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Remark.

1. The exam consists of 5 pages, including the cover sheet.

2. Do not de-staple the exam.

3. It is an open-book exam. Thus you can use anything
written in the textbook and your lecture notes.
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Page 2: /4
Page 3: /4
Page 4: /3
Page b: /5
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2 TOTAL POINTS OF THIS PAGE =

Problem 1 (4 points).
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(a) Work (You can use whatever the formula you know):

1. Evaluate

Solution. We use the formula
Do it = n(n +1)(2n + 1)/6. Thus
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As n — oo, we have the limit 2/6 = 1/3.
(b) Answer:
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using the telescopic method.

2. Evaluate

Solution.
i 1 /1 1
;i(z’Jrl) _;<€_z’+1)
B 1 1 _n
1 n+1 n4+1
3. Find
Solution.
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Problem 2 (4 points).

1. Find the antiderivative

/ sin®(x) cos(z)du.

(a) Work:
Solution. Let v = sin(xz). Then du = cos(x)dz.
Therefore,
/sin3(x) cos(x)dr = /u?’du
:1u4+C:1 (sin(z))" +C
4 4
(b) Answer:

If you forgot to put C, that’s all right. But
1/4 - u* + C is not an acceptable answer.

2. Evaluate

/ (z+2° +2° + 2"+ 2" + 2! +sin(x))de.

™

(a) Work, or if you don’t want to work, then provide a
reasoning of your answer:

Solution. The integrand is an odd function. Let
flz)=x+ ZL‘3 + x5 + 2" + 2% + 2! 4 sin(z).
Then f(—x (x). Therefore,

/ fa

/ (z+2° + 2+ 2" + 2" + 2" +sin(x))dz = 0.

™

(b) Answer:
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Problem 3 (3 points). Consider the planar region enclosed
by the graph of y = /sin(x) on the interval [0, 7] and the x
axis. If we rotate this planar region about the z-axis, then
we obtain a solid that looks like a football.

F1GURE 1. The solid enclosed in a surface of revolution
that is obtained by rotating the graph of y = {/sin(z)
about the interval [0, 7] of the z-axis.

1. Express the volume of this solid as a definite integral.

Solution. We use the potato chip method.

Volume :/OWW(\/sin(x))Qdac.

2. Compute the volume of this solid.

(a) Work:
Solution.
Volume = / 7( sin(:c))2dx
0
= / 7 sin(z)dz
0
= 7( — cos(z)) |g
=n(l+1)=2r
(b) Answer:

The volume of the solid is 2.
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Problem 4 (5 points). Consider a function y = f(x) de-
fined for x > 0 that satisfies f(x) > 0 and an equation

| e =1- Vi)
1. Find f(0).
Solution. Substituting x = 0 in the above equation, we
obtain 0 = fOO f(t)dt = 1—+/f(0). Therefore, f(0) = 1.

2. Derive a differential equation that f(x) satisfies.

Solution. Differentiating the original equation, we ob-

tain ] 1
F@) = 2 (7)) (@)
3. Find f/(0).
Solution. Since f(0) = 1, we have

1= f(0) = 5 (/0)) *7'(0) = 5 (0).

2
Hence f/(0) = —2.

4. Find f(x) as a function in z.
(a) Work:

Solution. From 2 above, we have

1

1= —>(f(®) ).

Integrating the above equation, we have

r+C = /—%(f(x))_%f/(a:)dx = (f(2))
Since f(0) =1, we know C = 1.
(b) Answer:

N




