MIRZAKHANT'S RECURSION RELATIONS, VIRASORO
CONSTRAINTS AND THE KDV HIERARCHY

MOTOHICO MULASE! AND BRAD SAFNUK?2

ABSTRACT. We present in this paper a differential version of Mirzakhani’s
recursion relation for the Weil-Petersson volumes of the moduli spaces of bor-
dered Riemann surfaces. We discover that the differential relation, which is
equivalent to the original integral formula of Mirzakhani, is a Virasoro con-
straint condition on a generating function for these volumes. We also show that
the generating function for ¢ and ki intersections on MM is a 1-parameter
solution to the KdV hierarchy. It recovers the Witten-Kontsevich generating
function when the parameter is set to be 0.

1. INTRODUCTION

In her striking series of papers [18, 19], Mirzakhani obtained a beautiful recursion
formula for the Weil-Petersson volume of the moduli spaces of bordered Riemann
surfaces. Her recursion relation is an integral formula involving a kernel function
that appears in the work of McShane [17] on hyperbolic geometry of surfaces. We
have discovered that the differential version of the Mirzakhani recursion formula,
which is equivalent to the original integral form, is indeed a Virasoro constraint
condition imposed on a generating function of these volumes.

Mirzakhani proves in [19] that her recursion relation reduces to the Virasoro con-
straint condition as the length parameters of the boundary components of Riemann
surfaces go to infinity, and moreover, it recovers the celebrated Witten-Kontsevich
theorem of intersection numbers of tautological classes on the moduli spaces of sta-
ble algebraic curves. Our result reveals that the Virasoro structure exists essentially
in the Mirzakhani theory, and that it is not the consequence of the large boundary
limit.

The Virasoro constraint formulas for the generating functions of Gromov-Witten
invariants of various target manifolds have been extensively studied in recent years
[4, 8,9, 22]. Although Mirzakhani’s hyperbolic method does not immediately apply
to these cases with higher dimensional target spaces, the Virasoro structure we
identify in this paper strongly suggests that the Virasoro constraint conjecture of
[5, 6] is a reflection of the combinatorial structure of building the domain Riemann
surface from simpler objects such as pairs of pants or three punctured spheres.

Although it is more than 15 years old, the Witten-Kontsevich theory [23, 15]
has never lost its place as one of the most beautiful and prime theories in the
study of algebraic curves and their moduli spaces. The theory provides a complete
computational method for all intersection numbers of the tautological cotangent
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classes (the 1-classes) defined on the moduli space M, ,, of stable algebraic curves
of genus g with n marked points. Recently several new proofs have appeared
[21, 19, 14, 13]. We note that all these new proofs are based on very different ideas
and techniques, including random matrix theory, random graphs, Hurwitz theory,
representation theory of symmetric groups, symplectic geometry and hyperbolic
geometry.

The mystery of the Witten-Kontsevich theory has been the following question:
where does the KdV equation, and also the Virasoro constraint condition, come
from? Once we accept the Kontsevich matrix model expression of the generating
function of all cotangent class intersections, then both the KdV and the Virasoro
are an easy corollary of the analysis of matrix integrals. Thus the real question
is: where do these structures appear in the geometry of moduli spaces of algebraic
curves?

The insight of some of the the new proofs [14, 13], which do not rely on matrix
integrals but rather use the counting of ramified overings of P!, is that the KdV
equation is a direct consequence of the cut and join mechanism of [10].

The proof [19] due to Mirzakhani utilizes hyperbolic geometry and has a markedly
different nature from the others, whose origins are rooted in algebraic geometry.
Mirzakhani’s work concerns the Weil-Petersson volume of the moduli space of bor-
dered Riemann surfaces M, (L), where L = (Lq,...,L,) specifies the geodesic
lengths of the boundaries of Riemann surfaces. Here the moduli space is equipped
with the structure of a differentiable orbifold realized as the quotient of the Te-
ichmiiller space by the action of a mapping class group. Mirzakhani shows that
these volumes satisfy a recursion relation, and that in the limit L — oo her recur-
sion formula recovers the Virasoro constraint condition for the generating function
of 1)-class intersection numbers of Hg,n, or equivalently, the generating function
of the Gromov-Witten invariants of a point. A striking theorem of [19] relates, via
the method of symplectic reduction, the Weil-Petersson volume of M, ,,(L) and the
intersection numbers involving both the first Mumford class k1 and the 1-classes
on My,. As a consequence, she proves that the volume Vol (Mg (L)), after an
appropriate normalization with powers of 7, is a polynomial in L with rational
coefficients.

Since there is no particular reason to believe that there should be a direct relation
between the Weil-Petersson volume of the moduli spaces of bordered Riemann
surfaces and Virasoro constraint condition, our discovery suggests the existence of
another, more algebraic, point of view in the Mirzakhani theory.

Our Virasoro structure also bears an interesting consequence: it leads to the
natural normalization of the Weil-Petersson volume of the moduli spaces of bordered
(or unbordered) Riemann surfaces. Although the geometric orbifold picture and the
algebraic stack picture give the same moduli space for most of the cases, there is one
exception: the moduli space of one-pointed stable elliptic curves ﬂl,b If we define
this space as an orbifold, then its canonical Weil-Petersson volume is ((2) = 72/6.
On the other hand, the Virasoro constraint condition dictates that we need to have

Vol(M; 1) = %

as its canonical symplectic volume. This makes sense if we consider ﬂm as an
algebraic stack. The factor 2 difference is due to the fact that every elliptic curve
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with one marked point possesses a Z/27Z automorphism. It is remarkable that even
a purely hyperbolic geometry argument leads us to this stack picture.
To summarize our main results, let us consider the rational volume of M, ,, (L)
defined by
def Vol (./\/lgyn (L))
'Ug,n(L) = Wa

where d = 3g — 3 +n and

d
def w
Vol (M (L) & [ v
Mgn(L) '

is the Weil-Petersson volume of M, ,,(L). Then the Mirzakhani recursion formula
reads

L1 oo
vgn(L) = L_l/ / / zyK(x +y,t)vg—1,nt1(x,y, Ly )dedydt

2 La
+ L_l Z / / / IyK T+ Y, )vgh ni (I LI)

I]_[g.17+!{[22 g
X Vg, ny (Y; L )dadydt

1 n L1 o0
-I——L E / / z(K(z,t+ L;) + K(z,t — Lj))
14 0 0
Jj=2

X Vgn-1(x, L 5, )dwdt,

where the kernel function of the integral transform is given by
1 1
+ )
1+e7'r(z+t) 1+e7'r(zft)
and the symbol ~ indicates the complement of the indices. Recall that our nor-

malized Weil-Petersson volume is a polynomial in L with coefficients given by in-
tersection numbers of k1 and 1-classes:

von@ = Y Tyt T ra,, TT 3%
v i=1

do+-4dy, i=0
=d

K(z,t) =

Instead of defining our generating function directly from these rational volumes, let
us consider the generating function of the mixed x; and 1/-class intersections

G(Sa t07t17t2, .. ) dZEf Z<65H1+Ztiﬂ'>g

g9

S
s™ t."
= g g KTTSOT{“"'> — t_
Im! Oni!

im

g m,{n;}

The main results of the present paper are the following differential version of the
integral recursion formula.

Theorem 1.1. For every k > —1, let us define

oo oo

1 . 1 2+ k)+DN 0
Vk:—52(2(z+k)+3)!!ai +22 t;

~ Oiyrt1 = (- 70t
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1 0? Ok _1t% Ok.0
+5 ) (2di + 1)N(2dy + 1) + =0y 2
4 i Ota, Ota, 4 48
dy,dz>0
where o; = ﬂ Then we have:

20!
(1) The(ogjer)ators Vie satisfy Virasoro relations
Vo, Vin] = (n — m) Vit
(2) The function exp(G) satisfies the Virasoro constraint condition
Viexp(G) =0 fork > —1.

Moreover, these properties uniquely determine G and enable one to calculate all co-
efficients of the expansion. Since G contains all information of the rational volumes
vgn(L), we conclude that the Virasoro constraint condition is indeed equivalent to
the Mirzakhani recursion relation.

Since the generating function for -class intersections

F(to,t1,...) = Z<eznti>g

9
n: i
B NIESRIE
g9 {n.}
is a solution of the KdV hierarchy, it is natural to ask if G satisfies any integrable
equations. Indeed, we prove the following.

Theorem 1.2. The function exp(G) is a T-function for the KdV hierarchy for any
fized value of s. In fact, we have an explicit relation

(11) G(S,fo,tl, .. ) = F(to,tl,tg + v2,t3 + 73, .. .),

1) i
where y; = —(2(1-“))1.! 51

We remark that it is well known to algebraic geometers that generating functions
F and G contain the same information [2, 3, 7, 12, 16, 26].

An important consequence of Theorem 1.2 is that G is also completely deter-
mined by the property of being a 7-function, together with the string equation
V_1exp(G) = 0. Tt is fruitful to think of the string equation as being the initial
condition for the KdV flow. Since G is determined, we note that Theorem 1.2 is
again equivalent to Mirzakhani’s recursion formula.

Here we recall that in the theory of integrable systems, every variable has a
weighted degree so that all natural operators have homogenous weights. Coming
from the KdV equations, we assign degt; = 25 + 1. The quantity ; has the same
degree, which defines that degs’ = 25 + 3. The Virasoro operator Vj, then has
homogenous degree —2k for every k > —1. Another way to view the degree of s*
comes from the generalized Kontsevich integral

S\moo (_1Vj. trx2Jt1 tr(X2A)
log/ B L T 0.4
HnN

As indicated in the work of Mondello [20], there should be a substitution s; = ¢;s/~*
which transforms the asymptotic expansion of the integral into the generating func-
tion G. Since s; has degree 25 + 1, we confirm that s/ must have degree 2j + 3. As
well, we should point out that it is quite natural for (1.1) to leave variables ¢y and
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t; unchanged. The reason is that in any expression relating intersections involving
K classes to those involving 7 terms alone, 79 and 7 never make an appearance.
A few of the natural questions that crop up from this work are:

(1) Is there a matrix integral expression for the function G?

(2) Is it possible to prove that G is a solution to the KdV hierarchy without
appealing to the Witten-Kontsevich theorem?

(3) What is the direct geometric connection between the cut and join mecha-
nism and the Mirzakhani recursion?

We note that the essence of the original Virasoro constraint conjecture is that
the generating function of Gromov-Witten invariants should have a matrix integral
expression. The analysis of matrix integrals [1] indicates that once a matrix integral
formula is established, the Virasoro constraints and integrable systems of KdV type
are obvious consequences. Since the ribbon graph expansion method provides a
powerful tool to matrix integrals, the very existence of both the KdV equations
and the Virasoro constraint for the Weil-Petersson volume of the moduli spaces of
bordered Riemann surfaces points to a matrix model expression and ribbon graph
interpretation of the Mirzakhani formulas. These questions, however, are beyond
the scope of our present work.

This paper is organized as follows. In section 2 we review the work of Mirza-
khani [18, 19]. Since the Virasoro structure very delicately depends on all the subtle
points of the theory, we provide a detailed discussion on some of the key ingredients
of the work, including the case of genus one with one boundary, precise combinato-
rial description of cutting a surface along geodesics, and the choice of a canonical
orientation of the circle bundle when the Duistermaat-Heckman formula is applied
to the extended moduli spaces. Section 3 gives a proof of Theorem 1.1. Finally, in
section 4 we prove Theorem 1.2.

The second author would like to thank Greg Kuperberg and Albert Schwarz for
helpful conversations.

2. MIRZAKHANI’'S RECURSION RELATION

2.1. Notations. Since the orbifold picture and the stack structure are the same
for the moduli spaces of algebraic curves except for genus 1 with one marked point,
we employ the orbifold view point throughout the paper. As mentioned above,
however, when we interpret the canonical volume of the moduli spaces, we need to
use the stack picture.

Let M, ,, denote the moduli space of smooth algebraic curves, or equivalently,
the moduli orbifold consisting of finite area hyperbolic metrics on a surface, of
topological type (g,n). A surface of type (g,n) is a surface with genus g and
n punctures. Since we are interested in the stable, noncompact case, we impose
2g —24n >0 and n > 0 throughout this paper. When referring to the underlying
topological type of the surface we will consistently employ the notation S, ,. We
will also use the notation Mg for the moduli space of surfaces of topological type
S.

Mirzakhani’s breathtaking theory is about the moduli space M, ,,(L) of genus
g hyperbolic surfaces with n geodesic boundary components of specified length
L = (Ly,...,L,). This space relates to the algebro-geometric moduli space via
the equality Mg, = Mg (0). The moduli space of bordered Riemann surfaces is
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defined as an orbifold
Mg,n(L) = Tqm(L)/ Modg,n,

where Mody ,, is the mapping class group of the surface of type (g, n), i.e., the set
of isotopy classes of diffeomorphisms which preserve the boundaries setwise, and
Ty.n(L) is the Teichmiiller space. The Deligne-Munford type compactification of
this moduli space is obtained by pinching non-trivial cycles.

The tautological classes we consider in this paper are the k1 and v classes. Let

T Mgnt1(=Con) — Mg
be the forgetful morphism which forgets the n + 1-st marked point, and
oi(Cyx1,...,xn) =ax; € C, 1=1,2,....n

its canonical sections. We denote by we,aq the relative dualizing sheaf, and let

D; =o; (ﬂgyn), which is a divisor in ﬂg7n+1. The tautological classes are defined
by

Li=0;(we/m);

Y = c1(Ly),
2
K1 = Ty <Cl (WC/M (ZO(DJ) > .
We are interested in the intersection numbers

(K1'Tay "'Tdn>g = /7 KT -
g.m

The class k1 has a nice geometric interpretation, coming from the symplectic
structure of Mg ,,. The Fenchel-Nielsen coordinates are associated with a pair of
pants decompostion of the surface S ,, which is a disjoint set of simple closed
curves I' = {v,...,7v4} such that Sg, \ T is a disjoint union of pairs of pants
(triply punctured spheres). Since pairs of pants have no moduli (they are uniquely
fixed after specifying the boundary lengths), all that remains to recover the original
hyperbolic structure is to specify how the matching geodesics are glued together.
Hence for every curve «; in the pair of pants decomposition, one has the freedom
of two parameters (l;,7;) where I; is the length of the curve and 7; is the twist
parameter. These coordinates give an isomorphism 7, ,, = R‘i x R%. At the moduli
space level we must quotient out by the mapping class group action. Since one full
twist around a curve is a Dehn twist (element of Mod, ), we get local coordinates
of the form RY x (S1)%.

In Fenchel-Nielsen coordinates, the Weil-Petersson form is in Darboux coordi-
nates [24]:

wwp = Z dl; A dr;.

This is a closed, nondegenerate 2-form on 7y, which is invariant under the action
of the mapping class group, hence gives a well defined symplectic form on M, ,,.

Note that by Wolpert [25] the Weil-Petersson form extends as a closed current on
ﬂg,n. In particular, the Weil-Petersson volume

d
def w
Vol, (L) = / —ZZV'P
Mg.n (L) :
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is a finite quantity. (Note that Wolpert defines the Weil-Petersson form to be half
of the above expression. Our convention is adopted from the algebraic geometry
community [2, 12, 26].) The relation to tautological classes is provided by the
well-known formula
wwp = 212K

For use in the sequel, we note that the vector field generated by a Fenchel-
Nielsen twist about a simple closed geodesic is symplectically dual to the length of
the geodesic. A Fenchel-Nielsen twist is defined by cutting the surface along the
curve, twisting one component with respect to the other and than regluing. As a
formula, we have

WWP( ‘y %) = dll
2.2. McShane’s identity. A crucial step in Mirzakhani’s program [18, 19] is to use
McShane’s identity to write a constant function on the moduli space as a sum over
mapping class group orbits of simple closed curves. To state Mirzakhani’s general-
ization of McShane’s identity, we introduce the following notation for an arbitrary
hyperbolic surface X with boundaries (41,...,08y,) of length (L1,...,Ly): Z; de-
notes the set of simple closed geodesics «y such that (51, 3;,7) bound a pair of pants;
and J the set of pairs of simple closed geodescis (a1, as) such that (61,1, as)
bound a pair of pants. Using the functions
e®/2 4 o(y+2)/2
D(z,y,z) =2log <W) and

cosh § + cosh ””TJFZ >
9

cosh § + cosh 5=

R(z,y,2) =z — log (
Mirzakhani proves

Theorem 2.1 (Mirzakhani [18]). For X as above, we have

Li= > D(Lyl(ar),la2) + > Y R(L1,Lj, 1(7)).

(a1,02)€T J=2v€Z;

2.3. Integration over the moduli spaces. The idea is to find a fundamental
domain for a particular cover of M, ,,, enabling one to integrate functions over this
covering space. Then a specific class of functions defined on the moduli space (such
as those arising from McShane’s identity) can be lifted to this cover and integrated.
To that end, let T' = {71, ...,7v,} be a collection of disjoint simple closed curves on
the surface S ,, where Sy, is the underlying topology of the hyperbolic surface
X € Mgy,,. We define

StabI’ = NStaby; = {f € Mody,, | f(7:) =i, for i =1,...,n},
and set
Mgn =Tyn/StabT
={(X,m,...,mn)| X € Mgy n, n; is a simple closed geodesic in Mod ~; }.

Note that as a quotient of Teichmiiller space, ./\/lg inherits the Weil-Petersson

n
symplectic form. Hence we can talk about integration over ML with respect to

g,n
the symplectic volume form. The advantage of integration on Mg,n as opposed to

the usual moduli space is that we can exploit the existence of a hamiltonian torus
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FIGURE 1. Decomposing a surface

action. In fact, by a result of Wolpert, the vector field generated by a Fenchel-
Nielsen twist along a geodesic is symplectically dual to the length function of the
geodesic (as a function on Teichmiiller space). The space J\/lgyn is the intermediate
covering space on which the circle actions on {v1,---,7,} descend. The problem
with attempting to construct such a circle action on M, ,, is that there is no well
defined notion of a geodesic curve on an element of moduli space; the best one can
obtain is a mapping class group orbit of curves.
Thus we have the moment map for the torus action:

L: My, — R}
(X7 77) = (1(771)7 SR l(nn))

Hence we see that [7!(x)/T™ is symplectomorphic to Ms, \r(L,z,x). Recall
that Mg, \r is the moduli space with underlying topological type the (possibly
disconnected) surface Sy, \I' and with boundary lengths following the rule outlined
in Figure 1.

The most straightforward way to prove the above assertion is to take a pair of
pants decomposition for the surface S, ,, which contains the curves I'. Then I~' ()
fixes the lengths of the geodesics 71, ..., 7n,, while quotienting by the torus action
removes the twist variable from these curves. This gives the diffeomorphism. The
symplectic equivalence follows immediately from the Fenchel-Nielsen coordinate
expression for the Weil-Petersson form. What emerges is an exceptionally clear
local picture for the space M};n. In fact, it is a fibre bundle over R} where the
fibres are (locally) equal to the product of a torus and Mg, (L, x, x).

Consider a map

fM, =R,

which is a function of the lengths of the marked geodesics I(n;). In other words,
fXom, .. ) = f(l(m), cee l(nn)). By the previously discussed decomposition
of My, we can write

(2.1) / f(l(m))ewrE) = (z) Volg, \r(L,z,x)x - de.
MG Ry

Here e*"? means we are integrating over the maximal power of the Weil-Petersson

form WZ#, d = 39— 3+n. Note that if S, ,, \T is disconnected then Mg, \ris the

direct product of the component moduli spaces, with the volume being the product
of each.
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2.4. Volume calculation. To relate the above discussion to integration on the
moduli space, Mirzakhani uses her generalized McShane identity. As a lead in
to the main results, consider the following simplified situation. Suppose 7 is a
simple closed curve on S, ,,, with Mod vy its mapping class group orbit. Then given
any hyperbolic structure X on Sy ,, every @ € Mod~ has a unique geodesic in
its isotopy class. Denote Ix(«) the corresponding geodesic length. Hence for any
function f : Ry — R and thinking of X € [X] as a representative of an element of
M., we have the following well defined function on M ,:

fF Mg, —R
(X]—= > Ix().
acMod vy

One can easily check that this function does not depend on the choice of repre-
sentative X € [X]. However, it is not a priori clear whether or not f7 will be a
convergent sum. At minimum one requires lim, o f(z) = 0. We can similarly
define a function

M), —R

g,n

by the rule

f1(X,m) = fix(n)),

which gives the relation

peo= S e,
(Xmen—1(X)
In particular, since the pullback of the Weil-Petersson form is the Weil-Petersson
form on the cover, we have

/ freswr = / f’YeWWP.
M M

5
g,n g,n

Note that for any curve v € Z;, we have Z; = Mod . This follows because two
curves are in the same orbit of the mapping class group if and only if the surfaces
obtained by cutting along the curves are homeomorphic, with a homeomorphism
preserving the boundary components setwise. The homeomorphism will extend
continuously to the curves to give the map of the entire surface. This tells us that
the set J is not the orbit of a single pair of curves (a1, a2) € J. In fact, we further
refine this set of curves as follows. For any (a1, a2) € J set P(f1, a1, a2) C Sy.r to
be the pair of pants bounded by the curves 31, a1, as. Now we define (see Figure 2)

Joonn = {(a1,a2) € T | Sgn \ P(B1,01,a2) is connected }

Tg1 {irring} = {(a1,2) € T | Sgn \ P(B1,1,az) breaks into 2 pieces
one of which is a surface of type (g1,n1 + 1) with
boundary (ai, B4y, - -, Bi,,) }-

Other than the obvious identification
g1 fivseeningt = Jg=g1,{1,nP\ it seoning b

these subsets form disjoint orbits under the mapping class group. Moreover Mod, ,
acts transitively on each set.
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L; Ly
o
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o @l

FIGURE 2. Removing a pair of pants from a surface

Hence we can write the Mirzakhani-McShane identity in the following form

> Y Dlen)la)

91+92=9 (a1,a2)ETg, , A
1l 91

+ D D(Lii(61).1(62))

(61 )62)6\7¢0nn

+3 0N R(L1, Ly, 1(7)).

J=2~€I;
There is a slight inaccuracy - we undercount by half for terms with n = 1 and
g1 = go. However, we will see in a moment that this makes further calculations

somewhat simpler.
Each of the terms in the above sum can be lifted to a function on an appropriate
cover My, ,,. We see that

1
Lle“’WP = — / D(Llal(al)’l(az))ewwp
/ngn(L) 2 Z Z Mg,n(L)

91+92=9 (a1,02)ETg, , A
e 91

(2.}

+ Z (Ll, (51) (52))6WWP
(61,62) € Tconn Mgn(L)

Yy / R(Ly, Ly, 1(7))e ™.

Jj=2~€Z; Mgn(L)

Hence

1 w
Ly Volyn (L) = 5 > /{al oy DL, Um), L))

gi1+92=g
ATIB={2,....n}

1
— ‘l) l wWWw P
2‘//\/[55%,52} ( 171(771)71(772))6

3 / R(L1, Ly, 1(7))e "™
=2/ Mg
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Note that the factor % that appears in front of the second term in the sum
is needed because the mapping class group orbit double counts the set of curves
(01, 92). In other words, there is a diffeomorphism exchanging §; and . Similarly,
the factor % discrepancy for the term in the first sum with gy = g2 and n = 1 has
now disappeared and the presented sum is unambiguously correct. Applying the

results of the previous section we see that

1
L1 Vol, (L) = = Z . xyD (L1, z,y) Volg, n, (x, L.a) Volg, n, (y, Lp)dxdy

2
g1tg2=g RY
AllB

1
+ 3 /2 xyD(Ly, x,y) Volg_1 ny1(z,y, Li)dzdy
R

+Z/ 2R(L1, Lj, ) Volg n 1 (2, L)da.

For any subset A = {iy,...,lx} C {1,...,n} the notation L 4 means the vector
(Lil,...,Lik) while LA ZL{l _____ n}\A-

There is one additional subtlety that crops up at this point. Note that for the
case of My 1(L), there is an order two automorphism obtained by rotating around
the boundary by half a turn. There are two ways to deal with this issue. The
approach taken in [18] is to divide the appropriate integrals by 2 every time such
a term appears in the above integral. Our approach, which is computationally
equivalent, is to define the volume of My 1(L) to be half the value obtained by
calculations using the above techniques. In other words, we have initial conditions

V01073(L) =1
Lo 2
T (L* + 4m°).
We will see that this viewpoint simplifies further calculations; as well, it agrees with
known results from algebraic geometry.

The final step is to differentiate both sides with respect to L1 and then integrate,
which has the effect of simplifying the integrands on the right side of the equation.
The result is

Ly
Volg (L 2L1 Z / / / xyH(t,x +y)

g1 +g2 =g

V01171 (L) =

X Volg, n, (z, L 4) Volg, n,(y, Lg)dzdydt

Ly
2L1 / / ryH(t,z + y)

x Volg_1 nt1(x,y, Ly)dzdydt

oL, Z/Ll/ H(z,Ly + Lj)+ H(z,Ly — L;))

x Volgn—1(z, Li)dzdt,

where

1 1
T e T Tx ez

H(Iay) =
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t//
AN

F1GURE 3. Capping off a bordered surface

2.5. Relation to intersection numbers. In this subsection we review the idea
of Mirzakhani to write the integral over M, ,,(L) as an integral of an appropriately
modified volume form over M, ,. This will relate the Weil-Petersson volumes to
intersection numbers of tautological classes. Following [19], let

Mgﬁn = {(Xaplv s 7pn)|X € ﬂgy"(L)vL S Rgmpi S 61}

be the moduli space of bordered hyperbolic surfaces of arbitrary boundary length,
with the additional information of a marked point on each boundary component.
If L; =0, then we can think of p; as a point on a horocycle about the cusp.

The marked point can be used as a twist parameter, so by gluing on pairs of
pants with two cusps and the third boundary having length matching the surface’s

boundary, we obtain a map Mg, — Mg 2,. In fact, we have M, = ﬂ;% where
I'={7,...,7va} is a collection of curves which group the cusps into pairs. We refer
to Figure 3 for a descriptive picture of this construction.

This tells us that ./T/l\g,n has a symplectic structure from the Weil-Petersson form
on ./\/ll(;)%. Moreover it has a hamiltonian torus action given by rotating the marked
points on the boundary. However, we need to take some care here. We are interested
in studying the symplectic action in a neighborhood of surfaces X € ./\//\lgyn with
1(8;) = 0. Moreover, we want to construct the action in such a way that these
points are not fixed by the torus action. In other words, we need to non-trivially
extend the action to the cusped surfaces.

It is a simple matter of defining the twists to be proportional to the lengths of
the boundaries. In other words, we scale the action so that a twist parameter of 1 is
always the identity. The model is the change from the cartesian (x,y) coordinates
in the plane to the polar coordinate (r,6). In the first case rotation around the
origin leaves it fixed, but (0,6) is not fixed by 6 — 6 + e. From the point of view
of /\//\19@7 the marking on the boundary degenerates to a marking on a horocycle
of the cusp. The result, after a change of coordinates to the reparametrized twist
coordinate 0; = 7;/l;, is

wwp = Z L;dl; N dB;,
and the moment map corresponding to the twist vector field a%i is %lf
Given the map L : M\qn — RE, determined by mapping the marked surface

X € J\//\lgm to the lengths of its boundary components, we see that L™'(z) is a
principal torus bundle over My, (z). In fact, over M, ,(0) it is the principal
bundle associated to the vector bundle £1®---& L,,. At first glance this is a rather
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counter-intuitive statement, as marked points on the boundary map naturally to
the tangent bundle, rather than the cotangent bundle. However, the principal
torus bundle in question is naturally oriented from the induced orientations on the
boundaries coming from the orientation of the surface. This orientation is opposite
to the natural complex orientation on the tangent bundle. This is most easily seen
by studying the clockwise orientation induced on the unit circle from the standard
orientation of the plane.

Using symplectic reduction, we see that the reduced space L_l(:c) /T™ is sym-
plectomorphic to My ,,(z) with the Weil-Petersson form. We may use the tech-
niques of the Duistermaat—Heckman theorem to compare wy p(L) to wy p(0). The
result is

1
pr(L) = pr(O) — 5 Z Lf CU.I’V(Ez)
where Curv(L;) is the curvature of the bundle. Since ¢;(L;) = — Curv(L;) we get

pr(L) = pr(O) + % ZL?’(M

2.6. A rational recursion relation. Using Wolpert’s equivalence k1 = %% we

define the rational volume of M, (L) to be

det Volg (27TL)

vgn(L) = g 55—
1

= o (k1 + ZLZ%/%)CI

S Hdi“ . an p2

do+--+dn
=d

d=3g—3+n

We reformulate Mirzakhani’s recursion relation for Vol , into a recursion relation
for vg,,,. Making the above change of variables to the recursion relation gives

2 L1 o0
v = [ [ [ ek e vt o dadye

X Vgy ny (@, LT)Vgy ny (y, Ly)dxdydt

1 n Ly [e’e]
"FL—lZ/ z(K(z,t+ L;) + K(z,t — Lj))
X Vg n—1(, L{f\j})da:dt,
with normalizations vg3(L) = 1 and vy,1(L) = 5 (1 + L?).
The integral kernel K (z,t) is defined as

1

K(«Iyt) = I o (D) + 1+ em(@—t)’

which gives the following integral identities:

jes} 2k+1
(22) h2k+1 (t) d:Cf/O ﬁf((l‘, t)d:v
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k41 2k+2—2m
— m 1 22m _ 2) B2m 3
Z 2m)! (2k +2 —2m)!’

2z+1 2g+1
2.3 o K )dady.
(2.3) b2itoj43(t / / @) 2]+1) (z +y, t)dedy

Note that Bs,, is the 2m-th Bernoulli number.

3. FrROM MIRZAKHANI’S RECURSION RELATION TO THE VIRASORO ALGEBRA

Our aim is to show that the Mirzakhani recursion relations are equivalent to an
algebraic constraint on the generating function for x1 and v class intersections. We
introduce the formal generating function for all k1 and v class intersections

G(s,to, t1,t2,...) def Z<esm+ztin>g

g9

t"l
m_mno_ni
=3 ) (et H
170 Ty gm,

g m,{n;} i=0

The main result of the paper is the following.

Theorem 3.1. There exist a sequence of differential operators V_1,Vy, V1,... sat-
isfying Virasoro relations

[an Vm] = (n - m)Vner
and annihilating exp(G):
Viexp(G) =0 for k=-1,0,1,...

This property uniquely fires G and enables one to calculate all coefficients of the
eTpansion.

The proof is obtained by differentiating Mirzakhani’s recursion relation. For
reference, we note that

82k1 82k"

ST I R

and

H2k1 §2kn 1 2 <(2kz)'> i
3.2 —-u—vn():—” KTy = Tk, )s
( ) aL?kl 8L%k" 9, ( ) ko' pai kz' < 1 Tk k >

where ko =39 —3+n—> 1 ki.
The recursion relation gives the following identity for (g,n) # (0, 3), (1,1).

82191 821%

—aLfkl . —aL%k" Vg.n (0)

82k1 2 Ly 00 0o
= — ryK(z +y,t
L3k Ly /0 /o /0 vE@+3,9)
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82k2 821%
x 8L2k2 T 8L2kn

62k}1 2 Ll
o A LI

(]1+(]2 g

Vg—1.n+1(, Y, Li)d:cdydt‘ o

92k(Z ( I ) §2k(T) (
X 70 i\ Ly LT)——F37"=Vgo.n
2k(Z) "9 ML\ 2k(J) 9212
oL oLY

n 82(k1+k Ly
Y oo Ty )y ) P L) K- 1)
j=2

L dddt’
x, L g)dxdy Lo

82k (1,5

>< _—
6L2k( J)

1,5

Vgm—1(x, L d:cdt’

Plugging in the expressions for derivatives of volume functions (3.1), (3.2) and
integrating against the kernel function using (2.2) and (2.3) gives

kiH I€1 Tky * Tkn>
Z (2dy +1)!(2ds + 1)! ﬁ%

L ’il leTd2Tk(1)>g—l,n+l
7

Id+!
do+dy+dg dO dl d2 =2
=ko+k1—2
62k}1 2 Ll
—_— t dt‘
x 8L%k1 I D2(dy +d)+3(1) Lo
(2d1 + 1) (2d1 + 1) (2]{:1-)! d
+ > ) H (KT, Th(T))
1d'd V! N gi,m
91+92=9 do+d1=3g1—3 do.dl.do.dl. i kl. gi,n1
I11T +ni—k(T)
dy+d,=3g2—3
+no—k(J)
d, 82]61 2 Ly
x (K1 T4, TI()) g3y oL L1 J Doy +d))+3(0)dE -
- (2dy + 1)! (2k:), 4
+Z Z doldy! H k! <K10Td17—k(fj)>g,nfl
§=2  dotdi= i£1,5
koJrlirkj*l
3%1 (2k)
L2k}1 del"l‘l 70'

We rewrite this sum by introducing the sequence of nonnegative integers {no,
ni, ng, ...} such that n; = # |{k;|i # 1,k; = j}|, and relabel k1 = k. In other

words, we have

<“If°7'k1 Tkn>g <Hlf07k7307f1">g-
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We further define

o Bo;
3.3 = (—1 1—121 221 -9 %
(33) Bi= (F) T2 -2
which results in the equation
n{ Kk ni
(3.4) (2k+1)..<m1°m1—£q ),
1 ko!
a1t 4 O T,
do+d1+do= i=0
ko+k—2
1 ko!
+§ Z Z d 'd |ﬁ(ko do—d;, )(2d1+1) (2d1 +1)
g1+g2=g do+d1=3g1—3 0
{li}+{mi}={n:} +n1 k(T)
d0+d1—3g2 3
+ng2—k(J)

mw
Iil leHT K’l Td HT 9

Z"" > ko (2d1 - 1) L)
j=0 do+d1—

By looking at expressions of the form

m X gn;
S t,
no n1 7
E g Iil T T - > — ,
8t 9m! bl n;!

g m,{n;}
oG s Lt
z _ m—i__—1 no N1 . - 7
g =2 2 G T ) G I
g m {nl} i=0
- 0%G s Lt
3 m no nl - _ _t
" o0t =2 Z TS ), m! H n;!’
g m {nl} =0
aG 6G m' dl ko do
"o oty Z 2 dl!d2!< VT ) g, (TR ), m' n'

g1+92=g
m,{nl} dy+do=m—1

{ki}H{l }={n.}
we see that (3.4) leads to the following expression for all k& > 0:

G Z 20i + 7 + k) + 1)!! !5 sit, 9 4

2k + 3) ”

(26 + @j— 1) T
- e oG 0G

(2d; + DHN(2d2 + 1)1 B;s" .
Z Z 1+ N2y + DG (8td18td2 + Ota, 6td2>
=0 d1+d2=
1+k—1
Note that similar expressions are possible for £ = —1, 0 by taking special care of the

base cases (g,n) = (0,3),(1,1). We introduce the family of differential operators
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for k> —1
. (2k+3)1 0 2 s k.0
Vi=—n 2 4G -2
F > oty Ok AR T RaT
1 o= (2 k) +1
L (200 +j + )'?L it Bysit;—2 0
2 =0 (2] — 1) atl+]+k

(2d; + DN(2d2 + NNBis" ————
42 Z L 2 )6 atdlatdz

=0 d1+do=
1+k—1

We have proven the following statement.

Theorem 3.2. For k> —1
Vi exp(G) = 0.

A reasonable question is: what is the algebra spanned by the operators Vie? The
answer is that they span a subalgebra of the Virasoro algebra. One can check
directly that the operators satisfy the relations

[Vnu Vm] = (n - m) Z ﬁiSiVn-i-m-l-i'
=0

On the surface, this looks to be a deformation of the Virasoro relations (setting

= 0 recovers Virasoro). However, this is, in fact, a simple reparametrization
of the representation. These statements can all be proved by direct calculations.
Here we make some simplifications. Let us introduce new variables {T%;11},=0.1,...

defined by
t;
Tt =

which transform the operators Vj into
. 1 9 2 s Ok,0
= —— 5 _ —
F S T 0Ty O O RTIRRT:
__9
OTs(ijrk)+1

R ;
+ 3 i;O(QJ +1)Bis' Toj41

32
42 Z Bist 0T, +

el 10T24, 41
i+k—1
This admits the following ‘boson’ representation, similar to that used by Kac and
Schwarz [11]. Define operators J, for p € Z by
(_p)T—P 1fp <0,
Jp = 9

(9_Tp 1fp>0

Then

. 1 © ;
Vi = _§J2k+3 + ;@'S Eyyi,
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where

0
ZJ2p+1J2(k p-1+ fGO
pEZ

To recover operators satisfying the Virasoro constraint we need a better handle on
the constants (;, as defined by (3.3). Starting from the defining formula for the
Bernoulli numbers

z/2 —z/2
on RE€ETte

§ez/2 —e—2/2’

n=0

we see that

i Bist = V/2s(cot \/s/2 — cot V/2s)
i=0

YT
sin\/%'

This motivates the definition of the constants «; by the series

ia-si _ siny/2s
= Vas

from which we obtain the operators
Ve & Z ;5" Vit
(3.5) . i otz + B
. = ——= ;S .
5 2 2k+3 k
We are now ready to prove the following.

Proposition 3.3. The operators Vi, k > —1 satisfy the Virasoro relations
Vi, Vin]l = (n — m) Vi pom.
Proof. The first step is to verify that operators Ej satisfy the Virasoro relations,

which is a straightforward calculation. Since [Jory3, Em] = (2K + 3)Jo(hqm)43 We
see that

e e
[Vn, Vm] = |:—§ Z OéiSZJ2(n+i)+3 + En7 —5 Z aiSlJ2(m+j)+3 + Em:|
i=0 §=0

=—c Zaz < Jo(nti)+3, Em] + [En, J2(m+i)+3}>

=(n-— m)Vn+m.
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4. RELATIONSHIP TO KDV HIERARCHY

The Witten-Kontsevich theorem [23, 15] states that the generating function for
1 class intersections

F(to,t1,...) = Z< Znti>g
_ Z Z HTm

g {n.}

is a 7-function for the KdV hierarchy. The property of being a 7 function, combined
with the string equation
n n n
<TO H Tdi>g - Z<H lef&] >g
i=1 j=1 i=1
completely determines the function F. Another way of determining F is the Vira-
soro constraint condition. Let us define the sequence of operators Ly for k > —1:

(4.1) Lk:_w_+loo 20 +K)+D, 9
2 8tk+1 2 =0 2] - 1 I 8tj+k
1 0? Sk—1t3 ko
+5 > (2di + 1)N(2dy + 1) + =0 2
T "Dta, Ota, 4 48
di,d2>0

The Witten-Kontesevich theorem, together with the string equation, implies
Li(expF) =0
for k > —1. This property is also sufficient to uniquely fix F. Note that L_ief =0

is equivalent to the string equation. The consistency of the infinite set of differential
equations follows from the fact that operators L,, satisfy the Virasoro relations:

Ly, Lin) = (n— m) Ly gm.

Recall the operators V, defined in equation 3.5 (rewritten in terms of the variables
t;)

I . 1= (2(5 + k +1 0
Vi=—= 20 + k) + 3)Mays'——— + = t;
k 2 ;0( ( ) ) z+k+1 2 ZO ” at]-’—k

1 0? Ok _1t% 0k.0

+5 ) (2di + 1)N(2dy + 1) + =0 2
4 G "Otq,0tq, 4 48

dy,d2>0
where a; = % The change of variables

-t fori=0,1,
- (26 — 1)!la;_15°~1  otherwise,

transforms the operators Vj into

I =20 +k)+D. 0
Vi = 2k—|—3” +— ti—
( 2;) 25 -1 7ot
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+ H Z (2dy + 1)!1(2dy + 1) 0 Sk 12 N Sk.0
4 di+da=k—1 Otq,0tq, 4 48

dy,d2>0

But these are precisely the operators L (4.1). We have thus proven the following.
Theorem 4.1.
G(s,to, t1,...) = F(to, t1,t2 +y2,t3 +73,-- ),

where ~y; = %si_l. In particular, for any fixed value of s, G is a T function

for the KAV hierarchy.

That the more general generating function G is expressible in terms of F' is not a
surprise. It has been known since at least the work of Witten [23] that intersections
involving x classes are expressible in terms of ¢ classes. Moreover, Faber’s formula
[7] for this correspondence gives an explicit proof of the above theorem. In fact,
one has

n (=p"-* a1l
k1 = % ™ q1,...q }*( g INT),
Uezsn [Tz (il = ) o " "
(o=71-k

is cycle decomp)

which gives a short, direct proof of Theorem 4.1. This is essentially the approach
taken by Zograf [26] for his calculation of the Weil-Petersson volumes of M .

REFERENCES

[1] M. Adler and P. van Moerbeke, Hermitian, symmetric and symplectic random ensembles:
PDEs for the distribution of the spectrum, Ann. of Math. (2) 153 (2001), no. 1, 149-189.

[2] E. Arbarello and M. Cornalba, Combinatorial and algebro-geometric cohomology classes
on the moduli spaces of curves, J. Algebraic Geom. 5 (1996), no. 4, 705-749,

arXiv:alg-geom/9406008.

, Calculating cohomology groups of moduli spaces of curves via algebraic geometry,
Inst. Hautes Etudes Sci. Publ. Math. (1998), no. 88, 97-127, arXiv:math.AG/9803001.

[4] B. Dubrovin and Y. Zhang, Frobenius manifolds and Virasoro constraints, Selecta Math.
(N.S.) 5 (1999), no. 4, 423-466, arXiv:math.AG/9808048.

[5] T. Eguchi, K. Hori, and C.-S. Xiong, Quantum cohomology and Virasoro algebra, Phys. Lett.
B 402 (1997), no. 1-2, 71-80.

[6] T. Eguchi, M. Jinzenji, and C.-S. Xiong, Quantum cohomology and free-field representation,
Nuclear Phys. B 510 (1998), no. 3, 608-622.

[7] C.Faber, A conjectural description of the tautological ring of the moduli space of curves, Mod-
uli of curves and abelian varieties, Aspects Math., vol. E33, 1999, arXiv:math.AG/9711218.

[8] E. Getzler, The Virasoro conjecture for Gromov-Witten invariants, Algebraic geometry:
Hirzebruch 70 (Warsaw, 1998), Contemp. Math., vol. 241, Amer. Math. Soc., Providence,
RI, 1999, arXiv:math.AG /9812026, pp. 147-176.

9] A. B. Givental, Gromov-Witten invariants and quantization of quadratic Hamiltonians,
Mosc. Math. J. 1 (2001), no. 4, 551-568, 645, arXiv:math.AG/0108100.

[10] I. P. Goulden, D. M. Jackson, and A. Vainshtein, The number of ramified coverings of the
sphere by the torus and surfaces of higher genera, Ann. Comb. 4 (2000), no. 1, 27-46.

[11] V. Kac and A. Schwarz, Geometric interpretation of the partition function of 2d gravity,
Phys. Lett. B 257 (1991), no. 3-4, 329-334.

[12] R. Kaufmann, Yu. Manin, and D. Zagier, Higher Weil-Petersson volumes of moduli
spaces of stable n-pointed curves, Comm. Math. Physics 181 (1996), no. 3, T63-787,
arXiv:alg-geom/9604001.

[13] M. E. Kazarian and S. K. Lando, An algebro-geometric proof of Witten’s conjecture,
arXiv:math.AG/0601760.

[3]




MIRZAKHANI’'S RECURSION AND VIRASORO CONSTRAINTS 21

[14] Y.S. Kim and K. Liu, A simple proof of Witten conjecture through localization,
arXiv:math.AG/0508384.

[15] M. Kontsevich, Intersection theory on the moduli space of curves and the matriz Airy func-
tion, Comm. Math. Physics 147 (1992), no. 1, 1-23.

[16] Yu. Manin and P. Zograf, Invertible cohomological field theories and Weil-Petersson volumes,
Ann. Inst. Fourier 50 (2000), no. 2, 519-535, arXiv:math.AG/9902051.

[17] G. McShane, Simple geodesics and a series constant over Teichmuller space, Invent. Math.
132 (1998), no. 3, 607-632.

[18] M. Mirzakhani, Simple geodesics and Weil-Petersson volumes of moduli spaces of bordered
riemann surfaces, preprint.

, Weil-Petersson volumes and intersection theory on the moduli space of curves,
preprint.

[20] G. Mondello, Combinatorial classes on the moduli space of curves are tautological,
arXiv:math.AT/0303207.

[21] A. Okounkov and R. Pandharipande, Gromov-Witten theory, Hurwitz numbers, and matriz
models, I, arXiv:math.AG/0101147.

[22] , Virasoro constraints for target curves, arXiv:math.AG/0308097.

[23] E. Witten, Two-dimensional gravity and intersection theory on moduli space, Surveys in
Differential Geometry 1 (1990), 243-310.

[24] S. Wolpert, On the symplectic geometry of deformations of a hyperbolic surface, Ann. of
Math. 117 (1983), no. 2, 207-234.

, On the Weil-Petersson geometry of the moduli space of curves, Amer. J. Math. 107
(1985), no. 4, 969-997.

[26] P. Zograf, The Weil-Petersson volumes of moduli spaces of curves and the genus expansion
in two dimensional gravity, arXiv:math.AG/9811026.

19]

[25]

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, DAvis, CA 95616-8633
E-mail address: mulase@math.ucdavis.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, DAvis, CA 95616-8633
E-mail address: safnuk@math.ucdavis.edu



