DUALITY OF ORTHOGONAL AND SYMPLECTIC MATRIX
INTEGRALS AND QUATERNIONIC FEYNMAN GRAPHS
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ABSTRACT. We present an asymptotic expansion for quaternionic self-
adjoint matrix integrals. The Feynman diagrams appearing in the expan-
sion are ordinary ribbon graphs and their non-orientable counterparts.
We show that th@ N x 2N Gaussian Orthogonal Ensemble (GOE) and
N x N Gaussian Symplectic Ensemble (GSE) have exactly the same
expansion term by term, except that the contributions from graphs on a
non-orientable surface with odd Euler characteristic carry the opposite
sign. As an application, we give a new topological proof of the known
duality for correlations of characteristic polynomials, demonstrating that
this duality is equivalent to Poindgaduality of graphs drawn on a com-
pact surface. Another consequence of our graphical expansion formula
is a simple and simultaneous (re)derivation of@entral Limit Theorem

for GOE, GUE (Gaussian Unitary Ensemble) and GSE: The three cases
have exactly the same graphical limiting formula except for an overall
constant that represents the type of the ensemble.
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1. INTRODUCTION

The purpose of this paper is to establish an asymptotic expansion for
qguaternionic self-adjoint matrix integrals in terms of Feynman diagrams
and to give a new topological proof of the various characteristic polynomial
dualities discovered by [2, 6, 7, 17].

Recent developments in the theory of random matrices exhibit particu-
larly rich structures. Although originally introduced by Wigner as a model
for heavy nuclei, random matrices appear almost ubiquitously in modern
mathematics. Mathematical applications pertain, for example, to number
theory, combinatorics, probability theory, and geometry of moduli spaces
of Riemann surfaces (see for example, [1, 3, 10, 11, 15, 16, 21, 25, 27]
and articles in [4] and references cited therein). In physics, 't Hooft’s dis-
covery [24] that quantum chromodynamics (QCD) simplifies in the limit
where the number of color®’ (i.e. gauge groupSU(N)) is large relied
on a graphical expansion in terms of “fat” or “ribbon” graphs. Hermitian
matrix integrals appear in this context as generating functions for oriented
ribbon graphs [3, 5].

Graphical expansions of gauge theories with other gauge groups were
studied in early 1980s (for example, see [8, 9, 18]). In particular, it was rec-
ognized thatSO (2N )-gauge theory andp(N)-gauge theory are identical
in their graphical expansions, except that the param€tar the SO (2N )-
theory has to be replaced with/V [18]. Thisdualityis also noted in more
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recent works (see for example, [20, 28]). A characteristic feature that distin-
guishes these gauge theories from #ié&(N)-gauge theory is the appear-
ance of graphs drawn on non-orientable surfaces. Real symmetric matrix
integrals have been used as generating functions for these non-orientable
ribbon graphs [10, 14, 23, 26]. Although the integration in the GOE and
GSE matrix integrals is over real and quaternionic self-adjoint matrices,
rather tharso(2V) andsp(N) Lie algebra valued fields of the gauge theory
case, on the basis of th#p(/V)-gauge theory andSO(—2N)-gauge the-
ory” equivalence, atv x N quaternionic self-adjoint matrix integral should
also give a generating function for non-orientable ribbon graphs identical
with the 2NV x 2N real symmetric matrix integral, with the paramefér
replaced by—/N. This is indeed the case and our method also implies a
simple graphical proof of the gauge theory result of [18].

In this article, we develop a graphical expansion technique fay anV
self-adjoint quaternionic matrix integral, and directly verify its duality with
a real symmetric matrix integral of si2éV. As an immediate consequence
of the graphical expansion formulas, we give a new topological proof of
the known duality fork-fold correlations of characteristic polynomials of
N x N matrices foiGaussian Orthogonal, Gaussian UnitagndGaussian
Symplectic Ensembl¢8, 6, 7, 17]. For the GUE model expressed in terms
of ribbon graphs, thisV-k duality [6, 7] is precisely Poincarduality of
graphs drawn on a compact oriented surface. Similarly, the relation between
GOE and GSE correlations stems from the combination of Pcérahaatlity,
this time including non-orientable surfaces, and our graphical expansion
formula. Itis interesting to note that the machinery of fermionic integrations
employed in [6, 7] is equivalent to a very simple switch from a graph on a
surface to its dual graph.

An N x N matrix X with entries in the ring of quaternions

H=RaiR®jRa kR

is self-adjointif X = X, whereX denotes the quaternionic conjugation
of X defined by

r+iy+jz+hkw=x—1iy—jz—kweH

Our result for the self-adjoint quaternionic matrix integral is

[[dX] exp (— Nt X245, 2 g Xj>
(1.1) log

J1dX] exp (— N tr X2>

(—2N)x(5r) tv(rj)
=2 [Aut(T)| H |

I'e®
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Exact conventions are given later, at present it suffices to indicate that the
sum is over all graphs drawn on compact orientable and non-orientable
surfacesSt, andx(Sr) is the Euler characteristic of the surfageuniquely
defined by the grapf. Our proof of this result is based on viewing the
GOE integral over real symmetric matrices as fundamental. The crucial
observation is that the contribution of any given grapim the GOE, GUE
and GSE is a topological invariant of the surfagewith f marked points
on it, where fr denotes the number of faces of the cell-decomposition of
Sr defined by the graph. The connectivity of the space of triangulations
of two dimensional surfaces then allows any graphical contribution to be
calculated from a simple representative graph for any given topology.
Writing the results for all three ensembles in a uniform notation (see (5.2))
makes the expected duality

GOE «— GSE

(1.2) GUE «— GUE

GSE<—>6(\)T3

manifest. The middle line for the GUE is a (trivial) self-duality. The tilde
on the right hand side indicates that equality holds upon doubling/halving
the matrix size and an overall sign change for contributions of graphs where
the Euler characteristig(Sr) is odd.

Although we do not discuss in the main text, it is indeed possible to gen-
eralize the usual Schwinger trick to quaternionic source terms, and represent
a Gaussian symplectic integral as non-commutative quaternionic differenti-
ations. The result is a sum over both orientable and non-orientable ribbon
graphs, and is easily verified to agree with ours for simple graphs. This
method is described in Appendix A. We also note that a partial result of
guaternionic expansion has been obtained in [13].

If we reduce our integral (1.1) to a symplectic Penner model by setting
ti1=1ty=0 and

tj=—z2"", j>3,
then we can explicitly compute the asymptotic expansicnon

(1.3) lim 1 f[RN |A(K)[2 Hf\il exp ( _ Z?ZQ kT (ﬁ)j/Q—l >dki
. 1m log

o e 16 T exp (= 5 )b,

utilizing the Selberg integration formula and the asymptotic analysis tech-
nique of [19], wherex is either a positive integer or its reciprocal. We
demonstrate that the duality for GOE and GSE of (1.1) extends to the same
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type of duality between an arbitrary positive integeand 1/« for (1.3)
with the sign change for all terms with odd powers/ofin the asymptotic
expansion.

The orthogonal Penner model gives the orbifold Euler characteristic of
the moduli spaces of smooth real algebraic curves with an arbitrary num-
ber of marked points [10]. Also, the original Penner model [21] provides
the orbifold Euler characteristic of the moduli spaces of pointed algebraic
curves ovelC [11]. The GOE-GSE duality shows that the symplectic Pen-
ner model is identical to the orthogonal Penner model, except for doubling
the matrix size and an overall sign change for contributions from surfaces
of odd Euler characteristic.

From the graphical expansion formulas for matrix integrals, one can uni-
formly derive theCentral Limit Theorenfor Gaussian random matrix en-
sembles. This result follows as a direct consequence of 't Hooft’s original
large N limit in which planar ribbon graphs dominate: we derive a precise
limiting formula for GOE, GUE and GSE matrix ensembles in terms of
planar two-vertex ribbon graphs. The formula is the same for all three en-
sembles except for an overall constant, which is parallel to the equivalence
of SO(N), SU(N) andSp(N)-gauge theories in larg¥'’.

The material is organized as follows: In Section 2 we introduce the ma-
trix integrals studied in this paper. Our conventions for the topological data
of surfaces are given in Section 3 as well as our theorem and its proof for the
graphical expansion of matrix integrals. Examples, including a comparison
with the first few terms of the Penner model, are given in Section 4. The
GOE-GSE duality appears in Section 5. The central formula of this paper is
equation (5.2) which gives the graphical expansion for the GOE, GUE and
GSE simultaneously in a manifestly duality invariant form. Its application
to characteristic polynomial duality is in Section 6. The extended version
of the duality for Penner type models is found in Section 7 while detailed
derivations of the formulee there are presented in Appendix B. Section 8
concerns the th€entral Limit Theorenfor Gaussian random matrix en-
sembles. In the Conclusions (Section 9) we discuss possible further gener-
alizations. In particular, the construction of a graphical topological invariant
of surfaces with marked points necessary for the proof of our main result,
is rather general and may be applied to higher algebraic structures.
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2. MATRIX INTEGRALS

The object of our study is the integral over self-adjoint matfices
f[dX](ﬁ) exp (— Ttr X2+ > ;—JJ tr Xj>
_1 2
f[dX](ﬂ) exp ( ;tr X >

as a function of the “coupling constants™= (¢, ts, t3, .. .) and the sizeV
of the matrix variableX. Here

2.1)  ZU(t N) =

B—1
(2.2) X =5+ e

=1
is built from real, N x N, symmetric and antisymmetric matric&sand
A;, respectively. The parametgitakes valueg, 2 or 4 depending whether
we study real, complex or quaternionic self-adjoint matrices and in turn
Gaussian orthogonal, unitary or symplectic ensembles (GOE, GUE, GSE).
The imaginary unitg; are then drawn from one of three sets

Q)7 /6 = 17
(2.3) e € {i:*=-1}, 6=2,
{i,7,k :1? = j> = k? = ijk = -1}, 6=4.
The self-adjoint condition
(2.4) Xt=X'=X, &=-e.

is implied by antisymmetry of the matrices. Finally, the measurbiX](ﬁ)

is the translation invariant Lebesgue measure of the vector space of real
dimensioni N (3(N —1)+2) spanned by independent matrix elements of

and A;. This measure is invariant, respectively, under orthogonal, unitary
and symplectic transformations

(2.5) X — UTXT,

whereUTU = 1 andU = U, + 3.7 ¢,U; for real N x N matricesl
andU;.

The matrix integral (2.1) is a holomorphic function(ify, ts, . . ., ta,,) if
we fix m > 0 and restrict the coupling constants to satisfy

Re(tam) <0 and  tomi1 = toms2 = tomys = - = 0.

we employ various normalizations throughout the paper, so it is convenient to divide
through by the free matrix integral.
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Under this restrictionZ°(¢, N) has a unique Taylor expansion (ty, t,,

.., tam—1) @nd anasymptoticexpansion irty,, asts,,, — 0 while keeping
Re(ta2m) < 0. Let us introduce a weighted degree of the coupling constants
by deg(t,,) = n. Then the asymptotic expansion of the truncated integral
ZP(t, N) has a well-defined limit as: — oc in the ring

(QIN]) [[tr, 2, s, - - ]]

of formal power series in infinitely many variables with coefficients in the
polynomial ring of N with rational coefficients [19]. The subject of our
study in what follows is this asymptotic expansionfi(t, N) as a function

in infinitely many variables.

3. GRAPHICAL EXPANSION

The graphs appearing in our asymptotic expansion of the matrix inte-
grals (2.1) are those drawn on orientable as weti@sorientablesurfaces.
To avoid confusion with an already well-established convention that rib-
bon graphs are drawn on orientable surfaces, we propose the terminology
Mobius graphs Let us recall that a ribbon graghis a graph with a cyclic
order chosen at each vertex for half-edges adjacent to it. Equivalently, it is
a graph drawn on a compact oriented surfé@gving a cell-decomposition
of it. The complement \ I" of the graphl’ on S is the disjoint union of
fr open disks (or faces) of the surface. Since a ribbon giapkfines a
unique oriented surface on which it is drawn as the 1-skeleton of a cell-
decomposition, we denote the surfacedy

Similarly, a Mobius graph is drawn on a compact surface, orientable or
non-orientable, giving a cell-decomposition of the surface. It can be viewed
as a ribbon graph with twisted edges. AdMus graphl’ also uniquely
defines the surfacgr in which it is embedded.

Let & be the set of connecteddius graphs. A graph € & consists of
a finite number of vertices and edges. hﬁf denote the number gfvalent
vertices ofl". Then the number of vertices and edges are given by

. 1 o
(3.1) op = ZUQ and  er =g > ).
J

J

The unique compact surfacg hasfr faces and its Euler characteristic is
(3.2) x(Sr) =vr —er+ fr.

We will also need the number of faces with a given number of edges, so de-
note the number of-gons in the cell-decomposition 6f by féj) whereby
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the Poincat dual formulae to the equations (3.1) are
. 1 o
(3.3) =20 and =g 3R

A M0Obius grapH also determines the orientability 6f and we define

1 Sr orientable
(3.4) Ir =
—1 St non-orientable

By genusof S we mean

1+hp

(3.5) 9(Sr) =1—=2""2" x(5r).

Thusx(Sr) = 2 — 2¢(Sr) for an orientable surface and.Sr) = 1 — g(Sr)
if it is non-orientable. We also define the parity xgfSr) by

(3.6) fr = (=1,
while many results can be written compactly in terms of

0 T orientable

(3.7 Xr= (1 +jjp> —gr =< 1 T non-orientabley(Sr) odd,

N | —

2 T non-orientabley(Sr) even.
Our main result is:

Theorem 3.1. The logarithm of the asymptotic expansion of the matrix in-
tegral Z(%) (¢, N) is expressed as a sum over connectéibMs graphs:

(3.8) log (ZW) (t, N))
1-1%r—1x(Sr)

[ Aut(T)|

Xr ofr—1 /T v
(2 - ﬁ) B N ey
| | £or

J

(—4+63-p%
€ (QIN]) [[tr, b2, ts, - ]I
Remark:
(1) We defing2 — 3)*r = 1 whenj = 2 andXr = 0. )

(2) For every connected &bius graphl’, the monomiall t§<F] is a
finite product of total degre®er..

(3) The only reason to consideig Z°(t, N) is because it yields a com-
pact formula (3.8): Z%(¢, N) itself has an expansion in terms of
graphs although a given summand may have a mixture of orientable
and non-orientable connected components.
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The automorphism grouput(I') of a Mobius graphl’ is a group of
automorphisms of the cellular compleé¢ consisting ofur vertices, er
edges andf faces. WhenSr is orientable, the grouput(I') may con-
tain orientation-reversing automorphisms as well. We note that a cyclic
rotation of half-edges around a vertex corresponds to the invariance of the
trace under a cyclic permutation

(3.9) tr (MyMyMs -+ - My,) = tv (M, My My -+ - My, 1),

and an orientation-reversing flip of vertex with adjacent half-edges corre-
sponds to the invariance the trace of symmetric matrices

(3.10) tr (815283 -+8,) = tr (S,Sn_1Sn_2---S1)

under reversing the order of multiplication.

FIGURE 3.1. Two equivalent NMbius graphs consisting of
two vertices, three edges, and one face. The graphs are in-
terchanged by gertex flip

The proof of the theorem involves two main ingredients. The first is to
view GUE and GSE matrix integrals as the coupling of a singlet or triplet of
skew-symmetric matrix integrals to the fundamental GOE integral. When
6 = 1, equation (3.8) is the Bbius graphical expansion of a symmetric
matrix integral [10, 26, 23, 14]:

(3.11) log (2001, V) ) = ZlANfF o H

This formula follows immediately from the fact that the Wick contraction
of any pair of symmetric matriceS = (S,;) obeys

(312) <Sabscd> - 5a05bd + 5ad5bc 5



10 M. MULASE AND A. WALDRON

which is denoted graphically as an edge of éduis graph (see Figure 3.2).
These edges connect vertices of the type

N
t; St
(313) j tr 57 = i . z{;l Sa1a25a2a3 T Sajal'
as depicted in Figure 3.3. The fact@rj) ! in (3.13) is precisely the one re-
guired to cancel the over-counting implied by the identities (3.9) and (3.10).

Therefore the overall weight of any given graph is as quoted in (3.11).

b c
a d
Sab + S cd
b c
a d

FIGURE 3.2. Propagator for symmetric matrices.

a, a, b b
113 a3 1

3

FIGURE 3.3. Two vertices connected at the half edge la-
beled bya,a, to the half edge labeled kiyb,. For the GOE

a second graph with a twisted edge connectifnig to b, b,

is also present since the ribbon edges are not directed.

In contrast, for a pair of antisymmetric matricds= (A,;) the Wick
contraction yields
(314) <AabAcd> - 5@05bd - 5adébc-

This is depicted in Figure 3.4.
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b c

a d
Aab - Acd

b c

a d

FIGURE 3.4. Propagator for antisymmetric matrices

The minus sign for untwisted edges will play a crucialerin what fol-
lows. Notice that since the exponent of the Gaussian part of (2.1) is

1 N 1 £s—1

(315 Y Shog > (S al),
a=1 1<a<b<N i=1
there are no non-vanishing Wick contractions between symmetric and anti-
symmetric matrices. Therefore the model (2.1) is a sum over graphs with
edges of either of the two types (3.12) or (3.14). Furthermdrel ;) is only
non-vanishing when= j so edges “emitted” at vertices are only connected
when they carry the same imaginary units
If we calleg = 1 and Ay = S, aj-valent vertex now looks like

(3.16)

p-1 j
1 o1 plag, ..., )
2—jtrXJ:2—jtr Z%Aa: Z Q—jtr HAakeak.
=0 {(ea, )3/~ k=1
The last sum runs over gjttuples of integer9, 1,..., 5 — 1 modulo the
equivalence relation
(3.17)

(Oél,,Oé])N(ﬁl,,ﬁ]) iff tr(AalAa]):tr(AglA@)
The multiplicitiesp(cy, . . ., ;) are non-zer@nly when the product
(3.18) €ay """ €a; = £1.

In other words, the vertex (3.16) is real. Observe that the numbers
0
(3.19) S
pla,...,a;)

count the number of automorphisms of a vertex with a given configuration
of unitse,, sprinkled at every edge, with respect to rotations and vertex flips.
For example, fop = 4 andj = 3

1

1
étI'Xg = gtr (15)3
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+ o tr (1.5 QAL AL 1.5 5. Ay 5. Ay + 1.8 k. Aq k.A3>

1
2
1
(3.20) + I

tr (z’.A1 . Ay k.A3> .

On the first line, the trace of three identical symmetric matrices can be cy-
cled and reversed, sty = 6 is the correct automorphism factor. On the
second line the terms with a single symmetric and a pair of antisymmetric
matrices can only be flipped yielding two automorphisms. The term on the
third line has no automorphisms. We will keep track of the matrix type by
“sprinkling” units {1, e;} over the set of Mdbius graphs (see Figure 3.5).

Orchestrating the above observations yields the following:

Lemma 3.2. The matrix integrallog (Z¥(¢, N)) may be computed as a
sum over Mbbius graphd” with weight

pr NP
3.21 —
(3.21) |Aut(T)]|
multiplied by a single power af for eachj-valent vertex irl’. The factor
ur is calculated by

(1) Writing down all possible configurations of units € {1,e4,...e5-1}
at each vertex such that their productid .

(2) Counting these signed configurations with an additional minus sign
for every untwisted edge with imaginary unitsat each end.

The proof of this lemma follows from our previous remarks and by ex-
amining the Wick contraction for antisymmetric matrices (3.14). A sample
computation ofur is given in Figure 3.5.

Our proof is completed by computing the numbgfs which requires a
second major ingredient:

Lemma 3.3. The quantityur is a topological invariant of the:-punctured
surfaceSr \ {p1,p2, .- .,pn}, Where the removed points are all distinct and
n = fr is the number of faces of the cell decomposition defindd by

The proof of this crucial Lemma is almost a triviality. Graphs are iden-
tified if they are equivalent under rotations and flips of their vertices (Fig-
ure 3.1), so it suffices to show that is invariant under contraction of an
untwisted edge. This operation is depicted in Figure 3.6

This relation is obvious since the products of units at either vertex must
be real and the Wick contraction corresponding to an untwisted edge with
unitse,, at either end comes with an overall factpt. We remark that an
analogous relation involving a vertex flip for the contraction of a twisted
edge follows.
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FIGURE 3.5. Computation ofur for a non-orientable
Mobius grapH'. Herey(Sr) = 0. The surfacér is a Klein
bottle. The contributions:1 add to yieldur = 4 = (2 —3)?
(for 5 = 4).
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FIGURE 3.6. Edge contraction

FIGURE 3.7. The diagonal flip operation for a triangulation.

We now compute the invariapt- for a graph of arbitrary topology. Since
ur is topological, we may employ a standard graph for each distinct topol-
ogy labeled by the orientabilityr, number of facegr and genus;(Sr).

The key theorem from topology we need here is the connectivity of the
space of all triangulations of a compact surface with a fixed number of ver-
tices under the action of d@iagonal flip[12] (see Figure 3.7). A diagonal
flip of a triangulation is exactly thusion moveof the dual Mdbius graph.

For orientable surfaces, the connectivity in concern implies the path con-
nectivity of the moduli spacét,,, of smooth complete algebraic curves
defined ovelC with n marked points. The connectivity of triangulations of
non-orientable surfaces has been also established.

Now note that because of the invariance:pfunder edge contraction, we
can expand all vertices of valence greater than 3 and contract all vertices of
valence 1 and 2 to create a trivalent graph. Since the dual of a trivalent
graph is a triangulation of the surface and the number of vertices of the
triangulation is the numbet = fr of faces of the Mbbius graphl’, the
connectivity of the space of triangulations implies that our invarignis
a constant for each topology of a giverpunctured surface. In the actual
computation, it is convenient to use the following representatives for each
of the three topological classes:

(1) Orientable{ = 1); a standard graph is given in Figure 3.8.
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O—=2
0

g

FIGURE 3.8. A standard Nbius graph that represents an
orientable surface of genyswith n marked points. It con-
sists ofn — 1 tadpoles on the left angd bi-petal flowers on

the right.

(2) Non-orientablef{ = —1), odd genus; with standard graph given in

© ? 9

S ©

g

FIGURE 3.9. A standard Ndbius graph drawn on a non-
orientable surface of genys= 2k+1 with n marked points.

In addition ton — 1 tadpoles on the left it hak orientable
bi-petal flowers on the right and a non-orientable one added

at the top.

(3) Non-orientablef = —1), even genus; a standard graph is in Fig-
ure 3.10.

Finally, it is easy to calculater for each one particle irreducible compo-
nents (subgraphs which remain connected after cutting a single edge):

(3.22)
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N
0

g

FIGURE 3.10. A standard Nbius graph representing a
non-orientable surface of genys = 2k with n marked
points. It has: — 1 orientable tadpoles on the left bi-petal
orientable flowers on the right and a non-orientable tadpole
added at the top.

(3.23)
:Q@ =1+3(6-1) - (B-1)(3~-2),
(3.24)
:@U =2-0,
(3.25)

Each of the above calculations is rather similar: A single line emitted from a
tadpole subgraph can only ever carry the upit= 1. As an example, (3.23)
arises from (i) placing all 1's on remaining four lines (ii) 1's on one loop
and imaginary unitg; on the other which can be done (5 — 1) ways,

(iii) the same imaginary unit on both loops giving— 1 possibilities, (iv)
different imaginary units which can only be achieved for the quaternions
and in6 = (8 — 1)(3 — 2) different ways incurring a minus sign since

—1 =515 (say).



DUALITY FOR MATRIX INTEGRALS 17
Therefore we find

(326)  ur=(-4+60- %) 2-p)" 6"
This result combined with the first Lemma above completes the proof of
our main theorem.

Finally, we prove the gauge theory result of [18]. In th€@(2/N) case
the integration is over antisymmetric matrix valued gauge fields. The expan-
sion is again in terms of Bbius graphs with a relative minus sign for each
twisted edge. As shown in [18], in thep(V) theory, a twisted edge gets a
minus sign as well as a directed factbe= —J " (the2N x 2N symplectic
metric) on each line. Therefore the symplectic and orthogonal graphs differ
only by a possible relative minus sign which can again be computed for the
standard graphs in Figures 3.8—3.10 since this relative sign is also invariant
under edge contraction. The result is, of course, a fdetg¥r).

15r—1x(Sr)

4. EXAMPLES

A simple consistency check is the case= 2. Clearly, non-orientable
graphs give a vanishing contribution as required for hermitian matrix in-
tegrals. To obtain a more conventional normalization, we reskale—

(Y2 X in (2.1) and absorb all but one power®fn the couplingg, so that
oo [t
f[dX](ﬁ)eXp <—§trX2—|—Z ]trXJ)

j=1 2

f[dX](ﬂ) exp (— 5 tr X2>

(4.1) log

v (—4+ 66 — ﬂz)l_%zr—%X(sr)@ e RN Ht o
= |Aut(T)]
Hence whers = 2
(4.2)
s f[dX](z) exp <—%trX2—|—Z;°:1%ter> B o N/T )

Ty L1

f[dX](Q) exp <— 5 tr XQ) re® [Aut(T
We note that

€] ()

Nfr Ur‘ Nfr o
(4:3) Z|A ol = 2w L

wherefR denotes the set of all connected ribbon graphs ands(I") the
automorphism group of a ribbon graph disallowing orientation-reversing
automorphisms. To see (4.3), [ébe an oriented ribbon graph. Then either
(a)T and its flipI" are isomorphic as a ribbon graph; or (b) they are different
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ribbon graphs. In case (a), we haveut(I')| = 2|Autx(l)|. If (b) is the
case, themut(I") = Autx(T), butT' andl’ appear as different graphs on
the right hand side while they are the same astéiMs graph ir&.

Together, equations (4.3) and (4.2) constitute the well-known result for
the hermitian matrix integral [3].

A less trivial test for theg = 4, GSE model is a comparison with the Pen-
ner model. To begin with we re-express (3.8) in yet another normalization,
together with a specializatian = ¢, = 0:

(4.4) log (f[dX](4) exXp (— % tr X2 + 2503 tj tr X]))
f[dX](4) exp (_ 1ty X2>

Here we have employed the useful identity

(4.5) (—1)%F = (~1)¥st).
The Penner substitution

(4.6) tp — =1 >3

yields the graphical expansion

et )

f[dX](4) exp <— 5 tr X2>
E o
re®

Equation (4.7) is valid as an asymptotic expansion of the integral for0
while keepingz > 0, as an element of a formal power series fiQgV])|[z]].

The integral on the left hand side can be evaluated explicitly (see (7.2)
and (7.3) of Section 7). The leading terms as an expansiomie

f[dX](4) exp <— ijQ Z]/j ~tr XJ>>
f[dX](4) exp (— = tr X2>

= (—EN——N2+3N3>2+(’)(22).

(4.7) lim log

m—00

m—00

(4.8) lim log (
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On the other hand, our graphical expansion yields

) Z(il"—’l]r‘
49 3

res

(
(

onps { S
+ (—2N)2z { _21)2
_1)?

(

+

1 1., 2
— (- =N ZN? —N3> 2).
( SN = SNP4IV 240

Needless to say agreement is perfect. In fact, as we shall show in Section 7,
agreement to all orders amounts to known results for the orbifold Euler
characteristic of the moduli space of real algebraic curves.

5. DUALITY FOR MATRIX INTEGRALS

An additional change of variable§ — N'/2X in (4.1), absorption of
all but a singleV in the couplings as well as the substitution

(5.1) f=2a,
yields

(5.2) lo J10X ], exp (= 42 tr X2+ T, 550 0 X0)
. © f[dX] exp< Ko trXQ)

1-1vp—1x(S
32r—3x( F)(O{fl/Q _ al/?) )

= 2(a'/2N)XED) B-a" —0) AT Htvr :

I'e®
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This formula is invariant under
(5.3) a—a ! and N — —aN.

Remark.

(1) The duality holds graph by graph

(2) Thea = 1 GUE model is self-dual sincg(Sr) is even for ori-
entable graphs.

(3) The graphical expansion of the= 2, N x N GSE model is iden-
tical to that of thew = 1/2 GOE model if the size of the matrices
are doubled and the contribution of everyMus graph embedded
in a non-orientable surface of odd Euler characteristic is multiplied
by —1.

One might wonder whether matrix integrals exist whose graphical ex-
pansion coincides exactly with the image of (5.2) under the duality (5.3).
Although we have no definite answer to this question at this point, in the
next Section we show that the combination of Poigaduality and the one
discovered here underly the dualities for correlations of characteristic poly-
nomials [2, 6, 7, 17].

6. CHARACTERISTIC POLYNOMIAL DUALITY

The average of products of characteristic polynomials obey dualities be-
tween GOE and GSE models [7]:

61 SISIXN exp (= tr 82) T, detan(Ae = S)
f[dS](JIV)XN exp (— T tr SQ)
f[dX](’jS’“ exp(—N tr X?) Hdety, (A — /=1 X)
B f[dX](ZTk exp(—N tr X?) ’

as well as a self duality for the GUE cdge]:

[TAXIN*N exp (— N gy X?) TT5, detsn (A — X)

(6.2) @)
f[dX]g)XN exp (— 2 tr X2>

2Physicists would call this @-duality — valid order by order in perturbation theory.

30ne might question the reality of the integrals on the right hand sides of (6.2) and (6.1)
since an explicity/—1 appears in the determinants. It is clear, however, from both the
graphical expansions below and the original derivation in [6, 7] that both integrals are real.
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f[dY]("Sk exp (— 2t Y2> det? (A —+/=1Y)
f[dY]g?k exp <— S tr Y2>

The duality relates expectations/efold products of distinct characteristic
polynomials of NV x N matrices to averages over thih power of determi-
nants of certairk x k£ matrices. Here\ = diag(\y, ..., \x) is a diagonal
k x k matrix of real entries. The quaternionic determinénlet in (6.1) is
defined by

(6.3) Hdetgu M = det>.,, C(M),

where the2k x 2k matrix C(M) is obtained from theé: x k& quaternion
valued matrix) by replacing the quaternionic units by their representation
in terms of Pauli matrice$l — Iy, e; — io; (i = 1,2, 3).

To begin with, we demonstrate that tidé-k duality for GUE models
follows from the usual ribbon graph expansion along with Poiachrality
of graphs on a compact oriented surface. The first step is to represent the
determinants as vertices of the graphical expansion. Let us assume that the
parameter\, satisfies\, > \ > 0 for every/ and some positive, and let
(2, denote the set of alV x N hermitian matrices whose eigenvalues are
contained in the bounded interjal\, A]. Then for everyX € 2, we have
a convergent power series expansion ji:

X X <1 ,
det (I ——= ) =exp|trlog|]—— =exp | — Nt X7
(1=5) = (1 (1)) = (-3 S e

Therefore,

k
NxN _—Ntr x2 X
(6.4) / [dx] e gdetNxN (1— E)

1 : :
= / [dX]g)XNe_%tr X2 exXp (— Z ; tI‘kaA_JtI‘NXNXJ)
Qx

=1

k
NxN —%trXZH X
_’_/Q [dX](2)>< € detNXN (I— )\—() s

S =1
where 25 is the complement of2, in the space of allvV. x N hermitian
matrices. Sincél, is a compact space, the first integral on the right hand

4The Pauli matrices are

0 1 0 —i 10
(Vo) e (B) e (0Y)
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side of (6.4) is a convergent power series\int, \; ', ..., A, '. Sett; =

—tr A7/, ThenRe(t;) < 0, and as\ — +o0, t; — 0. Thus the ribbon
graph expansion provides each coefficient of the power series expansion of
this integral int; asA — +o00. The second integral on the right hand side

of (6.4) is a polynomial in\,* whose coefficients converge to 0 agoes

to infinity since(2§ approaches the empty set and the integrand is bounded.
Therefore, we obtain an asymptotic expansion formula

JIAX]N exp (— gt Xz) [Ty detivn (f - %)

(6.5) log @
f[dX]g)XN exp (— L tr X2>
()

1 —er —J7\v
= 2 Tty Y LA

The computation of

JIAY5* exp (— 5 tr Y2> det™(I — =1 YY)

k
(2)
kxk N 2
f[dY]@) exp (— 5 trY )

can be performed similarly: First we decompose the space df allk
hermitian matrices into two pieces, one consisting of matrices with eigen-
values in[—\, A], and the other its complement. Xf > X\ for every/, then
det™(I — /=1 YA~!) can be expanded as before. Asymptotically as an
element of Q[N])[[\;', ..., A Y]], we have

(6.6) log

(6.7) /[dY](ij exp (— g tr Y2) det(I — /=1 YA HY

= /[dY]gk exp (— g tr Y2) exp (—NZ (\/__1)jtr (YA_I)j) :

J
The appearance of the tetm(Y A~1)™ instead oftr Y™ occurring in (6.7)
replaces products of traces over identity matrices
(6.8) O | [C
j
incurred in (3.8) as one travels around each face of the drapi

(6.9) JCESR L

J
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(Recall thatfﬁj) denotes the number gfgons in the cell-decomposition of
Sr defined by the graph.) Therefore,

(6.10)
o (f[dY](kQ?k exp (— 2 tr Y2> det™(I — /—1 YA1)>

f[dY](’;?k exp (— I tr Y2>
(f[dY](’;k exp <— L tr Y2> exp (—N > W?—,l)jtr (YAl)j>)

kxk _ N 2
f[dY](S exp( 5 trY)

P T Ve i | (S

renr J

1 ()

— —1)/r Nyvr—er tr A=) /r 7
Fezm |Autm(F)|( ) H( )
J
where we used
(—1)r-er = (_1)X(SF)—fr — (_1)]01“.

Let us denote by™* the dual graph of a ribbon grapghdrawn on a compact
oriented surfacér. We note that\uty(I") = Auty(I™) and

o = 2,
(611) er = erx,
fI(‘]) — Uéj) )

Since one and two valent vertices are included in the set of ribbon graphs
R, the map
xR — R
is a bijection. [Contrast this situation to the Penner model in Section 4,
where the couplings; = t, = 0 and Poinca duality does not apply.]
Therefore,
1 )
E— g vFNfF—er tr A9)er
2 Ty L A7)
J

1 Vp* * —Eepx* —J 'U(j;k)
612) =2 [V e A
rem R

j
1 6]
1%9:% |[Autg(T)] (=1) H( )
J
This implies that the matrix integrals (6.5) and (6.6) have the same asymp-
totic expansion.
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The N-k duality in equation (6.2) is a polynomial identity of degi&é
in (Q[N])[A1, A2, - . ., M), where we defindeg(),) = 1. We must now con-
sider also disconnected graphs, since there is no logarithm. The coefficient
of the degreeVk — d term of (6.2) is therefore determined by a partition
d = 2(e; + ey + --- + e,,) corresponding to the product of connected
graphs consisting of;, edges. The contributions of connected graphs are
computed in (6.5) and (6.6). We note that the duality (6.12) holds for every
surface even when the number of edges is fixed. Therefore, the asymptotic
equality we have derived implies the polynomial identity (6.2). In other
words, theN-k duality of [6] is a simple consequence of the Poi&cdinal-
ity of graphs on a compact oriented surface.

Our derivation of the characteristic polynomial duality between the GOE
and GSE models goes quite similarly. Here again we see that the duality is a
consequence of our graphical expansion formula (3.8) and Péidcatity:

Using the same trick for characteristic polynomials as in the GUE case,
from the expansion formula (3.8) we obtain an asymptotic expansion for-
mula for the GOE side of the duality

(6.13)

g (f[dS]g)XN exp <— 2N tr 52) [T, det (I — /\%))

f[dS]g)XN exp (— Xtr 52>

f[dS]g)XN exp (— 2 tr SQ> exp (— > QtrQ—;.rjtr Sj>
f[dS]JYXN exp (— % tr 52>

()
_ UFQUF eFNfF er tr A7)or
- )
(Note the non-standard normalization of the Gaussian exponent yields the
factor2—°r.) Its GSE counterpart requires some care: The “characteristic
polynomial” of ak x k quaternionic matrixX is defined by

Hdet(A — V=1 X) = det"*(Alppror — V-1 C(X))
and
tr X7 = %tr C(X).

Thus if all eigenvalues ok are in[—\, \| and\, > A > 0, then

Hdet(I — v—1 XA™) —eXp< 122 ' r (XA~ ))
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Therefore, we have an asymptotic expansion
(6.14)
f[dx]gk exp(—N tr X?)Hdet (I —+/—1 XA™)

1
©8 f[dX](’iSk exp(—N tr X?)

f[dX](’ZXkexp (—% tr XQ) exp (—N Z;’il 21 4 (XA_l)_j)

) %
JldX]kxk exp (=5 tr X?)

k
(4)

1 .
=D m(—1)2F+6F+”F2ff—efjv”r—er e A=)

res® J
- p(d)

1
_ _ 1\frofr—er nyvr—er =\ fr
= >ty V2N LA

red® J
where we have used the fact that
(_1)Zr+er+vr — (_1)fr

that follows from (4.5). (In addition the non-standard Gaussian exponent
normalization now accounts for the absence of explicit factora the
graphical expansion.) We now see that (6.13) and (6.14) are equal again
through the dual construction of ad¥ius graph.

The polynomial identity (6.1) follows from the equality of the asymptotic
expansions. This time each term of (6.1) may have contributions from both
orientable and non-orientable graphs, but since the dual graph construction
works for each surface, the equality holds.

7. THE PENNER MODEL

The Penner model for the hermitian matrix integral provides an effec-
tive tool to compute the orbifold Euler characteristic of the moduli space of
smooth algebraic curves defined o@awith an arbitrary number of marked
points [21], [11]. It was discovered in [10] that the Penner model of the real
symmetric (or GOE) matrix integral yields the orbifold Euler characteristic
of the moduli spaces of real algebraic curves. Due to the GOE-GSE dual-
ity (5.3), we see that the symplectic Penner model is identical to the GOE
case, except for the matrix size and an overall sign for contributions of non-
orientable surfaces. As we shall see, of the three main classesmti
graphs —oriented, non-orientable ogdst) and non-orientable evep(.Sr)

— only the first two survive the Penner substitution for the couplings, or in
other words, the orbifold Euler characteristic vanishes whefy ) is even.
Therefore the third symplectic Penner type model is not an independent
topological quantity.
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We also show that the generalized Penner model expressed in terms of
Vandermonde determinants to power2{iN U 1/N) exhibits an extended
duality that agrees with (5.3) when the power of the Vandermonde is re-
stricted tol, 2 or 4. Many explicit formulae and derivations are reserved for
Appendix B.

The symplectic Penner model introduced in Section 4 reads

m 53/2— ;
f[dX](4) exp <— >, % tr XJ>
f[dX](4) exp <— Ttr X2>

= 3 ot (W) (DD (e,
rese

to be viewed as an element of the formal power series (Wiav])|[z]].
This integral is indeed explicitly computable. Symplectic invariance of the
measure and integrand allows us to diagonalize the matrix variable-
diag k1, ko, . .., kx) SO that:

(7.1) lim log

(7.2)
lim log
g [ O B (- 55 )
: 2
m—00 f[RN A4(k) Hljil exp ( — %)dkl
where

A(k) =T ki = k)
1<)
is the Vandermonde determinant. Using the asymptotic expansion tech-
nique established in [19], the Selberg integral formula and the Stirling for-
mula an explicit asymptotic expansion, even valid for every N, can be
computed for the integral

(7.3)
Jaw A%(K) Hf\il eXp ( - Z?ZQ Z]/ji kf)‘ﬂﬁ
K(z,N,a) = lim log 5 "
meee Jen A2¢(E) [, exp ( — ?)dkl

(In what follows K (z, N, ) should be regarded as as the asymptotic ex-
pansion, not the underlying integral; an explicit expression is given in Ap-
pendix B.) Specializing to the = 1 hermitian case yields a very compact
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result corresponding to the original formula of Penner [21]:

KeNny= S otn 3 m Dy e

By (2g)!n!
(7.4) 2—2g—n<0
(=1 -
= —Nfl"(_z)er vr
F% [Auton(D)

Identifying n with fr andg as the genus, yields the well known generat-
ing function of the Euler characteristigt, ,,) of the moduli of complex
algebraic curves of genysandn marked points.

For thea = 2 symplectic case a similar simplification occurs and (7.3)
can be written in terms of the = 1 hermitian result plus additional terms
corresponding to non-orientable surfaces of even genus2q with m +
1 — 2¢g marked points

(7.5)
1
K(z,N,2) = §K(272N, 1)
1 (2 +n —2)1(227" — 1) n 2g+n—1
9 Z (29)! n! baq(2N)"(—2)™ :
q>0,n>0
1-29g—n<0

Comparing (7.5) with (7.1), we obtain
Z (—1)er 1 (2¢+n—2)!(2271 —1)

Aut(T)] 2 (29)! n! baa:

(7.6)
I': fr=n, g(Sr)=2q
where the summation is over all connected non-orientalid®itvs graphs
with n > 0 faces that are drawn on a non-orientable surface of geqnus
satisfying a hyperbolicity conditioh— 2¢ — n < 0. The formula (7.6) is in
exact agreement with the formula for the orbifold Euler characteristic of the
moduli space of smootteal algebraic curves of genwg with » marked
points that can be found in [10] and [20].

To study the GOE-GSE duality for the Penner model, we need the ex-
pansion of the analog of formula (7.3) valid for the single power of the
Vandermonde determinant relevant to the GOE model. Indeed an integral
formula for
(7.7)

S 1A GR) 2T exp (= 3237 25 kY )
J(z,N,~) = lim log — 5
e Je \AGR) P TTE e (= &)

valid for every positive integey € N (i.e. for all powers2/N of the Vander-
monde) was derived in [10] in order to compute (7.6). (See Appendix B.)
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The matrix integralg<(z, N, «) and.J(z, N, ~) are closely related: Ob-
viously

(7.8) J(z,N,1) = K(z,N,1).
The identity
(7.9)
1 1
J(22,2N,2) = 5.J(2,2N, 1) - <K(z, N,2) = SK(z,2N, 1))
- %J(z, N 1)
1 (2q +n— 2)!(22(171 - 1) n 2q+n—1
+ 92 Z (29)! n! baq(2N)" (—2)™ )
q>0,n>0
1-29g—n<0

expresses the = 2 GOE case in terms of the = 1 oriented hermitian
result and a sum over non-orientable contributions with odd Euler char-
acteristic. Notice, as claimed above, in the graphical expansions of the
orthogonal Penner model(2z, 2N, 2) and the symplectic Penner model
K(z, N,2), non-orientable surfaces of odd genera do not contribute. This
corresponds to the fact that the orbifold Euler characteristic of the moduli
space of smooth real algebraic curves of odd gexqus 1 with n marked
points is O for any value af > 0 andn > 0.

More importantly, observe that the GSE and GOE formulee (7.5) and (7.9)
almost coincide except that the GOE formula is for matrix gixeand the
non-orientable odd Euler characteristic terms differ by an overall sign. (The
appearance dfz rather than: will be cured by the appropriate normaliza-
tion given below and in the master formula (5.2).) This is precisely the
duality (5.3).

Finally, we show that the duality between GOE and GSE extends to ar-
bitrary positive integers for the two types of Penner integrals introduced in
this Section. Let € NU 1/N and set

(7.10) I(z,N,7)
i 1 [ BB I e (T ()™
oo Jow 18P T exp (= 5 ) aky
€ (NN e

Then we have
K(Z N,@) , T=a €N,

aN’

(7.11) I(z,N,r) =
J(E,N,y) , r=~"tel/N.
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From inspection of the explicit asymptotic expansion formulee of (B.1)
and (B.9) presented in Appendix B, we obtain an extended duality
(7.12) I(z,N,r) = I(z,—rN,r 1)
for an arbitrary positive integet. This is in agreement with the duality (5.3)
forr=1,2.

8. THE CENTRAL LIMIT THEOREM

To prove a central limit theorem for large matrix si2g we need to
show that the leading dependence is Gaussian in the coupling cornstants
More precisely, define the Gaussian expectation valug(af) for GOE
(a =1/2), GUE (@ = 1), and GSE ¢ = 2) as

f[dX](2a) exp (— A2 tr X2> f(X)

@1  {f(X)Dwa =
e f[dX](Qa) exp (— Na gy X2>

and consider

(oo (5% 00)),,

exp (Z] aTt] <tr XJ'>(N7Q))

The expansion formula (5.2) shows that the contribution of a connected
I(\:Igo;lus graph’ € & tolog <eXp (Zj S X >>(N7a) is

(8.2) V(t,N,a) =

(3— a-l_ a)lf%Erf%x(Sr) (04_1/2 _ al/Q)EF

(7)
vr
Au(D)] Le

QQ%X(SF)NX(SF)—UF

Since
Z % <tr Xj>

7 J (N,)
is the sum of all contributions from-vertex Mobius graphs, we see that
logV(t, N, ) has no terms coming frorrvertex graphs. In particular, it
has no terms with a positive power of. Indeed, the power aV in (8.3)
is strictly positive only wheny(Sr) = 2 andur = 1, i.e. T is an orientable
planar graph with one vertex. Therefolien .., log V (¢, N, «) consists of
contributions from graphs that have two or more vertices@it) — vr =
0. But this is possible only wheg(Sr) = vr = 2. In other words[" is an
orientable planar graph with exactly two vertices contributing (see (8.3))

2¢

—1

[Aut(T)] 7
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wherej; andj, are the valences of the two verticeslaf Altogether, we
have established the following

Theorem 8.1. The Central Limit Theorem for GOkx = 1/2), GUE (o =
1) and GSE« = 2) ensembles is

<exp (Z; O‘th tr Xj>>
lim log il
e P <tr Xj>
(8.4) PN 2T (N,a)
— Z Y 4y
- 71792
JAuts(T)]

I" connected, oriented, plan
2-vertex ribbon graph

7a)

wherej; andj, are the valences of the two vertices of the ribbon grBph

We notice that the formula is the same for all three ensembles except for
the overall factor ofx. In particular, only oriented planar ribbon graphs
contribute in the largeV limit. This mechanism was observed long ago by
't Hooft in the hope that largé/ quantum chromodynamics could be solved
exactly [24].

9. CONCLUSIONS

Let us tabulate the patina of results gathered here:

e The asymptotic expansion of the three Gaussian random matrix en-
sembles is expressed as a sum ovébMs graphs.
e These expansions are related by a duality

(9.1) a — o tandN — —ahN.

The o = 1 GUE model is self-dual and sums over only ribbon
graphs. The duality between= 1/2 GOE andx = 2 GSE models
amounts to an equality of graphical expansions up to a factor

(_1)x(5r)

for any graph’.

e When specialized to Penner model couplings, the Selberg integral
representation yields an asymptotic expansion fowvatl N U 1/N
and the duality (9.1) holds for this extended setvist

Therefore, the first and probably most interesting question one might pose,
is whether our graphical expansion formulee can also generalized to the ex-
tended setoft € NU 1/N. l.e,
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Matrix Integra
a=1/21,2

C Is)
Penner Model Graphical Expansio
a€eNUIL/N a=1/2,1,2,77

Let us briefly postpone a discussion of this issue while enumerating several
other questions for which we have no immediate answers:

(1) Do there exist matrix models where the duality holds exactly, with-
out a factor(—1)x(5r)?
(2) What is the significance of the minus sign in the transformation

N — —aN?

Is there an interpretation where traces oyérx N matrices are
replaced by a supertrace and in turn bosonic matrix integrals by
fermionic ones? (cf. [9])

(3) Why the factory in the transformation

N — —aN?

Is there a generalization of the GSE dual to the GOE at odd values
of N?

After this disquisitive interlude, we return to the postponed question. Let
us examine the generality of Lemma 3.3 which claimed that a topologi-
cal invariant of a punctured surfacg was obtained by counting signed
configurations of unit1,e;...,es, 1} on the associated gragh Its
proof relied on the following: (i) The units all squaretd and{+1, t-¢;}
is a group. (i) At any vertex, their product waisl and therefore real.

(i) Units whose square was—)1 were joined by Wick contractions of
(anti)symmetric matrices.

Therefore generalized matrix models whose graphical expansion is com-
pletely determined via our methods can be written down based on a larger
group of “imaginary” units{#1, & f,; *e; : f> = 1,2 = —1}. Sim-
ple examples are generated by considering elements drawn from Clifford
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algebrasl.e, the Pauli matrix representation of the quaternions can be gen-
eralized to larger sets of higher dimensional Dirac matrices. Although these
Clifford type models seem not to generate theories with the new values of
exhibited in the Penner model, it would be interesting to investigate whether
new matrix models of this type can indeed be constructed.
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APPENDIXA. QUATERNIONIC FEYNMAN CALCULUS

Since the quaternions are the last real associative division algebra, it is
natural to develop a manifestly quaternionic Feynman calculus. Again, let
us consider GOE, GUE and GSE models all at once via the unified notation

B8—1
(A.1) X =8+ e
=1
where thelV x N matricesX are real, complex or quaternionic self-adjoint
(A.2) XTEYT:X, €= —e,
depending on the value of= 1, 2 or 4, respectively.
To begin, we need a shift identity
1
(A.3) exp (5 tr (BTX + XBT>> F(B) = f(X + B),
where the “background variable”

and theN x N matrix of derivatives) is given by

%(% _Zieia%) , a#b,
(A5) aab =
o) _
W y a=>b.
The identity (A.3) holds thanks to the commutation relations
(A.6) [%tr (aTX n XaT) , B} ~-X.
Note also that

(A.7) [a, %tr (BTX + XBTH — X,
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although[o, B] = I only for the real and complex casgs= 1, 2.
We may now rewrite matrix integration as differentiafion

1 s =t :
(A.8) /[dX](4) exp <—§trX +Z;?ter>
]:

1 o :
:/[dX](4)exp <—§trX +Z—_tr (X+B)J)

=17 B=0
= /[dX](4)eXp<— %tr <X - 3T>2+ % tr 8T2> exp(i Z—] tr Bj>
J=1 B=0
= (/[dX](4)exp<— % tr XQ)) exp(% tr 82> exp(i I;—J tr Bj>
= B=0

The first factor on the last line is just an overall normalization while the
two exponentials can be expanded in terms of Feynman diagrams:tthe
order term in the expansion of each exponential is interpreted as either
edges on vertices, respectively.

Let us give some details: The operaforr 9 acting on a quantum vari-
able, yields

1
(A.9) [5 tr 0%, B] = 0",
which is represented graphically as attaching a ribbon edge to a vertex since
the operator% tr 92 is to be viewed as an edge. Note that by this rule, a
vertex emitting aB,; is replaced with one emitting,, which amounts to a
twist. Attaching the other end to an adjacent vertex yields

(A.10) <8abBcd> = % 3 0acObd + % (2 = B) baadye -
Note that the brackets on the left hand sides above indicate that we are
computing the derivative rather allowing it to continue acting to the right
as an operator. In particular, observe that for the GUE g¢ase,2 so no
twisted ribbon graphs can appear.

For the GOE and GUE models we are done, one simply attaches all possi-
ble edges to vertices using the above rules and finds the usual known results.

5The result is equivalent to the one obtained using a Schwinger source term. The refor-
mulation presented here is often called the background field formalism, a simple account
may be found in the on-line textbook [22].
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The symplectic case is more subtle however, thanks to the quaternionic non-
commutativity ofo andB. In particular

(A11)  (0wf(B) Bua) # (9uf(B)) Bua+ f(B) (OuBus)

for some functiory of the quaternionic matrig. l.e., the quaternion valued
operato does not satisfy the Leibniz rule. However, a generalized Leibniz
rule does apply: First note that for any

(A.12) Q=58+ eAa

where the real matriceS and .4, need not have any definite symmetry
properties (so tha® is not necessarily self adjoint) we h&ve

(A13) ZeaQea:_Q‘i‘(Z_ﬁ)@-

07

Therefore we have the generalized Leibniz rule
(A.14)

0u(Q Bus) — (0Q) Bra = bucbia @ = (2~ ) Bucbia — Duat) 2.

Note that fors = 1, 2 the right hand side is equal @(c‘)abBcd) , expressing

the commutativity of real and complex numbers. This relation is the central
graphical rule for our quaternionic Feynman calculus and is depicted in
Figure A.1. Note that it reverts to the rule (A.10) whén= 1.

Itis now possible to compute any term in the expansion of (A.8) in terms
of graphs. However, for quaternionic matrices, when connecting vertices
with ribbon edges, intermediate vertices and unconnected edges may be
twisted and/or flipped according to (A.1). It is easy, but tedious to verify
that the results for simple graphs coincide with our general formula (5.2).

SWheng = 1, the sum on the left hand side is empty and equal to zero, while the right
hand side vanishes for re@.
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FIGURE A.1. Quaternionic Feynman rule. Observe how
connecting vertices with edges changes vertices yet to be
connected.

APPENDIXB. GENERALIZED PENNER MODEL

In this Appendix, we derive the asymptotic expansion formula

(B.1)

Jeow 822 () T exp (= 3237 25 &) ) d

K(z,N,a) = lim log

e Jow 2R TS exp (= % ) d
“=2m (2m — 1) = 4m
oo %]
1 (=1)™(m — 1)lby 1-2¢ —
— m -1 Nm+1 2q .m
32 — (2)!(m + 1 — 29)! ( ) :

&m+1—2q Nm+2—2q—25

m
bl

(_1)m(m - 1)!b2qb23
| z

(2¢)!1(2s)!(m + 2 — 2q — 2s)!

which is valid for every positive integer. Here theb,,’s are the Bernoulli
numbers defined by

> t" t
anazet—l'

n=0
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The key techniques are the Selberg integration formula, Stirling’s formula
for I'(1/z) and the asymptotic analysis of [19]. First we note that as an
asymptotic series in whenz — 0 while keepingz > 0, we have

: 2a Zj/2_1 J .
Alif;olog</ A Hexp( Z ; W”ﬁ)
— log ((zéeizi>nzaN(]2V1)/ A (k H ek dk)

0,00)N

(For the mechanism changing the integration fiefhto [0, co)¥, we refer
to [19].) This integral can be calculated by the Selberg integration formula:

/ A% He’k dk_HF(l—i-Oc—l—joz)F(l—i-%—l—ja)'
[0,00) N

(B.2)

I'l+a)

Therefore, we have

(B.3) Wlli_r}})olog (/ A**(k Hexp( Z Z]/; : k‘f)dk,)

=2

N N N aN(N —1)
:c+—logz+—+—logz+—logz
2 z z 2
N-1 1
1 H{14+-+y
+0gj11) (+Z+]a),

wherec is the constant term independent:zof Since (B.1) does not have
any constant term relative t9 here and below we ignore all constant terms
independent ot (but possiblyN dependent). The product d6ffunctions
can be calculated by the recursion formula, noticing thestan integer:

(B.4) - ]—ON—Zl o N—i—1
=T(1/2)N (é) H(é—l—ia—!—j)
i=0 j=1
1) G)NN“” (1 +2(1+ (i_ 1)a+g)>N‘Z
i=1 5=0



DUALITY FOR MATRIX INTEGRALS 37

We now apply Stirling’s formula fotog I'(1/z) to obtain, up to a constant
term:
N-1

1
1 1 .
ogHF<1+Z+]a>
7=0
N N N bom,
= ——lOgZ———FElOgZ—i‘Zmszmil
(BS) z z miim
N(N —1
— Nlogz — %)logz
oo N—-1a-1

3 %(—1)’”‘1@\7 — D1+ (i = Da+j)mam

We note that all negative powers oandlog z related terms in (B.3) cancel
out using (B.5). Finally, we obtain

barm i
(86) K(Z,N,a)zzm]\ff 1
m=1
co N—-1 « 1
+2D 02 DTN = L) ia+ )

This last sum of powers can be calculated using Bernoulli polynomials,
from which (B.1) follows.
Using a formula for Bernoulli numbers

" /on " /on
(1 - 2n>b2n = Z <2 )qubQTL—Qq = Z <2 )qub2n—2q22q7 n ;é 17
q=0 q q=0 q
and noting thabt, = 1/6, we recover the original formula of Penner for
a=1[21]:

K(z,N,1)=->_ b 2m-

— 2m
o (%
1)!(2g — 1) _
b Nm+2 2q( . \m
+Z 2(] (m—+2—2q)! 2q (—2)
(B.7) m=ta=o
(20+n=3)!2g—1), o/ ogrn2
- 2 gml N2
g>0,n>0 g):n:
2—2g—n<0

_ (_1)6F Jr(_yyer—vr
=2 @y T
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Fora = 2, (B.1) simplifies again:
(B.8)

bam
K(z,N,2) = —Z 2N At

3

n

]

oo |

+ 1 : (m - 1)‘(2q _ 1) b2q2m+2—2qu+2—2q(_Z)m
2~ = (2¢)!(m + 2 — 2q)!
o 3]
1 L (m — 1)1(2%71 — 1) 3 B
— b 2m+1 2qu+1 2q(__ m
2 mzlng (29)/(m + 1 — 2¢)! (=2)

Note that the first two lines of (B.8) are identical to the Penner model
TK(z,2N,1).

The following integral formula, again valid for every positive integetf
N, has been established in [10]:

(B.9)

Jon 1) P TT exp (= 320 257 & )
J(z,N,v) = lim log

e Jn 1A (K )17 T, lexp( )dki
00 2m—1 00 m
=23 gzm 1 > (E> " 4L< DTN (Z)
—2m(2m—1) v \v “—dm v
o 2] . m
1 Z ~ (=1)™(m — 1)lby, <1_ 1 )Nm+1—2q (f)
2 A== (29)!(m+ 1 - 29)! v o
] [

2E]-q m
QZ ( - 1)‘b2qb28 . 1 NMt2-24-2s (E)
_ _ | 1—2s '
o Sl (29)( 23 (m+2—2q—2s)! ~ 0l

Our duality (7.12) for the generalized Penner model follows from compar-
ing (B.1) with (B.9).
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