PROJECTIVE SPACES

MATH 180, WINTER 2023

The real n-dimensional projective space, RP™ is the quotient of R"™1\ 0 by the equivalence

relation (x1,- -+ ,Zpy1) ~ (Azq, -+, Azpqq) for A € R\ 0. A typical way to represent RP" is
to use homogeneous coordinates as follows:

RP" = {[z1 1 @9 1 -+ : X, Tpia] | (21,20, , T, Tpyr) € R*TEN (0,0,---,0,0)}
where [x1 i To -t Xy Tpya] = [ATy s Az e D ATy, AT ]

(1) Explain how RP" can be thought of as the space of lines in R™™! that pass through
the origin.

(2) Consider an equation of the form ayzy + -+ + a,z, + api12,41 = 0 for coefficients
ai,- -+ ,Qy,ayr1. Show that a point [x; : xe @ -+ : x, @ x,41] satisfies this equation if
and only if [Azy : Axg @ -+ Az, Axy,4q] also satisfies the equation. Conclude that

the set of points
{lxy rwg ooty t ] | a1z + agxe + - -+ + apxy + any1Tn41 = 0}

is a well-defined subset of RP™. Such a subspace is called a projective hyperplane.

Let X1,Y; C RP™ be the subsets
Xy ={[x1: - rxp] |2 =1}

Yi=A{lx1: - :xp41] | 21 =0}

(3) Show that RP™ = X; LUY] (i.e. show that every point in RP" is either in X; or Y}
and not both).

(4) Show that X; is homeomorphic to R™.

(5) Show that Y; is homeomorphic to RP™ "

(6) Prove that RP™ is a manifold of dimension n. (Hint: You gave one coordinate chart
using X; above. To cover the other points, use an analogous set fixing a different
coordinate.)

(7) Think about the specific case where n = 1. Prove that RP' is homeomorphic to the

circle St.
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(8) Now think about the specific case where n = 2. Use the decomposition of RP?
into X; 2 R? and Y; = RP' as above (and the analogous decomposition for RP?),
together with the fact that R"™ is homeomorphic to the open n-dimensional ball, to
find a way to identify this descrption of RP? with the polygonal representation.

a

d

Analogously, using the same equations, just changing real numbers to complex numbers,
we can define the complex n-dimensional projective space CP™ as the quotient of C"*1\ 0
by the equivalence relation (z1,---,2p41) ~ (Az1,-+ , Azpy1) for A € C\ 0. (Here we are
using multiplication of complex numbers. Each z; = z; +iy; and A = p+iv. Az; =

px; — vy; +i(ve; + py;).) CP™ also has homogeneous coordinates:
CP" ={[z1:20: - Zn, Zns1] | (21,22, -, Zn, 2ns1) € C"T1N\ (0,0,---,0,0)}
where [21 0 29 1+t 2 Zngr] = [Nzt Az ot Az s Az

(9) Use the analogous decomposition of CP" into X;UY]. Show that X is homeomorphic
to R?" and Y; is homeomorphic to CP"!.



