b e iden ti�ed.

Join together these t w o con�gurations b y iden tifying the t w o lifts P

0 ��

and P

0��

1

of

P

0 �

. After that, further construct its orbit under �

��

2

. No w �

��

2

is the free pro duct
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of �

��

and the corresp onding group �

��

1

of J ( P

0

; a

0

3

; a

00

3

; P

00

) with amalgamation o v er

the common subgroup Stab( P

0��

) = Stab( P

0��

1

), whic h is just the lift of the co v ering

group of P

0�

o v er P

0

. W e end up with an abstract con�guration

J ( P ; a

2

; a

0

2

; P

0

; a

0

3

; a

00

3

; P

0 0

) = J

2

;

whic h is a simply connected Riemann surface with a group �

��

2

of conformal automor-

phisms. There is a meromorphic pro jection �

�

in to S

2

that is a lo cal homeomorphism

and induces a homomorphism of �

��

2

on to the group generated b y h �

1

; �

2

i , h �

2

; �

3

i

and h �

3

; �

4

i . Also, J

2

is a mo del of the univ ersal co v er for a �v e-holed sphere formed

b y connecting P to P

0

as in x 7.5, and the result to P

00

with an appropriate cylinder

connecting a

0

3

and a

0 0

3

.

8.4. Making handles. In x 8.2, supp ose that instead of a second Sc hottky group,

w e are presen ted with a transformation � suc h that � �

1

�

� 1

= �

2

. W e can as w ell

join the group h �

1

; �

2

i to its conjugate � h �

1

; �

2

i �

� 1

= h �

2

; � �

2

�

� 1

i , to ha v e the

e�ect that the b oundary comp onen t a

2

of the pan ts P in R is joined to a

1

. W e m ust

start b y ensuring that a

�

2

is compatible with � a

�

1

with resp ect to �

2

; this ma y require

replacing a

2

b y the result of applying some p o w er of a Dehn t wist ab out b

2

.

As b efore, w e can �nd an S

N

that holds disjoin t lifts of P

�

and � P

�

. Then a

con�guration J is constructed with a group of automorphisms �

��

isomorphic to the

HNN extension of Stab( P

�

) b y a suitable lift �

�

of � . This J is a simply connected

Riemann surface with a lo cally univ alen t meromorphic pro jection in to S

2

. It is a

mo del for the univ ersal co v ering surface for the one-holed torus obtained b y attac hing

the cylinder obtained from S

N

to the b oundary comp onen ts a

1

and a

2

of P .

8.5. Recall from x 5.7 the triv alen t graph T and the maximal tree T

0

� T . There, w e

c hose one of the extreme v ertices of T

0

as the ro ot. Let T

r

denote the graph resulting

from T after remo ving the one-edge lo op hanging from the ro ot. Th us T

r

represen ts

a surface S � R of gen us g � 1 with t w o b oundary comp onen ts. Let �

r

denote the

subgroup of �

1

( R ; O ) that is the fundamen tal group of S .

Lemma 8.5.1. Ther e exists a p ants c on�gur ation J ( T

r

) mo dele d on T

r

. It is a simply

c onne cte d R iemann surfac e, the universal c over of a R iemann surfac e S of genus g � 1

with two b oundary c omp onents. L et g : H

2

! J ( T

r

) b e a R iemann mapping, and

� : J ( T

r

) ! S

2

the mer omorphic pr oje ction. Then f = � g is a pr oje ctive structur e

for S for the homomorphism � : �

r

! � (�

r

) � � .
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Pr o of. First w e c hec k that the compatibilit y conditions can b e satis�ed. Denote b y

P ( v ) the pan ts corresp onding to the v ertex v , and b y �( v ) the Sc hottky group with

regular set 
( v ).

In x 5.8 w e mark ed the b oundary comp onen ts of P ( v ) according to the follo wing

rule. There is a unique path in T

r

from an y v ertex v

0

to the ro ot v

0

. The unmark ed

b oundary comp onen t a of P ( v ) is the one on the path from v itself. If v is not an

extreme p oin t of T

0

, it has t w o immediate predecessors v

1

and v

2

, and P ( v ) has t w o

mark ed b oundary comp onen ts b and c , lying on their paths to v

0

. F ollo wing the

notation of x 7.5, let x and y denote compressing lo ops (whic h lift to simple lo ops in


( v )) suc h that x crosses c and a , and y crosses b and a .

No w mo v e do wn the tree T

0

. Start at the extreme v ertices v 6= v

0

. Tw o of the

b oundary comp onen ts b and c of P ( v ) are to b e paired. Mak e them compatible b y a

t wist ab out either x or y .

Con tin ue do wn the tree. Do not go to a v ertex b efore dealing with all its predeces-

sors. Arriving at a v ertex v and P ( v ) with mark ed b orders b and c , replace them b y

the result of t wists ab out x and y , so as to b e compatible with the (unmark ed) b or-

ders b

0

and c

0

asso ciated with the immediate predecessors v

1

and v

2

. When the ro ot

v

0

is reac hed, the one mark ed b order of P ( v

0

) is made compatible with its immediate

predecessor.

Finally , use the tec hnique illustrated in x x 8.2{8.4 to join the pan ts f P

i

g together

with auxiliary cylinders to build a Riemann surface of gen us g � 1 with t w o b ound-

ary comp onen ts remaining from the pan ts P ( v

0

). This is done b y building a pan ts

con�guration J ( T

r

), whic h is its univ ersal co v er.

8.6. The �nal handle or the t w o-sheeted co v ering. Ha ving constructed J ( T

r

),

all atten tion is fo cused on P ( v

0

), with its three b oundary comp onen ts a; b; c and

compressing lo ops x; y as in x 7.5. Since P ( v

0

) has b een attac hed to its predecessor,

sa y b y establishing the compatibilit y of c with its partner c

0

, no more t wisting ab out

x is p ossible. Can w e mak e a compatible with b , allo wing attac hmen t of the �nal

handle? As w e ha v e seen in x 7.5, this is p ossible if and only if one can do the job

with an ev en n um b er of t wists. If so, w e can �nish the construction of J ( T ), the

pan ts con�guration re
ecting the full triv alen t graph T , whic h will then b e a simply

connected Riemann surface with a group of conformal automorphisms making it the

univ ersal co v er of a surface of gen us g .

If not, k eeping in mind the alternate construction of x 7.6, w e will construct in-

stead a pan ts con�guration J that mo dels a t w o-sheeted un branc hed co v ering of the

reference surface R .
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Supp ose a and b ha v e arisen from cutting R along a curv e b

0

0

, freely homotopic to

the nondividing simple lo op b

0

2 �

1

( R ; O ). Set R

0

= R n f b

0

0

g , and �nd the simple

lo op a

0

2 �

1

( R ; O ) suc h that b

0

and a

0

b

� 1

0

a

� 1

0

giv e rise to �

1

( P ( v

0

); O ). The group

N = h a

2

0

; �

1

( R

0

; O ) ; a

0

�

1

( R

0

; O ) a

� 1

0

i

is a normal subgroup of index t w o in �

1

( R ; O ). It de�nes a t w o-sheeted un branc hed

co v ering

~

R of R that is a compact surface of gen us 2 g � 1.

The surface

~

R is explicitly constructed as follo ws. Lab el the b oundary comp onen ts

of R

0

as b

+

0

and b

�

0

, corresp onding to the t w o sides of b

0

0

in R . T ak e another cop y R

0

0

of R

0

. Then

~

R is the surface obtained b y iden tifying b

+

0

and b

�

0

on R

0

0

with b

�

0

and

b

+

0

, resp ectiv ely on R

0

. The co v er transformation is determined b y a

0

.

Let T

2

denote the triv alen t graph built lik ewise b y taking t w o copies of T

r

and

attac hing t w o new edges e

1

and e

2

, as follo ws. The endp oin ts of the new edges are

the t w o v ertices corresp onding to v

0

(and pan ts P ( v

0

)), and they serv e to pair the

b oundary comp onen ts a and b on one cop y of P ( v

0

) with b and a , resp ectiv ely , on

the other.

Corresp ondingly , tak e t w o copies of J ( T

r

). Because of the compatibilit y estab-

lished in x 7.6, they can b e joined together follo wing the com binatorics of T

2

and

the restriction of � to N . The resulting pan ts con�guration J ( T

2

) is again a simply

connected Riemann surface with a group of conformal automorphisms isomorphic to

N , making it the univ ersal co v er of a surface of gen us 2 g � 1.

Because of the asymmetry in satisfying the compatibilit y for the t w o copies of P ( v

0

)

(see x 7.6), J ( T

2

) do es not ha v e conformal automorphisms that represen t the sheet

in terc hange of

~

R . If, ho w ev er, J ( T ) can b e constructed, and then J ( T

2

) constructed

in addition, J ( T

2

) will ha v e that symmetry: it will represen t the univ ersal co v er of

the t w o-sheeted co v er of the Riemann surface corresp onding to J ( T ).

A Riemann mapping g : H

2

! J ( T ) or g

2

: H

2

! J ( T

2

) conjugates the co v er

transformations to a fuc hsian group G isomorphic to �

1

( R ; O ) or to a fuc hsian group

G

2

isomorphic to the index t w o subgroup N . Let � denote the pro jection of J ( T ) or

J ( T

2

) to S

2

. The meromorphic function f = � g or f

2

= � g

2

determines a pro jectiv e

structure that induces � : G ! � or � : G

2

! � ( G

2

) � �.

W e cannot exclude the p ossibilit y that � ( G

2

) = �. Although the transformation

in � that mak es the conjugation corresp onding to the pairing of the b oundary com-

p onen ts a , b of P ( v

0

) is not the iden tit y (b ecause P ( v

0

) arises from a t w o-generator

Sc hottky group), it ma y already b elong to � ( G

2

). In an y case, if � : �

1

( R ) ! �

cannot b e lifted to SL(2, C ), � : N ! � ( N ) can b e so lifted.
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9. A tt a ching Branched Disks to P ants

9.1. One can attac h a disk to an y surface with b oundary b y in tro ducing a single

branc h p oin t. Explicitly for our situation, consider a pan ts P em b edded in C and a

b oundary comp onen t a orien ted so that P lies to its righ t. Supp ose d is an orien ted

simple lo op b ounding a disk � lying to its righ t. Supp ose that d crosses a at a p oin t

p , and that z

1

and z

2

are p oin ts separated b y b oth a and d , with z

1

2 P \ �. Assume

that there exists a simple arc � b et w een z

1

and z

2

that crosses b oth lo ops at p and

is otherwise disjoin t from them. Set �

0

= � \ P \ �.

A ttac h the � to P as follo ws. Denote the opp osite sides of �

0

b y �

+

0

and �

�

0

.

Iden tify the side �

+

0

of � n �

0

with the side �

�

0

of P n �

0

, and the side �

�

0

of � n �

0

with the side �

+

0

of P n �

0

. This determines a new Riemann surface P

0

that is

conformally equiv alen t to a new pan ts. Its b oundary @ P

0

consists of a [ d (here

d lies \o v er" P ) and the remaining comp onen ts of @ P . The natural holomorphic

pro jection � : P

0

! P [ � is a lo cal homeomorphism except at the p oin t o v er z

1

,

where it b eha v es lik e z 7! z

2

. See Figure 10.

Note that the construction do es not essen tially dep end on a c hoice for � . Instead

w e can w ork in the t w o-sheeted co v er of S

2

, branc hed o v er z

1

and z

2

The same construction can b e applied to attac h an ( n � 1)-sheeted disk to P , for

an y n � 2.

9.2. Application to pan ts in a Sc hottky group. Supp ose that h � ; � i is a Sc hot-

tky group acting on 
 � C , and P � 
 = h � ; � i is a pan ts with b oundary comp onen ts

a; b; c orien ted so that P lies to the righ t of a and b , whic h ha v e � - and � -in v arian t

lifts a

�

and b

�

in 
. Let d b e a compressing curv e on the handleb o dy surface 
 = h � ; � i

that crosses a exactly once, at a p oin t p .

In tro duce a simple arc � in 
 = h � ; � i that joins a p oin t z

1

2 P to z

2

in its comple-

men t, and crosses the lo ops a and d at p , otherwise b eing disjoin t from them. Set

�

0

= � \ P .

Let d

�

b e a simple lo op in 
 lying o v er d , whic h crosses a

�

(necessarily once).

Orien t d and th us d

�

so that the disk � lying to its righ t con tains the lift of �

0

that

is adjacen t to d

�

.

A ttac h � to P b y means of the slit �

0

. Neither the resulting pan ts P

1

is em b edded

in C nor � is em b edded in 
 = h � ; � i . Nev ertheless, an y ann ular neigh b orho o d of d in


 = h � ; � i is conformally equiv alen t to its lift ab out d

�

. Th us the conformal structure

of P

1

is w ell de�ned.

Equiv alen tly , the univ ersal co v er

~

P of P is em b edded in 
, and the univ ersal co v er

~

P

1

of P

1

arises from that b y attac hing � b y means of the lift of �

0

that is adjacen t
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@

P'

s

s

Z2

P'

d

a

z2

z1

p

Figure 10. A ttac hmen t of branc hed disk

to d

�

, and then taking the orbit under h � i of the attac hmen t. W e need to examine

this construction more closely .

The attac hmen t of � to a

�

at p

�

2 a

�

o v er p leads to the attac hmen t of the lo op

d

�

to a

�

at p

�

: as w e mo v e along a

�

to w ard the attracting �xed p oin t of � , when w e

reac h p

�

w e tak e a detour along d

�

in its p ositiv e direction, returning to p

�

and then

con tin uing along a

�

. Since d

�

in tersects a

�

only at p

�

, the resulting arc is essen tially

a simple arc, and so is its h � i -orbit, whic h co v ers the p oin t set a

�

[ �

k

( d

�

).
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The essen tially simple, � -in v arian t arc a

�

[ �

k

( d

�

) can equally b e describ ed as

follo ws. It is the lift of the result of applying to a on 
 = h � ; � i , or its represen tation

in the torus T ( � ), a Dehn t wist ab out d .

9.3. Another alternativ e to the geometric obstruction of Section 8.6. In

x 8.6 w e faced the question of adding the �nal handle to the pan ts con�guration

J ( T

r

). If that w as not p ossible, w e sho w ed that w e could instead construct a pan ts

con�guration corresp onding to a t w o-sheeted, un branc hed co v er of the surface of

gen us g .

Alternativ ely , using the construction of x 9.2, w e can carry out the �nal construction

after in tro ducing a branc h p oin t of order t w o (or an y ev en order). That is, w e

can construct a pan ts con�guration J

b

( T ) represen ting the univ ersal co v ering of a

Riemann surface of gen us g . If g : H

2

! J

b

( T ) is a Riemann map, and � : J

b

( T ) ! S

2

is the natural pro jection, then f = � � g is a meromorphic function. It is lo cally

injectiv e except at the conjugacy class of branc h p oin ts of order t w o, and still induces

the homomorphism � : �

1

( R ; O ) ! �.

10. The Obstr uctions

10.1. The mo dulo 2 construction in v arian t. An admissible pan ts decomp osition

f P

i

g for the homomorphism � : �

1

( R ; O ) ! � is one for whic h the restriction of �

sends eac h �

1

( P

i

) to a Sc hottky group. Its com binatorics are asso ciated with a

triv alen t graph T . T o eac h v ertex v of T is asso ciated a Sc hottky group S ( v ) = h �

v

; �

v

i

acting on 
( v ) � S

2

. T o eac h S ( v ) is asso ciated a pan ts P ( v ) � 
( v ) =S ( v ) with

b oundary comp onen ts a; b; c that ha v e �

v

-, �

v

- and �

v

�

v

-in v arian t lifts in 
( v ). In

terms of corresp onding elemen ts of �

1

( P ( v )), w e ha v e c

0

� b

0

a

0

in 
( v ) =S ( v ). The

orien tation of P ( v ) with resp ect to a and b , and hence c , has b een dictated b y that

of the corresp onding P

i

with resp ect to its b oundary comp onen ts and carried o v er to

T b y � .

Eac h edge e of T corresp onds to a common generator � of the t w o Sc hottky groups

S ( v

1

) and S ( v

2

) if the endp oin ts of e lie on v

2

6= v

1

. If v

2

= v

1

, then e is asso ciated

with a pair of b oundary comp onen ts of P ( v

1

), whic h in turn corresp ond to generators

�

v

and �

v

related b y �

v

= 


v

�

� 1

v




� 1

v

for some elemen t 


v

2 �. In an y case the pair

of b oundary comp onen ts corresp onding to � pro ject to a pair of simple lo ops on the

torus T ( � ). The t w o b oundary comp onen ts are called c omp atible if their pro jections,

appropriately orien ted, are freely homotopic on T ( � ).

W e will call T c omp atible if all pairs of b oundary comp onen ts of the asso ciated

pan ts f P ( v ) g are compatible.
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Recall that on eac h torus T ( � ) there is a free homotop y class of simple lo ops called

compressing lo ops ( x 6), eac h of whic h lifts to a simple lo op in S

2

.

Lemma 10.1.1. Supp ose that on e ach T ( � ) one of the b oundary pr oje ctions is fr e ely

homotopic to the r esult of a Dehn twist of or der n ( � ) (ab out a c ompr essing lo op)

applie d to the other. Set n ( T ) =

�

P

�

n ( � )

�

mo d 2 . Ther e is a c omp atible p ants

de c omp osition f P ( v ) g c orr esp onding to T if and only if n ( T ) = 0 .

Pr o of. T o eac h pair of pan ts one can apply Dehn t wists ab out compressing lo ops

on 
( v ) =S ( v ). The algebraic sum n ( P ( v )) of their e�ect on the three b oundary

comp onen ts of P ( v ) is an ev en n um b er. Th us

X

n ( P ( v )) = 0 (mo d 2) :

Hence the v alues of n ( T ) cannot b e c hanged b y rep ositioning the pan ts P ( v ) in the

surfaces 
( v ) =S ( v ).

F or the graph T of x 8.4 that represen ts the \lo calization" of the obstruction to

the construction, the question of compatibilit y rested on the compatibilit y of the t w o

paired b oundary comp onen ts in the ro ot pan ts P ( v

0

) ( x 8.6). This w as precisely the

question of whether or not n ( T ) = 0. That is, if n ( T ) = 0 w e can distribute the

t wists so that T is compatible.

F or other graphs T , w e refer to Corollary 10.5.2.

10.2. Lifting Sc hottky groups. Lifting refers to the prop ert y that a giv en ho-

momorphism � : �

1

( R ; O ) ! PSL (2 ; C ) lifts to a homomorphism �

�

: �

1

( R ; O ) !

SL(2 ; C ). The image groups are not necessarily isomorphic.

It is helpful to recall the case where H = h � ; � i is a t w o-generator, purely lo x-

o dromic fuc hsian group. As suc h it represen ts either a handle or a pan ts. Let A

and B b e matrix represen tations of � and � . Then H is isomorphic to h A; B i . The

comm utator matrix [ A; B ] is indep enden t of the c hoice of lift of � and � . The t w o

cases, handle or pan ts, can b e distinguished according to whether [ � ; � ] represen ts a

simple lo op or not, or whether no axis in its conjugacy class separates the axes of �

and � or do es, or whether tr[ A; B ] < � 2 or tr[ A; B ] > 2. Moreo v er, in the case of a

handle, the free homotop y class in the torus T ([ � ; � ]) determined b y a lo op parallel

to the handle b oundary is uniquely determined, indep enden t of Dehn t wists ab out

compressing lo ops when regarding h � ; � i as a Sc hottky group.

More generally , an y Sc hottky group h � ; � i can b e lifted to an isomorphic group in

SL(2 ; C ) b y designating matrix represen tativ es for � and � .
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10.3. The mo dulo 2 lifting obstruction. Let T b e a triv alen t graph as in x 10.1.

Lift to SL(2 ; C ) the Sc hottky groups corresp onding to its v ertices.

Let e b e an edge of T with endp oin ts v

1

and v

2

. If v

1

6= v

2

, the edge e corresp onds

to a common generator � of S ( v

1

) and S ( v

2

). The lifting will b e called c omp atible

on e if the lifted � in S ( v

1

) and lifted � in S ( v

2

) ha v e the same trace. If v

1

= v

2

, the

compatibilit y condition is that the designated lifts of � and 
 � 


� 1

from S ( v

1

) ha v e

the same trace. The lifting of T will b e called compatible if it is compatible on eac h

edge.

Supp ose T is the graph of x 8.4 with its maximal tree T

0

. Start at the extreme

v ertices of T

0

and w ork do wn to w ards the ro ot: Exactly in analogy to the construction

of x 8.4, c ho ose at eac h step a lift of a generator of a Sc hottky group to b e compatible

with the lifts previously c hosen. W e end up with a compatible lift of T

r

. The lift of

T

r

is determined b y the t w o c hoices made at the g � 1 extreme p oin ts of T

0

other

than the ro ot, and one c hoice at the ro ot.

Lemma 10.3.1. Supp ose T is the trivalent gr aph c orr esp onding to an admissible

p ants de c omp osition. Then T has a c omp atible lift to SL(2 ; C ) if and only if the

homomorphism � c an b e lifte d to SL(2 ; C ) .

Pr o of. The graph T corresp onds to a presen tation of �

1

( R ).

10.4. Lo calization of the lifting obstruction. Denote b y h �

� 1

� � ; �

� 1

i the Sc hot-

tky group corresp onding to the ro ot. W e recall from x 5.7 that the \handle group"

H = h � ; � i is nonelemen tary with � and � lo xo dromic, ev en though it ma y not b e

discrete.

Applying the tec hnique of x 8, w e can build a pan ts con�guration J

h

on whic h H

acts so that J

h

=H is a handle. Lik ewise the graph T

0

h

resulting from remo ving from T

the ro ot and attac hed edges determines a pan ts con�guration J

0

h

acted on b y a group

H

0

so that J

0

h

=H

0

is a surface of gen us g � 1 with one b oundary comp onen t.

Cho ose matrix represen tativ es A and B for � and � ; then [ B ; A ] is a represen tativ e

for [ � ; � ], whic h corresp onds to the b oundary comp onen t of the handle.

The graph T

0

h

can b e lifted to SL(2 ; C ) as in x 10.4, whic h yields a matrix C

represen ting [ � ; � ] 2 H

0

. Therefore C = � [ B ; A ].

Lemma 10.4.1. The homomorphism � lifts to SL(2 ; C ) if and only if C = [ B ; A ] .

In p articular, � lifts if J

h

and J

0

h

c an b e joine d to form a p ants c on�gur ation for T .

Pr o of. The �rst assertion follo ws from Lemma 10.3.1. The second follo ws as a conse-

quence of the existence of a pro jectiv e structure (see, for example, Remark 1.3.1).
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10.5. Equiv alence of obstructions.

Prop osition 10.5.1. The pr o c e dur e of x 8 suc c e e ds in c onstructing a pr oje ctive struc-

tur e asso ciate d with the given homomorphism � : �

1

( R ; O ) ! PSL(2 ; C ) if and only

if � c an b e lifte d to a homomorphism into SL(2 ; C ) .

Pr o of. F rom x 1.3 w e already kno w lifting is a necessary condition. No w supp ose � can

b e lifted, y et the construction cannot b e completed. That is, in the notation of x 10.4,

J

h

cannot b e attac hed to J

0

h

. But then, as in x 9, w e can in tro duce a single branc h

p oin t of order t w o and construct instead a branc hed pro jectiv e structure asso ciated

with � . According to x 1.4, � cannot b e then lifted to SL(2 ; C ), in con tradiction with

the assumption.

Corollary 10.5.2. If the c onstruction of a pr oje ctive structur e works for one admis-

sible p ants de c omp osition for � , it works for any admissible de c omp osition.
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C. Rami�cations

11. Holomorphic Bundles o ver Riemann Surf a ces, the 2nd

Stiefel-Whitney Class, and Branched Complex Pr ojective

Str uctures

The purp ose of this c hapter is to place Theorem 1.1.1 in a more general setting,

and to use that to clarify the role pla y ed b y branc hed structures in P art B. W e will

also discuss relations b et w een instabilit y of holomorphic v ector bundles o v er Riemann

surfaces and branc hed complex pro jectiv e structures. In x 11.5 w e establish the lo cal

c haracter of the map b et w een singly branc hed structures o v er T eic hm • uller space and

the represen tation v ariet y . In x 11.6, w e again use holomorphic v ector bundles to pro v e

that for singly branc hed structures to o the mono drom y represen tation is necessarily

nonelemen tary .

11.1. The 2nd Stiefel-Whitney class of sphere bundles o v er Riemann sur-

faces. Supp ose that � : P ! R is a holomorphic C P

1

-bundle o v er a closed Riemann

surface R . It is kno wn (see for instance [Beauville 1983 , Prop osition I I I.7]) that

P can b e obtained as the pro jectivization of a holomorphic (rank 2) v ector bundle

� : V ! R . Let det ( V ) denote the determinan t bundle of V , this is a holomor-

phic line bundle o v er the surface R . The bundle V is not uniquely determined

b y the pro jectiv e bundle P ! R , and to obtain an isomorphic pro jectiv e bundle,

w e can alter V b y m ultiplying it b y a holomorphic line bundle � o v er R . Then

deg ( det ( V 
 �)) = deg ( det ( V )) + 2 deg (�). Th us w e can alw a ys c ho ose V so that

det ( V ) has degree 0 or 1.

Let p : V ! P ( V ) = P b e the pro jectivization. W e shall think of p as a holo-

morphic line bundle o v er the base P . It is w ell-kno wn that there are exactly t w o

top ologically distinct orien table S

2

-bundles o v er the surface R (see [Melvin 1984 ])

and they are distinguished b y the 2nd Stiefel-Whitney class w

2

( P ) of the bundle

P ! R .

Note that if deg ( det ( V )) = 0 then the determinan t bundle det ( V ) is top ologically

trivial. In this case the bundle V is asso ciated to an S L (2 ; C )-bund le o v er R whic h is

henceforth top ologically trivial. W e conclude that w

2

( P ) equals deg ( det ( V )) (mo d 2).

Let � : R ! P ( V ) b e a holomorphic section of P ( V ). It de�nes a holomorphic

line bundle L ! R b y pull-bac k �

�

( p ) of the line bundle p . The line bundle L is

canonically em b edded as a holomorphic subbundle of the bundle � : V ! R with the

image p

� 1

( � ( R )).
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Lemma 11.1.1. (1) �

2

= deg ( det ( V )) � 2 deg ( L ) , wher e the left-hand side is the

self-interse ction numb er of the cycle � ( R ) in P ( V ) . (2) The numb er �

2

(mo d 2)

e quals the 2nd Stiefel-Whitney class w

2

( P ) of the bund le � : P ! R .

Pr o of. The �rst assertion is a particular case of a general result pro v en in [Lange 1983 ,

Section 1]. Since w

2

( P ) equals deg ( det ( V )) (mo d 2), the second assertion follo ws.

Nev ertheless w e will pro vide a elemen tary pro of of the �rst assertion for the sak e

of completeness. W e �rst consider the case deg ( det ( V )) = 0 and then w e shall

reduce the general case to this one. If deg ( det ( V )) = 0 then b oth bundles V and

P are top ologically trivial. Hence there is an orien tation preserving di�eomorphism

P ( V ) ! R � F , where F = S

2

. By the K • unneth form ula, the homology class [ � ] can

b e written as

[ � ] = n [ F ] + [ R ] ;

and w e get: �

2

= 2 n . There are t w o p ossible cases: n � 0 (if �

2

� 0) and n < 0 (if

�

2

< 0). W e consider the former; the later case is analogous (one just has to w ork

with an ti-holomorphic functions instead of the holomorphic ones). W e can think of � :

R ! R � F as a graph of a smo oth function f : R ! F = S

2

whic h has non-negativ e

degree n . The function f is not holomorphic, ho w ev er (after deforming the section

� within its homotop y class) w e can assume that f

� 1

( 1 ) = Z := f z

1

; :::; z

n

g � R

and f is holomorphic near eac h p oin t z

j

so that f

0

( z

j

) 6= 0, 1 � j � n . No w w e

realize F = C [ f1g as the complex pro jectiv e line C P

1

so that the p oin t 1 has

the homogeneous co ordinates [1 : 0]. Then w e lift the function f to the meromorphic

function

~

f : R ! C

2

;

~

f ( z ) = ( f ( z ) ; 1)

whic h do es not ha v e zero es and is holomorphic in a punctured neigh b orho o d of eac h

p oin t z

j

2 Z and has a simple p ole at eac h z

j

2 Z . Th us

~

f corresp onds to a smo oth

meromorphic section of the line bundle L � V whic h has n simple p oles and no

zero es. Hence deg ( L ) = � n = � �

2

= 2.

No w w e consider the case when deg ( det ( V )) = 2 k is an ev en n um b er. T ak e a

complex line bundle � o v er R so that deg (�) = � k , then deg ( det (� 
 V )) = 0. The

section � : R ! P de�nes complex line subbundle of � 
 V whic h is isomorphic to

� 
 L . As w e pro v ed ab o v e, �

2

= deg ( det (� 
 V )) � 2 deg (� 
 L ) whic h in turn equals

to deg ( det ( V )) � 2 deg ( L ). This completes the pro of in the case when deg ( det ( V ))

is ev en.

In the case when deg ( det ( V )) is o dd tak e a 2-fold unrami�ed co v ering

~

R ! R . Then

the bundle V ! R pulls bac k to a bundle

~

V ! R and deg ( det (

~

V )) = 2 deg ( det ( V ))

is ev en. Similarly , the section � determines a section ~� :

~

R ! P (

~

V ) and ~�

2

= 2 �

2

.
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The pull-bac k of the line bundle L to

~

L �

~

V has degree equal to 2 deg ( L ). W e get:

~�

2

= deg ( det (

~

V )) � 2 deg (

~

L )

whic h implies

�

2

= deg ( det ( V )) � 2 deg ( L ) :

This concludes the pro of in the general case.

11.2. Branc hed structures. Consider a Riemann surface R = 
 =�

1

( R ) where 


is the univ ersal co v er

~

R of R and is either the unit disk, or the complex plane, or

the Riemann sphere and the group �

1

( R ) of M• obius transformations acts freely and

discon tin uously on 
.

Supp ose that � : �

1

( R ) ! � � PSL (2 ; C ) is a homomorphism, and f : 
 !

f (
) � S

2

is a meromorphic function (without essen tial singularities) whic h is � -

equiv arian t and de�nes a br anche d (c omplex) pr oje ctive structur e � on R as in x 1.4.

Alternativ ely one can de�ne a branc hed pro jectiv e structure on R as a collection of

lo cally de�ned holomorphic (but not necessarily univ alen t) mappings �

�

from R to

S

2

so that di�eren t mappings are related b y M• obius transformations 


�;�

:

�

�

= 


�;�

� �

�

(see for instance [Mandelbaum 1972 ]).

The homomorphism � is the (pr oje ctive) mono dr omy r epr esentation of the branc hed

pro jectiv e structure, and in the terminology of x 1.3 the pro jection f

�

: R ! S

2

is

the (multivalue d) developing map . W e de�ne the br anching divisor D

f

as follo ws.

Consider the discrete set

~

D

f

�

~

R consisting of critical p oin ts of f . Th us (after

holomorphic c hange of v ariables), near suc h a critical p oin t z

j

the function f ( z ) can

b e written as

f ( z ) = z

k

; 2 � k < 1

The n um b er k is the or der of branc h p oin t z

j

. Since the function f is � -equiv arian t

w e conclude that for an y 
 2 �

1

( R ) the p oin t 
 ( z

j

) is again a branc h p oin t with the

same order k . Hence the pro jection of

~

D

f

to the surface R is a �nite collection of

p oin ts, to eac h suc h p oin t w

j

w e ha v e the asso ciated the n um b er or d ( w

j

) = k

j

> 1

whic h is its order. De�ne the (additiv e) br anching divisor D = D

f

of the structure �

as

X

w

j

( k

j

� 1) w

j

:

The n um b er

d =

X

w

j

( k

j

� 1) = deg ( D

f

) � 0
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is the de gr e e of this divisor. The n um b er k

j

� 1 is the lo c al de gr e e deg

w

j

( D ) of the

divisor D at the p oin t w

j

. The multiplicity j D j of the divisor D is just the n um b er

of p oin ts in it. If deg ( D ) = 0, the divisor D is empt y and there is no branc hing.

F or reasons that w e shall see later on, it is con v enien t to de�ne the divisor D b y

subtracting 1 from the order of eac h branc h p oin t. In addition w e will consider the

branc hing divisor as a top olo gic al ob ject, not an analytic one. Th us w e will sa y that

t w o branc hing divisors D ; D

0

on R are e quivalent if there exists a bijectiv e order-

preserving map D ! D

0

b et w een them. This is the only meaningful equiv alence

relation in our situation since w e will ha v e to c hange the complex structure on R in

order to �nd a branc hed pro jectiv e structure with the prescrib ed mono drom y .

Next w e review the relation b et w een branc hed pro jectiv e structures and Sc h w arz-

ian di�eren tial equations as in x 1.4. Let D b e a p ositiv e divisor on the Riemann

surface R . Supp ose that � ( z ) dz

2

is a meromorphic quadratic di�eren tial on R whic h

is holomorphic on R � D and near eac h p oin t w

j

2 D has a Lauren t expansion of the

form

� ( z ) =

(1 � k

2

j

)

2 z

2

+

b

z

+

1

X

i =0

a

i

z

i

:(7)

Here w e use lo cal co ordinates suc h that w

j

= 0 and k

j

� 1 = deg

w

j

D is the lo cal

degree of D . If

f ( z ) = z

k

j

h ( z )(8)

where h ( z ) is a holomorphic function suc h that h

0

(0) 6= 0, then the Sc h w arzian

deriv ativ e S

f

( z ) near zero has Lauren t expansion of the form (7). Con v ersely , to

ha v e a solution in the form (8) the quadratic di�eren tial � ( z ) dz

2

m ust satisfy an

extra condition of inte gr ability , see [Hejhal 1975a ] or [Mandelbaum 1973 ].

Let Q

D

( R ) denote the space of meromorphic quadratic di�eren tials on R with at

most simple p oles at p oin ts of D . Supp ose that  

0

is a �xed quadratic di�eren tial of

the form (7), then all other suc h quadratic di�eren tials can b e written as � = �

0

+  ,

where  2 Q

D

( R ). Let n denote the m ultiplicit y of D . There exists a collection

of n p olynomials K

j

on the (3 g � 3 + n )-dimensional complex v ector space Q

D

so

that � is in tegrable if and only if the di�eren tial  b elongs to the zero set of all the

p olynomials K

j

. If deg ( D ) � 2 g � 2 then the algebraic v ariet y

I ( R ; D ) := f K

j

(  ) = 0 ; j = 1 ; :::; n g
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has generic dimension 3 g � 3. In the case of a single order t w o branc h p oin t at the

orbit of z = 0 2 H

2

, I ( R ; D ) is giv en b y the p olynomial equation

u

2

+ 2 bu + 2 v = 0(9)

where u is the co e�cien t of the z

� 1

term and v is the constan t term in the Lau-

ren t expansion of  at z = 0. The n um b er b is giv en b y x 1.4(6). W e refer to

[Mandelbaum 1972 ], [Mandelbaum 1973 ], [Mandelbaum 1975 ] for more details.

No w w e go bac k to the linear di�eren tial equation

u

0 0

+

1

2

�u = 0(10)

expressed in a lo cal co ordinate system on the surface R . With � 2 Q

D

( R ) + �

0

and satisfying the in tegrabilit y condition as ab o v e, the equation (9) has t w o linearly

indep enden t solutions. If z

j

is a singular p oin t of � and w e c ho ose lo cal co ordinates

so that z

j

= 0, near this p oin t these solutions ha v e the form

�

u

1

( z ) = z

(1+ k

j

) = 2

(1 + o (1))

u

2

( z ) = z

(1 � k

j

) = 2

(1 + o (1)) :

A circuit ab out z = 0 generates the linear mono drom y

�

u

1

u

2

�

7! J

k

j

� 1

�

u

1

u

2

�

; where J =

�

� 1 0

0 � 1

�

:

The pro jectivization of this mono drom y in PSL(2 ; C ) is just the iden tit y .

Lemma 11.2.1. On the surfac e R � D with a b ase-p oint O , the di�er ential e quation

(9) has a line ar mono dr omy r epr esentation

�

�

: �

1

( R � D ; O ) ! SL(2 ; C ) :

Pr o of. This is a consequence of the fact that the W ronskian of t w o solutions is a

constan t (see Corollary 1.3.1).

Let U � R b e a closed disc whic h con tains all the singular p oin ts z

j

2 D and �x

a base p oin t O 2 @ U = ` . The matrix �

�

( ` ) that results from analytic con tin uation

along ` equals J

d

where d = deg ( D ) is the degree of this divisor and J = � 1. The

represen tation �

�

pro jects to a homomorphism � : �

1

( R ) ! PSL(2 ; C ). W e conclude

that � can b e lifted to a linear represen tation

~

� : �

1

( R ) ! SL(2 ; C )

if and only if the n um b er d is ev en, in particular if d = 0 as in Chapter 1. It is

instructiv e to see a top ological pro of of this fact as w ell.
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Let P denote the S

2

-bundle o v er R asso ciated with the mono drom y represen tation

� of a complex pro jectiv e structure � on R . It carries a natural 
at connection. Let

w

2

( � ) := w

2

( P ). The dev eloping map f of the structure � de�nes a holomorphic

section � of the holomorphic bundle P ! R . W e will treat � as a 2-cycle in P .

Prop osition 11.2.2. Under the ab ove c onditions we have: h � ( R ) ; � ( R ) i = 2 � 2 g +

deg ( D ) , wher e h� ; �i is the interse ction p airing on the 4-manifold P .

Pr o of. Note that the p olynomial z

n

admits arbitrarily small deformations p

�

in the

space of p olynomials of degree n so that p

0

�

( z ) has only simple ro ots near zero. Th us,

after p erturbing the pro jectiv e structure a little bit and k eeping the homomorphism �

the same, w e assume that the order of eac h critical p oin t of the meromorphic function

f : 
 ! S

2

is 2. It is clear that this p erturbation do es not c hange h � ( R ) ; � ( R ) i and

d = deg ( D ). The dev eloping section � is transv ersal to the 
at connection o v er all

p oin ts of R except at the singular p oin ts �

1

; :::; �

d

of the structure. Let D b e the

divisor of this singular lo cus. There exists a smo oth v ector �eld X on R , whic h has

n = 2 g + 2 nondegenerate zeros, where g is the gen us of R : it has 1 sink, 1 source,

and 2 g saddle-t yp e p oin ts. (F or instance, tak e a Morse function � : R ! R whic h has

one minim um, one maxim um and 2 g saddle p oin ts, then using a Riemannian metric

on R let X := g r ad ( � ).) Denote zero es of X b y �

1

; :::; �

n

where the last t w o p oin ts

ha v e index 1. W e can c ho ose X so that

f �

1

; :::; �

n

g \ f �

1

; :::; �

d

g = ;

Th us the v ector �eld X is a section of the tangen t bundle T

R

whic h is transv ersal to

the zero section. No w using the dev eloping section � : R ! P w e lift the v ector �eld

X to a tangen t v ector �eld Y = �

�

( X ) along the surface � = � ( R ) � P . The v ertical

directions in P de�ne the normal bundle N (�) as in Section 11.1. The 
at connection

on P de�nes the pro jection r : T

x

( P ) ! V

x

( P ) where V

x

( P ) is the distribution of

v ertical planes in P . The v ector �eld Q = r ( Y ) is a section of the normal bundle

N (�). The section � is transv ersal to the 
at connection on P ev erywhere except at

the set f �

1

; :::; �

d

g . Th us the set of zeros of the �eld Q is

� f �

1

; :::; �

d

; �

1

; :::; �

n

g :

A direct computation sho ws that the section Q of the normal bundle N (�) is transv er-

sal to the zero section 0

�

. Moreo v er, the in tersection Q (�) \ 0

�

is p ositiv e at the

p oin ts f �

1

; :::; �

d

; �

n � 1

; �

n

g and is negativ e at the p oin ts f �

1

; :::; �

n � 2

g . Hence the al-

gebraic in tersection n um b er h Q (�) ; 0

�

i (whic h is equal to h � ; � i ) equals

d + 2 � ( n � 2) = d + 2 � 2 g
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whic h pro v es the Prop osition.

Corollary 11.2.3. The de gr e e deg ( D ) = d is even if and only if the r epr esentation

� lifts to SL(2 ; C ) . Equivalently, � is liftable if and only if the se c ond Stiefel-Whitney

class satis�es the e quation w

2

( P ) = deg ( D ) = 0( mo d 2) .

Pr o of. The represen tation � lifts to SL(2 ; C ) if and only if the bundle P is trivial

(equiv alen tly , w

2

( P ) = 0), see [Goldman 1988 ]. As in the previous Prop osition w e

ha v e the dev eloping section � of the bundle P ! R . W e pro v ed that h � ( R ) ; � ( R ) i =

2 � 2 g + deg ( D ), hence

h � ( R ) ; � ( R ) i = deg ( D ) (mo d 2) :

On the other hand, according to Lemma 11.1.1 w e ha v e:

h � ( R ) ; � ( R ) i = w

2

( P ) (mo d 2)

and the Corollary follo ws.

No w w e are ready with the promised re�nemen t of Theorem 1.1.1.

Theorem 11.2.4. Supp ose the surfac e R and homomorphism � satisfy the hyp othesis

of The or em 1.1.1. Supp ose that D is a nonne gative divisor on R such that w

2

( � ) =

d (mo d 2) , wher e d = deg ( D ) . Then ther e exists a c omplex pr oje ctive structur e on R

that has the mono dr omy � and br anching divisor e quivalent to D .

Pr o of. The pro of is a straigh tforw ard generalization of the pro of of Theorem 1.1.1.

Let P denote the S

2

-bundle o v er the surface R asso ciated with the homomorphism � .

W e �rst construct a decomp osition of the surface R in to a union of pairs of pan ts so

that the restriction of � to the fundamen tal group of eac h pair of pan ts is a Sc hottky

represen tation. W e use these represen tations to build a complex pro jectiv e structure

on a pan ts con�guration. But there is a \top ological" Z = 2-obstruction to forming the

�nal handle. This obstruction is a Dehn t wist along a compressing lo op. Supp ose �rst

that w

2

( P ) = 0. If the obstruction is non trivial, then w e can still construct a pro jec-

tiv e structure for the pan ts con�guration whic h has exactly one branc h p oin t of order

1 and the mono drom y � . Ho w ev er the existence of suc h a structure con tradicts Corol-

lary 11.2.3. Th us the \top ological" obstruction to the existence of an un branc hed

structure w as trivial to b egin with. In parallel, w e conclude that if w

2

( P ) 6= 0, then

the pan ts con�guration admits a branc hed structure with a single branc h p oin t of

order 1. No w consider the general case assuming that w

2

( P ) = 0. By adding to the

pan ts con�guration (for example to a single pan ts in the con�guration) branc h p oin ts

equiv alen t to the divisor D , w e do not c hange the \top ological" Z = 2-obstruction to
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completing the construction. Since deg ( D ) = 0 (mo d 2), adding the branc h p oin ts

has the e�ect of t wisting one of the b oundary curv es an ev en n um b er of times. Hence

for the resulting branc hed pan ts con�guration there is no obstruction to completing

it to a closed surface. The construction in the case w

2

( P ) 6= 0 is similar.

11.3. The algebro-geometric in terpretation. Let R b e a closed Riemann surface

R of gen us g � 2. In this section w e shall consider holomorphic v ector bundles W

o v er R suc h that r ank ( W ) = 2 and det ( W ) = 1 (i.e. the determinan t bundle is

trivial). Let V

�

( R ) denote the collection of holomorphic v ector bundles W o v er R

suc h that W admits a holomorphic 
at connection. According to W eil's theorem (see

[A tiy ah 1957 ], [Gunning 1967b ], [W eil 1938]), elemen ts of V

�

( R ) can b e c haracterized

in trinsically as follo ws:

Supp ose that W = �

j

W

j

is the holomorphic direct sum decomp osition of W in to

(holomorphically) indecomp osable v ector bundles. Then the bundle W admits a

holomorphic 
at connection if and only if deg ( det ( W

j

)) = 0 for all j .

Let

F

�

( R ) := f ( � ; r ) : � 2 V

�

( R ) ; r is a holomorphic 
at connection on � g

b e the space of lo c al systems on R . W e ha v e the R iemann-Hilb ert c orr esp ondenc e :

R H

�

R

: F

�

( R ) ! Y ( �

1

( R ) ; SL(2 ; C )) := Hom( �

1

( R ) ; SL(2 ; C )) = SL (2 ; C )

giv en b y the conjugacy class of the mono drom y of the 
at connection r . It is clear

that the mapping R H

�

R

is bijectiv e (since ev ery 
at bundle o v er R has a canonical

complex structure). The space Y ( �

1

( R ) ; SL (2 ; C )) has a natural (non-Hausdor� )

top ology , w e top ologize F

�

( R ) so that R H

�

R

is a homeomorphism.

W e also ha v e the natural pro jection

�

�

R

: F

�

( R ) � ! V

�

( R ) ; �

�

R

( � ; r ) := � :

Recall that eac h holomorphic v ector bundle W has the de gr e e of instability u ( W )

de�ned as follo ws:

u ( W ) = d is the maximal n um b er suc h that W con tains a holomorphic line sub-

bundle L � W suc h that deg ( L ) = d .

In general, u ( W ) = d � deg ( det ( W ) :

F or all bundles W 2 V

�

( R ),

� g � u ( W ) � g � 1

(see for instance [Gunning 1967b ]), and stable (resp. semistable ) bundles W are

de�ned b y the condition u ( W ) < 0 (resp. u ( W ) � 0). Stable and semistable bundles

and their mo duli spaces ha v e b een extensiv ely studied b y algebraic geometers since
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the seminal pap er of Narasimhan and Seshadri [N-S]. In con trast, our main ob jects

are maximal ly unstable bundles W whic h are de�ned b y the condition u ( W ) = g � 1.

Gunning [Gunning 1967a ] pro v es that pro jectivizations of all maximally unstable

bundles o v er R are holomorphically isomorphic to eac h other. W e let M

R

denote the

corresp onding pro jectiv e bundle o v er R . It giv es rise to a �nite subset M

�

R

of V

�

R

that

consists of 2

2 g

v ector bundles that can b e describ ed as follo ws. Let K denote the

canonical bundle on R . Cho ose a holomorphic line bundle L on R suc h that L

2

= K .

Then deg ( L ) = g � 1. There are 2

2 g

c haracters � : �

1

( R ) ! f� 1 g � C . Eac h

c haracter giv es rise to a holomorphic line bundle o v er R whic h w e shall denote b y

the same letter � . Then the collection of squar e r o ots

p

K of the bundle K consists

of 2

2 g

bundles � 
 L . F or eac h � = � 
 L 2

p

K there is a unique holomorphically

indecomp osable bundle W = W

�

for whic h there is a short exact sequence

1 ! � ! W ! �

� 1

! 1

of holomorphic morphisms of holomorphic bundles. Notice that W

�

= � 
 W

1

where

1 : �

1

( R ) ! f� 1 g is the trivial homomorphism. Then M

�

R

= f W

�

; � : �

1

( R ) !

f� 1 gg .

Also in [Gunning 1967a ], Gunning establishes the basic relation b et w een maximally

unstable bundles and complex pro jectiv e structures on the surface R . He pro v es that

R H

�

R

(( �

�

R

)

� 1

( M

�

R

)) � Y ( �

1

( R ) ; SL(2 ; C ))

consists of (conjugacy classes of ) linear mono drom y represen tations of complex pro-

jectiv e structures on the Riemann surface R . The relation b et w een (branc hed) com-

plex pro jectiv e structures and instabilit y of holomorphic v ector bundles is further

explored in [Mandelbaum 1972 ], [Mandelbaum 1973], and [Mandelbaum 1975 ].

The results of the previous t w o sections imply the follo wing:

Corollary 11.3.1. Supp ose that � : �

1

( R ) ! PSL (2 ; C ) is the mono dr omy r epr esen-

tation of a br anche d pr oje ctive structur e with br anching divisor D . L et P ! R denote

the asso ciate d S

2

-bund le over R which is the pr oje ctivization of a holomorphic ve ctor

bund le V ! R . Then u ( V ) � g � 1 + [ deg ( det ( V )) � deg ( D )] = 2 .

Pr o of. The dev eloping map of the pro jectiv e structure de�nes a section � of the

bundle P , let L � V b e the corresp onding line subbundle. Then Lemma 11.1.1 and

Prop osition 11.2.2 imply that

deg ( L ) = g � 1 + [ deg ( det ( V )) � deg ( D )] = 2 :
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F rom no w on it will b e con v enien t to pro jectivize all v ector bundles, connections

and represen tations. Let

Y ( �

1

( R ) ; PSL(2 ; C )) := f p ( � ) ; � 2 Hom( �

1

( R ) ; SL(2 ; C )) g = PSL (2 ; C ) � V

g

;

where p ( � ) is the pro jectivization of � . Denote the spaces of pro jectivized holomorphic

bundles and lo cal systems o v er R b y V ( R ) and F ( R ) resp ectiv ely . Let R H

R

: F ( R ) !

Y ( �

1

( R ) ; PSL(2 ; C )) denote the induced Riemann-Hilb ert corresp ondence. Similarly

de�ne the pro jection �

R

b y pro jectivizing the mapping �

�

R

.

Our next step is to allo w the complex structure on the surface R to v ary . W e let S

b e the orien ted smo oth surface underlying R . Let T ( S ) denote the T eic hm • uller space

of S . Consider the spaces

V

top

( S ) :=

[

R 2 T ( S )

V ( R ) ;

F

top

( S ) :=

[

R 2 T ( S )

F ( R ) ;

and mappings,

� : F

top

( S ) ! V

top

( S ) ; R H : F

top

( S ) ! Y ( �

1

( S ) ; PSL(2 ; C )) ;

whose restrictions to the �b ers F ( R ) are �

R

: F ( R ) ! V ( R ) and R H

R

.

Remark 11.3.2. The space F

top

( S ) is naturally iden ti�ed with the pro duct

F

top

( S ) = T ( S ) � Y ( �

1

( S ) ; PSL(2 ; C )) :

The pro jection F

top

( S ) ! T ( S ) whic h maps F ( R ; � ) to ( R ; � ) 2 T ( S ) is the pro jection

of F

top

( S ) to the �rst factor of the pro duct decomp osition.

Indeed, supp ose ( R ; � ) 2 T ( S ) is a marke d R iemann surfac e with the marking

� : �

1

( S ) ! �

1

( R ) (whic h is an isomorphism de�ned up to an inner automorphism).

Then � indices an natural isomorphism

Y ( �

1

( R ) ; PSL(2 ; C )) ! Y ( �

1

( S ) ; PSL(2 ; C ))

giv en b y precomp osition of represen tations with � . Note that w e ha v e to w ork with

the T eic hm • uller space of S rather than with the mo duli space M ( S ), otherwise the

natural pro jection to M ( S ) w ould b e a non trivial �bration (in the orbifold sense).

The pro jection

� : V

top

( S ) ! T ( S ) ; � : V ( R ) ! R

has a section

� : R 7! M

R

2 V ( R ) � V

top

( S ) ;
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where M

R

is the pro jectivization of maximally unstable v ector bundles o v er R . Let

Y

ne

( �

1

( S ) ; PSL(2 ; C )) � V

0

g

denote the collection of conjugacy classes of all pro jectivized nonelemen tary repre-

sen tations in to SL(2 ; C ). W e summarize this in the diagram b elo w:

T ( S )

�

� ! V

top

( S )

x

?

?

� � �

x

?

?

�

�

� 1

( � ( T ( S ))) � F

top

( S )

?

?

y

R H

?

?

y

R H

Y

ne

( �

1

( S ) ; PSL(2 ; C )) � Y ( �

1

( S ) ; PSL(2 ; C ))

In view of [Gunning 1967a ], the image R H ( �

� 1

( � ( T ( S )))) consists of (pro jectiv e)

mono drom y represen tations of complex pro jectiv e structures on the surface S . On

the other hand, eac h holomorphic bundle in M

�

R

is maximally unstable. Let V

�

b e a

maximally unstable bundle asso ciated with a represen tation � : �

1

( R ) ! SL(2 ; C ).

Th us, for all c haracters � : �

1

( R ) ! f� 1 g , the bundles � 
 V

�

= V

� � �

are also maxi-

mally unstable. The in v erse image of the sub v ariet y �

� 1

( M

R

) in Y ( �

1

( R ) ; SL(2 ; C ))

has 2

2 g

comp onen ts. Eac h comp onen t consists of holomorphically isomorphic v ec-

tor bundles o v er R , but mem b ers of distinct comp onen ts are not holomorphically

isomorphic to eac h other.

Therefore, b y applying Theorem 1.1.1, w e obtain,

Theorem 11.3.3. The map R H sends �

� 1

( � ( T ( S ))) onto Y

ne

( �

1

( S ) ; PSL(2 ; C )) . In

other wor ds, let � 2 Y ( �

1

( S ) ; SL (2 ; C )) b e a nonelementary r epr esentation. It is the

mono dr omy of a holomorphic 
at c onne ction on a maximal ly unstable holomorphic

ve ctor bund le over a R iemann surfac e R ; R is di�e omorphic to S via an orientation

pr eserving di�e omorphism.

11.4. Prop er em b eddings in the represen tation v ariet y. In this section w e will

giv e a detailed pro of of the \div ergence" theorem. It w as �rst suggested b y Hejhal

in [Hejhal 1975a ] that suc h theorem could b e true. This theorem sho ws that on a

�xed Riemann surface, if an y sequence of quadratic di�eren tials div erge, so m ust the

conjugacy classes of corresp onding mono drom y represen tations. A brief outline of

the pro of w as giv en in [Kap o vic h 1995 , x 7.2]

2

.

As b efore, R denotes a closed Riemann surface of gen us exceeding one and Q ( R )

its space of holomorphic quadratic di�eren tials. Let hol denote the map that sends

2

Note that the discussion in [Kap o vic h 1995 , x 7.2] do es not distinguish linear and pro jectiv e

mono drom y represen tations.
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eac h � 2 Q ( R ) to the mono drom y homomorphism determined b y the corresp onding

Sc h w arzian equation S ( f ) = � . By Theorem 1.1.1, the image lies in the comp onen t

of the represen tation v ariet y V

g

con taining the iden tit y (cf., x 1.5). That is,

hol : Q ( R ) ! Y ( �

1

( R ) ; PSL(2 ; C )) :

Theorem 11.4.1. (Div ergence Theorem) The map hol is pr op er.

Pr o of. Let

~

Z � H om ( �

1

( R ) ; SL (2 ; C )) denote the preimage of Z , where Z is the

image of hol .

Our �rst goal is to sho w that

~

Z is a prop erly em b edded complex analytic sub v ariet y

in H om ( �

1

( R ) ; SL(2 ; C )). Indeed, if � : �

1

( R ) ! SL(2 ; C ) is an y represen tation,

the asso ciated v ector bundle V

�

! R is maximally unstable if and only if � 2

~

Z .

Equiv alen tly ,

� 2

~

Z ( ) H

0

( R ; L

�


 V

�

) 6= 0 for some L 2

p

K :

The set

p

K is �nite. Th us, b y the upp er semicon tin uit y theorem for cohomology

(see [B-S 1976 ]), the subset

~

Z is closed and is equal to a �nite union of disjoin t

complex analytic sub v arieties X

L

prop erly em b edded in H om ( �

1

( R ) ; SL(2 ; C )) (these

sub v arieties are indexed b y L 2

p

K ).

Recall that

~

Z is con tained in the op en subset H om

ne

( �

1

( R ) ; SL(2 ; C )) of nonele-

men tary represen tations, i.e. those whose pro jectivizations are nonelemen tary . The

group SL(2 ; C ) acts on H om

ne

( �

1

( R ) ; SL(2 ; C )) b y conjugation and the quotien t is

Y

ne

( �

1

( R ) ; SL(2 ; C )). Hence the pro jection

H om

ne

( �

1

( R ) ; SL (2 ; C )) ! Y

ne

( �

1

( R ) ; SL (2 ; C ))

is a principal SL(2 ; C )-bund le. Since

~

Z is in v arian t under this action, the pro jection

Z

�

of

~

Z to Y

ne

( �

1

( R ) ; SL(2 ; C )) is again a closed prop erly em b edded complex analytic

sub v ariet y . It consists of 2

2 g

comp onen ts indexed b y elemen ts of

p

K .

The restriction of the pro jection

p : Y

ne

( �

1

( R ) ; SL(2 ; C )) ! Y

ne

( �

1

( R ) ; PSL(2 ; C ))

to eac h comp onen t of Z

�

is a bijection on to hol ( Q ( R )). No w p ( Z

�

) = Z is closed,

since p is a �nite co v ering. It is disjoin t from the collection of conjugacy classes

of elemen tary represen tations b ecause all elemen tary represen tations corresp ond to

semistable bundles o v er R . Consequen tly w e can restrict our study to the smo oth

(Hausdor� ) manifold Y

ne

( �

1

( R ) ; PSL(2 ; C )).

According to [Gunning 1967b], the partition of Y

ne

( �

1

( R ) ; SL(2 ; C )) in to holomor-

phic equiv alence classes is a smo oth foliation. The comp onen ts of Z

�

are lea v es of
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this foliation; hence they are complex submanifolds in Y

ne

( �

1

( R ) ; SL(2 ; C )). This im-

plies that Z � Y

ne

( �

1

( R ) ; PSL(2 ; C )) is a prop erly em b edded complex submanifold.

On the other hand, the mapping hol : Q ( R ) ! Z is a con tin uous bijection, hence

a homeomorphism. Therefore hol : Q ( R ) ! Z � Y

ne

( �

1

( R ) ; PSL (2 ; C )) is prop er.

Hence the comp osition of

hol : Q ( R ) ! Y

ne

( �

1

( R ) ; PSL(2 ; C ))

with the inclusion

Y

ne

( �

1

( R ) ; PSL(2 ; C )) , ! Y ( �

1

( R ) ; PSL(2 ; C ))

is a prop er map Q ( R ) ! Y ( �

1

( R ) ; PSL(2 ; C )).

Remark 11.4.2. The ab o v e pro of sho ws that elemen tary represen tations cannot

b e limits of sequences from hol ( Q ( R )). It w as pro v en [Kap o vic h 1995 ] only that

the mapping hol : Q ( R ) ! Y

ne

( �

1

( R ) ; PSL(2 ; C )) is prop er. T aniga w a [T aniga w a]

recen tly ga v e a nice geometric pro of of this statemen t in con trast to algebro-geometric

pro of presen ted here and in [Kap o vic h 1995 ]. Ho w ev er T aniga w a's argumen ts do not

seem to pro v e that Z = hol ( Q ( R )) is closed in Y ( �

1

( R ) ; PSL(2 ; C )), only in the

submanifold corresp onding to nonelemen tary represen tations. See also x 12.4.

11.5. An analogue of Hejhal's holonom y theorem for branc hed pro jec-

tiv e structures. The nonelemen tary represen tation v ariet y V

0

g

has t w o comp onen ts

[Goldman 1988 ]. These corresp ond to the represen tations that lift to SL(2 ; C ), and

those that do not. Eac h of these has dimension 6 g � 6. By a singly br anche d pr oje ctive

structur e w e mean one that has exactly one branc h p oin t and that is of order t w o. In

the next section w e will sho w that the mono drom y of eac h singly branc hed pro jectiv e

structure is a nonelemen tary represen tation but w e will use this fact in this section.

Let R b e a closed Riemann surface of gen us g � 2 and p 2 R a giv en p oin t.

W e will �rst parameterize singly branc hed structures on R with branc h p oin t at the

designated p oin t p . Let D b e the divisor of p and Q

D

( R ) the space of holomorphic

quadratic di�eren tials on R whic h ha v e at most a simple p ole at p .

Recall from x 1.4, equation (6), that the meromorphic quadratic di�eren tial �

0

generates a singly branc hed complex pro jectiv e structure if its Lauren t expansion at

the c hosen branc h p oin t p has the form

�

0

= � 3 =z

2

+ b=z + �

0

+ �

1

z + � � � ; where b

2

+ 2 �

0

= 0 ;

(here and b elo w w e c ho ose lo cal co ordinates so that p is iden ti�ed with zero). The side

condition comes from the requiremen t that the solution of the Sc h w arzian equation

has no logarithmic term.
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W e note that there exists suc h a di�eren tial �

0

. First of all the Riemann-Ro c h

theorem implies there is a quadratic di�eren tial with a double p ole at an y p oin t p .

Secondly it also implies that there is an ab elian di�eren tial ! whic h do es not v anish at

p . The holomorphic di�eren tial !

2

can b e emplo y ed to insure that the side condition

is satis�ed ([Mandelbaum 1972 ]). Fix one suc h quadratic di�eren tial �

0

.

There is a meromorphic quadratic di�eren tial with a single p ole at p with the

Lauren t expansion

 

0

= 1 =z + a

0

+ d

1

z + � � � :

Adding !

2

, whic h do es not v anish at p , to  

0

if necessary , w e ma y assume that

a

0

+ b 6= 0.

Let  

i

; 1 � i � 3 g � 3 b e a basis of the holomorphic quadratic di�eren tials on R .

Then  

i

; 0 � i � 3 g � 3 is a basis of the space Q

D

( R ).

Let a

i

b e the constan t term in the Lauren t expansion of  

i

at p . Not all a

i

can

v anish.

The v ector space Q

D

( R ) consists of the di�eren tials  =

P

3 g � 3

i =0

c

i

 

i

. When is

�

0

+  an admissible quadratic di�eren tial in the sense of x 1.4, equation (6)? The

answ er is when u

2

+ 2 bu + 2 v = 0, where v is the constan t term in in the Lauren t

expansion of  at p , and u is its residue.

The constan t term in  is v =

P

3 g � 3

i =0

c

i

a

i

. The residue term is just c

0

. Hence the

condition reads

c

2

0

+ 2 bc

0

+ 2

3 g � 3

X

i =0

c

i

a

i

= 0 :(11)

Recall that a

0

+ b 6= 0, th us the implicit function theorem implies that the collection

of v ectors ~ c = ( c

0

; c

1

; :::; c

3 g � 3

) satisfying the ab o v e equation is a complex manifold of

dimension 3 g � 3 pro vided that the norm j ~ c j is su�cien tly small. (Actually it su�ces

to require that only j c

0

j is su�cien tly small.)

Consequen tly w e can c ho ose a small neigh b orho o d U of �

0

in the a�ne space of

meromorphic quadratic di�eren tials �

0

+ Q

D

( R ) with the follo wing prop ert y .

The collection of di�eren tials �

0

+

P

3 g � 3

i =0

c

i

 

i

2 U satisfying (11) forms a (3 g � 3)-

dimensional complex manifold � con taining �

0

.

Let B

g

denote the holomorphic v ariet y whic h consists of singly branc hed complex

pro jectiv e structures on closed Riemann surfaces S of gen us g � 2. Let T ( S �

f q g ) denote the T eic hm • uller space of surfaces S with one mark ed p oin t. There is

a holomorphic mapping � : B

g

! T ( S � f q g ) whose �b er o v er a mark ed Riemann

surface R with a mark ed p oin t p is the space I ( R ; D ) of singly branc hed complex
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pro jectiv e structures with the underlying complex structure R and branc hing at D =

p . It follo ws from the ab o v e discussion that B

g

is a holomorphic v ariet y of generic

dimension 6 g � 5: the T eic hm • uller space of once punctured surfaces T ( S � f q g ) has

complex dimension 3 g � 2 and the �b er of � has complex dimension 3 g � 3. There

is an op en and dense subset of B

g

whic h is a complex manifold of dimension 6 g � 5.

W e will use the notation ( S; q ; ' ) for elemen ts of B

g

, where S denotes the mark ed

Riemann surface, q the branc h p oin t and ' the meromorphic quadratic di�eren tial.

W e will need the follo wing explicit description of the space B

g

. Cho ose a p oin t R as

the \origin" in T ( S ) and write R = H

2

=G where H

2

is the unit disk fj z j < 1 g and G is

a fuc hsian group acting on H

2

. In the \Bers' slice" mo del, T eic hm • uller space T ( S ) is

iden ti�ed with that subset of the space Q ( R ) of holomorphic quadratic di�eren tials on

R , lifted to H

2

, suc h that the corresp onding dev eloping map h

�

: H

2

! S

2

, � 2 Q ( R ),

is a univ alen t holomorphic mapping with homeomorphic extension to fj z j = 1 g . Th us

h = h

�

solv es the Sc h w arzian equation for � ; w e will normalize it b y the requiremen t

that h (0) = 0 ; h

0

(0) = 1. Let �

�

: G ! G

�

denote the corresp onding mono drom y

represen tation. As � ! 0, G

�

con v erges algebraically bac k to G .

The image �

�

( G ) = G

�

is a quasifuc hsian group. Its set of discon tin uit y has t w o

comp onen ts. One is 


�

= h

�

( H

2

). The other 


�

represen ts the mark ed Riemann

surface R

�

:= 


�

=G

�

2 T ( S ). The homotop y marking of this p oin t in T ( S ) is giv en

b y the isomorphism �

�

: G = �

1

( R ) ! G

�

= �

1

( R

�

). If w e mark a p oin t p 2 R

�

w e

get an elemen t of T ( S � f q g ).

An y giv en compact subset of 


0

b elongs to 


�

for � su�cien tly close to 0; lik ewise

an y neigh b orho o d of the closure of 


0

con tains 


�

for � su�cien tly close to 0. Here




0

= f z : j z j > 1 g [ 1 .

Lemma 11.5.1. Ther e is a lo c al ly de�ne d holomorphic map P : B

g

! S

2

that

\r e c or ds" the p osition of the br anch p oints.

Pr o of. W e construct P in a small neigh b orho o d � of a giv en p oin t ( R ; q ; ' ) 2 B

g

,

where ' is a quadratic di�eren tial on R , the surface R is the \origin" in the T e-

ic hm • uller space and q 2 R is the branc h p oin t. W e will denote p oin ts � 2 � b y

( R

�

; q

�

; '

�

) where � = � ( � ) 2 T ( S ) and q

�

2 R

�

is the branc h-p oin t. If � = 0, then

� represen ts a c hange of branc h p oin t from q to q

�

on R itself. The p oin t � = 0

is ( R ; q ; ' ). Let f

0

: 


0

! S

2

denote the (as y et unnormalized) dev eloping map of

( R ; q ; ' ) and � : G = �

1

( R ) ! PSL (2 ; C ) the asso ciated nonelemen tary mono drom y

represen tation (here w e are applying Theorem 11.6.1 that will b e pro v en in the next

section).

Let f

�

: 


�

! S

2

b e the asso ciated holomorphic dev eloping map. W e will sho w

in the next paragraph ho w to �x a consisten t normalization for f

�

giv en f

0

so that
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the restrictions of f

�

to compact domains in 


0

dep end holomorphically on � . Eac h

dev eloping mapping f

�

corresp onds to the mono drom y represen tation

�

0

�

:= �

�

� �

�

: G ! G

�

! H

�

� PSL(2 ; C ) :

A t the origin, �

0

0

= �

0

.

Consider the pro jection H om ( �

1

( R ) ; PSL(2 ; C )) ! V

g

. W e will construct a lo cal

cross section

e

V

g

near �

0

0

as follo ws. W e kno w from P art A that w e can �nd in H

0

three

lo xo dromic elemen ts h

1

= �

0

0

( g

1

) ; h

2

= �

0

0

( g

2

) ; h

3

= �

0

0

( g

3

) with distinct attracting

�xed p oin ts a

1

; a

2

; a

3

, where g

1

; g

2

; g

3

2 G . Normalize eac h dev eloping mapping f

�

so

that the attracting �xed p oin t of �

0

�

( g

j

) remains a

j

, j = 1 ; 2 ; 3. This can b e done for

all � 2 � if � is su�cien tly small, i.e., if the attracting �xed p oin ts remain distinct

and the elemen ts �

0

�

( g

j

) remain lo xo dromic. Th us in � w e ha v e a holomorphic lift

f

hol : B

g

!

e

V

g

� H om ( G; PSL(2 ; C )) :

No w giv en a lift q

�

2 


0

of q 2 R , there is, in the set of lifts of q

�

to 


�

, a closest (in

the spherical metric) p oin t q

�

�

to q

�

. De�ne

P : ( R

�

; q

�

; '

�

) 7! f

�

( q

�

�

) 2 S

2

:

It is clear that the mapping P is holomorphic pro vided that � is so small that the

p oin t q

�

�

is unique.

Th us, b y the previous lemma w e ha v e a lo cally de�ned holomorphic map

� = ( P ; hol ) : B

g

! S

2

� V

g

and its lift

~� = ( P ;

f

hol ) : B

g

! S

2

�

e

V

g

:

W e are no w ready to state our theorem.

Theorem 11.5.2. The holonomy map hol : B

g

! V

g

is lo c al ly a top olo gic al �b er

bund le with �b er of c omplex dimension one.

Remark 11.5.3. The �b ers re
ect the c hoice of branc h p oin t. This result should

generalize to the space of D -branc hed pro jectiv e structures where D is a �xed (top o-

logical) branc hing divisor, pro vided w e consider structures with nonelemen tary mon-

o drom y .

Pr o of. In Lemma 11.5.5 and Lemma 11.5.4 b elo w w e will pro v e that � is injectiv e

and an op en map. Hence � is a lo cal homeomorphism. Since S

2

� V

0

g

is a complex

manifold of dimension (6 g � 5) w e can therefore use � to lo cally iden tify B

g

with the

pro duct S

2

� V

g

so that hol is iden ti�ed with the pro jection to the second factor.
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Lemma 11.5.4. L et X b e a holomorphic variety of generic c omplex dimension n

(i.e. ther e is an op en dense subset U � X which is a c omplex manifold of dimension

n ). L et f : X ! M b e a lo c al ly inje ctive holomorphic mapping, wher e M is a c omplex

manifold of dimension n . Then f is op en.

Pr o of. Since this is a lo cal question it su�ces to consider the germ of X at a p oin t

x 2 X and the germ of f at x . Since f is lo cally injectiv e, the germ of the mapping

f at x is \�nite" in the terminology of [Gunning 1990 , p. 56].

Supp ose that the germ of f at x is not on to. Apply [Gunning 1990, Corollary

9]: it follo ws that there exists a nonzero germ of a holomorphic function h on M

at m = f ( x ) suc h that h � f = 0. The germ at m of the zero lev el set f h = 0 g of

h is a holomorphic sub v ariet y of dimension strictly less than n , b y the uniqueness

principle of holomorphic functions. Th us the germ of the image f ( X ) at m has

generic dimension less than n . Ho w ev er f ( X ) is generically a manifold, hence f ( U )

has dimension less than n , a con tradiction to in v ariance of domain for manifolds.

Lemma 11.5.5. The mapping � is lo c al ly inje ctive.

Pr o of. It su�ces to sho w that t w o nearb y branc hed structures with the same mon-

o drom y represen tation are iden tical pro vided that the images of their branc h p oin ts

under P are the same. Our pro of is analogous to that of [Hejhal 1975a , Theorem 1].

It clearly enough to sho w lo cal injectivit y of the holomorphic lift

~� = ( P ;

f

hol ) : B

g

! S

2

�

e

V

g

:

W e consider the p oin ts � = ( R

�

; q

�

; '

�

) of a small neigh b orho o d � of the p oin t

( R ; q ; ' ) 2 B

g

.

Let F

�

� 


�

denote the (closed) Diric hlet fundamen tal domain for G

�

in the

h yp erb olic metric on 


�

and with cen ter q

�

�

; � = � ( � ). Let F

�

0

b e a small op en

neigh b orho o d of F

0

, and tak e � so small that F

�

� F

�

0

for all � 2 �. W e ma y also

assume that the orbit G

�

( q

�

�

) meets the closure of F

�

0

only at q

�

�

.

W e again use the dev eloping mappings f

�

: 


�

! S

2

. Decreasing � ev en more if

necessary , w e ma y assume that:

a) F or eac h � 2 � there is an op en neigh b orho o d F

�

�

of F

�

suc h that for an y pair

of p oin ts � ; � 2 � w e ha v e F

�

� F

�

�

, and

b) Giv en small � > 0, there is a disk V � F

0

ab out q

�

of radius 2 � with the follo wing

prop ert y . T o an y z 2 F

�

0

n V , and to an y pair of p oin ts � ; � 2 �, corresp onds a unique

p oin t z

� ;�

2 F

�

0

suc h that

f

�

( z

� ;�

) = f

�

( z ) ; and d ( z

� ;�

; z ) < �:

Here d ( � ; � ) is the spherical metric.
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The \mem branes" f f

�

( F

�

) g o v er S

2

serv e as \fundamen tal domains" for the image

groups H

�

= �

0

�

( G ).

Supp ose ~� is not injectiv e in an y neigh b orho o d �. Then for arbitrarily small

� there exist � 6= � 2 � so that P ( � ) = P ( � ) and the normalized mono drom y

represen tations are iden tical, i.e.,

( �

0

�

: G ! H

�

) � ( �

0

�

: G ! H

�

) :

W e claim that there is a branc h F of f

� 1

�

� f

�

whic h is a conformal homeomorphism

of the fundamen tal domain F

�

on to a new fundamen tal domain F

0

�

for G

� ( � )

in 


� ( � )

.

Suc h a map F w ould necessarily b e equiv arian t in the sense that if z ; g ( z ) 2 F

�

; g 2

G

� ( � )

, then F ( z ) ; F ( g ( z )) 2 F

0

�

and F ( g ( z )) = �

� ( � )

� �

� 1

� ( � )

( g ) F ( z ). Here � := �

� ( � )

�

�

� 1

� ( � )

: G

� ( � )

! G

� ( � )

is the isomorphism whic h factors through G .

Indeed, for z =2 V de�ne F ( z ) := z

� ;�

. It is clear F is a univ alen t holomorphic

mapping. F urthermore F jF

�

n V extends o v er V to a conformal mapping b ecause

b oth f

�

and f

�

are 2-fold branc hed co v erings near q

�

2 


0

with the same critical

v alue

f

�

( q

�

�

) = P ( � ) = P ( � ) = f

�

( q

�

�

) :

The mapping F pro jects to a conformal map of R

� ( � )

= 


� ( � )

=G

� ( � )

on to R

� ( � )

=




� ( � )

=G

� ( � )

. Corresp ondingly F extends to a conformal mapping F : 


� ( � )

! 


� ( � )

that induces the isomorphism � : G

� ( � )

! G

� ( � )

.

The map h

� ( � )

� h

� 1

� ( � )

is a conformal map of 


� ( � )

on to 


� ( � )

whic h also induces the

isomorphism � . The t w o conformal mappings ha v e con tin uous extensions to the limit

set whic h are necessarily iden tical. Since the limit set is a quasicircle they are the

restrictions of a M• obius transformation. In particular F is a M• obius transformation

and � = � , a con tradiction.

The follo wing is a direct consequence of Theorem 11.5.2.

Corollary 11.5.6. L et � = ( R ; p; ' ) b e a singly br anche d pr oje ctive structur e. L et

� � B

g

b e a su�ciently smal l neighb orho o d of � in the sp ac e of singly br anche d

structur es � on R \with the same image of the br anch p oint" P ( � ) as � . Supp ose the

se quenc e of normalize d r epr esentations �

i

: �

1

( R ) ! PSL(2 ; C ) c onver ges algebr aic al ly

to the normalize d mono dr omy r epr esentation � asso ciate d with � . Then for al l lar ge

i , �

i

is asso ciate d with a unique �

i

2 � .

11.6. Mono drom y of singly branc hed pro jectiv e structures. In this section

w e will pro v e facts that ha v e b een announced in x 1.6.
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Theorem 11.6.1. Supp ose that R is a close d R iemann surfac e of genus g � 2 ,

� : �

1

( R ) ! PSL (2 ; C ) is the mono dr omy r epr esentation of a singly br anche d c omplex

pr oje ctive structur e � on R . Then � = � ( �

1

( R )) is a nonelementary sub gr oup of

PSL(2 ; C ) .

Pr o of. Since � has exactly one branc h p oin t and the order of this branc h p oin t is 2,

the represen tation � has nonzero 2nd Stiefel-Whitney class. In particular, � cannot

b e lifted to a represen tation �

1

( R ) ! SL(2 ; C ). Supp ose that the group � = � ( �

1

( R ))

is elemen tary . There are three cases:

(a) The group � has a �xed p oin t z 2 S

2

. Without loss of generalit y w e can assume

that z = 1 , th us � is con tained in the group A of complex a�ne transformations of

C . The inclusion A , ! PSL (2 ; C ) admits a 1-1 lift A , ! SL(2 ; C )

a

2

z + b 7!

�

a ba

� 1

0 a

� 1

�

:

Therefore � lifts to a represen tation �

�

: �

1

( R ) ! SL(2 ; C ), whic h con tradicts the

assumption that � has nonzero 2nd Stiefel-Whitney class.

(b) Supp ose that � is conjugate to the subgroup P U (2) � PSL(2 ; C ). Let

~

R ! R

b e a 2-fold co v ering o v er R . Th us 2( g � 1) = ~g � 1, where ~g denotes the gen us of

~

R .

The complex pro jectiv e structure � on R de�nes a complex pro jectiv e structure ~� on

~

R with t w o branc h p oin ts of order t w o. Supp ose that � � P U (2); then � ( �

1

(

~

R )) �

P U (2) as w ell. The represen tation � j �

1

(

~

R ) lifts to a linear represen tation

�

�

: �

1

(

~

R ) ! S U (2) � SL(2 ; C ) :

Consider the 
at v ector bundle V of the rank 2 o v er the surface

~

R asso ciated with the

action �

�

of �

1

(

~

R ) on C

2

. Clearly det ( V ) = 1. The dev eloping map of the branc hed

complex pro jectiv e structure ~� de�nes a section

� :

~

R ! P ( V ) :

According to Prop osition 11.2.2, the self-in tersection n um b er �

2

of the surface � (

~

R )

in P ( V ) equals (2 � 2 ~ g ) + 2, since the structure ~� has exactly t w o branc h p oin ts of

the order 2.

It follo ws from Lemma 11.1.1 that the section � giv es rise to a line subbundle

L � V suc h that

deg ( L ) = ( ~ g � 1) � 1 = 2 g � 3 > 0 :

W e conclude that u ( V ) > 0 and the bundle V is unstable. On the other hand, ev ery


at bundle o v er

~

R with unitary mono drom y group is semistable (see for instance

[N-S]). This con tradiction sho ws that � cannot b e con tained in P U (2).



MONODR OMY OF SCHW ARZIAN EQUA TIONS ON CLOSED RIEMANN SURF A CES 77

(c) Consider the case that the group � ( �

1

( R )) has an in v arian t pair of p oin ts in S

2

.

(This do es not imply that � can b e lifted to SL(2 ; C ).) W e argue as in Case (b). There

is a 2-fold co v ering

~

R ! R suc h that the group � ( �

1

(

~

R )) has a pair of �xed p oin ts in

S

2

. Therefore the induced complex pro jectiv e structure on

~

R has t w o branc h p oin ts

and the mono drom y group � ( �

1

(

~

R )) has a lift �

�

( �

1

(

~

R )) to a subgroup of SL(2 ; C )

conjugate to the group of diagonal matrices. Let V denote the holomorphic v ector

bundle asso ciated with the represen tation �

�

: �

1

(

~

R ) ! SL(2 ; C ). The represen tation

�

�

splits as the direct sum of represen tations. Hence the bundle V is decomp osable

(in to the direct sum of t w o line bundles of degree zero), whic h implies that u ( V ) = 0.

On the other hand, the dev eloping map of the branc hed complex pro jectiv e structure

on

~

R de�nes a section � : R ! P ( V ) with the self-in tersection n um b er

(2 � 2 ~ g ) + 2 < 0 ;

where ~g denotes the gen us of

~

R . Hence u ( V ) > 0 whic h con tradicts u ( V ) = 0.

Supp ose that � is a branc hed complex pro jectiv e structure on the closed Riemann

surface R of gen us at least t w o. W e iden tify the univ ersal co v er of R with the

h yp erb olic plane H

2

. Let f : H

2

! S

2

b e the dev eloping map of � and � = � ( �

1

( R ))

b e the holonom y group. W e sa y that � is a br anche d hyp erb olic structur e if � has

at least one branc h p oin t and the image of f is a round disk in S

2

. This de�nition

is motiv ated b y the fact that in suc h case � preserv es the h yp erb olic metric ds

2

in

f ( H

2

). The pull bac k of ds

2

from f ( H

2

) to R is a h yp erb olic metric on R whic h has

singular p oin ts at the branc h p oin ts z

j

of � ; the total angle around z

j

is 2 � k

j

, where

k

j

is the order of z

j

.

Later w e will sho w b y example wh y the follo wing result is false if w e do not exclude

branc hed h yp erb olic structures. This to o has b een announced in x 1.6.

Corollary 11.6.2. Supp ose that either the c omplex pr oje ctive structur e ( f ; � ) is un-

br anche d, or is singly br anche d but is not a br anche d hyp erb olic structur e (i.e. f ( H

2

)

is not a r ound disk). Then the fol lowing statements ar e e quivalent:

(i) f ( H

2

) 6= S

2

;

(ii) H

2

! f ( H

2

) is a (p ossibly br anche d) c over;

(iii) � acts disc ontinuously on f ( H

2

) .

Pr o of. The un branc hed case is classical (see x 1.6). Consider then the branc hed case.

By Theorem 11.6.1, � = � ( �

1

( R )) is nonelemen tary . The limit set �(�) is the smallest

�-in v arian t closed nonempt y subset of S

2

. Since � is nonelemen tary , �(�) is the

closure of the set of �xed p oin ts of lo xo dromic elemen ts of �. It follo ws that the
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�-orbit of an y op en set con taining a limit p oin t is S

2

. Supp ose that � � PSL (2 ; C )

is nondiscrete. Let

�

� b e the closure of � in PSL(2 ; C ). Since � is nonelemen tary it

follo ws that

�

� is either PSL(2 ; C ) or it preserv es a round circle C � S

2

and �(�) = C

[Green b erg]. If the latter case o ccurred, f ( H

2

) w ould b e one of the t w o round disks

in S

2

b ounded b y C . It w ould follo w that � is a branc hed h yp erb olic structure

in con tradiction to our assumption. If

�

� = PSL (2 ; C ) then f ( H

2

) is con tained in

�(�) = S

2

whic h implies that f ( H

2

) = S

2

.

W e conclude that if (i) holds then � is a discrete subgroup of PSL (2 ; C ) and f ( H

2

)

is con tained in the discon tin uit y domain 
(�) = S

2

n �(�). Hence (i) ) (iii). Clearly ,

(iii) ) (i).

The implication (ii) ) (i) is immediate. Con v ersely if (iii) holds, f ( H

2

) m ust b e

con tained in a comp onen t � of the domain of discon tin uit y of �. Since f ( H

2

) is

connected and �-in v arian t it follo ws that � is also �-in v arian t. Hence f pro jects to

a holomorphic map

^

f : R !

^

f ( R ) � � = � = �. Since

^

f ( R ) is a compact subsurface

without b oundary in � w e conclude that

^

f ( R ) = � and � is a closed surface. An y

nonconstan t holomorphic surjectiv e mapping b et w een closed Riemann surfaces is

necessarily a co v ering, p ossibly branc hed. Consequen tly f itself is a p ossibly branc hed

co v ering map.

W e will no w construct an example of a singly branc hed h yp erb olic structure on a

surface R of gen us t w o whic h has nondiscrete holonom y in PSL(2 ; R ).

Start with a regular h yp erb olic o ctagon X � H

2

with v ertex angles � = 2 (cf.,

[T an 1994 ]). Lab el the edges b

� 1

1

; a

1

; b

1

; a

� 1

1

; : : : a

� 1

2

in p ositiv e order around X . Iden-

tify the edges b y corresp onding isometries A

1

; B

1

; A

2

; B

2

to obtain a Riemann surface

of gen us t w o suc h that H

2

is a t w o sheeted co v er branc hed o v er one p oin t on R . Let

� denote the line segmen t from the left end p oin t of b

� 1

1

to the righ t end p oin t of a

� 1

1

Then

A

1

B

1

A

� 1

1

B

� 1

1

= E = A

2

B

2

A

� 1

2

B

� 1

2

where E is a elliptic transformation of order t w o �xing the midp oin t of � . Let 
 denote

the branc hed pro jectiv e structure on R with the holonom y group � = h A

1

; B

1

; A

2

; B

2

i .

The quotien t orbifold H

2

= � is a torus with one cone p oin t of order t w o. Clearly the

holonom y � : �

1

( R ) ! � is not injectiv e (cf. [Goldman 1987 ]). According to Theorem

1.1.1, � do es not lift to SL(2 ; R ).

Next, w e will sho w there exists a h yp erb olic structure with exactly one branc h

p oin t of order t w o and a nondiscr ete holonom y group. T ak e the example ab o v e of a

branc hed structure 
 . The represen tation v ariet y H om (� ; PSL(2 ; R )) = PSL (2 ; R ) is

2-dimensional and the represen tation v ariet y H om ( �

1

( R ) ; PSL(2 ; R )) = PSL (2 ; R ) is
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6-dimensional. Therefore w e can �nd a real-analytic curv e of nonelemen tary repre-

sen tations �

t

: �

1

( R ) ! PSL(2 ; R ), �

0

= � ; t 2 [0 ; 1], whic h do not factor through

� : �

1

( R ) ! �. The fact that �

t

is a real-analytic curv e implies that there is a dense

subset J � [0 ; 1] so that K = k er ( �

t

) = k er ( �

s

) ; s; t 2 J . Let �

0

:= �

1

( R ) =K . W e

claim that there cannot b e a sequence of t 2 J whic h con v erge to t = 0 suc h that

eac h �

t

:= �

t

( �

1

( R )) is discrete. F or otherwise a sequence of discrete nonelemen tary

represen tations �

t

: �

0

! �

t

; t 2 J w ould con v erge to � : �

0

! � as t ! 0. The limit

� of suc h sequence has to b e a faithful represen tation as w ell, as a consequence of

[J-K 1982 ]. This con tradicts the fact that k er ( � ) = k er ( � ) =K 6= f 1 g . Th us there is

an in�nite sequence of nondiscrete represen tations �

t

: �

1

( R ) ! �

t

whic h con v erges

to � . In addition �

t

necessarily preserv es the upp er halfplane for t close to 0. By

Corollary 11.5.6, �

t

is the mono drom y of a branc hed complex pro jectiv e structure 


t

on R with branc h p oin t lik ewise at z = 0.

12. Open Questions About Complex Pr ojective Str uctures

In this c hapter w e list some unsolv ed problems. Some are w ell kno wn in the �eld,

others arise from the sp eci�c analysis of this pap er.

There are t w o general issues: the mono drom y represen tation p er se, and the Rie-

mann surfaces of sp eci�ed t yp e where it is induced b y a particular pro jectiv e struc-

ture.

W e recall from x 1.5 that Q

g

denotes the v ector bundle of quadratic di�eren tials

o v er T eic hm • uller space T

g

and V

0

g

is the subset of nonelemen tary represen tations in

the represen tation v ariet y V

g

, mo dulo conjugation b y PSL(2 ; C ).

12.1. Existence and non uniqueness of p oin ts in Q

g

with giv en mono drom y .

Our pro of exhibits t w o sources of non uniqueness:

� The non-uniqueness of the pan ts decomp osition on whic h the mono drom y is

Sc hottky .

� The non uniqueness of the pan ts con�guration o v er S

2

obtained from a pan ts

decomp osition: one can use N -sheeted branc hed co v ers for arbitrarily large N .

Our Theorem 1.1.1 pro vides a Riemann surface for ev ery nonelemen tary represen-

tation � . On the other hand, if w e �x atten tion on a particular orien ted surface R ,

w e don't kno w whether all pro jectiv e structures on R itself can b e obtained from

the pan ts decomp osition metho d. F or example, can there b e a complex pro jectiv e

structure � on R so that for eac h simple lo op 
 � R with lo xo dromic mono drom y ,

no elemen t of its homotop y class is sen t b y the dev eloping map to a simple arc in S

2

?
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F or the case of represen tations in to PSL(2 ; R ) all pro jectiv e structures can b e

obtained b y the pan ts decomp osition metho d, see [F altings 1983 ], [Goldman 1987 ],

[Gallo 1997 ]. Ho w ev er in all three pap ers the pro ofs that the dev eloping map is a

co v ering o v er the upp er and the lo w er half-planes ha v e the same gap: In general

the pull-bac k of a complete Riemannian metric on a manifold via a lo cal di�eomor-

phism can b e incomplete. F or complete pro ofs of the assertion ab out co v ering see

[Kuip er 1950 , pp. 485{486], [K-P 1986 ], or [C-L 1997 ]).

F or those pro jectiv e structures on R whic h do arise from pan ts decomp ositions, are

there optimal c hoices for the decomp ositions? F or example, do es the dev eloping map-

ping send eac h pan ts of some decomp osition directly in to the domain of discon tin uit y

of the corresp onding Sc hottky group?

Problem 12.1.1. Char acterize and classify the nonuniqueness of pr oje ctive struc-

tur es with given mono dr omy.

In particular is it p ossible to get one pro jectiv e structure on R from another b y a

sp eci�c series of \mo v es"?

One migh t ask to do this through a sequence of graftings. Y et, at least in the case

of a once-punctured torus R , a connection solely b y means of a grafting sequence

is kno wn to b e imp ossible in general. The reason has to do with the fact that

in the Bers slice, the result of pinc hing R along a simple non-dividing lo op 
 is a

B -group � represen ting the punctured torus on one side, and the triply punctured

sphere on the other. Sp eci�cally , construct t w o complex-pro jectiv e structures on R

with the mono drom y G ! � as follo ws. Consider simple nondividing lo ops � and

� on the surface R so that all the lo ops � ; � ; 
 are m utually non-homologous. Let

�

t

; t 2 [0 ; 1) denote the family of complex-pro jectiv e structures on R whic h is b eing

pinc hed along 
 as t ! 1. Let g r

�

( �

t

) ; g r

�

( �

t

) b e the complex-pro jectiv e structures

on R obtained from �

t

via grafting along � and � . One can sho w that g r

�

( �

t

) ; g r

�

( �

t

)

are con v ergen t to complex-pro jectiv e structures �

0

1

; �

00

1

on R as t approac hes 1. There

results t w o structures �

0

1

; �

00

1

with the same orien tation and the same mono drom y

G ! �. Ho w ev er these complex pro jectiv e structures are not related b y grafting.

The underlying reason is that the \complex of simple lo ops" on the once punctured

torus R is totally disconnected.

F or branc hed structures, there is another w a y of c hanging pro jectiv e structures

without c hanging the mono drom y . This is the metho d of \bubbling".

Supp ose that R is a Riemann surface with a (branc hed) pro jectiv e structure � .

Let � � R b e a compact simple arc, disjoin t from the singular p oin ts of � , whic h the

dev eloping map sends to simple arcs in S

2

. Let a b e one of these arcs in S

2

. Then

split R op en along � , split S

2

op en along a , tak e N copies of the Riemann surface
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S

2

� a and glue them to R � � with appropriate iden ti�cation of b oundary edges. The

net result is a pro jectiv e structure on the new \bubble-on" Riemann surface R

N

with

the same mono drom y . The pro jectiv e structure on R

N

has t w o additional branc h

p oin ts (at the end p oin ts of � ), b oth of order N .

\Bubble-o� " is the in v erse op eration on R .

Problem 12.1.2. Supp ose that �

1

; �

2

ar e c omplex-pr oje ctive structur es on a surfac e

R with the same mono dr omy r epr esentation. Can one p ass fr om �

1

to �

2

using the

fol lowing elementary moves: \gr afting", inverse to \gr afting", \bubble-on ", \bubble-

o� "?

12.2. Surfaces with punctures. What ab out surfaces with punctures where the

corresp onding quadratic di�eren tials ha v e at most double p oles? As with compact

surfaces, the dimension of the v ector bundle Q

( g ;n )

of quadratic di�eren tials o v er

the T eic hm • uller space T

( g ;n )

agrees with that of the represen tation v ariet y , if one

allo ws arbitrary mono drom y at the punctures (for an analysis of the deriv ativ e of

the mono drom y map for this case see [Luo 1993 ]). One can searc h again for pan ts

decomp ositions, pro vided the mono drom y is not elliptic of in�nite order at a punc-

tures. With discrete mono drom y at the punctures, one can lo ok for represen tations

of fundamen tal groups of pan ts to extended forms of Sc hottky groups (i.e. Klein

com binations of pairs of discrete cyclic subgroups of PSL (2 ; C )).

Supp ose the gen us of R is p ositiv e. W e b eliev e that our tec hnique in P art A will

yield a pan ts decomp osition of R in whic h the restrictions of the mono drom y are on to

Sc hottky-lik e groups, pro vided the represen tation around eac h puncture is a discrete

(cyclic) group.

Problem 12.2.1. Pr ove and/or explor e the existenc e and non-uniqueness of c omplex

pr oje ctive structur es with given nonelementary mono dr omy in the c ase of punctur es,

most imp ortantly and most classic al ly, punctur e d spher es.

12.3. Linear mono drom y represen tations. Throughout the pap er w e considered

Sc h w arzian di�eren tial equations on Riemann surfaces. Their mono drom y represen-

tations are pr oje ctive r epr esentations � : �

1

( R ) ! PSL (2 ; C ).

One can also consider the more general case of represen tations in to GL (2 ; C ). In

the classical case of punctured spheres R , the dimension of the represen tation v ariet y ,

mo dulo conjugations, is iden tical to the dimension of the v ector bundle o v er T

(0 ;n )

of

linear equations

u

00

+ pu

0

+ q = 0 ;
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where p has at most simple p oles and q double p oles at the punctures. Note that

w e ha v e to restrict to the represen tations �

�

in to GL (2 ; C ) whic h map the p eripheral

lo ops of R to unip oten t elemen ts.

Problem 12.3.1. Is ther e an analo gue of The or em 1.1.1 for punctur e d spher es if

one se eks a di�er ential e quation that induc es a given line ar r epr esentation �

�

?

12.4. Div ergence of mono drom y represen tations. Fix a closed Riemann surface

R of the gen us g > 1 and let �

n

= '

n

( z ) dz

2

b e a sequence of quadratic di�eren tials

on R so that jj �

n

jj ! 1 . Let [ �

n

] b e the sequence of conjugacy classes of mono drom y

represen tations of �

n

. W e kno w from Theorem 11.4.1 that the sequence [ �

n

] cannot

sub con v erge to the to the conjugacy class of any represen tation.

Problem 12.4.1. Char acterize the \limit p oints" of diver gent se quenc es of r epr e-

sentations in the r epr esentation variety. Pr ove the Diver genc e The or em 11.4.1 for

c omplex pr oje ctive structur es on R which have a single br anch p oint of or der 2.

One w a y that the represen tation v ariet y V

g

can b e compacti�ed is b y (pro jectiv e

classes of ) actions of the group G = �

1

( R ) on metric trees. Whic h actions of G on

trees can app ear as limits of the sequences [ �

n

]? F or instance, is it true that for eac h

sequence of quadratic di�eren tials �

n

= n�; � 6= 0 ; there is a limit � of the sequence

�

n

with the follo wing prop ert y: � is an action of G on a tree that is dual to the

singular foliation on R determined b y � ?

12.5. P ath lifting prop erties of mono drom y mappings. Hejhal [Hejhal 1975a ]

pro v ed that the natural mapping

P

g

: Q

g

! V

g

;

is a lo cal homeomorphism whic h fails to b e a co v ering mapping.

Problem 12.5.1. L et 
 : [0 ; 1] ! V

g

b e a c ontinuous p ath, ~
 : [0 ; 1) ! Q

g

a p artial

lift which c an not b e extende d to the end-p oint 1 . Describ e the asymptotic b ehavior

of the p ath ~
 .

F or instance is it true that ~
 has a w ell-de�ned limit

lim

t ! 1

~
 ( t )

in a natural (e.g. closed ball) compacti�cation of Q

g

?
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12.6. Branc hed pro jectiv e structures. As the degree of a p ositiv e divisor D in-

creases, it b ecomes easier to construct a complex pro jectiv e structure with the branc h-

ing divisor D . Th us, one should b e able to eliminate the assumption that the repre-

sen tation � is nonelemen tary for su�cien tly large v alues of deg ( D ). F or instance, if �

is the trivial represen tation, then branc hed structures with the mono drom y � are just

m -fold rami�ed co v erings f : R ! S

2

. Th us � ( R ) = m� ( S

2

) � deg ( D ) = 2 m � deg ( D ).

The n um b er m is at least 2, hence deg ( D ) � 4 � � ( R ) = 2 g + 2. The minimal degree

is realized b y a h yp erelliptic rami�ed co v ering f , for whic h w e ha v e: deg ( D ) = 2 g + 2.

Problem 12.6.1. Make pr e cise and optimize the c onne ction b etwe en br anching di-

visors and mono dr omy. Namely, c ompute the function d : H om ( G; PSL(2 ; C )) ! Z ,

wher e d ( � ) is the smal lest inte ger for which ther e exists a br anche d c omplex pr oje ctive

structur e with br anching divisor of de gr e e d and mono dr omy � .

W e pro v ed that d ( � ) = 0 for all liftable nonelemen tary represen tations � and d ( � ) =

1 for all nonliftable nonelemen tary represen tations � . Is it true that d ( � ) = 2 g for

all liftable represen tations � : G ! S O (3) � PSL (2 ; C ) and d ( � ) = 2 g � 1 for all

nonliftable elemen tary represen tations � : G ! S O (3) � PSL (2 ; C ), pro vided that

the mono drom y group � ( G ) is dense in S O (3)? Is it true that d ( � ) � 2 g + 2 for an y

� : G ! PSL (2 ; C )?

Remark 12.6.2. F or the 
at holomorphic bundles of rank 2 o v er R the corresp ond-

ing question is the follo wing: giv en a represen tation �

�

: G ! SU(2) with dense

image, �nd a complex structure on R so that the asso ciated 
at C

2

-bundle V o v er R

has the degree of instabilit y u ( V ) = � 1.
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