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Abstract

In this paper, we introduce the Controlled center dynamics for nonlinear discrete time systems with uncontrollable linearization. This is
a reduced order control system whose dimension is the number of uncontrollable modes and whose stabilizability properties determine the
stabilizability properties of the full order system. After reducing the order of the system, the synthesis of a stabilizing controller is performed
based on the reduced order control system. By changing the feedback, the stability properties of the controlled center dynamics will change, and
thus the stability properties of the full order system will change too. Thus, choosing a feedback that stabilizes the controlled center dynamics
allows stabilizing the full order system. This approach is a reduction technique for some classes of controlled differential equations.
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1. Introduction

Center manifold theory plays an important role in the study
of the stability of nonlinear systems when the equilibrium point
is not hyperbolic. The center manifold is an invariant mani-
fold of the differential (difference) equation which is tangent at
the equilibrium point to the eigenspace of the neutrally stable
eigenvalues. In practice, one does not compute the center man-
ifold and its dynamics exactly, since this requires the resolution
of a quasilinear partial differential (nonlinear functional) equa-
tion which is not easily solvable. In most cases of interest, an
approximation of degree two or three of the solution is suffi-
cient. Then, we determine the reduced dynamics on the center
manifold, study its stability and then conclude about the stabil-
ity of the original system [29,22,6,19]. This theory combined
with the normal form approach of Poincaré [30] was used ex-
tensively to study parameterized dynamical systems exhibiting
bifurcations (see [33] and references therein).

For continuous-time nonlinear systems with uncontrollable
linearization, a similar approach was used for the analysis
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and stabilization of systems with one or two uncontrollable
modes [4,1,2,5,8,21,13,17]. The procedure to stabilize these
systems is based on using a quadratic feedback where the lin-
ear part is used to asymptotically stabilize the linearly control-
lable part, and the quadratic part is used to change the stability
properties of the restriction of the original control system on
the center manifold. This approach was, then, generalized to
the general class of nonlinear systems with any number of un-
controllable modes in [14] by introducing the controlled center
dynamics. The controlled center dynamics is a reduced order
control system whose dimension is the number of uncontrol-
lable modes and whose stabilizability properties determine the
stabilizability properties of the full order system. After reducing
the order of the system, the synthesis of a stabilizing controller
is performed based on the reduced order control system. By
changing the feedback, the stability properties of the controlled
center dynamics will change, and thus the stability properties
of the full order system will change too. Thus, choosing a feed-
back that stabilizes the controlled center dynamics allows sta-
bilizing the full order system. Thus, this approach can also be
viewed as a reduction technique for some classes of controlled
differential equations.

For discrete-time systems, a similar approach was used for
one real or complex uncontrollable mode in [10,11,26,12,18].
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The object of this paper is to generalize this methodology to
the case of discrete-time systems with any number of uncon-
trollable modes. We will focus on the case of unparameterized
systems, as the methodology generalizes easily to the case
of parameterized systems with any number of uncontrollable
modes by considering the parameters as an extra-state, i.e. sat-
isfying the equation ™ = p, where u denotes the parameter.
Let us also denote that when dealing with controlled dynamical
systems, it becomes difficult to parallel both the studies referred
either to differential or difference nonlinear equations even if
many analogies can be set. This is due to the fact that the study
of difference equations induces compositions of functions and
also because some phenomena appear only in discrete-time. For
example, the period-doubling bifurcation appears in monodi-
mensional systems only in discrete-time.

The paper is organized as follows: In Section 2, we define
the controlled center dynamics, and show how a feedback will
affect it, then, in Sections 3 and 4 we apply this technique to
stabilize systems with a transcontrollable bifurcation, fold, and
period-doubling control bifurcations. We shall treat the bird
foot bifurcation for maps in the appendix. Preliminary results
of this work have been published in [16,15].

2. The controlled center dynamics

Consider the following nonlinear system
F=rf¢w

the variable { € R" is the state, v € R is the input variable,
and (T ={(k + 1), for k € N. The vectorfield f({) is assumed
to be C* for some sufficiently large k.
Assume f(0,0) =0, and suppose that the linearization of
the system at the origin is (A, B),
of /

0
AZG_C(O’O)’ B:g(0,0),

2.1)

with

rank([B AB A’B --- A" 'B))=n—r, (2.2)

and r > 0. Assume also that the system has n — r eigenval-
ues strictly inside the unit disk, and r eigenvalues on the unit
circle. Let us denote by 25 the system (2.1) under the above
assumptions.

The system X is not linearly controllable at the origin, and
a change of some control properties may occur around this
equilibrium point, this is called a control bifurcation if it is
linearly controllable at other equilibria [25].

From linear control theory, we know that there exist a linear
change of coordinates and a linear feedback transforming the
system Xy to
X =Ax + filxn, xo,w),
xy = Ayxy + Bou + foxy, x2,u), (2.3)

with x1 € R, x» € R"™", u € R, Ay € R is in
the Jordan form and its eigenvalues are on the unit circle,

Ay € RO=IX0=r) B, ¢ RO=X1 are in the Brunovsky form,
i.e.

[0 1 0 -+ 07 707
001 -0 0

Ay=|: 1 1 o | Ba=if,
000 - 1 0
L0 0 0 -~ 0l L1

and f_k(xl, x2,u), for k =1, 2, designates a vectorfield which
is a polynomial of degree greater or equal to two.
Now, consider the feedback given by

u(xy, x2) = k(x1) + Kzxa, 2.4)

with x a smooth function and K = [k3 | - kon—rl

Because (Aj, B) is controllable, the eigenvalues in the
closed-loop system associated with the equation of x, can be
placed at arbitrary points in the complex plane by selecting the
appropriate values for K;. If one of these controllable eigen-
values is placed outside the unit disk, the closed-loop system
is unstable around the origin. Therefore, we assume that K>
has the following property.

Property 2. The eigenvalues of the matrix A, = A> + B2 K>
are strictly inside the unit disk.

Let us denote by % the feedback (2.4) with the property 2.
The closed loop system (2.3)—(2.4) given by

X = A+ fi(xn, x2, k(x1) 4+ Kaxo),
x) = Ayxy + Br(Kaxa + k(x1))
+ fo(x1, x2, k(x1) + Kax2) (2.5

possesses r eigenvalues on the unit circle, and n —r eigenvalues
strictly inside the unit disk. Thus, a center manifold exists [33].
It is represented locally around the origin as

W ={(x1,x2) € R" x R"™" | x = n(xy),
|x1] <6, n(0) =0} (2.6)

for sufficiently small positive real number 6. This means that
n and x satisfy the nonlinear functional equation [33]

Aym(x1) + Bar(x1) + falxy, m(x1), k(x1) + Kom(x1))

=n(Ar1x1 + fi (e, m(xy), k(x1) + Kam(x))). (2.7)

The center manifold theorem ensures that this equation has a
local solution for any smooth x(x). The reduced dynamics of
the closed loop system (2.3)—(2.4) on the center manifold is
given by

x = filxrs w), (2.8)

where f1(x1; K) = A1x1 + fi(x1, n(x1), k(x1) + Kom(x1)). Ac-
cording to the center manifold theorem, we know that if the
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dynamics (2.8) is locally asymptotically stable then the closed
loop system (2.3)—(2.4) is locally asymptotically stable.

The part of the feedback # given by x(x{) determines the
controlled center manifold x, = 7(x) which in turn determines
the dynamics (2.8). Hence the problem of stabilization of the
system (2.3) reduces the problem to stabilizing the system (2.8)
after solving Eq. (2.7), i.e. finding x(x1) such that the origin of
the dynamics (2.8) is asymptotically stable. Thus we can view
x(x1) as an input for the controlled dynamics (2.8).

But since solving Eq. (2.7) is difficult, usually we do not
need to solve it exactly, and frequently it suffices to compute
the low degree terms of the Taylor series expansion of 7 and x
around x; = 0.

Because « starts with linear terms

K(x1) = Kixp 4+ 1) + - (2.9
7 starts with linear terms

n(x) =atx + 7P+ (2.10)
Eq. (2.7) implies that

Ayn Bk =nllAy, (2.11)

and
Ao (xy) + Bo ) + fF oy nlxy, Ky + Korl'xy)

= n2(Apxy) + ! FP G, nllxy, Ky + Kort'x),

(2.12)
and so on.
The degree k equations are
A (x)) + Bo®(xp) + f[zk] (x1)
= G + F ) + 7 A, (2.13)

Where fitx1) = fi(x1, m(xy), w(x1) + Kom(x1)), and {(x1) =
7I[11(1‘11)61 + fitx)).
For any x(x;), these linear equations are solvable for
¥l (x) because the eigenvalues of Az do not coincide with
the elgenvalues of Aj. Note that f (xl) only depends on
), ..., 7= (x) and 1](x1),...,1<[/ Hxy).
For 1 <i<n —r — 1, the ith row of these equations is

ol = 2 + e - e

+ 3wl A% (. (2.14)
j=1
The (n — r)th row is
)My =l (A + 80,0 = A3 )
+ Z T — r](xl)f[kj (x1) — Z th Ik J(xl)
i=1
(2.15)

Note that nEk] (x1) determines n[zk] x1), ..., nLk] (x1) and
™ (x1). Therefore we may change our point of view. Instead
of viewing (k] (x1) as determining 7; ](xl) ny‘] (x1), we
can view ](xl) as determining n[k](xl),...,ny(](xl) and
k81(x1). In other words, instead of viewing the feedback as
determining the center manifold, we can view the first coordi-
nate function of the center manifold as determining the other
coordinate functions and the feedback. Alternatively we can
view 71 as a pseudo control and write the dynamics as

xF = A+ fi(xr; ). (2.16)
Definition 2.1. The controlled center dynamics of the system
2 subject to the feedback .7 is the control system (2.16) given
by the reduction of the system (2.5) on the center manifold
(2.6) where the first component of the center manifold plays
the role of the input.

2.1. Linear center manifold

In this section, we give an explicit solution to Eq. (2.11)
defining the linear part of the center manifold. Suppose the
entries in K are k1, k2.2, ..., k2 ,—r. Then the characteristic
polynomial, p(4), of the matrix Ay + By K> is defined by

p(A) = det(Al(—ryx (n—r) — A2 — B2K>)

=" kg AT - ko d — k. (2.17)
The linear part of the feedback (2.4) is given by
u(xy, x2) = Kix; + Kyxo. (2.18)

From (2.10), the linear part of the center manifold is given by

1]

W) =allx

and (2.11) is equivalent to the following system of equations:

Al Al

il =l 4,
and
0= nLlerl - K1 — kz,lﬂgl] - kz,nfr”;[zllr,
where nl[l] is the ith row vector in wt!!. Therefore,
”[2] = n[l]Al,
”[3 = ailaz,

nhl] —TCII]A” r—1



588 B. Hamzi et al. / Systems & Control Letters 55 (2006) 585596

and

n—r
0= —Ki+mA7" =3 ko mAT!

n—r
— K| + Tc[l] (A’fr - Z kzyiAill> .
i=1

The last equation has the form of the characteristic polynomial
defined by (2.17).

To summarize, the linear part of the center manifold is de-
fined by the following equations:

1 _
ﬂ]=Kmmn‘,

[1] Al 1

fori=2,...,n—r. (2.19)

The matrix p(A) is always invertible. Indeed, since the eigen-
values of p(A1) equal the values of p(4) evaluated at the eigen-
values of A, and since Ay = Ay + By K5 has all its eigenval-
ues strictly inside the unit disk, the roots of the characteristic
polynomial (2.17) are all strictly inside the unit disk. Since the
eigenvalues of A are all on the unit circle, and they are differ-
ent from the roots of p(4), we deduce that p(A;) has no zero
eigenvalue. Thus, the matrix p(Aj) is invertible.

Theorem 2.1. Given the feedback 7
given by

, the center manifold is

xo = x4 0G})

with the components of n''! uniquely determined by (2.19).

Now, consider the following change of coordinates

fri=xo; —nATy, i=1, -1 (2.20)
then,
)E;"i =Xy 41 fori=1,....,n—r,

x2nr Zk2tx21

Hence the coefficient K| has been removed from the x;-part
of the dynamics (2.3)—(2.18) by a change of coordinates. With
K; =0, we deduce from (2.19) that 7l!! = 0. So, in the new
coordinates system, the linear terms of the center manifold are
null.

Proposition 2.1. Given any feedback (2.18) satisfying Prop-
erty 2, and the change of coordinates (2.20), then the center
manifold is given by

% =0(x}). (2.21)
2.2. Quadpratic approximation of the center manifold

In this section, we derive the quadratic approximation of the
center manifold. Under the linear change of coordinates (2.20),

the closed-loop system (2.5) is transformed into the following
system

xf = A+ 200, 8 4 7y, /P (x0) 4+ O, 52)°,
)E;r = Ay (% + nlx)) — 2t A x;
+ By(K1x1 + Koo + Kont'hxy + k8 (x1))
+ fzm(xl % 4 wllxy, u ey, % + ltlxy))
n[l]fl[z] (x1, %2 + 7Mxp, u(xy, % + 7llx)))
+O(x1, %2)°.

Define a quadratic vector field f [22] (x1, X2) by

@ ) = 2, f + allxy, Kixg + Kod + Konxg)

“]f1[2](x1,f2 + nlllxy, Kix

+ Kok + Kanlllx)). (2.22)
Then from (2.20) and (2.22), Eq. (2.3) is equivalent to
x?’ =Ax + flm(xl,iz + 7lxy, u(xy, %2 4+ 7lxy))
+0(x1, 2)°,
X1 = Asfr + Ba(Kaza + k1 (xy, %2 + nlllx))
+ P, F2) + Oy, %), (2.23)

In the (x1, x») coordinates, the center manifold has the form
(2.21). It satisfies the center manifold equation

Ay (1) + Ba? (x) + 51, 0) = 22 (A ).
This equation can be written as

a2 en) = 1 (A — 751, 0)

fori=1,....,n—r—1, (2.24)

o) + 12 () —n

ZkZZ

(Alxl) — fan—r(x1,0).

(2.25)
Solving these equations, we obtain
m (o) =77l (A )
i—1 o
-3 f[zz]j(Alff*‘xl, 0) fori=2,....n—r,

J=1
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n—r
2 — 2 i—
A AT ) = ) k(AT )

i=1

)+ Y P A0
j=1

n—r i—1

=3 ki FE AT T 0,

i=2 j=1

(2.26)

If we adopt the matrix notation
) = X1 Qixi,
m(xl, 0) =x, TR, i X1,
(2.27)

K(x1) = x| Lx1,

where Q;, R and L are symmetric r X r matrices, and by defining
& as the operator given by

S, (0)

for all symmetric r x r matrices Q. Then, we can write (2.26) as

=AT0A, (2.28)

Qi =4 1<Q1>—Z (Ri—j-1)

fori=2,...,n—r,

n—r
=L+ Z S (R))

j=1

P(Sa,) Q1

n—ri—1

_ZZth l ] 1 ])'

i=2 j=1

(2.29)

To summarize, Eqgs. (2.29) imply the following result on
quadratic center manifold.

Theorem 2.2. If
xy =7y + 7 (x) + 0(x1)’?

is the center manifold of (2.3), then ©?1(x) is uniquely deter-
mined by the following equations:

nlm(xl):xlTQixl fori=1,2,....n—r

where
n—r .
O1=pa) | L+ L (R
j=1
n—ri—1 .
=22 kiy TR
i=2 j=1
i—1
0i=7100) =Y L Ri_j_) fori=2,....n—r,

j=1

in which ¥, is the operator defined by (2.28); R; is from the
quadratic dynamics and it is defined by (2.27) and (2.22); L is
from the quadratic feedback and it is defined by (2.27); and p
is the characteristic polynomial of Ay given in (2.17).

Similar to the derivation of the linear part of the center mani-
fold, the operator p(#,,) is always invertible. The set of eigen-
values of the operator %y, is {4;4; : fori, j=1,...,r} with
Ao, £=1, ..., r, being the eigenvalues of Aj. Therefore, |4;|=1
implies that all the eigenvalues of /4, have a modulus equal
to one. Since A, has all its eigenvalues strictly inside the unit
disk, all the roots of p(Z1) has modulus strictly less than one.
They do not coincide with the eigenvalues of %,. Thus the
eigenvalues of p(¥,) given by p(4;2;), i,j=1,...,r, are
nonzero. We deduce that the operator p(¥y,), from R™" to
R"*", is invertible.

There are some special cases in which the center manifold
is simpler. For instance, if (2.23) is in quadratic normal form
(see [10,26]), then f[22] is independent of xi. In this case,

f_ [22] (x1,0) = 0. Therefore, R; = 0. Under the feedback
u=Koxpy+ xlTLxl

the center manifold of (2.23) is

xp =m?(x),

where

ﬂl[z] (x1) = x] Qix1,

01=p(Za) (L),

Qi =, (Qn).

Remark.

1. Similarly to the procedure above, we can explicit the kth
order part of the center manifold by using the change of
variable ¥, =x, — nllx —2’53 7 (x1), with k > 3. More-
over, we can show that the mapping relating the kth or-
der part of the feedback and the kth order of the center
manifold is a bijection provided p(4;, ---4;) # 0, with
ity...,ik=1,...,rand A¢, =1, ..., r, being the eigenval-
ues of A;. This condition is satisfied since the eigenvalues
of A; and A, do not coincide as above.

2. As in the center manifold theorem for dynamical systems, it
will not be necessary to find the kth order approximation of
the controlled center dynamics for any k € N. We will use
the lowest degree of approximation of the center manifold
(2.11) and the feedback (2.9) that allows to prove asymp-
totic stability of the controlled center dynamics. In fact, the
procedure is very similar to the one used in the center man-
ifold theorem, we start by degree k = 1 and if we are able
to find K; in (2.9) such that the controlled center dynam-
ics is asymptotically stable then we deduce an asymptoti-
cally stabilizing controlled for X from the expression of
the feedback .7 . If we are not able to find such a K using
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an approximation of degree k = 1, then we use an approxi-
mation of degree 2 and try to findx!?! (x) for which we have
asymptotic stability of the controlled center dynamics and
SO on.

3. We note that it is not necessary to use the normal forms in
order to find the controlled center dynamics, but their use
simplify finding explicit solutions to the equations defining
the controlled center dynamics.

4. As pointed out to the authors by a reviewer, there are simi-
larities in the algebra between our technique and the one in
[7]. In [7], a term by term approach was used to compute
the approximated center manifold solutions in order to deal
with the problem of output regulation.

3. Stabilization of systems with transcontrollable
bifurcation

In this section, we use the preceding results to stabilize sys-
tems with a transcontrollable bifurcation, i.e. those where A1=1
in (2.3).

From [10,26], we know that there exist a quadratic change
of coordinates and a feedback bringing the system (2.3) to a
quadratic normal form

n—r+1
o =21+ Ba +rziza + Y 8iz5 + 0, 22, v)°,

i=1

23 = Axza + Bov 4+ 0(21, 22, )7, (3.30)

with z2 ,4+1 = v, and f3, y, 01, . .., O,—, are real numbers. Sup-

pose we use the linear feedback
v=Kjz1 + Kzz»

and assume that the linear part of the center manifold is given
by

(1]

7 =771, (3.31)

Since A| =1, we deduce from (2.19) that

nl[llzn[ll], i=2,...,n—r,

K| = —K217'E[11] (3.32)

SO n[zll, el 7r£1], K1 depend on

First, suppose that we use the piecewise linear feedback

[1]
1

v=Kiz1 + K220, (3.33)
with

ki, z>0,
K| = {N

kl, z<0.

Proposition 3.1. The closed-loop system (3.30)—(3.33) pos-
sesses a piecewise smooth center manifold.

Proof. The linear part of the dynamics (3.30)—(3.33) is
given by

Zf =214+ 0@, )%

z; = ByK 21 + Arzo + O(z1, 22)2. (3.34)

Let ZEI (resp. Z;l) be the system (3.34) when K| =k (resp.
K= ;1) for all z7. Since the system Z;] (resp. Z;l) is smooth,
and possesses one eigenvalue on the unit circle and n — 1 eigen-
values strictly inside the unit disk; then, from the center mani-
fold theorem, in a neighborhood of the origin, 27 (resp. 27,)

has a center manifold W¢ (resp. W").

For Z;l , the center manifold is represented by z2 = 7(z1),
for z; sufficiently small. The ith component of the linear part
of the center manifold, z2; = ﬁlmzl, fori=1,...,n—11is
given by (3.32) with K| = k;.

Similarly for 27 , the center manifold is represented by zo =
[1

7(z1), and its linear part z5; = 7; ]zl, fori=1,....,n—11is
given by (3.32) with K1 =k;.

The center manifolds W¢ and W¢ intersect along the line
z1 = 0. Hence, if we slice them along the line z; = 0 agd
then glue the part of W€ for which z; > 0 with the part of W¢
for which z; <0, along this line, we deduce that in an open
neighborhood of the origin, &, the piecewise smooth system
(3.34) has a piecewise smooth center manifold W,. The linear
part of the center manifold W, is represented by z» = nl!lz;.
The ith component of z», z2;, is given by z2; = n“]zl, with

i
A= Ki/p(D), for 1<i<n—1. O

Using (3.31), (3.32), and (3.33) we deduce that the controlled
center dynamics is given by

n—r
d=a+ Bz? + yz1 - n[ll]zl + Z 0; (71[11]11)2 +0(z3),

i=1

(3.35)

with 7l 1=z '=—k, /Ko, when z >0, and 7l ' =7l =—k; / ko
when z < 0. Now, let &(X) =+ yX + > /_, 6; X, then the
controlled center dynamics (3.35) can be written as

g+ 2@ N2 +0@E), 72120,
o= (3.36)

21+ oGEMN2 +0ED), 71 <0.

From [10,26], we know that in order to have a trancontrollable
bifurcation, the condition y* — 4 > i1 6i >0 has to be satis-
fied. Thus, the polynomial @(X) changes its sign. So, it is pos-
sible to find 7' and 7' such that &7 = @G = — @y,
for some @y > 0. Thus the controlled center dynamics can be
written as

ZF =21 — @ozilzi| + Oz)). (3.37)
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If we choose ®( > 0, the origin of this dynamics is asymp-
totically stable. Thus, using a similar approach! to the one in
B.2, we deduce that the closed-loop system (3.30)—(3.33) is
asymptotically stable. Hence, the controller (3.33) asymptoti-
cally stabilizes the system (3.30).

Remark. Let us note here that we cannot apply the center
manifold theorem to this case in order to deduce that the
full order dynamics is asymptotically stable, since the center
manifold theorem applies only to the case where the center
manifold is smooth, and in our case the center manifold is
piecewise smooth. This is why we have to use a similar argu-
ment to the one in Appendix B.2 where a Lyapunov function
is used to prove that when the reduced order dynamics on
a piecewise smooth center manifold is locally asymptoti-
cally/practically stable then the full order dynamics is locally
asymptotically/practically stable.

Now, let us consider the case of a quadratic feedback

v=Kiz1 + Kazo + kP (z1) (3.38)

in order to asymptotically stabilize the system (3.30).

Since 7> — 48 Y°1_, 8; >0, there are two choices of 7
such that d)(ngl]) = 0. After such a choice, the stability of the
controlled center dynamics depends on cubic terms.

Let us consider quadratic and cubic change of state coordi-
nates and invertible quadratic and cubic feedback

[1]
1

x=z+ T @) +1B(2),
u=v+ oz, v)+ oz, v)

to bring the system from linear normal form to quadratic and
cubic normal form (see [26]),

n—r+1
+ 2 2 | 753,52
7 =21+ Pz +yz1z21 + E 0iz5; + Pzy + yzi221

i=1

n—r+1 n—r+1

n—r+1
3i2122 122122201
+ i2125; + €ij22122j22i
i=1 i=1 =i

+0(z1, 22, V)%,

23 = Axza + Bov 4+ 0(z1, 22, v)%, (3.39)

with , 7, B, 9, 8, 0, &j (fori=1,...,n—r+1, j=i,...,n—
r + 1) are real numbers. Because z; is linearly stabilizable,
the quadratic and cubic terms will not affect the local stability
properties of the z>-dynamics.

1 'We consider the Lyapunov function V(z1) = z%, then, from (3.36), we
have
—[1
. 20@'hz3 + 06, 21 >0,
AV=V(E]) - V()=
20@ 3 +oih, 4 <o,

and the proof follows the same steps as in the case A= —1 in Appendix B.2.

The procedure to choose the parameters of the feedback
(3.38) is as follows: from Property 2, we know that K, =
[k2.1 --- ko,—r]is such that the eigenvalues of A+ B2 K> are
strictly inside the unit disk. Moreover, we choose 77:[11] so the
quadratic part of the controlled center dynamics is zero, then
we deduce K from (3.32). For the quadratic part of (3.38), we
can choose nEZ] (z1) = cz% arbitrarily, and the controlled center

dynamics is

F =21+ 023 +0@G)),

with
n—r n—r
o= (y +2 Z 5in[ll]> c+ B + ?n&l] + Z d; (7'5[11])2
i=1 i=1
n—r n—r
+ Z Z éi,-(nﬁ”f’-

i=1 j=i

There were two possible choices of 77:[11] that canceled

the quadratic part of controlled center dynamics. Since
v2 — 4p Y i_,0i >0, there is at least one such n[ll] so that
y+2 erill d; n[l” #0.

By choosing ¢ so that o <0, the origin of controlled center
dynamics will be locally asymptotically stable. Thus, we de-
duce that the origin of the closed loop system (3.30)—(3.38) is
locally asymptotically stable by applying the center manifold
theorem.

We can summarize the results of this section in the following
theorem.

Theorem 3.1. Consider the system (3.30) with 7> — 4p
Z;Zl 0; > 0. Then, the feedbacks (3.33) and (3.38) locally

asymptotically stabilize the system around the origin.

4. Stabilization of systems with a fold or period doubling
control bifurcation

In this section, we use the preceding results to stabilize sys-
tems with a fold or period doubling control bifurcation i.e.
those where the system (2.3) has a single uncontrollable mode
/A € R, such that, |4] > 1 or A = —1, respectively.

When there is only one uncontrollable mode ¢ {0, 1} in
(2.3), we know, from [10,18,26], that there exist a cubic change
of coordinates and a feedback bringing the system to its cubic
normal form

n—r+1 n—r+1
2 =2 < 2
zT =J71 + YZ1221 + E 5[12,~ +yz1z221 + E 5[21225

i=1 i=1

n—r+1 n—r+1

. 4

+ Z Z &ijz2122j22i +O(z1, 22, V)7,
=1 j=i

73 = Arzo + Bov + 0(z1, 22, v)%, (4.40)

with z2 —r+1=v, and f3, 7, [_3, 7, 0i, o, gj (fori=1,...,n—r+
1, j=i,...,n—r+4+1) are real numbers. We know also that this



592 B. Hamzi et al. / Systems & Control Letters 55 (2006) 585596

system exhibits a control bifurcation provided the transversality
condition 7 = Z;:f“ (14 2718; # 0 is satisfied [26]. Let

7=

Theorem 4.1. Consider the system (4.40). If y7 7 # 0, then
the piecewise linear feedback (3.33) practically stabilizes the
system (4.40) around the origin when A>1 or A< — 1. The
feedback asymptotically stabilizes the system around the origin
when A= —1.

The procedure to choose the parameters of the feedback
(3.33), k1 and ky, is as follows: let n(X) = X (y + %X) with
X € R, and let

k
= _ !

4 ky
1 - .
p(sign(4))

- 4.41
b p(sign(2) 4

with p the characteristic polynomial of A,. Since it is always
possible to choose k; and k| such that n(ﬁ[lu) = —17(%[11]) =1
then we will choose K such that 1, >0 when A>1, 5y <0
when [4| <1 or 4/ = —1. Moreover, K, is chosen such that
Az + By K> has all its eigenvalues strictly inside the unit disc.

Proof. The linear part of the closed-loop dynamics (4.40)—(3.33)
can be written as

ZF =Jz1 + 021, 22)%,

23 = Ayza + 01, 22)% (4.42)

Let us write 4 as 2=(14-¢) sign(1), with ¢ is a slightly positive
number. If we consider ¢ as an extra state whose equation is
et =¢, the term ¢z; will be considered of order two. Then, the
dynamics (4.42) can be written as

E =8,
zf =sign(A)z1 +O(z1, 22, &)%,

75 = Axza + O(z1, 22)°. (4.43)

Using the same kind of arguments as in Proposition 3.1,
we can show that for the closed loop system (4.40)—(3.33), a
piecewise smooth center manifold exists. It is defined by z, =
n(e, z1). Since there is no linear term in ¢ in the z1-subdynamics
of the system (4.43), the linear part of the center manifold can
be written as

7o =nlllzy.

The components of nl!! are given by (2.19), with

1 0
Lo )
0 sign(4)

for the dynamics in the (¢, z1, z2) space. Thus, the controlled
center dynamics is

Jzi + @2+ 0@, 7120,
7 = (4.44)

Jzr @2+ 0@, 71 <o.

Since y # 0 and 7 # 0, by the assumption in the theorem,
there are two distinct solutions for the equation 17(71[11]) =0,
hence n(n[lll) changes its sign. So we can choose ﬁgl] and %EI]
such that n(ﬁ[ll]) = —17(75[11]) = —1np, with ny >0 if 2> 1, and
1o < 01if 4 < 1. In this case, the controlled center dynamics will

have the form

2 =Jz1 = nplzilz1 + 0@, (4.45)

which is the normal form of the supercritical “bird foot bifur-
cation for maps” (see Appendix A).

For A such that /1 ¢ {0, 1}, and in a sufficiently small neigh-
borhood of the origin (in the case, for example, where we
choose 7 sufficiently large or A sufficiently close to one)
three equilibrium points exist: the origin and z* = (1 — 1) /1,
7 = —(A —1)/ng = —z*. The origin is unstable for 1> 1 or
A< —1, and the two other equilibrium points are stable. Thus,
the solution converges to z* or z**. Hence, by making z* suffi-
ciently close to the origin, i.e. by choosing 7, sufficiently large,
we shall have practical stability for the origin of the controlled
center dynamics. Using a similar methodology to the one in
[17], we can show that this implies practical stability of the
origin of the system (4.40) (see Appendix B.2).

When A = —1, the controlled center dynamics (4.45)
reduces to

ZF = —z1 = nolzilzr + 0.
If we use the Lyapunov function V(z;) = z%, then
AV =V (zh) = V(2) = 2nplz1lz] + O().

Hence choosing 7y <0, permits to ensure that the origin is
asymptotically stable. [

Now let us consider the quadratic feedback
v=Kizi + Kazo + 117 (z)) (4.46)

instead of the feedback (3.33). The coefficient K» is such that
the eigenvalues of A 4 B, K> are all strictly inside the unit disk.

Theorem 4.2. Consider the system (4.40). If vy # 0, then the
feedback (4.46) with K1 = 0 practically stabilizes the system
(4.40) around the origin when ). > 1 or .. <—1. It asymptotically
stabilizes the system around the origin when ). = —1.2

Proof. Adopting the same approach as precedently we show
the existence of a center manifold in the (g, z;) plane. The
feedback (4.46) shapes the linear and quadratic parts of the
approximation of the center manifold

zn=nllz + 7r[2](11),

2 One should note that, similarly to the period-doubling bifurcation for
dynamical systems, the period-doubling control bifurcation for one dimen-
sional systems appears only in the case of discrete-time systems: there is
no period-doubling (control) bifurcation for one dimensional continuous-time
(controlled) dynamical systems. To control systems where the bifurcation is
due to the parameter different techniques have been used, see for example
[3,31,32]. It is important to note that in our work the bifurcation is due to
the control and not to the parameter.
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which in turn shape the quadratic and cubic parts of the con-
trolled center dynamics given by

zf =z + (il + 0.

Since the equation n(X) = 0 admits zero as a solution, we

can choose the solution 71[11] = 0, which gives K| = 0 from

(3.32). Then, by choosing n?] (z1) = cz% arbitrarily, we deduce
that the controlled center dynamics is given by

2 =Jz1 +yez] + O@Y). (4.47)

Since || > 1, the origin is unstable. If we choose ¢ such that
(I = A)yc >0, the two equilibrium points z* = /(1 — 1)/yc
and 2** = —./(1 — 1)/yc, when they exist,” are stable. The
controlled center dynamics (4.47) has the form of a system
with a supercritical pitchfork bifurcation. Since the solution
converges to one of the equilibrium points Z* or z**, the origin
of the controlled center dynamics can be made practically stable
by having the equilibrium points z*and z** sufficiently close to
the origin. We can show that this implies practical stability of
the origin of the system (4.40) (by adopting the same approach
as in Appendix B).

When A= —1, the controlled center dynamics (4.47) reduces
to

sz =-z1+ “/cz? + O(z‘ll).

We see that choosing ¢ such that yc > 0 permits to ensure that
the origin is asymptotically stable. [J

The piecewise linear feedback (3.33) is more robust than the
quadratic feedback (4.46). Indeed, using the quadratic feed-
back (4.46) requires finding the exact of 7!l of the equation
17(71[11]) = (Zle 5,’)(7‘5[11])2 + yn[ll] + p=0. If there exists a small
uncertainty on the invariants y and ¢; (withi =1,...,r + 1),
the quadratic terms generated by the uncertainty in the con-
trolled center dynamics (4.47) will be a source of instability of
the system. Using the piecewise linear feedback (3.33) does not
necessitate the exact solutions of the equation n(n[ll]) =0, as
we just have to find ﬁgl] and %[11] such that n(ﬁ[ll])n('ﬁ[lu) <0.
Thus the piecewise linear feedback is more robust.

Appendix A. The birdfoot bifurcation for maps

In this section, we analyze the discrete-time version of
the “bird foot bifurcation” (see [24] for a treatment of the
continuous-time case).

3 In order for the two equilibria to exist, 1 — 4 has to be sufficiently
small, i.e. 4 has to be in a small neighborhood of one in order to be able to
choose ¢ such that (1 — 4)yc > 0. The size of that neighborhood, around one,
in which Z lies, and for which the two equilibria Z* and z** exist, depends

on the value of ¢ as well as on the terms in O(z4) in Eq. (4.47).

Consider a dynamical system

xt=px — NoXx|x| + O(x3), (A.48)

with x € R, u € R a parameter, and n, € R\{0} a constant.
The fixed points of the system are the solutions of the equation

(1 = ) +nolxPx = 0.

Provided u sufficiently close to one or 7 sufficiently large, and
that (u— 1)ny > 0, the dynamical system has three fixed points:
the origin, x* = (t — 1)/1ny, and x™* = —(u — 1) /ny = —x*. If
u =1, the dynamical system has the origin as the only fixed
point.

Let us consider the Lyapunov function V (x) = x?2, then

AV =V(xH) — V(x) = (1 — Dx? = 2noulx|x? + O(x*).

If |u| < 1, then AV < 0 and the origin is an asymptotically stable
equilibrium point. If |u| > 1, then AV > 0 and the origin is an
unstable equilibrium point.

When 7, > 0 (resp. 1y <0), the equilibrium points x* and
x** appear when u > 1 (resp. u < 1). For u sufficiently close to
one, the equilibrium points x* and x** are unstable when the
origin is asymptotically stable, and are asymptotically stable
when the origin is unstable. As for the pitchfork bifurcation, we
have an exchange of the stability properties, at u = 1, between
the origin and the two equilibrium points x* and x™*. If u=1,
the origin is the only equilibrium point. It is asymptotically
stable when 7, > 0, and unstable when 7, < 0.

When 7, >0, we shall call the bifurcation a supercritical
birdfoot bifurcation. When 1, < 0, we shall call the bifurcation
subcritical birdfoot bifurcation.

When 74 >0 (resp. 1y <0), and x> 1 is sufficiently large,
the three fixed points become unstable (resp. stable), and stable
(resp. unstable) cycles appear (see [9,28]).

One of the properties of the birdfoot bifurcation is that a
system with a birdfoot bifurcation is robust to small quadratic
perturbations. Indeed, a system in a normal form (A.48) exhibits
a birdfoot bifurcation if we perturb it by a small quadratic term
vx?; while the same perturbation will make a system with a
pitchfork bifurcation exhibit a transcritical bifurcation.

Appendix B

B.1. Preliminaries

Let us first review the definition of class 4, A4~ and AL
functions.

Definition B.1 (Khalil [23, Definitions 3.3, 3.4]).

e A continuous function o : [0, a) — [0, c0) is said to belong
to class " if it is strictly increasing and (0) = 0. It is said
to belong to class A« if a = 00 and lim,_, (1) = o0.

e A continuous function f§ : [0, a) x [0, c0) — [0, c0) is said
to belong to class #% if, for each fixed s, the mapping
p(r, s) belongs to class " with respect to r; and, for each



594 B. Hamzi et al. / Systems & Control Letters 55 (2006) 585596

fixed r, the mapping f(r, s) is decreasing with respect to s
and lim,_, » f(r, s) = 0.

Now, consider the dynamical system
xT = f(),

with f : 2 — R" a continuous function such that f(0) =0.

(B.49)

Definition B.2. Let 2 C R”" be an open set, and let V be a
function V : 2 — RT, such that V is smooth on &, and

x € 7= o(lx(®)) <V ) <oz(lx &), (B.50)

with o) and o class % functions. Then, V is a Lyapunov
function if there exists a class 2" function o3 such that

AV(X) =V(f(x) — V)< —as(x]) forx € 2. (B.S1)

Let Eg be the closed ball, around the origin, of radius e.

Definition B.3 (¢-Practical stability). The origin of the dynam-
ical system x* = f(x), with f(0) =0, is said to be locally
e-practically stable, if there exists an open set & containing the
closed ball By, a class #.# function { and a positive constant
0, such that for any initial condition x(0) with ||x(0)| < o, the
solution x (k) of (B.49) exists and satisfies

dg, (x(k)) <{(dg (x(0)), k),

with dgg (x(k)) = inf pegsd(x(k), p), the usual point to set
distance.

Vk € N, (B.52)

B.2. Proof of the practical stability of the whole closed-loop
dynamics

Consider the Lyapunov function V(z1) = z%, and let 2
— (22 =1)/2 @) and e22 — (42— 1)/2 2n(@). Then, from
(4.44), we have

AV =V - V)

2@ @ —en + 0, 2120, 55
2@ N @1 — ez} +0E, 21 <0,

e Practical stability for 2> 1 or A< — 1.

1] (1]

and 7, such that n(ﬁgl]) <0 and
11(?5[11]) >0, we get ¢ >0 and & <0. This choice is always
possible since the equation #(X) = 0 admits two solutions
X*=0and X* = —(y/) # 0 (by the assumption in Theorem
4.1); so, n takes both positive and negative values. In this case,
AV <0 for z1 >¢; and z; <&, and AV =0 for z; = ¢ or
71 = ¢&2.

In the following, and without loss of generality, we choose

ﬁgl] and ﬁg” such that n(ﬁgl]) = —11(%51]), s0 &) = —&r2¢, with

By choosing® ﬁE

4 This choice will give us the parameters ki and ;1 of the feedback
(2.18) using Eq. (4.41).

0<e<r, and r is the radius of B,, the largest closed ball con-
tained in the largest open neighborhood of the origin for which
a center manifold exist for the system (4.40)—(3.33).

Let Q; and €, be two sets defined by Q1 = (¢, +r] and
Q) =[—r,—¢). If 21(0) € Q1 U, then AV <0 on Q1 U Q5.
From (B.50), (B.51), we have
AV < —a3(llzi ) < — o305 (V). (B.54)
Since oy and o3 are a class " functions, then o3 (o, 1) is also
a class " function. Hence, using the comparison principle in
[20, lemma 4.3] (this work is the discrete-time version of a
result in [27]), there exists a class % function 7" such that
V(z1(k)) ST (V(21(0), k)). (B.55)

The sets Q 1 =10, ¢] and 52 = [—¢, 0] have the property that
when a solution enters either set, it remains in it. This is due to
the fact that AV is negative definite on the boundary of these
two sets. For the same reason, if z1 (0) € Q; (resp. z1 (0) € Q»),
then z; (k) € Q; (resp. z1 (k) € Q;), for k € N.

Let k. be the first time such that the solution enters 51 U
Q, = B,. Using (B.50) and (B.55), we get that for 0 <k <k,

e<llz1 (k)| <o ' (V (21 (k) <oy (T (V(21(0), K)))
£0(21(0), k).

The function { is a class 4% function, since «; is a class 4~
function and 7" a class 4% function. Since ¢ is a class AL
function, then k, 1§ finite. Hence, z;(k) € Q[ U 2y, for k> k,.

Thus, for z; € B,, the solution satisfies
dg, (z1(k)) <{(dp (21(0)), k). (B.56)
So, in B, the origin is locally e-practically stable.

In order to prove the stability of the whole closed-loop
dynamics we adapt, to the present problem, the proof in [23,
Theorem 4.2], where the author proved the center manifold the-

orem for continuous-time systems using a Lyapunov argument.
The closed-loop dynamics (4.40)—(3.33) can be written as

n—1
=l + Bz3 + yz122.1 + Z 51’2%’[- +0(z1, 22)°,

i=1

n—1 n—1

7 = ByKiz +A212+Z Z Q{Z%’jeé—i-o(m,zz);
i=1 j=i+2

(B.57)

Let w; =z1, wp =20 — n(z1), and w = (wy, wz)T. Then, the
dynamics (B.57) is given by

wi = w4+ Y(wy, 7 (w)) + A1 (wr, wa).

wy = Aywz + A2 (wr, wa),
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with
Ni(wy, wa), w0,
Wi(wl,wz)Z{N fori =1,2,
Ni(wy, wz), wy <0,
and
ni(wy), wp=0
i (wy) = { B
ni(wy), wp<O0.

The functions ¥ and ./ are such that ¥(w, n(w;)) = O(wlz)
as w; — 0, A7 (w1,0) =0, and (0.47; /Ow2)(0, 0) = 0.

Since A" (wy,0) =0 and (0.47;/0w7)(0,0) =0 (i =1, 2),
then in a domain ||w|| <o, 471 and A", satisfy
Ni(wr, w) <xillwall, i=1,2,
where k1 and xp can be arbitrarily small by making ¢ suffi-
ciently small.

Since Aj has all its eigenvalues strictly inside the unit disk,

there exists a unique P such that AgP + PAy=—1.Let 7 be
the following composite Lyapunov function

Y (wy, wr) =w12 +,/wng2.

Then A7 is given by

AV (wi, wp) =7 (w, w)) — ¥ (wi, wa)

= (w?‘)2 — w% + \/(w;)TPw; — \/wngz.
For wy € Q1 U ,, and using (B.54), we obtain
(wH? — wi
= AVi + AT, w) + 22 (wy, m(wr))w)
+ 24 1 (wr, w)wy + P(wy, m(w) A (wr, wa),
< — a3l ) + A3 (wi, w) + 22% (wy, T(wy))wa
+ 2441 (w1, w)wy + P(wy, w(w) A1 (wy, wa),

< = a3(lwi ) + 22k [willlwa |l + [OGw1, w2)?|.

Using the fact that Amin(P)llw2l?><w) Pwi<imax(P)
w2 %, we obtain

\/(w;)TPw; — \/wngz
<V max (AT P A2) + 2imax (AT PYicy + dma(PYI3

X lwa [l = v/ Zmin (P) w2l

Hence

AV (wy, wy)

< —o(fJwil) + (21K1V

(AT P A2) + Lanax (AT PYics + man (P13

-V /lmin(P)) ||U)2||,

with v = Max(y,:w; QU Wil
By choosing x1 and 3 such that

24KV + \//lmax(AgPAZ) + zflmax(AgP)KZ + )vmax(P)K%

— jbmin(P) <0,
we shall have
AV (wy, wy) <O.

Hence, for wy € QU Qy, AV (w1, wy) < 0. So, there exists

a class ¥ function 7 such that
lwE I <T (JwO)]l, k). (B.58)

When w; € Q; UQ,, and by considering w; as an input of the
system

w2+ = Aywy + N2 (wy, wa),

we deduce that || w- || is bounded, since A, has all its eigenvalues
strictly inside the unit disk. Hence, for w; € Q U ;, there
exists & such that

[wk) [ <e. (B.59)
From (B.58)—(B.59) we obtain
dg_ (w(k)) <7(d@z(w(0)), k). (B.60)

So the origin of the whole dynamics is locally &-practically
stable.

e Asymptotic stability for 1 = —1.

In this case &1 = ¢y = 0, and the sets 51 and 52 reduce to
the origin. Hence, the origin of the reduced closed-loop system
is asymptotically stable, since the solution converges to Q; U
Q> = {0}. We deduce that the origin of the whole closed-loop
dynamics is asymptotically stable since A7 (wi, wy) <0 for
wy € Q1UQr=[—r, 0)U(0, r]. When w=0, then wr, — 0 since
the system w;' = Aywy + A5(0, wy) is locally asymptotically
stable because A, has all its eigenvalues inside the unit disk.
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