SHORT CALCULUS Math 16C Sec 2 Spring 2008
Homework #4 Solutions

Peter Malkin

Section 7.6

Question 2

Let F(xz,y,\) =zy — A2z +y —4).

1
Fp=y-2\=0&\=_y (1)
Fy=z-A=0&8)==2 (2)
Fx=—-Q2c+y—4)=0 (3)

Using equation (1) and (2) gives 1y = # = y = 2z. Putting this into equation (3) gives
20+2x—-4=0=x=4,

soy = 2. Thus, f(z,y) = xy is maximum at the point (1,2), and the maximum value is f(1,2) = 2.

Question 6

Let F(x,y,\) = 2% —y? — Xz — 2y + 6).

Fp=2r—A=0 (4)
Fy=—2y+2\=0 (5)
Fy=—(x—2y+6)=0 (6)

Equation (1) implies A = 2z, and substituting this into (2) gives, —2y + 4z = 0, which implies
y = 2z. Substituting this into (3) gives

—(r—4zx+6)=0=2=2.

So, y = 22 = 4. Thus, f(x,y) is maximum at (2,4), and the maximum value is f(2,4) = —12.

Question 16

Let F(z,y,\) =22 —8x +y*> — 12y + 48 — A(z +y — 8).

F,=2r-8-\A=0 (1)
Fy=2y—12-X=0 (2)
Fx=—(r+y—8)=0 (3)
)—(2): 20-2y+4=0=>z—-y+2=0 (4)
(4)+(3): —2y+10=0=y=5 (5)

Substituting y = 5 into (3) gives —(x +5—8) =0 =z = 3. So, f(x,y) is maximum at (3,5), and
the maximum value is f(3,5) =32 —8-3+52 —12-5+48 = —2.



Question 18

Let F(z,y,z,A\) = 22y%2%2 — A\(2? — 92 — 22 - 1).

Fp=221°2> — X220 =0=2r(A—y?2?) =0=2 =0 or A\ = y?2?2 (1)
F, =2y2?2? — X2y = 0= 2y(\ — 2%2?) =0 = y = 0 or \ = 2227 (2)
F.=220%% - X2:=0=22(A—2%?) =0=2=0o0r A = 2% (3)
Fy=—a—y*-22-1)=0 (4)

Note that we can ignore the cases where x = 0, y = 0, or z = 0 since they do not give a maximum.
Then, (1) and (2) imply y?22 =X =2222 = z=0o0r y?> =22 = o =y (since x > 0 y > 0). Then,
(1) and (3) imply y?22 = A =2%y? = y=0o0r 22 =22 = 2 = z (since z > 0 z > 0). Again, we
can ignore when z = 0 or y = 0. Then, substituting y = « and z = z into (4) gives

1
2 2 2 2
— —x—z*—-1)=0=3x"=1=2=—.
( ) v
Note that x > 0. So, z \/Lg So, the maximum of f occurs at (%, L ,\/Lg) The

maximum value is f (\/Lg,
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Question 24

Let F(x,y,z, A\, 1) = a2y +yz — AMx + 2y — 6) — u(x — 3z).

Fp=y—-A-—p=0 (1)
Fy=24+2-2Xx=0 (2)
F.=y+3u=0 (3)
FAZ—($+2y+—6):O (4)
F,=—(x-32)=0 (5)

(2) —2x(1): x—2y+z+2u=0 (6)
(6)—§><(3): x—gy—kz:o (7)
() +(5) : —§y+4z=0:>—§y+z20 (8)
(5)—(4): 2y+3:2-6=0 (9)
(9)— 3% (8) : 4y—6=o;»y:g (10)

Substituting y = 2 into (9) gives 3+ 3z —6 = 0 = z = 1. Then, substituting z = 1 into (5) gives,
—(z—-3)=0=2=3.
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So, f(x,y,7z) is maximum at (3, %, 1). The maximum value is f(3, %, 1)=3-

Question 38

We must produce 1000 units. So, x1 + x2 = 1000. We wish to minimize the cost

C(x1,22) = 0.2527 4+ 2521 + 0.0525 + 12z5.



Let F(zy1, 29, \) = 0.2522 4 2521 + 0.0523 + 1225 — A(z1 4 22 — 1000).

FqglZO.5$1+25—)\:0:>)\:0.5$1+25 (1)
Fry=224+12-X=0= A= 0.1xy + 12 (2)
Fy = —(x1 + 22 —1000) =0 (3)

Using equation (1) and (2) gives
0.521 +25 =0.1x9 + 12 & x5 = 521 + 130.
Putting this into equation (3) gives
21 + (bx1 + 130) — 1000 = 0 & 621 = 870 & x1 = 145.

So, z2 = 5(145) + 130 = 855.

Thus, 145 units should be produced at location 1 and 855 units at location 2 giving a minimal
cost of C'(145,855) = $55692.50

Question 48

The are of a rectangle with dimensions x and y is f(z,y) = xy. The perimeter of the rectangle
is x +y = P. So, we must maximize zy subject to the constraint that 2x + 2y = P. Let
F(z,y,\) = zy — A2z + 2y — P).

Fo=y—-A=0&y=2\ (1)
Fy=z-A=0&z=2A\ (2)
Fyx=—(z+y—P)=0 (3)

Equation (1) and (2) imply that y = . Putting this into equation (3) gives 2x + 2z — P =0 =

T = %P, and so y = iP. Thus, the maximum area of the rectangle is (1 P)? = 1—16P2 as required.

1
Note that the rectangle with maximal area is a square.



Section 7.8

Question 2

Question 6

Question 12

2 2
//G—xQdyd:vz/ [6y—x2y} d
0 0 0
2
:/ (12 — 22°)dx
0
2
z{l2x—gx3}
3 0
2 16 56
=12(2)-=(22=24— — = —
(2) 3() 3 =3

Question 16

2y— 2 5
_ 2y—y
/ /3 o Sydmdy = /0 ([Sxy]3y2_6y) dy
2

= / (3(2y — y*)y — 3(3y”> — 6y)y) dy = / (24y* — 12¢°)dy
0 0

= [8y* -3y,
=8(2)% -3(2)* =16

Question 20

1n|y+1|]
0

e
L

o2
/ In |z + 1|dz
0 rz+1

In|z+ 1] —

2
1n|1|) dx
1




Now, (integration by substitution) let w = In |z + 1|; then, du = ﬁdw, and v = 0 when z =0
and v = In(5) when z = 5. So,

4 92 In(5)
/ In|x+ 1ldz = / 2udu
o T +1 0

— (In(5))?

The above integral can also be solved by the integration by parts technique.

Question 28

The region for which we are computing the area is

R={(z,y):0<y<Vz,0<z <4} ={(z,y): <2 <4,0<y<2}

%f\x
2_ 4

So, the are of R is

e ! 4 2,1 2 . 1
/ / dydx =/ [y]oﬁ de = | Vede=|Zz2| =-(4)2 = _6,
o Jo 0 3 0 3 3

0

and also, the area of R is

2t 2 2 1,7 1 8 16
dzdy = Ldy= [ 4—2dy=|dy— | =4(2)— (2P =8— - = —.
/O/yzxy /O[x]y y /0 y-dy {y 3y]0 (2) - 3(2) 373

Question 32

The region for which we are computing the area is

R={(z,y): 2<y<2,0<z<4—¢y’}={(z,9): 0<z <4, —Vi-z<y<+Vi-z}.



So, the area of R is

2 iy 2y 2 1,]° 8 8\ 32
/ / dwdy = / [elo ™ dy = / (4-y?)dy = [4y - gyg} = (8 - g) - (—8 + g) =5
—2Jo -2 -2 9

and also, the area of R is

/04/\/;dydx:/04((\/4T)—(—\/H))dl-:/:g\/mm': {—%(4—@3]4:%45:?,

Question 38

The region is R = {(z,y) : —2 <2 < 1,2+ 2 <y <4 — 2?}. The area of this region is

1 pd4—z? 1 a?
/ / dydxr = / [yl +‘; dx
—2Ja42 2

1

[2((4—m2)—(m+2))dm



