Math 21C
Kouba
Alternating Series Test (For Convergence Only)

DEFINITION : A series of the form

o0
E (-1)"*a, =a; —ays+az—ag+as— -,
n=1

where a,, > 0 for all values of n = 1,2,3,4,- -, is called an alternating series . How can we
test this series for convergence 7 We will need the following fact, which is given without
proof.

FACT A : Assume that the sequence {b,} satisfies the following two conditions :

1) by < by <bg <by<--- ie., by <bpyy forn=1,2,3,4,--- (The sequence is
strictly increasing.) and

2.) by, < C, a fixed constant, for n = 1,2,3,4,--- (The sequence is bounded.).

Then 1Lm b, = L for some finite number L.

o0 .
Alternating Series Test : Consider the series Z(—l)"”aw If the sequence {a,} is posi-

n=1
oo
tive (+), decreasing ( | ), and lim a, = 0, then the series Z(—l)"“an converges.
n—00 nel

Proof : Use the sequence of partial sums (evén and odd separately). Since {a,} is positive
and decreasing, the following must be true :

sy = a1 +(—az) < ay,

$q4 = a1 + (—az) + az + (—a4) < ay
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s¢ = a1 + (—a2) +az + (—aq) +as + (—ae) <ay, ---
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and (—) ) )

sam = a1 + (—a2) +az + (—aq4) +as +--- + (—a2n-2) + @2n—1 + (—a2n) < a1, - ;
w
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also

Sg = (al _a2) )
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s4 = (a1 — ag) + (a3 — aq) = s2 + (az — aq) > s2 ,
w
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3¢ = (a1 —a2) + (ag — a4) + (a5 — ag) = s4 + (a5 —ag) > 84, -~
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and

San = (a1—ag) + (a3 —ag) 4+ +(a2n-1—02n) = S2n_2+ (A2n-1—0a2n) > S2n—2, *°
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thus, the sequence of even partial sums {szn} = {32,54, 56,58, -} is increasing and
bounded above by a;. It follows from FACT A that

lim 89, = L , for some finite number L.
n—reo

Now consider the sequence of odd partial sums {s2,-1} = {81, 83, 85, 87, - -}. Note that

Son =01 — G2+ a3 —aq4+ -+ 0Ap-1 — A2p
=(a1—as+az—as+- - +am_1) — a2n
= 82n—-1— Q2n ,

ie.,
S2n-1 = S2n t Q2pn .
Taking the limit of both sides we get

lim Sapn—-1 = im 8o + lim asn, = L+0=1L.
n—00 n—oco n-—$00

Now the sequence of all partial sums {s,} = {s1, 82, 83, 84, 35, - - -} satisfies nli_}rgo 8p = L.
Thus,

o0
E(~1)"+1an = lim s, =L
n—>00

n=1

and the alternating series converges by the sequence of partial sums test.



