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Symmetric Polynomials

A polynomial f € Clz1,...,x,] is said to be symmetric
if it is invariant under every permutation of the variables
L1y L2y ...Tnp.

Example: f = x1x9 + 123 + T2x3 IS a symmetric
polynomial.
0'1:331—|—£C2—|—...33n
09 = X1%2 + 123 + -+ - + 1Ty + T2X3 - + Tp_1Tn
03 = T1T2L3 + T1X2X4 + *** + Tp—2Tpn—1Ty
Op =— L1X2Xx3*** Tp.

o; are called elementary symmetric polynomials.

Theorem 1. Every symmetric polynomial f € Clx1, o, ..., Ty
can be written wuniquely as a polynomial in elementary
symmetric polynomials.



Example

e Elementary symmetric functions are algebraically independent

% Computations done using Singular:

> ring r = 0, (x1,x2,x3,y1,y2,y3), 1lp;

> ideal i = y1-(x1+x2+x3), y2-(x1*x2+x1*x3+x2*x3),
y3-x1*x2*x3;

> eliminate(i,x1*x2*x3);

_[11=0 % zero syzygy

e The symmetric polynomial f = x? + a:g + xg can be written
as f = O'i’ — 30’10’2 + 30’3.

% Singular computation:
> NF(x173+x2°3+x373, std(i)); %Compute Normal form
y173-3*%yl*xy2+3*y3



Invariant Ring of a Group

Let H be a subgroup of the group of invertible matrices
GL(n,C). Every matrix transforms a polynomial into a new
polynomial.

Example: Let f = :c% + x1x2 and let A = [ Z ? ]

Ap — 3 b5 1 o 3x1 + dxo
T 4 7 9 B 4331 —|— 7332
Therefore fOA = (3$1—|—5£B2)2—|—(3$1+5$2)(4$1—|—7ZE2).

The set of polynomials invariant under the action of the group
H is called the invariant subring of the group H:

Clz1, T2, ..., Ty]

={f € Clz1,z2,...,xz,] : VAE H, f = foA}



The fundamental problems of Invariant Theory

1. Find a set of {y1,y2,...ym} of generators for the invariant
subring Cl[z1, x2, . . .,:r;n]H. These generators are called
fundamental invariants.

2. Describe the algebraic relations among the fundamental
invariants y1, ¥Y2, . . . Ym. Ihese relations are called syzygies.

3. Find an algorithm to write an invariant f €
Clz1, z2,...,x,]" as a polynomial in the fundamental

invariants.



Example: Symmetric Polynomials

Let S,, be the subgroup of permutation matrices in
GL(C,n). lts invariant subring C[z1, Z2,...,x,]°" is the
subring of symmetric polynomials.

For this case the Fundamental problems are solved:

1. The set of {o1,02,...,0,} of elementary symmetric
polynomials form the fundamental invariants.

2. There are no algebraic relations among the fundamental
invariants o1, 09, ..., 0, since the o; are independent. So
there is only the zero syzygy.

3. We have a Grobner basis algorithm to write an invariant
f € Clxy, x2, . .. ,:r;n]S” as a polynomial in the fundamental
invariants.



Example: The Group Z4

w=qlo 1) ]

The invariant ring of the group Z4 is

1 0
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Clz1, z2)™ = {f € Clz1, 2] : f(z1,22) = f(—2, 1)
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Generators of the invariant ring

The Reynold's operator is defined as

% : Clz] — Clz]?

_ 1
fo i =gy Sren fom
We can use the Reynold’'s operator to find fundamental
invariants.

Example: For the invariant ring of the group Z4, the Reynold’s
operator give us the fundamental invariants y1, y2, ys:

(3312)* = %{23:% + 2:133}; Let y1 = a:% + azg
(m12m§ ¥ = i{4af;%aj§}; Let yo = x%m%

3yk _ 1 3 37. _ .3 3
(r125)" = 3{2z175 — 22277 }; Let y3 = xix2 — 2175



Finding all generators using Hilbert Series

Theorem 2. (Molien, 1897) The Hilbert series of the invariant
ring C[z]? equals

oL 1
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Example: For the invariant ring of the group Z4
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Finding all generators using Hilbert Series

The ilbert series of the invariant ring Cly1, y2, ys] also
euvals1+t2+3t*+3¢t +5¢ +5¢1 + 727t ¢ 4+
o+

% CoCoa computations:

:=[2, , 1;

se S::= [x,y,z], eig ts( );

:= deal(z"2-y*x"2+ *y~2);

oincare(S );
--— Non-simplified 1l ert oincare Series ---
1-x") (-x"2) (1-x~) (1-x") )



Example: Z,4

e The fundamental invariants of C[x1, z2]%4 are:

2 2
y1=x1—|—x2

2.9
Y2 = 1Ty

3 3
Yz — 561332 — £U1£E2

e These satisfy the algebraic dependence y% * Yo — 4 % yg — y§

> ring r = 0, (x1,x2,y1,y2,y3), 1lp;

> ideal = yl- (x172 + x272), y2 - x172%x272,
y3 - (x173*x2-x1*%x273);

> eliminate( ,x1%*x2);

_[11=y1~2xy2- *y2~2-y3°2 ¥, syzygy

e Any polynomial in the invariant ring of Z4 can be written
as a polynomial in the fundamental invariants y1, y2, ys.
Example: The polynomial f = z;x2 — z,21 can be written
as f = yiys — Yaus.

> NF(x1~ *x2-x2" *x1, std( ));
y172%y3-y2*y3



The First Fundamental Theorem of Invariant

Theory
Theorem . The irst wun amental theorem of nvariant
theory states that the invariant ring of the special linear group,
SL(C, ) is generate by the minors of the matri
= [z ].
Let minors of the matrix = [xz; | be denoted by
[ 1y 25+« - ],Where
xr 11 xr 12 xr 1
[ 1, 2,... |= det ?321 ?322 T
xr 1 X 2 r
The set of all minors is denoted by (n, ).

Let ,, denote the ideal of algebraic dependencies among
the minors of the n matrix = [x; |. The pro ective
variety that is defined by , is called the Grassmann variety.
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an der aerden sy ygies

The complement of a  tuple € (n, )is * €

(n,m — ) such that *={1,2,...,n}. The sign

of the pair ( , *) is defined to be sign of the permutation =
which maps ;to and *to +

Let € {1,2,..., }, € (n, —1), € (n, +1)
andlet € (n, — )

e o 1. an er  aer en sy ygy || ] is the
following qua ratic polynomial in C[ (n, )]
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Example: an der
el. et =3,n ,
(n 2)

aerden sy ygy









