3 ises

ing Terms of a Sequence
ach of Exercises 1-6 gives a formula for the nth term a, of a
Squence {a, | . Find the values of a,, a,, a3, and a,

_l-n I

= 2_ = —
”1 n ﬂ!
(=1
we— 4. a,=2+ (-1
3 oM . M — ]_
- el 6. a, = om

fich of Exercises 7-12 gives the first term or two of a sequence along

@y = a, + (1/27)
=l ay =afin+1)
=2 Gy = (=1)y""a,/2
== a,.y =na,f(n+1)

==1, ay;=a.4.+a,

=2 ”3“_—.—1'

— /
(ys2 = Uy /Oy

.d‘“g a Sequence’s Formula
CItises [3-26, find a formula for the nth term of the sequence.

'_ The Sequence 1,—1,1,-1.1.... I"s with alternating signs
4, Tr. , .

] he Sequence —1,1,-1,1,-1,... I's with alternating signs
* The Sequence 1,—4,9,—16, 25, ... Squares of the positive inte-

gers, with alternating signs

11

& The Sequence 1, — 16’25" """

19 Reciprocals of squares of
the positive integers, with
alternating signs

Powers of 2 divided by
multiples of 3

a,=Zay>L—¢€

a. a, = L for all values of n, and

The fact that {a,} is nondecreasing tells us further that

19. The sequence 0, 3, 8, 15,24, ...

20. The sequence —3,-2,—-1,0,1,...
21. The sequence 1,5,9,13,17,...

22. The sequence 2, 6, 10, 14, 18, . ..,

58 1114 17
8. 12624120
9 L 8 27 64 125

25, The sequence 1,0,1,0,1,...
26. The sequence 0,1,1,2,2,3,3,4,..

Convergence and Divergence
Which of the sequences {a,

10.1 Sequences
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lowest such line. None of the points (n, a,) lies above y = L, but some do lie above any
lower line y = L — &, if € is a positive number. The sequence converges to L because

b. given any € > 0, there exists at least one integer N for which ay > L — e.

Thus, all the numbers a, beyond the Nth number lie within € of L. This is precisely the
condition for L to be the limit of the sequence {a,}.
The proof for nonincreasing sequences bounded from below is similar, |

It is important to realize that Theorem 6 does not say that convergent sequences are
monotonic. The sequence {(—1)"*'/n} converges and is bounded, but it is not monotonic
since it alternates between positive and negative values as it tends toward zero. What the
theorem does say is that a nondecreasing sequence converges when it is bounded from
above, but it diverges to infinity otherwise,

Integers differing by 2

divided by products of
consecutive mlegers

Squares of the positive
integers diminished by |

Integers, beginning with —3

Every other odd positive
mnteger

Every other even positive
integer

Integers differing by 3
divided by factorials

Cubes of positive integers
divided by powers of 3
Alternating 1's and ()'s

positive
repeated

integer

in Exercises 27-90 converge, and

which diverge? Find the limit of each convergent sequence.

27. a, = 2 + (0.1)" 28. a,
_1=-2n
29. a, = ¥ on 30. a,
31 = 1;524. 32
A n* + 83 > O
_n=2n+1 o
33. a; = T']— 34, a,

n+ (—1)y
n

2n + 1
1 —3Vn
. n+3
"+ 51+ 6

e

70 — 4
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35.

37.

39,

41,

43,

45,

47.

49.

5L

53.

55.

57.

59.

61.

63.

70.

72.

74.

76.

78.

82,
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=1+ (=1y 36. a,
= ol R ERS |
(2] =
(=1 )ni 1
T ..
= (20
N \./;1 + 1 @
= sin(g + }!:) 44. a,
sin n
= —”— 46. a,
n
= ;‘2!.' 48' a!'l
In(n + 1)
= — . 50. a
\/’_] n
.= gl/n 52, a,

:([ +$) 54. a,

= VI10n 56. a,
1/n
= (;) 58. a,
Inn
i T 60. a,
= V/4m 62. a

n

|
= :% (Hint: Compare with 1 /n.)

(—4)"
==t 65. a,
n! 3
n!
= g 67. a,
= Ln(i + ?]1) 69. a,

A T

S (H + ]) 71- a,

=(1 ——’)" 73
nz - a,

_ao/my
T ooy + any Ba

= sinh(Inn) TL @

- n(l — cos }1) T, a, =

=3 PP 8. a, =
= Ltan"l n 83. a
\/E n

(i}
“(-2)e+3)

" 0.9y
= nmr cos (n)
sin’n
2!1
3!’!
]
Inn
In2n
= (0.03)!/n

(-4

n/ 9
== n

=(n+ 4)],’{n-+41

=lInn—In(n+ 1)

n!
106"

1 1/0n n)
0
_ 3n +] n
n—1

» P 1/n
*(2n+1) F AR

31‘1 > 6“
20y

= tanhn

84.a, = Vi + n 85. a, n : D
b
(Inn)® S
86. a, = 87. a, = n— V-
vV n i
88.q, = ' |
Vil = 1 — Vi +n
1 /"1 ' b ‘
89.q, = E[ T 9. g, = /] Fdx P> mﬁ,

Recursively Defined Sequences
In Exercises 91-98, assume that each sequence converges and fpg o8
limit.

Moay =2 Gy =7 izﬂ" 3
. F0 !
2.a =-1, a,, =ﬂn+2
93.a, =—4, a,,, = V8 + 2, .
.00 =0, a,, = V8 + 2a,
95.a, =5, a,. = V5a,
96.a, =3, a,,,=12- \/a_,,
97.2,2+%,2+ ]12+ l]
2+§ 2+—l
2+§

98.\ﬁ.V1+vT.\/|+V‘ 14+ V1,
Vi+Vi+Vi+Wi,...

Theory and Examples
99. The first term of a sequence is x, = 1. Each succeeding termd
the sum of all those that come before it:

Xobi =X TéF e + x

n-

Write out enough early terms of the sequence to deduce a g8
eral formula for x, that holds for n = 2.

100. A sequence of rational numbers is described as follows:
1 3747 aa+2b

I_»E.'S'.-lz ..... 3,a+b,....
Here the numerators form one sequence, the denominators
a second sequence, and their ratios form a third sequence. A
and y, be, respectively, the numerator and the denominatds
the nth fraction r, = x,/y,. ;

a. Verify that 5,2 — 2y,? = —1,x,% — 2y, = + | and, M8
generally, that if > — 2b> = —1 or + 1, then

(@a+ 26 —2a+bP}=+1 or —1,

respectively. :
b. The fractions r, = x,/y, approach a limit as n incrcaﬁes":
What is that limit? (Hint: Use part (a) to show that
r.® — 2= 1(1/y,)? and that y, is not less than n.)

101. Newton's method The following sequences come 110
recursion formula for Newton’s method,
f (X“)

- T

iy

Xp+i



) the sequences converge? If so, to what value? In each case,
gin by identifying the function f that generates the sequence.

: £2=2 x 1

¥ X0 = I, By =8 2x, = E+X_n
tanx, — 1

Boro =1 Ba=HTTs X,

e o= b Fnel = X~ 1

. suppose that f(x) is differentiable for all x in [0, 1] and that
#(0) = 0. Define sequence {a,} by the rule a, = nf(1/n).
Show that lim,_.a, = f'(0). Use the result in part (a) to find
the limits of the following sequences {a,}.

8.a, = ntan_l_;ll- ¢ a, =n('m—1)

‘d.ansnln(l +%)

3, Pythagorean triples A triple of positive integers a, b, and c is

~ called a Pythagorean triple if a” + 5> = ¢*. Let a be an odd
.~ positive integer and let

[§] 4]

be, respectively, the integer floor and ceiling for a?/2.

—1
w8,

a

a. Show that @® + b* = ¢ (Hint: Leta = 2n + 1 and express
b and ¢ in terms of n.)

b. By direct calculation, or by appealing to the accompanying
figure, find

4. The nth root of !
& Show that lim,,—.oo(2n7)!/@" = 1 and hence, using Stirling’s
approximation (Chapter 8, Additional Exercise 52a), that

- Vn! =~ g for large values of n.
b. Test the approximation in part (a) for n = 40, 50, 60, . . ., as
#, far as your calculator will allow,

' ‘ﬂs, & Assuming that lim,_..(1/n9) = 0 if ¢ is any positive con-
5 Stant, show that

10.1 Sequences 583

b. Prove that lim,_..(1/n) = 0 if ¢ is any positive constant.
(Hint: If € = 0.001 and ¢ = 0.04, how large should N be to
ensure that [1/n° — 0| < €ifn > N?)

106, The zipper theorem Prove the “zipper theorem” for sequences:
If {a,} and {b,} both converge to L, then the sequence

ay, b], dy, fl)g, vas iyl b", .ala

converges to L.
107. Prove that lim, .oV = 1.
108. Prove that lim, .. x'/" = 1, (x > 0).
109. Prove Theorem 2. 110. Prove Theorem 3.

In Exercises 111-114, determine if the sequence is monotonic and if it
is bounded.
In + 1 _(2n + 3)!
111. a, 51 112, a, = D)
2 2 1
113. o, = &5 14 0, =2=5 ~5

Which of the sequences in Exercises 115-124 converge, and which
diverge? Give reasons for your answers.

15.0,=1-1 16. a,=n -3

117. a, =

119. a, = (1" + 1)(” bt 1)

120. The first term of a sequence is x; = cos (1), The next terms are
X; = x; or cos (2), whichever is larger; and x; = x; or cos (3),
whichever is larger (farther to the right). In general,

Xy = max {x,cos(n + 1)}.
+
121 q, = %ﬂ 122 g =t
4n+'| + 3"
123. a, = —a
124. a = 1, Ay = 25" = 3

In Exercises 125-126, use the definition of convergence to prove the
given limit.

125. lim *2% = o 126. lim(l - %) =1
n—00 0 n

127. The sequence {n/(n + 1)} has a least upper bound of 1
Show that if M is a number less than 1, then the terms of
{n/(n + 1)} eventually exceed M. That is, if M < 1 there is
an integer N such that n/(n + 1) > M whenever n > N. Since
n/(n + 1) < 1 for every n, this proves that | is a least upper
bound for {n/(n + 1)}.

128. Uniqueness of least upper bounds Show that if M, and M,
are least upper bounds for the sequence {a,}. then M, = M,.
That is, a sequence cannot have two different least upper bounds.

129. Is it true that a sequence {a,} of positive numbers must con-
verge if it is bounded from above? Give reasons for your answer.,
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130. Prove that if {a, } is a convergent sequence, then to every posi-
tive number € there corresponds an integer N such that for all m
and n,

m>N and n>N = |a,—aq,| <e.

131. Uniqueness of limits Prove that limits of sequences are
unique. That is, show that if L, and L, are numbers such that
a,—L;and a,— L, then L, = L,

132. Limits and subsequences If the terms of one sequence appear
in another sequence in their given order, we call the first
sequence a subsequence of the second. Prove that if two sub-
sequences of a sequence {a,} have different limits L, # L,,
then {a,} diverges.

133. For a sequence {a,} the terms of even index are denoted by ay,
and the terms of odd index by ay,. Prove that if a,, — L and
[1572% Band L, then a,—* ! i

134

Prove that a sequence {a,} converges to 0 if and only if the
sequence of absolute values { |a,|} converges to 0.

135. Sequences generated by Newton’s method Newton's method,
applied to a differentiable function f(x), begins with a starting
value x, and constructs from it a sequence of numbers {x,} that
under favorable circumstances converges to a zero of f. The
recursion formula for the sequence is

o dw)
n+1 n ff(xn)'
a. Show that the recursion formula for f(x) = ¥ — g.a > 0,
can be written as x,,; = (x, + a/x,)/2.

b. Starting with x; = 1 and @ = 3, calculate successive terms
of the sequence until the display begins to repeat. What
number is being approximated? Explain.

136. A recursive definition of /2 If you start with x, = | and
define the subsequent terms of {x,} by the rule
¥y = Xy + COS X, , you generate a sequence that converges

10.2 Infinite Series

rapidly to 77/2. (a) Try it. (b) Use the accompanying

: : ; figure .
explain why the convergence is so rapid. ;

2

COs x; _

It |

\1" i > X

COMPUTER EXPLORATIONS
Use a CAS to perform the following steps for the sequences in Exer_'
cises 137-148.

a. Calculate and then plot the first 25 terms of the sequence,
Does the sequence appear to be bounded from above or
below? Does it appear to converge or diverge? If it does
converge, what is the limit L?

b. If the sequence converges, find an integer N such that
la, — L| = 0.01 for n = N. How far in the sequence do
you have to get for the terms to lie within 0.0001 of 1.

137. a, = Vn 138. o, = (1 + 0,,5)
1
139. ay = [, Ay = Ay + §
140. a) = 1, a,y = a, + (-2
141. a, = sinn 142, a, = n sin%
143. g, = S01 144, g, = 01
145. a, = (0.9999)" 146. a, = (123456)!/"
8" ! g
147. a, = o 148. a, = 5 Blais»n

An infinite series is the sum of an infinite sequence of numbers

develop methods to calculate it. Since there are infinitely many terms to add in an infi
series, we cannot just keep adding to see what comes out. Instead we look at the resulf
summing just the first n terms of the sequence. The sum of the first n terms

is an ordinary finite sum and can be calculated by normal addition. It is called the nth P4
sum. As n gets larger, we expect the partial sums to get closer and closer to a limiting V‘_’l g
the same sense that the terms of a sequence approach a limit, as discussed in Section 10+ ]

For example, to assign meaning to an expression like

aytata+- ta, +

S”=a|+ﬂ_',_\+ﬂ3+"' +an

1
Likgs p¥ gt

1| —
I
o0 |—
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‘Finding nth Partial Sums

S T
100 SWH_(;’FJFMJFT(?‘U’_J””'
3.|—;+i—é+---+(—1)"—l#+---
41— 2+4—8+ -+ (=1yt 201 4 ...
5'5}1'*3}_4+ﬁ"“+(n+1)](n+2")+'”
Is'i‘_?fi?_f’% n(n5+1)+‘

#
b >

= Series with Geometric Terms

B I Exercises 7-14, write out the first eight terms of each series to

. $how how the series starts. Then find the sum of the series or show
that it diverges,

]

b=
=L
| ==
oo
\%E
i L

a
I
[

5

2 2(| . 41) 10. 2
ny (:f + 3‘-) 12, ‘:0 (25 ~ 31)
13, (L2 < (2!

2t 4 3%

N =0

ok

=1y

i
o

bz

Ir.' Exercises 5-18, determine if the geometric series converges or
v 3 :
Crges. If a series converges, find its sum,

()04 ()

R O R R ) U

SCRUBORONARS

Mz

il

n

The partial sums remai
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We saw this reindexing in starting a geometric series with the index n = 0 instead of the
index n = 1, but we can use any other starting index value as well. We usually give prefer-
ence to indexings that lead to simple expressions.

We can write the geometric series

oo

Losmade ba,
Il2‘12”_]—1+2+4+

(s o}

< | 1
J E 2::—5' oreven E 2ﬂ+4'
n=35 n=—4
¢ same no matter what indexing we choose to use. [ |

RAGAG G R

Repeating Decimals
Express each of the numbers in Exercises 19-26 as the ratio of two
integers.

19. 023 = 0232323...

20. 0.234 = 0234234234 . ..
21. 0.7 = 01177 ...
22, 0d = 0.dddd. .. .
23. 0.06 = 0.06666 . ..
24. 1414 = 1414414 414 . ..

25, 1.24123 = 124123123123 . ..
26. 3.142857 = 3.142857 142857 . ..

where d is a digit

Using the nth-Term Test
In Exercises 27-34, use the nth-Term Test for divergence to show that
the series is divergent, or state that the test is inconclusive.

QN n(n + 1)
A E.'t+ 10

e L

(n+ 2)n + 3)

n=| n=]
29."20”4 30.”_2__‘1”2+3
x l 00 e"
31. ; cos 32. E)e" —=
og l o0
3 3 34. Y cosnm
n=1 n=0

Telescoping Series
In Exercises 3540, find a formula for the nth partial sum of the series
and use it to determine if the series converges or diverges. If a series

converges, find its sum.
< (3 3
6 3G )
,21 (n2 (n+ 1)

< (1 1
L Z(ﬁ_‘n-i-i)
37 i(]n\f’n+[—ln\/;)
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38. > (tan(n) — tan (n — 1))
n=1

39, 2 (CDS_!(:‘:_-:_-“I) - °°5_1(n-:-—2))

40. i(vfw - Vn +3)

Find the sum of each series in Exercises 41-48.

4

1 Z(4n —Aan + 1) 2. 2(2;»: = l)(Zn 1)

o0

“'n(h—-man+n2 9"

“5'( \/T)

46.
(mm+2 mm+1J

tan"'(n) — tan"'(n + 1))

2n+1
ps |nz(i'1-i-l)2

o
< 1
E (Z_JE i zlf(ml})

n=1

47.

MS nMS “

48,

Convergence or Divergence
Which series in Exercises 49-68 converge, and which diverge? Give
reasons for your answers. If a series converges, find its sum.

(=] 1 n o0
9. 3 (— 50. > (V2)
2 59
L NG '% 52. 3 (-1y*'n
n=1

53, 54.

L
o
)

=
|3
o S

=
]
k=
a2
iMe
o
=]
wn|ta
Bl b ]
3

M8
rhl

<, |

55. 56. > Ing;

n=0 n=1

) o 1
57. %W 58, EBF, |x| >1

o2 -1 < 1y
59."20 = 60.;(1“5)

< nl <
61.%1000” 62.;;

o 2"+ 3 < 2"+ 4"
63 : 64. n

2{ 4 213 + 4

a
I

b
MMz
5
A

=2
+|=
Sl
R
Me
5
e
¥
+ -
G

-
[
=
[

Mz
3%

:Mg

3
Ll

e n
67. (,—,) 68.
Geometric Series with a Variable x
In each of the geometric series in Exercises 69-72, write out the first
few terms of the series to find a and r, and find the sum of the series.

Then express the inequality |r| < 1 in terms of x and find the values
of x for which the inequality holds and the series converges.

69. 3 (~1yx" 70. S (—1yx
n=0

n={

&
4

<A fx—1Y) &P 1 "
1. ;}3( 5 ) 7 E (3+SE_)

In Exercises 73-78, find the values of x for which the given 2eomeys:
series converges. Also, find the sum of the series (as a functjoy of 3

for those values of x.
o0 (s a]

T3, 3.2%" 74. Y (—lyx?
n=() n=0
o l n

76. >, (— i) = 3
n=0

78. 3 (Inxy

r=0

75. D10+ 1y
n=0

77. E sin” x
=0

Theory and Examples
79. The series in Exercise 5 can also be written as
-~ 1 - |

2T hmry M E (n+3)n +4)

n=|
Write it as a sum beginning with (a) n = =2, (b) n =
(c)n = 5.
80. The series in Exercise 6 can also be written as

<« 5 < 5
ZmTD B AT TR D

Write it as a sum beginning with (a) n = —1, (b} n =3 9. "
(c)n = 20. : i

81. Make up an infinite series of nonzero terms whose sum is
a: 3 b. -3 & 0

82. (Continuation of Exercise 81.) Can you make an infinite series of
nonzero terms that converges to any number you want? Explain.

83. Show by example that X (a,/b,) may diverge even though P
and b, converge and no b, equals 0.

84, Find convergent geometric series A = Xa, and B = Xb, that
illustrate the fact that Xa,b, may converge without being equd :
to AB. | —

other than A/ B even when A = Xa,, B = Zb, # 0, and n0 %
equals 0.

86. If a, converges and a, > 0 for all n, can anything be i
about 2(1/a,)? Give reasons for your answer.

87. What happens if you add a finite number of terms to a divef|
series or delete a finite number of terms from a divergent sen®:
Give reasons for your answer.

88. If Xa, converges and Xb, diverges, can anything be said ""E'
their term-by-term sum 3 (a, + b,)? Give reasons for your ans%=
89. Make up a geometric series Sar"~! that converges to the num’s
5if
a a=2 b. a = 13/2.
90. Find the value of b for which

l+&+e+eb+..0 =9,
91. For what values of r does the infinite series
1 #2r+ 72420 + ¥ + 2+ S

converge? Find the sum of the series when it converges.



The accompanying figure shows the first five of a sequence of
€ ares. The outermost square has an area of 4 m?. Each of the
sher Squares is obtained by joining the midpoints of the sides of
;,,esqﬂﬂfes before it. Find the sum of the areas of all the squares.

i

; !; jgh blood pressure every morning at the same time. The concen-
&aﬁon of the drug in the patient’s system decays exponentially at
5 constant hourly rate of k = (.12,

" just before the second tablet is taken? Just before the third
"~ tablet is taken?

p. In the long run, after taking the medication for at least six
months, what quantity of drug is in the patient’s body just
before taking the next regularly scheduled morning tablet?

| Show that the error (L — s,) obtained by replacing a convergent
.Eeumenic series with one of its partial sums s, is ar"/(1 — r).

' The Cantor set To construct this set, we begin with the closed
interval [0, 1]. From that interval, remove the middle open
interval (1/3,2/3), leaving the two closed intervals [0,1/3] and
1[2/3,1]. At the second step we remove the open middle third
finterval from each of those remaining. From [0, 1/3 ] we remove
ithe open interval (1/9,2/9), and from [2/3,1] we remove
'(7/9,8/9), leaving behind the four closed intervals [0,1/9],

10.3 The Integral Test 593

[2/9,1/3], [2/3,7/9],and [8/9, 1]. At the next step, we
remove the middle open third interval from each closed interval
left behind, so (1/27, 2/27) is removed from [0, 1/9 ], leaving
the closed intervals [0, 1/27 ] and [2/27, 1/9]; (7/27, 8/27)
is removed from [ 2/9, 1/3 ], leaving behind [ 2/9, 7/27 ] and
[8/27,1/3 ], and so forth. We continue this process repeatedly
without stopping, at each step removing the open third interval
from every closed interval remaining behind from the preceding
step. The numbers remaining in the interval [0, 1 ], after all open
middle third intervals have been removed, are the points in the
Cantor set (named after Georg Cantor, 1845-1918). The set has
some interesting properties.

a. The Cantor set contains infinitely many numbers in [0, 1].
List 12 numbers that belong to the Cantor set.

b. Show, by summing an appropriate geometric series, that the
total length of all the open middle third intervals that have
been removed from [ 0, | ] is equal to 1.

Helga von Koch’s snowflake curve Helga von Koch's snow-
flake is a curve of infinite length that encloses a region of finite
area. To see why this is so, suppose the curve is generated by
starting with an equilateral triangle whose sides have length 1.
a. Find the length L, of the nth curve C, and show that
lim, o0 L, = 00,
b. Find the area A, of the region enclosed by C, and show that
lim, o0 A, = (8/5) A,.

-

S|£.5'25535"'

The most basic question we can ask about a series is whether it converges or not. In this
section and the next two, we study this question, starting with series that have nonnegative
terms. Such a series converges if its sequence of partial sums is bounded. If we establish
that a given series does converge, we generally do not have a formula available for its sum.

So for a convergent series, we need to investigate the error involved when using a partial
sum to approximate its total sum.,

Nondecreasing Partial Sums

Suppose that 2,-a, is an infinite series with @, = 0 for all n. Then each partial sum is
greater than or equal to its predecessor because s,,, = s, + a,, so

ES!:‘ESH+| =

Since the partial sums form a nondecreasing sequence, the Monotonic Sequence Theorem
(Theorem 6, Section 10.1) gives the following result.

SN

COROLLARY OF THEOREM 6 A series 3, a, of nonnegative terms converges 7

if and only if its partial sums are bounded from above.
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’—The p-series for p = 2

X _I_ ) 00 o 00 -

11 2110" 12, ;f 13 2577

14. 15 Y = 16. > —=
r;n t1 ; \/; ,; HV;
< _| 5 8 < |

7 3 18 3 =2 19. 3 =2
n=1 n=1 n=2

z o Inn i on ne 5n

20. —i 1. = 2. —
a;’_ n 2 J';i 3 2 Z Pk
2 < _ | on

P& W2po o= 3

%. 3 (1 ¥ },) 7. 3 iy

n=1 n=zn7 n=1 !l(\/f_l =t J
29. S ! S
,E (In2)" . & (In3)"
o (1/n) ha 1
31. e 32, ———
n=23(lnn)\/1n2n -1 ,gm(l + In?n)
3. S iin ] S
i nsin 34. E ntan
n=| =]
L ® 5
35 Y _ . B
2.1 + e N 211 + e
< 8tan~! n <~ n
37. 3 Pt
,,2[ 1+ o ,; |

The error in this approximation is then less than half the length of the interval, g,

second. About how large would the partial sum 5, be todayy

assuming a 365-day year?

44. Are there any values of x for which b ik 1(1/nx) converges? @’.;

reasons for your answer.
45. Isit true that if 3,° 4, isa divergent series of positive num
g . - o i
then there is also a divergent series 2,=1b, of positive n
with b, < a, for every n? Is there a “smallest” divergent

positive numbers? Give reasons for your answers. .

46. (Continuation of Exercise 45.) Is there a “largest” convergdl

series of positive numbers? Explain,
47. 3%, (1/Vn + 1) diverges

sp= 38, (l/'\/rT:*_I) satisfies

51 1 50 ]
——— e g — dx
/. Vi + 1 . /n Vx + 1

Conclude that 11.5 < Ssp < 12.3.

|
1
5 -+ 48495051

is less than 0.005. Using a trigonometric Fourier series (studied in advanced caley) ) E
i 1_a_ 1.64493 can be shown that § is equal to 772/6 ~ 1.64493,
n=1 ”2 6 . ’ 2:
s
Applying the Integral Test og oo )
Use the Integral Test to determine if the series in Exercises 1-10 con- 3. :121 sechn 40. "2_:[ sech™n
verge or diverge. Be sure to check that the conditions of the Integral
Test are satisfied. Theory and Examples
. - For what values of a, if any, do the series in Exercises 4] and 42 cop ergd
= I ] ‘ ] oo oo E:
1L Y5 2 ¥ 3 a 1 1 _ 2
n=11" n=1M =i+ 4 41. "ZI e Ty 42, 'g n—1 PI_'F_I
4. - 5. E e 6. 2 : , 43. a. Draw illustrations like those in Figures 10.11a and 10.115 By, |
"21 b ¢ n=1 a=2n(In n)* show that the partial sums of the harmonic series sati - g .
an % In (n? inequalities B
n$on b, §e g 4
n=1 +1 n=2 ].I'l(.ﬂ"" ]J=/ Edtﬂ 1 +5+"'+5 0, Esti
= 3 o 4 I -~ valu
9, ¥ 10. L n P 0w
Eé’ﬂ ,gzn2-2n+l £|+-/I%d_1-=1+1nn_ "beu
- : : . . e 2. How
Determining Convergence or Divergence b. There is absolutely no empirical evidence for the divergeng 4
Which of the series in Exercises 11-40 converge, and which diverge? of the harmonic series even though we know it diverges. g e
Give reasons for your answers. (When you check an answer, remem- partial sums just grow too slowly. To see what we mean, S 3. The
ber that there may be more than one way to determine the series’ con- pose you had started with 5, = 1 the day the universe we 3 says
vergence or divergence,) formed, 13 billion years ago, and added a new term every . - of p



b - what should n be in order that the partial sum
.. = S (1/Vi+ 1) satisfy 5, > 10007

'_ a /n) converges
‘5

. Use the accompanying graph to find an upper bound for the

error if s3p = Eiif (1/n% is used to estimate the value of

Soet (1/Y).

2x1075+

\MN,-‘
™ | - =
| i
1 : | | ] i >
29 30 31 32 33

' Find n so that the partial sum s, = X7, (1/i*) estimates the

" vyalue of E:i[ (1/n*) with an error of at most 0.000001.

Estimate the value of 3,~, (1/n) to within 0.01 of its exact value.

i Estimate the value of 3., (1/(n* + 4)) to within 0.1 of its exact
R}a]ue.

i How many terms of the convergent series 3, (1/a"!) should

" be used to estimate its value with error at most 0.00001?

FHow many terms of the convergent series 3, (1/n(In n)*)
should be used to estimate its value with error at most 0.01?
Cauchy condensation test The Cauchy condensation test
Usays: Let {a, } be a nonincreasing sequence (a, = @+ forall n)
of positive terms that converges to 0. Then 2.a, converges if and
only if 32"a,. converges. For example, 3(1 /n) diverges because
{22+ (1/2") = 31 diverges. Show why the test works.

se the Cauchy condensation test from Exercise 53 to show that

0

a. 2 L diverges;

“nlnn

oo
LI ;l,; converges if p > 1 and diverges if p < |.

n=1
 Logarithmic p-series

& Show that the improper integral

e ”
1 ow (P apositive constant)
) /2 X(In xy

Converges if and only if p > 1.
b. What implications does the fact in part (a) have for the con-
vergence of the series

o0

3 i
n(ln n)y?

n=1
Give reasons for your answer.
& (Continuarion of Exercise 55.) Use the result in Exercise 55 to

“lermine which of the following series converge and which

'Verge. Support your answer in each case,
o

&y_1 o1
n(ln n) " & n(In )t
-3
= d. -
n=3 0 In(n) ,,Zzn(in n)?

10.3 The Integral Test 599

57. Euler’s constant  Graphs like those in Figure 10.11 suggest that as
n increases there is little change in the difference between the sum

1 1
l+§+-~+ﬁ

_ ("
Inn -—/;de‘

To explore this idea, carry out the following steps.
a. By taking f(x) = 1/x in the proof of Theorem 9, show that

and the integral

Inn+ ) =1+s+- +-<1+Inn

1
n

b2 | —

or

0<I@m+1)~lnsl+3++ipasy

a3 | —

Thus, the sequence

a, =1 +%+‘--+}%-—lnn
is bounded from below and from above.
Show that

&

n+1 .
nll</ =l + 1) - Inn

and use this result to show that the sequence {a,} in part (a)
is decreasing,

Since a decreasing sequence that is bounded from below con-
verges, the numbers a, defined in part (a) converge:

I 1
l+§+--' +ia - lnn—y.

The number vy, whose value is 0.5772 . . .. is called Euler's

constant, ¢
58. Use the Integral Test to show that the series
oo
28_”:
n=0

converges.

59. a. For the series 3 (1/n%), use the inequalities in Equation (2)
with n = 10 to find an interval containing the sum §.

b. As in Example 5, use the midpoint of the interval found in
part (a) to approximate the sum of the series. What is the
maximum error for your approximation?

60. Repeat Exercise 59 using the series 3(1/n*).

61. Area Consider the sequence {1/n};1,. On each subinterval
(1/(n + 1), 1/n) within the interval [0, L], erect the rectangle
with area a, having height 1 /n and width equal to the length of
the subinterval. Find the total area Ea,, of all the rectangles.
(Hinz: Use the result of Example 5 in Section 10.2.)

62. Area Repeat Exercise 61, using trapezoids instead of rectan-
gles. That is, on the subinterval (1/(n + 1), 1/n), let a, denote
the area of the trapezoid having heights y = 1/(n + 1) at
r=1/(n+ Dandy = l/natx = 1/n.



have
/n. Sing

ison Test
rcises 1-8, use the Comparison Test to determine if each series
srges or diverges.

1 —~ = 1 - ]
0 W N 2. 3 =
ﬂz + 30 ;; ﬂ4 F2 n=2 \/ﬂ. =]
e - CcOs*n o 1
S i
®—n ,,§| w2 g n3"
I [n+4 d i Vi + 1
'_x[ n" T 4 ) =] \/_ﬂ_:" + 3

Comparison Test

xercises 9-16, use the Limit Comparison Test to determine if each
ies converges or diverges,

B0 h :_ 2

'-" = ﬂz +3

(Hint: Limit Comparison with 3,-, (1/n2))

§ [nt1

=1 Vi +2

(Hint: Limit Comparison with Set (1/Vn))

< nn+ 1) o An
. — 12.
Zz(n~+ Din—1) Zl + 4

n)/n'g

(Hin: Limit Comparison with 3, (1/n))

]
4 (I = l—,)
=1 n-

ning Convergence or Divergence
Of the series in Exercises 17-54 converge, and which diverge?

on 10 3 ‘3 Method, and give reasons for your answers,
ies W : 2____ | . 3 < sin’n
o= 18 = - 19. =
y. Vi + Vn :§n+ Vn E 2
2' + cosn = 9 g sh=i1
S 3 ! 2 3=

23.

25,
28 Y
31
3.

37.

43.

603

10.4 Comparison Tests

for n sufficiently large. Then taking @, = (In n)/n%? and b, = 1/n/4, we have

. [ g ]ﬂ n
lim — = lim —
”—chan ;IHNHIF4

l/n

im— I"Hopital’s Rule
wsoo (1 /4y /A

.4
lim *1—4 =0,
n—oapt/

Il

Since 2b, = Z(1/n*) is a p-series with p > 1, it converges, so 2a, converges by Part 2
of the Limit Comparison Test.

-
¥ = 10n + 1 2 5m' — 3n
ainn + Din +2) " St - 202 + 5)
Sl g8 1 2. 3]
ei\3n+ 1 =l Ve +2 “ In(lnn)
> (Inn)? o) = (Inn)?
29. : 30. iredd ]
= on .?1:22 Valnn ,; w2
00 00 o0
| In(n + 1) 1
— 32 —_— 33. —
r|=|] + Inn :s—'\-!l n+ 1 .';n ﬂz il |
2 vV —1l—n n+ 2"
35; 36
,,z:,’nz e 36 :E n2" nZ‘l 2"
- | 3!+ 1 o n+l 1
,E 3=l 4 | s E} 37 % ,Znﬁ + 3n 5n
R < 2" —n < Inn
41 42
25 2w Ve
53 -
|

(Hine: First show that (1/n!) = (1/n(n — 1)) for n = 2.

- (n — 1) == — 1
44.2(”+2}! 45, ;Smﬁ %.Etanﬁ

< tan"!n < sec ! n < coth n
47. 48. = 49,

tanhn = 1 = Vn

50. 51. = 52. =

fg n2 r;ﬂ n rz n

a0 | 00 . 1
53',§1+2+3+ “+n 54',;1-&-22-{-31-1--»-4-!12

Theory and Examples

55.
56.

57.

58.

Prove (a) Part 2 and (b) Part 3 of the Limit Comparison Test.

If Z:i[a,, is a convergent series of nonnegative numbers, can
anything be said about E:G.;.(a,,/n)‘? Explain.

Suppose that a, > 0 and b, > 0 for n = N (N an integer). If
lim,, o (a,/b,) = 00 and Xa, converges, can anything be said
about X b,? Give reasons for your answer.

Prove that if Xa, is a convergent series of nonnegative terms,
then ¥a,* converges.
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59. Suppose that @, > 0 and lim a, = 0. Prove that 2a, diverges.
60. Suppose that a, > 0 and 11m n*a, = 0. Prove that 2a, con-

verges. g
61. Show that 3,, ((In n)?/n?) converges for —00 < g < o0 and
p>1l

(Hint: Limit Comparison with E:C;: I/ forl <r<p)
(Continuation of Exercise 61.) Show that ey ((In my?/n?)
diverges for—00 < g < coand 0 < p < 1.

62

(Hint: Limit Comparison with an appropriate p-series.)

63. Decimal numbers Any real number in the interval [0, 1 ]can be
represented by a decimal (not necessarily unique) as

d d, " dy d, "

=N s

10 102 100 10

D.dldszd,I_ a e =

where d, is one of the integers 0, 1,2, 3, ..., 9. Prove that the series

on the right-hand side always converges.

64. If Xa, is a convergent series of positive terms, prove that
> sin (a,) converges.

In Exercises 65-70, use the results of Exercises 61 and 62 to deter-
mine if each series converges or diverges.

> (Inn)® < [lnn
65. 21 7 66. ;, n
® (In n)!00 S (Inn)'s
67. Z pt00] 68. E_; 09
o o1 L
T & pt(nn)? =R

COMPUTER EXPLORATIONS
71. Itis not yet known whether the series

o

“~ wsin’ n

].0 .5 Absolute Convergence; The Ratio and Root Tests

72.

converges or diverges. Use a CAS to explore the behavmr
series by performing the following steps.

a.

a.

. We know the exact value of § is 7r2/6. Which of the s

Define the sequence of partial sums
&1

w=3

“ wsin®n

What happens when you try to find the limit of s, as }— &
Does your CAS find a closed form answer for this limjpy

Plot the first 100 points (k, 5;) for the sequence of partjy) 3
sums. Do they appear to converge? What would you egt il
the limit to be? :
Next plot the first 200 points (k, s). Discuss the bchavi: i
your own words. _
Plot the first 400 points (%, s;). What happens when k = 3§

Calculate the number 355/113. Explain from you calc :-.__.,.
what happened at k = 355. For what values of k would yf

guess this behavior might occur again?
Use Theorem 8 to show that

0 Z nin + 1) " Z(nz n(n + ]'J) ;

n= n=1

where § = zn ,(1/n%), the sum of a convergent p-se

From Example 5, Section 10.2, show that

o0

L 1
SE1+ Enz{n+1},

n=1

Explain why taking the first M terms in the series in part(
gives a better approximation to S than taking the first M!
terms in the original series zn { (1/n).

000000 i
I l 100( 1

220r1+

n=| M

n=1 ni(” + ”

gives a better approximation to §7

5 o N 2 avl
When some of the terms of a series are positive and others are negative, the series maf
may not converge. For example, the geometric series :

converges (since |r| =

diverges (since |r| =

-+

5

5_5 <« -LY
5_1.+,._.__._ P—— —
4716 6" 205( g )
L« 1), whereas the different geometric series

I—§+

4

5/4 > 1). In series (1), there is some cancelation in the
sums, which may be assisting the convergence property of the series. However, if we
all of the terms positive in series (1) to form the new series

5

25 125

16 64 "

-5

o | f \n| @

1\



Therefore,

.hg" f " [
mi Since V/n— 1 (Section 10.1, Theorem 5), we have lim,,_... V/ la,| = 1/2 by the Sandwich
. Theorem. The limit is less than 1, so the series converges absolutely by the Root Test. W
EXAMPLE 4 Which of the following series converge, and which diverge?
o0 nz og 2}1 (==} l n
(a) n (b) = (0 (—_—)
2r O25 02
VIS Solution We apply the Root Test to each series, noting that each series has positive terms.
n/e ¥ 2
a) ié‘onve es because "izz\/m:(\/;) —>~]—2<!
(a 247 c rges beca T on 3 5 :
X An nf2" 2 2
- b = diverges because , | = = = B
‘f\ ®) Z“‘l n P \V n? (Va) 1
i
o0 | n i 1 n 1
(c) ;21 (1 m n) converges because (l T n) =12 =05 1. [ ]
ig the Ratio Test x g o ,
; fXercises 1-8, use the Ratio Test to determine if each series con- 13. 2 21 14. E sin” (_)
B 11 = n=[(3 +(1/HJ) n=| V/.f_l
b absolutely or diverges. : .
: n aa R ! 1 e
2 il 2 15. (—IJ”(I—-')
=i » _Ej(_l) T ”21 "
00 7 . 1 g1 — X
B (- 1)1 5 cuipy (Hine: lim (1 + x/n)* = €%
} 2;*——-; 4. > i
ga=1 0 + 1)? b 5 | - 1y
__E" r X 3nt2 16. E =
so (i A " Slnn B
B 5
seig 2 (~1p min + 2)! 8 i ns" - Determining Convergence or Divergence
i n! 3% S 2n+ DI+ 1) In Exercises 17-44, use any method to determine if the series con-
 the Root 1. t verges or diverges. Give reasons for your answer,
; ot Tes =

CICises 9-16, use the Root Test to determine if each series con-

=58 absolyte) y or diverges.

e _?‘_ . o 4n
@n + 50 10. 3 5

v n=1
Y (4n.+ 3) S (il D))
; ,(3"-;—5—) 12. z(—ln(e- + 5))

10.5 Absolute Convergence; The Ratio and Root Tests 609

Solution  We apply the Root Test, finding that

Vel = {\”/E/z, n odd

1/2,  neven.

S

= \”/|a_,,| =

b | —

5 -

o0 A3 3
17. E,J;,— 18. 2 (=1)' n?e™
n=1 = n=1
3 M oY~ 3 i
19. "Z}n‘( e) 20. T

2. 3 f‘; 2. 2(" = 2)"
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X2+ (=1) (—
2. X 125" . 2 3

n=]

o F q n 0 ] f
25, 2(—1}"(1 - ;—,) 26. 2(1 -~ 5)

n=1 n=1

2

% (~In n)"
nn
i — 28. :
o n=1 n n—zl "
of oo n
11 i,
s ; ('_’ - n_g) o ; (E = 112)
31, T 32, Salnn
' !E " ' n=1 —2)”

X (n+ Din +2) e
33. En—ﬁ 34. EE"(!P)

n=1 n=1
(n+ 3)! 2 n2'n + 1!
. E 3nl3" %, =
( o
- n! + nl
s "2_‘1 (2n + 1)! o ;(—-n)"
o0 o
n
e 2 In n)" 0 Ez“n )/
< nllnn ] o Ll
. E,n(n + 2)! 2 ; 2"
(n!)? X (2n+ 3)2" + 3)
o E(2|r1}! “ ,zl 3+ 2

Recursively Defined Terms Which of the series 3,-,a, defined
by the formulas in Exercises 45-54 converge, and which diverge?
Give reasons for your-answers.

1+ sinn

45. ay = ?... auy = ?ﬂ"
1 + tan™!
46. a = 1, Gty = nn u n
_1 R =
47. a = g Qpi1 = n + 5a"
48‘ a = 3! Ay = ": ]ﬂrl
2
49. a, = 2: Apy) = Ean
50. a, =5, a,. = z”a,,
+
51‘ ay == l' Ay = lnﬂan

106 Alternating Series and Conditional Convergence

n+Inn

1
52, aq, = 7 Ay = "+ 10 a,
53' a, = %s Qi = -\“/a_”
54, 0= 3, Gy = (@)

Convergence or Divergence
Which of the series in Exercises 55-62 converge, and which djy g
Give reasons for your answers. '

B E i e iﬁ% 2
5. FI%—; 58. 2(— )"( l)ﬂ

9. 510 0. 32

e

=
[l

1:3+ - +(2n— 1)
([2+4- -+ -2n)]3" + 1)

P

62.

Il

n

Theory and Examples _
63. Neither the Ratio Test nor the Root Test helps with p-series. T

them on
< 1
E—p

and show that both tests fail to provide information abdl
convergence.

64. Show that neither the Ratio Test nor the Root Test provides inf
mation about the convergence of

< |
constant).

2y P )

n/2",  if nis a prime number

5. Leta, =
6 O {],f?.“. otherwise.

Does 2a, converge? Give reasons for your answer,

66. Show that E:L 20) /n! diverges. Recall from the Laws of ”::
nents that 2 = (27", :

A series in which the terms are alternately positive and negative is an alternating ser A
Here are three examples:

] s

l 1 ] l (“l}"+1
2t374%5 L Tk
1,1 1 (—1y4
—2+l—2+4—~[—;+---+ ek

L= F —g  § = Gpores

+ (1) 1n +



"~ geries Test.

w

0o

: E(_“n*-l(oll)n

=l

_])"._l__

Vn

-
.2('_|}u+!3 tn
"p|=| 5+H

‘DO
-E(__“,,-[l +n
o n

+1o il o
b 2( 1yn3(2/3)"

(=1 tan”'n 'n
w4+ 1

=
f

m

(1)—l

=

(- 100y

gg

n!

[

€os nar

I nVn

( | ;"( n )u
1 (2n )"

Mg ?Ms .

"

L

_mining Convergence or Divesgence
Jccises 1—14, determine if the alternating series converges or
o5, SOME of the series do not satisfy the conditions of the Alter-

o0

l
2. 2(__l}i1+1ﬂE

n=1

4 E(_ (In M)2

n=2

5
3 1::1—|n~+
§ E( ) n 44

& 2{ ”"(n + !

10. 2( l}r|+1_

Inn

12, E(—l}"ln(l s ;]‘:)

3Vn + 1
14. l)nH
E( i+l

and Conditional Convergence
hich of the series in Exercises 15-48 converge absolutely, which
myerge, and which diverge? Give reasons for your answers,

1
16. E( 1)"“(0 )
n=1
O ( l)n
18.
a=11 + \/E

20. E( )J'I+| ﬂ

SR
2. D (-1) 2

[=+]
- En 5"
26. 2(—1)"*‘[(\”/6)
% 2( l)Mlnlnn

30. E( 128

n—lun

2. Ses
n=1

O G
34, ,;;:2 +2m+ 1

S COs nm
36 3B

n
n=1

2 (= 1) (nl)?
38 > —a
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, (2n)! _ (n)?3
39. D (1) il 40. E(*l} Gn+ D)

41. i(—l)“(\/n-l— = \/.'_I)
42. E( 1y (Ve +n—n)

43, 2[—[)"(\/1'1 ¥ Vi — Va)

Q. <
44, 45. —1¥"sech
uEl \/' Vn + ugl( P

46. 2(—])" cschn
n=]
R

T T T T

48, |+ —c— -+t — e — = e

Error Estimation
In Exercises 49-52, estimate the magnitude of the error involved in
using the sum of the first four terms to approximate the sum of the
entire series.

S 1 S 1
49. g(—l)“*"ﬁ 50. 2_]1(—1)"*' o
(0. 01)" As you will see in Section 10.7,

the sum is In ( 1.O1 ).

51, E( e

o

=D 0<t<l1

In Exercises 53-56, determine how many terms should be used to
estimate the sum of the entire series with an error of less than 0.001.

53, 2(‘ 54. E(,_l)uﬂ
n=1 n=1 + 1
n+ | 1 n
5 "E;( Y ey ® ,,E( b In(]n(n+2)]

j Approximate the sums in Exercises 57 and 58 with an error of magni-

tude less than 5 X 107%.

As you will see in Section 1.9, the sum is

57. E( l)n(zn}f um-l. the cosine of | radian.

o0 N - L
il As you will see in Section 10.9,
58. uzn(_l) Al the sum is e |
Theory and Examples
59. a. The series
N S W U N SUCE S 4
3 2tg gt gttty —xwt

does not meet one of the conditions of Theorem 14. Which one?
b. Use Theorem 17 to find the sum of the series in part (a).
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El 60. The limit L of an alternating series that satisfies the conditions of 66. Show Eﬂy example that 3,—,a,b,
Theorem 15 lies between the values of any two consecutive par- and 3,_,b, both converge.
tial sums. This suggests using the average

may diverge even jf E:“

67. If Ya, converges absolutely, prove that ¥ a,2 converges,

“‘n 3 Si:+ 3
i Lo + %(—1)"”9,”1 68. Does the series
$(1-1
to estimate L. Compute s\n 7
i i converge or diverge? Justify your answer,
920

2 21 69. In the alternating harmonic series, suppose the goal is 1o ,

as an approximation to the sum of the alternating harmonic series.

The exact sum is In2 = 0.69314718 . . .. :
ever you have a sum that is less than or equal to —1/2, star

61. The sign of the remainder of an alternating series that satis- ducing positive terms, taken in order, until the new total js g

fies the conditions of Theorem 15 Prove the assertion in Theo- than —1/2. Then add negative terms until the total is less

rem 16 that whenever an alternating segies satisfying the condi-

tions of Theorem 15 is approximated with one of its partial sums,

then the remainder (sum of the unused terms) has the same sign

as the first unused term. (Hint: Group the remainder’s terms in

consecutive pairs.)

arrangement with the first negative term, which is ~1 /7,

have been above the target at least three times and finish sl
below it. If s, is the sum of the first n terms of your new Serie
plot the points (n, s,) to illustrate how the sums are behaving,

70. Outline of the proof of the Rearrangement Theorem

62. Show that the sum of the first 2n terms of the series rem 17)

a. Let € be a positive real number, let L = E;'czla,,. and let -

A 5 = E:;;] a,. Show that for some index N, and for some

e . UrT
+ sts—gt

B

3 E
ST B

P |-
b=

index N, = N,,
is the same as the sum of the first n terms of the series
oo
1 1 1 1 Y |a,| <5 and |sy, —L| <&
—_— 4+ ——e—— . n N »
153" 355 ' 344 %58 TR T " . 2 2
Do these series converge? What is the sum of the first 2n + 1 Since all the terms a,, a, .. . . ay, appear somewhere in tg

sequence {b,}, there is an index N; = N, such that if
n = N,, then (Ef;.bk) — Sy, is at most a sum of terms iy
with m = N,. Therefore, if n = N;,

terms of the first series? If the series converge, what is their sum?
63. Show that if 3, a, diverges, then ) PP
64. Show that if 3, a, converges absolutely, then

diverges.

x oo b - L. = | b —sw| + |sy, — L]
Ean = 2 iau|‘ gl Rt ‘
n=1 n=] 00
" o0 = lay| + -L| <e
65. Show thatif 2, a, and X, _; b, both converge absolutely, then 2;;. al + o lr
so do the following. o0 .
< 5 b. The argument in part (a) shows that if -, a, converges
a Z,(a" +b,) b. E‘l(ﬂ" = by) absolutely then 3, b, converges and 3w, b, = E:.;l.
N Now show that because So. |a,| converges, Soei bl
c. E ka, (k any number) convergesto 3, |a,|. :
n=|

]. 0 . 7 Power Series

Now that we can test many infinite series of numbers for convergence, we can study S48
that look like “infinite polynomials.” We call these sums power series because theY. 3
defined as infinite series of powers of some variable, in our case x. Like polyno™
power series can be added, subtracted, multiplied, differentiated, and integrated 0
new power series. With power series we can extend the methods of calculus We '3
developed to a vast array of functions, making the techniques of calculus applicable ™8
much wider setting. '



