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Preliminaries

Let M be an m+l dimensional Cm manifold.
Points in M will be denoted by p, q, Por Py etc.
Let t: M—R be a C® function such that at #+ 0.

We assume at each p € M there exists a neig&?orhood
V containing p and a a chart (t,x): V—+>R where
X=X X .

We denote the tangent space to M at p by T M
and the tangent bundle by TM. p

Let V be a neighborhood of p € M, we define
vh = {q € v: ta) > e(p)]

and Vv = {q € V: t(q) < t(p)}.

Let N be another C® manifold, a function f: M— N
is (pwc™,c®) map if for every p€ M there exists a
neighborhood V and C€* functions g,: V—»N, i=1,2,
such that g.(q) = £(q) for q € v*+tand g,(q) = £(q)
for g = V7.” We define £t = £ _, (f resfricted to
vt) and f~ = £ __. We consider the function, f,
to be double-vaYued at points g€ V such that t(qg)
€ t{p). From the context it will be clear which
value we mean.

A (pwc®,c®) vector field, X, is pw(c™,c™)
map X: M— TM satisfying

(i) X €TM
P )3 YpeEM
(1) {de,X)p =1
((dt,x is the natural pairing between a one-form
and a vector field, and in this case <dt,x)p = X(t)p).

Each (pwC®,C®) vector field X gives rise at
least locally to a flow denoted Y(s)p, the curve s
— Y (s)p is the solution to the differential equa-
tion P

Y(s)p = Y(s)p = xY(S)p

with initial condition
Y(O)p = p-
: : T™
A vector field system, F, is map F: M —>2
(2 is the collection of all subsets of TM) satis-
fying
i F CTM
() P— P

<]' i if Y E F then dt,Y =1
) p < ’ )

The vector field system is C®, (alternately (pwC™,
™)), if for every p€ M and for every Y € F
there exists C°, (alternately (pw(f°,C°°))? vecBor
field X defined on a neighborhood, V, of p such
that Xp = Yp and XqC Fq, ¥ q € V. The vector

field system, F, is finite or convex ify p &€ M,
F,, is a finite or convex (respectively) subset of
T M. In an abuse of notation we will also use F to
denote {X: X (pwC”,C”) vector field and XPC Pp'

v pPEC M} We similarly define E.

Suppose xl, e ,Xn are (pwC®,C™) vector fields
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on M. Henceforth we will use E to denote the fi-
nite vector field system defined by

EP = {xlprxzp""axnp}

and F to denote the convex vector field system de-
fined by

F = convex hullE cTM
P P = p
If X€ E and A€ F then X will be referred to

as an E-control and A as an F-control. X is also
referred to as a bang-bang control.

Accessibility and Controlability.

The set of points F-accessible from p is de-

noted by al{F,p ) is defined as a (F,po) = Q{p € M:
@ ACF with flowa and 6> 0 3p = alolp, }.

The set of points F-controllable to p a(-F,po)
={p€M: A€ Fwith flowg and g > 0 93 p =
a(-g)p  (or p = a@p} .

The set of points E-accessible from p_denoted
by a(E,pO) and the set of points F-controllable to
p_ denoted by a(~E,p ) are defined similarly.

These sets are sometimes referred to as the set
of points bang-bang accessible from p and bang-
bang controllable to I respectively.

Clearly since E € F,
a(E,p.) < a(F,p,)

and a(-E,po) < a(‘F3PO)°
Let V be a neighborhood of P, in M, a(F,po,V)

= {pCv:a AEC F with flowag and 0 > 0 3 p =
a(o)p, and als)p € V for s€ (0,01} .

The sets a(—F,po,V), a(E,po,V) and a(—E,po,V)
are defined accordingly.

Note

4
a(E’PO:V) S a(F:PO:v) E v E v

and
a(-E,p_,V) S a(-F,p,V) SV S V.

Integrability and Local Semi-integrability

Let H: M~ ZTM satisfying
(i) Hp is a linear subspace of TPM, VpEM
(ii) VpGMandVYpGHP,

there exists a neighborhood, V, of p and C* vector
field ¥ such that X =Y and X € H, ¥ g€ V.
P p q q

H is called a C* distribution on M, and we will
confuse notation by allowing H = {X,ac‘” vector




field: XP€ Hp, v pE M}. H is non-singular if

dim H = constant.
ated §f ¥ p M
tor fields Xl,...,

H is locally finitely gener-
neighborhood V of p and C* vec-
Xn such that

Hq = gpan {qu,...,an} Yq€v.

Let X, Y be ¢ (alternately (pwC®,C*)) vec-
tor fields on M. The Lie bracket [X,Y] is a %
(alternately (pwC™,C®)) vector field on M defined
by

[X,Y] = XY - ¥X.

Let D'H = H + [H,H]. D'H is the C* distribu-
tion of all linear combinations of vector fields
in H and Lie brackets of vector fields in H with
coefficients from the space of C* real-valued
functions on M. We define

i-1

o

1 .
H+ (H,0° "H] and DH = U D'H. DH is
i=1

D'H =D
called the derived system of H.

Theorem 2.1. (Frobenius-Hermann [2]).

Suppose H is a C® distribution on M such that
on some open neighborhood V of p, H satisfies one
of the following

(a) DH is non-singular

(b) dim DHY(S)

curve Y(s) € V satisfying Y(0) = p, Y(s) ([ DHy(t)

is constant along every €%

(c) DH is locally-finitely generated on V
(d) M and H are real analytic

Then there exists a unique maximal submani-
fold, L, of M in V satisfying

€ L and TL =DH , V é L.
P q qs q

L is called the integral submanifold of H {or DH)
in vV, through p.

Corollary 2.2. Suppose E,F are Cc® vector field
systems as above and we define a C® distribution
R as
H =sgpan E_ c T M.
P P~ P
.
H satisfies the hypothesis of Theorem 2.1 on an
open neighborhood V of p°

then

B(E’POQV) < 8(F,p°,V) cL

a(-E,p,,V) < a(-F,p V) ¢ L.
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We would generalize the above result to sy-
stems which are only (pwC®,C®). A {pwC®,C*) dis-
tribution, H, on M is a map ™
H: M~» 2
satisfying

(i) ¥ p € M, 3 open neighborhood V of p such

+
that H restricted to V is a C® distribution on
+ -
v’ and H restricted to V. is a C” distribution on
- + - .
Vv {we denote the restriction by H and H respec-

tively). ,

+
(ii) d € > 0 and C” curves Y+: [0,e] V

and Y-: [C,e]) ~ v~ such
that y+(0) =y (0) =p
and ot +

V) € Ry

s ¢ (05¢)

v

Ve €1y

A (pwC®,C®) distribution H is locally semi-
integrable if for every p€ M, there exists a
neighborhood V of M and c*® restriction, ut and H™,
of H to V¥ and V™ such that B satisfies the hy-
pothesis of Theorem 2.1 on vt and H- satisfies the
hypothesis on V7. They need not satisfy the same
condition of (a), (b), (¢} or (d).

Theorem 2.3. Let H be a locally semi-integrable
(pwC®,C®) distribution on M, then at p € M there
exists a neighborhood V and unique maximal sub-~
manifolds L* and L™ in Vvt and V™ respectively such

that *

a TqL+ = pu' Yqev
T'L” = DH_ ¥ -

q q 1eV ;

Furthermore, p € closure 1t and p € closure L.
We call Lt, L~ the unique maximal semi-integrable
submanifolds of H {or DH) through p.

Corollary 2.4. Suppose E,F are (pWCw,Cm) vector
field systems as above and we define a (pwC™, ™)
distribution H as

H =spanE C TM
P pP— P
Then if H is locally semi-integrable there

exists a neighborhood V of pp and semi-integrable
submanifolds LY and L~ of H such that

+
a(E’PO’V) = a(F’Poav) < L

and -
a('E:Po:V) o a("F’Po)v) S L .
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