Math 21C
Kouba
Moments and Center of Mass of a Flat Region R with Variable Density

Consider a flat region R in two-dimensional space with variable density (measured in
mass/area units) 6(P) at the point P = (z,y) in R. We seek to find the center of mass
(Z,9) of R. First partition R into n parts Ry, Ry, R3, and R, of areas Ay, Ay, A3, and A,
resp. Pick sampling points P; = (z;,y;) in region R; for ¢« = 1,2,3,---,n. Consider the
vertical line x = Z. Define the moment of region R; about line = % to be

= (mass of R;) (its distance from line z = Z)
~ (area of R;) (density of R;) (its distance from line z = Z)
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Thus, the total Moment of R about the vertical line z = Z is
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Mz = lim > (6(P)(z: — Z)(A) :/RcS(P)(m—aE)dA.

Similarly, the total Moment of R about the horizontal line y = § is

n

My =, lin D G - 9)(4) = [ 9PNy -4

To find the center of mass of R we will assume that both Mz = 0 and M; = 0. If
Mz = 0, then

/Ra(P)(x—z)dA:o — /R:c-(S(P)dA - /R:z-a(P)dA — 0
— /R;z:-cS(P)dA - :i:/Ré(P)dA ~ 0
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so that

Jpz-d(P)dA
Jrd(P)dA
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Similarly, if we assume that My = 0, then it follows that

_ fRy-5(P)dA
Y= (P dA



