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1. Brualdi 7.1

Let f0, f1, . . . , fn, . . . denote the Fibonacci sequence. By evaluating each of the follow-
ing expressions for small values of n, conjecture a general formula and then prove it,
using mathematical induction and Fibonacci recurrence.

(a)
f1 + f3 + · · ·+ f2n−1

Answer:

observe that
f1 = 1 = f2

f1 + f3 = 1 + 2 = 3 = f4

f1 + f3 + f5 = 1 + 2 + 5 = 8 = f6

So we make the conjecture that

f1 + f3 + · · ·+ f2n−1 = f2n.

We will prove the conjecture by using induction. We already checked base cases.
Assume the conjecture is true for n = k. We need to show that the conjecture is true
for n = k + 1.

f1 + f3 + · · ·+ f2(k+1)−1

= {f1 + f3 + · · ·+ f2k−1}+ f2k+1

= {f2k}+ f2k+1 (by induction hypothesis)

= f2k+2 (by definition).

This proves the conjecture.

(b)
f0 + f2 + · · ·+ f2n

Answer:
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observe that
f0 = 0 = f1 − 1

f0 + f2 = 0 + 1 = 1 = f3 − 1

f0 + f2 + f4 = 0 + 1 + 3 = 4 = f5 − 1

So we make the conjecture that

f0 + f2 + · · ·+ f2n = f2n+1 − 1.

We will prove the conjecture by using induction. We already checked base cases.
Assume the conjecture is true for n = k. We need to show that the conjecture is true
for n = k + 1.

f0 + f2 + · · ·+ f2(k+1)

= {f0 + f2 + · · ·+ f2k}+ f2k+2

= {f2k+1 − 1}+ f2k+2

= f2k+3 − 1

This proves the conjecture.

(c)
f0 − f1 + f2 − · · ·+ (−1)nfn

Answer:

observe that

f0 = 0 = f1 − 1− f0

f0 − f1 = 0− 1 = −1 = f1 − 1− f2

f0 − f1 + f2 = 0− 1 + 1 = 0 = f3 − 1− f2

f0 − f1 + f2 − f3 = 0− 1 + 1− 2 = −2 = f3 − 1− f4

So we make the conjecture that

f0 − f1 + f2 − · · ·+ (−1)nfn =


(fn − 1)− fn+1 if n is odd

(fn+1 − 1)− fn if n is even
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We will prove the conjecture by using induction. We already checked base cases.
Assume the conjecture is true for n = k. We need to show that the conjecture is true
for n = k + 1.

Let k be even. Then k + 1 is odd.

f0 − f1 + f2 − · · ·+ (−1)k+1fk+1

= {f0 − f1 + f2 − · · ·+ fk} − fk+1

= {(fk+1 − 1)− fk} − fk+1 (by induction hypothesis)

= (fk+1 − 1)− fk+2

Let k be odd. Then k + 1 is even.

f0 − f1 + f2 − · · ·+ (−1)k+1fk+1

= {f0 − f1 + f2 − · · · − fk}+ fk+1

= {(fk − 1)− fk+1}+ fk+1 (by induction hypothesis)

= (fk + fk+1)− 1− fk+1

= (fk+2 − 1)− fk+1

This proves the conjecture.

(d)
f 2

0 + f 2
1 + · · ·+ f 2

n

Answer:

observe that
f 2

0 = 0 = f0f1

f 2
0 + f 2

1 = 1 = f1f2

f 2
0 + f 2

1 + f 2
3 = 6 = f3f4

So we make the conjecture that

f 2
0 + f 2

1 + · · ·+ f 2
n = fnfn+1.

We will prove the conjecture by using induction. We already checked base cases.
Assume the conjecture is true for n = k. We need to show that the conjecture is true
for n = k + 1.
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f 2
0 + f 2

1 + · · ·+ f 2
k+1

= {f 2
0 + f 2

1 + · · ·+ f 2
k}+ f 2

k+1

= {fkfk+1}+ +f 2
k+1 (by induction hypothesis)

= fk+1(fk + fk+1)

= fk+1fk+2

This proves the conjecture.

2. Brualdi 7.2

Prove that the nth Fibonacci number fn is the integer which is closest to the number

1√
5

(
1 +

√
5

2

)n

Answer:

By Theorem 7.1.1, we have

fn =
1√
5

(
1 +

√
5

2

)n

− 1√
5

(
1−

√
5

2

)n

Therefore ∣∣∣∣∣fn −
1√
5

(
1 +

√
5

2

)n∣∣∣∣∣ =

∣∣∣∣∣ 1√
5

(
1−

√
5

2

)n∣∣∣∣∣ .
Now 2 <

√
5 < 3, therefore |1−

√
5| < 2, and we get |1−

√
5|

2
< 1.

Therefore ∣∣∣∣∣ 1√
5

(
1−

√
5

2

)n∣∣∣∣∣ . <
1√
5

<
1

2

and the result follows.

3. Brualdi 7.4

Let m and n be positive integers. Prove that if m is divisible by n, then fm is divisible
by fn.

Answer:
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First we will prove
fm+n = fm−1fn + fmfn+1.

by induction on m. The formula is true when m = 1, since

f0fn + f1fn+1 = fn+1

Assume the formula is true for m = k, then we need to show that the formula is true
for m = k + 1.

fk+1−1fn + fk+1fn+1

= fkfn + fk+1fn+1

= fkfn + {fk−1 + fk}fn+1

= fkfn + fk−1fn+1 + fkfn+1

= fkfn + fk−1{fn + fn−1}+ fkfn+1

= {fkfn + fk−1fn−1}+ {fkfn+1 + fk−1fn}

= fk+n−1 + fk+n by induction hypothesis

= fk+1+n

This proves the formula.

Now we will prove that when m = nk then fm is divisible by fn by induction on k.
When k = 1, fm = fn and the induction hypothesis is trivially true. Let fm be divisible
by fn when m = mk. We have to show that fn(k+1) is divisible by fn. But

fn(k+1) = fnk+n

= fnk−1fn + fnkfn−1 (by the formula we proved)

The first term is obviously divisible by fn. The second term is divisible by fn because
fnk is divisible by fn by induction hypothesis.This implies that fn(k+1) is divisible by
fn. This proves the result.

4. Brualdi 7.23

Determine the generating function for each of the following sequences.

(a)
c0 = 1, c, c2, . . . , cn . . .
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Answer:

The generating function is

1

1− cx
= 1 + cx + c2x2 + c3x3 + · · ·+ cnxn + . . .

(b)
1,−1, 1,−1, . . . , (−1)n, . . .

Answer:

The generating function is

1

1 + x
= 1− x + x2 − x3 + · · ·+ (−1)nxn + . . .

(c) (
α

0

)
,−
(

α

1

)
,

(
α

2

)
, . . . , (−1)n

(
α

n

)
, . . .

Answer:

The generating function is

(1− x)α =

(
α

0

)
−
(

α

1

)
x +

(
α

2

)
x2 − · · ·+ (−1)n

(
α

n

)
xn + . . .

(d)

1,
1

1!
,

1

2!
, . . .

1

n!
, . . .

Answer:

The generating function is

ex = 1 +
1

1!
x +

1

2!
x2 + · · ·+ 1

n!
xn + . . .

(e)

1,− 1

1!
,

1

2!
, . . . (−1)n 1

n!
, . . .

Answer:

The generating function is

e−x = 1− 1

1!
x +

1

2!
x2 + · · ·+ (−1)n 1

n!
xn + . . .
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5. Brualdi 7.27 Determine the generating function for the sequence of cubes

0, 1, 8, . . . , n3, . . .

Answer:

Let

f(x) =
1

1− x
= 1 + x + x2 + x3 + x4 + · · ·+ xn + . . .

Then
f ′(x) = 1

(1−x)2
= 1 + 2x + 3x2 + 4x3 + · · ·+ nxn−1 + . . .

xf ′(x) = x
(1−x)2

= x + 2x2 + 3x3 + 4x4 + · · ·+ nxn + . . .

(xf ′(x))′ = 2x
(1−x)3

+ 1
(1−x)2

= 1 + 4x + 9x2 + 16x3 + · · ·+ n2xn−1 + . . .

x(xf ′(x))′ = 2x2

(1−x)3
+ x

(1−x)2

= 1 + 4x2 + 9x3 + 16x4 + · · ·+ n2xn + . . .

(x(xf ′(x))′)′ = 6x2

(1−x)4
+ 6x

(1−x)3
+ 1

(1−x)2

= 8x + 27x2 + 64x3 + · · ·+ n3xn−1 + . . .

x(x(xf ′(x))′)′ = 6x3

(1−x)4
+ 6x2

(1−x)3
+ x

(1−x)2

= 8x2 + 27x3 + 64x4 + · · ·+ n3xn + . . .

Therefore the required generating function is

6x3

(1− x)4
+

6x2

(1− x)3
+

x

(1− x)2
.

6. Brualdi 7.31

Determine the generating function for the number hn of nonnegative integral solutions
of

2e1 + 5e2 + e3 + 7e4 = n

Answer:

The the generating function for the number hn of nonnegative integral solutions of

2e1 + 5e2 + e3 + 7e4 = n
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is (
1

1− x2

)(
1

1− x5

)(
1

1− x

)(
1

1− x7

)
.

Note the powers of x are coefficients of the given equation.

7. Brualdi 8.1

Let 2n (equally spaced) points be chosen on a circle. Show that the number of ways to
join these points in pairs, so that the resulting n line segments do not intersect, equals
the n th Catalan number Cn.

Answer:

Let the number of ways to join 2n points on a circle in pairs, so that the resulting n
line segments do not intersect be denoted by an. Choose two points P and Q on the
circle. Then we must have even number of points on either side of the line PQ (see
Figure 1) for the lines to be non-intersecting.

Thus for a given side, we can choose 0 points or 2 points or 4 points or n − 2 points.
This leads to a recurrence relation

an = a0an−1 + a1an−2 + · · ·+ an−1a0

where a0 = 1.

Let bn = an−1, (n ≥ 1). Then

bn = b1bn−1 + b2bn−2 + · · ·+ bn−1b1, b1 = 1.

By Theorem 7.6.1, we have

bn =
1

n

(
2n− 1

n− 1

)
Thus an = bn+1 = 1

n+1

(
2n
n

)
= Cn

8. Brualdi 8.2 Prove that the number of 2-by-n arrays x11 x12 . . . x1n

x21 x22 . . . x2n


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P

Q

Figure 1: Problem 8.1

that can be made from the numbers 1, 2, . . . , 2n so that

x11 < x12 < · · · < x1n,

x21 < x22 < · · · < x2n,

and

x11 < x21, x12 < x22 . . . x1n < x2n

equals the Catalan number, Cn.

Answer: Consider a 2-by-n array and let consider the corresponding sequence a1, a2, . . . , a2n

consisting of ±1, obtained by taking aj = 1, if j is in the first row and aj = −1, if
j is in the second row. Thus, an array satisfying the given conditions corresponds to
sequences of ai = ±1 with

k∑
i=0

ai ≥ 0, (k = 0, 1, 2, . . . , 2n)

The number of such sequences, by Theorem 8.1.1 equals the Catalan number and the
result follows.

9. Brualdi 8.3

Write out all the multiplication schemes for four numbers and the triangularization of
a convex polygonal region of five sides corresponding to them.

Answer:

Please refer to page 258 for the list of multiplication schemes for n = 3. Every scheme
extends into a multiplication of four numbers in 10 ways. For example the multiplica-
tion scheme

(a1 × (a2 × a3))
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gives the following 10 schemes:

(a4 × (a1 × (a2 × a3)))

((a1 × (a2 × a3))× a4)

((a1 × a4)× (a2 × a3))

((a4 × a1)× (a2 × a3))

(a1 × (a4 × (a2 × a3)))

((a4 × (a1 × (a2 × a3)))

(a1 × ((a2 × a3)× a4))

(a1 × (a4 × (a2 × a3)))

There are a total of 120 multiplication schemes for n = 4 since there are 12 multipli-
cation schemes for n = 3. (Have fun listing them in your hws.) Every multiplication
scheme of 4 numbers correspond to a triangulation of a polygon with 5 vertices. A few
examples are shown in Figure 2.

a1

a2 a3

a4

(a2 x a3)

((a2 x a3) x a4)

((a1 x ((a2 x a3) x a4)))

a1

a2 a3

a4

(a2 x a3)

(a1 x (a2 x a3))

((a1 x (a2 x a3)) x a4)

Figure 2: Problem 8.3: Triangulations corresponding to multiplication schemes

10. Brualdi 8.4

Determine the triangularization of a convex polygonal region corresponding to the
following multiplication schemes:

(a)
(a1 × (((a2 × a3)× (a4 × a5))× a6))

Answer:

(b)
(((a1 × a2)× (a3 × (a4 × a5))× ((a6 × a7)× a8)))

Answer:
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a1

a2

a3 a4

a5

a6

(a2 x a3)
(a4 x a5)

((a2 x a3) x (a4 x a5))

(((a2 x a3) x (a4 x a5)) x a6)) 

(a1 x (((a2 x a3) x (a4 x a5)) x a6))) 

Figure 3: Problem 8.4 (a)

a1

a2

a3

a4 a5

a6

a7

a8

(a4 x a5)

(a1 x a2)

(a3 x (a4 x a5))

(a6 x a7)

((a6 x a7) x a8)

((a1 x a2)x(a3x(a4xa5))

�������������	��
������
3x(a4xa5)) x ((a6xa7)xa8)))

Figure 4: Problem 8.4 (b)
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