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We consider the generalized isoperimetric problem stated as follows.

1
|t i ing, )
0
where u(-) : [0,1] - R™ is subject to the additional constraining relations,
ie.,
& u(t),
v = Blzu(t), (2)
z(0) = z,2(1) =3,
vy = gy =3y

withz € R™, y € R", B(z) = {b1(2), ... b (2)).

The points (Z,7), (,5) € R™™" are assumed to be fixed beforehand.
The minimum of (1) is said to be a sub-Riemannian distance between
(Z,9) and (&,§). We address it also as a sub-Riemannian length.

The vector fields B(z) = {bl(z),bg(m),...,bm(x)} are assumed to be
C*-vector-fields such that the Lie algebra generated by

0 [
{;9?] + ;bﬂ(z)a—yi j=1
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has the full rank at any point z € R™. We will call such family of vector
fields controllable and also refer to B(z) as controllable family of vector
fields.

Introduce the matrix

o) = { { by(a) - 5o (2 DI 3)

7,i=1

where j and i enumerate rows and columns, respectively.

Theorem 1 Let B(x) be a controllable family of wector fields. Then for
any (Z,7),(&.9) € R™"™ one can find a sub-Riemannian length minimizer
(z(t),y(t)) which measures the sub-Riemannian distance between (Z,9) and

(Z,9). Moreover, (z(t),y(t)) is a solution of the following boundary value
problem

po - Z = (G(z(t))p)z,
2(0) = z,z(1) = £,
y(0) = 7,5(1) = ¢

where (po.p) € R*™ ™\ 0 is a real vector.

We propose a necessary condition of extremum when B(z) being A-
uniform, i.e., defined as follows.
Tvspacel.2cm

Definition The family of vector fields B(z) is said to be A-uniform if there
exists a linear operator A : R* — R™ such that

g 0 7] g g
Vz € R™.

Theorem 2 Let B(z) be a controllable family of vector fields. Suppose
further that B(z) is A -uniform. Then for any (z,9),(2.9) € R™" one
can find a sub-Riemannian length minimizer (x(t),y(t)) which measures the
sub-Riemannian distance between (Z,9) and (Z,§). Moreover, (z(8),y(t)) is
a solution of the boundary value problem (4), where for (p,p) € RIT" \ O
the following condition holds

po-1E)]* = po - ((2.£(1)) — (z,#(0))) +

1
<(1 + % OTp -y /0 B(% + (z — 2)7)(7 - a‘:)d7'> +
/0 (G(z + (z - )7)p)(z — 2), 2+ (x — Z)7)dr, Yt e [0, 1],
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~of vector
of vector

(3)

Then for
minimizer
(Z,y) and
lary value

being A-

m if there

‘b,‘ (II))

Suppose
ym--n ()n(j
isures the
) y(t)) is
Rl+n \ 0

).

SUMMARY

where G(z)p is defined in (3).
We illustrate the application of Theorems 1, 2 by the analysis of gener-

alized Dido’s problem of the N-th order.
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