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e-Machines are minimal, unifilar representations of stationary stochastic processes. They were
originally defined in the history machine sense—as machines whose states are the equivalence classes
of infinite histories with the same probability distribution over futures. In analyzing synchronization,
though, an alternative generator definition was given: unifilar edge-label hidden Markov models
with probabilistically distinct states. The key difference is that history e-machines are defined by
a process, whereas generator e-machines define a process. We show here that these two definitions
are equivalent.
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I. INTRODUCTION

The e-machine M of a stationary stochastic process P = (X,) is its minimal, unifilar presentation. Originally, these
machines were introduced as predictive models in the context of the dynamical systems [I]. Specifically, the machine
states there were defined as equivalence classes of infinite past sequences @ = ...x_sx_; that lead to the same
predictions over future sequences = xox1 .... This notion has subsequently been expanded upon and formalized
in Refs. [2H5]. Independently, a similar formulation has also been given in Refs. [6] and [7], wherein the equivalence
classes, or e-machine states, are referred to as future measures.

In a recent study of synchronization [8, 9], however, an alternative formulation was given for e-machines as process
generators. Specifically, e-machines were defined there as irreducible, edge-label hidden Markov models with unifilar
transitions and probabilistically distinct states. Rather than being defined by a process, a generator e-machine
defines a process—the process it generates. The generator formulation is often easier to work with than the history
machine formulation, since it may be difficult to determine the equivalence classes of histories directly from some
other description of the process—such as the equations of motion of a dynamical system from which the process is
derived.

Here, we establish the equivalence of the two formulations in the finite-state case: the original history machine
definition introduced in Refs. [IL [B] and the generator machine definition used in Refs. [8 [9]. It has long been
assumed that the two are equivalent, without formally specifying the generator definition, but our results make this
explicit and they are developed rigorously.

Reference [5] also gives a rigorous formulation of the history e-machines. Its results imply equivalence for a more
general class of machines, not just finite-state. However, the statements given there are in a different language and,
moreover, it is not initially clear that equivalence is their subject. Furthermore, though its proofs, especially those
related to Theorem [l| below, are shorter and, perhaps, cleaner than ours, they require more machinery and are not
as direct. Therefore, we feel that our demonstration of equivalence in the finite-state case with its more elementary
proofs is useful and provides good intuition.

To parallel the generator machine definition, when defining history e-machines here we assume that the process is
not only stationary but also ergodic, and that the process alphabet is finite. Although, neither of these assumptions
is strictly necessary. Only stationarity is actually needed. The history e-machine definition can easily be extended to
non-ergodic stationary processes and countable alphabets [3] [5].
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II. BACKGROUND
A. Processes

There are several ways to define a stochastic process. Perhaps the most traditional is simply as a sequence of
random variables (X ) on a common probability space 2. However, in the following it will be convenient to use
a slightly different, but equivalent, construction in which a process is itself a probability space whose sample space
consists of bi-infinite sequences " = ...z _jzoz1 . ... Throughout, we restrict our attention to processes over a finite
alphabet of symbols X. We denote by X'* the set of all words w of finite positive length consisting of symbols in X
and, for a word w € X*, we write |w| for its length. Note that we deviate slightly from the standard convention here
and explicitly exclude the null word A from X*.

Definition 1. Let X be a finite set. A process P over the alphabet X is a probability space (X%, X, P) where:
o X7 s the set of all bi-infinite sequences of symbols in X: X = {? =...2_1xox1...:x € X, forall L € Z}.

o X is the o-algebra generated by finite cylinder sets of the form A, 1 = {? c X% ap.. ST w|—1 = W} e,
X=0{AupL:weX* LelZ}).

e P is a probability measure on the measurable space (X%,X).

Remark. We implicitly assume here that for each symbol x € X, P(Ay,1) > 0 for some L € N. Otherwise, the symbol
x is useless and the process can be restricted to the alphabet X /{x}.

Here, we are primarily concerned with stationary, ergodic processes. We recall the definitions below.

Definition 2. A process P is stationary if for each w € X*, P(Ay,1) = P(Awyo) for all L € Z. In this case, we
simply write P(w) for the probability of the word w with respect to the process: P(w) = P(Ay,0). A stationary process
is defined entirely by the word probabilities P(w),w € X*.

L

Definition 3. For a length-L sequence v* = vgvy ... v1_1 of symbols in X and word w € X* with |w| < L, let p(w|v")

be the empirical probability of the word w in the sequence v™:
1. # occurrences of w in vl
p(wlv™) = —
# length-|w| words in v
_ n(wp?h)
CL—|w|+1°

A stationary process P is ergodic if, for P a.e. 7 € XZ:

lim p(w|z%) = P(w) for each w € X* | (1)
L—oo
where TL = zox1...x1_1 denotes the length-L future of a bi-infinite sequence T = ...x_1zoz1 .. ..

Remark. One could consider, instead, limits of empirical word probabilities on finite length pasts k= T_p...x_q

or finite length past-futures L= ?LﬁL, but these formulations are all equivalent for stationary processes.

For a stationary process P and words w,v € X* with P(v) > 0, we define P(w|v) as the probability that the word
v is followed by the word w in a bi-infinite sequence “z":

IP’(w|v) = }P)(Aw70|Av7,‘v|)
= P(Av,—|v| N Aw,O)/P(AU,—\M)
= P(vw)/P(v) . (2)

The following facts concerning word probabilities and conditional word probabilities for a stationary process come
immediately from the definitions. They will be used repeatedly throughout our development, without further mention.
For any words u,v,w € X*:

LY pex Plwz) =3 e Plazw) = P(w);
2. P(w) > P(wv) and P(w) > P(vw);



3. IfP(w) >0, X cp Plz|w) = 1;
4. If P(u) > 0, P(v|u) > P(vw|u); and
5. If P(u) > 0 and P(uv) > 0, P(vw|u) = P(v|u) - P(w|uv).

Finally, the history o-algebra H for a process P = (X%, X,P) is defined to be the o-algebra generated by cylinder sets
of all finite length histories. That is,

H=0'<GHL>, (3)

L=1

where
Hp =0 ({Aw,—jw : lw] =L}). (4)

H will be important in the construction of the history e-machine in Sec. [[IC]

B. Generator e-Machines

Generator e-machines are essentially minimal, unifilar edge-label hidden Markov models. We review this definition
in more detail below, beginning with general hidden Markov models and then restricting to e-machines.

Definition 4. An edge-label hidden Markov model or (HMM) is a triple (S, X, {T®)}) where:
e S={01,...,0n} is a finite set of states,
o X is a finite alphabet of symbols, and

e TW) x € X, are symbol-labeled transition matrices. Ti(jx) > 0 represents the probability of transitioning from
state o; to state o; on symbol x.

We also denote the overall state-to-state transition matrix for an HMM as T: T' =} _ T@. T;; is the overall

probability of transitioning from state o; to state o, regardless of symbol. The matrix 7' is stochastic: Zjvzl T =1
for each 1.
An HMM can also be represented graphically, as a directed graph with labeled edges. The vertices are the states

01,...,0n and, for each i, j,z with Ti(jw) > 0, there is a directed edge from state o; to state o, labeled p|z for the

symbol x and transition probability p = Ti(f). The transition probabilities are normalized so that their sum on all
outgoing edges from each state oy is 1.

Example. Figure[l] depicts an HMM for the Even Process. The support for this process consists of all binary sequences
in which blocks of uninterrupted 1s are even in length, bounded by 0s. After each even length is reached, there is a
probability p of breaking the block of 1s by inserting a 0.
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FIG. 1: A hidden Markov model (the e-machine) for the Even Process. The machine has two internal states S = {01, 02}, a
two symbol alphabet X = {0,1}, and a single parameter p € (0,1) that controls the transition probabilities. The graphical
representation is presented on the left, with the corresponding transition matrices on the right. In the graphical representation,
transitions denote the probability p of generating symbol z as p|x.

The operation of an HMM may be thought of as a weighted random walk on the associated graph. That is, from
the current state o;, the next state o; is determined by selecting an outgoing edge from o; according to their relative
probabilities. Having selected a transition, the HMM then moves to the new state and outputs the symbol x labeling
this edge.



The state sequence determined in such a fashion is simply a Markov chain with transition matrix 7. However,
we are interested not simply in the HMM’s state sequence, but rather the associated sequence of output symbols it
generates. We assume that an observer of the HMM may directly observe this sequence of output symbols, but not
the associated sequence of states.

Formally, from an initial state o; the probability that the HMM next outputs symbol z and transitions to state o;
is:

P, (z,0;) =T . (5)

And, the probability of longer sequences is computed inductively. Thus, for an initial state o; = o;, the probability
that the HMM outputs a word w = wq ... wr_1, w; € X, while following the state path s = 0y, ...0;, in the next L
steps is:

L-1
P, (w.s) = [[ 70, - (6)
1=0
If the initial state is chosen according to some distribution p = (p1,..., pn) rather than as a fixed state o;, we have
by linearity:
P,(2.0) =3 pi - Po,(2,0;) and (7)

Pp(wv s) = Zpi -Po, (w,s) . (8)

The overall probabilities of next generating a symbol x or word w = wq ... wy,_1 from a given state o; are computed
by summing over all possible associated target states or state sequences:

P, (1) =Y P, (2,05) = ||e;T")|; and (9)
J
Po(w)= Y P (ws)=[eT™], (10)
{s:[s|=L}
respectively, where e; = (0,...,1,...,0) is the i*" standard basis vector in RY and

L—1
T = plwo-we=) = TT 7w (11)

1=0

Finally, the overall probabilities of next generating a symbol x or word w = wy ...wr_1 from an initial state distri-
bution p are, respectively:

P,(x) = pi-Po,(2) = o7 and (12)

P(w) = Zpi P, (w) = o1 . (13)

If the graph G associated with a given HMM is strongly connected, then the corresponding Markov chain over states
is irreducible and the state-to-state transition matrix 7" has a unique stationary distribution m satisfying 7 = «T" [10].
In this case, we may define a stationary process P = (X%, X, P) by the word probabilities obtained from choosing the
initial state according to 7. That is, for any word w € A™*:

P(w) = Pr(w) = ||[#T™)]|; . (14)

Strong connectivity also implies the process P is ergodic, as it is a “pointwise” function of the irreducible Markov
chain over edges, which is itself ergodic [I0]. That is, at each time step the symbol labeling the edge is a deterministic
function of the edge. _

We denote the corresponding (stationary, ergodic) process over bi-infinite symbol-state sequences (?, ?) by P.

That is, P = (X x 8)Z, (X x S),P) where:



1. (X X S)Z = {(mL,sL)LeZ = ((xL)LeZ7 (5L>L€Z) = (?7(?) cxp € X and sy, € S,VL S Z}
2. (X x S) is the o-algebra generated by finite cylinder sets on the bi-infinite symbol-state sequences.

3. The (stationary) probability measure P on (X' x S) is defined by Eq. @) with p = w. Specifically, for any
length-L word w and length-L state sequence s we have:

PE(Z,55) 120 .. a1 =w,s1...50 =s}) = Pr(w,s).

By stationarity, this measure may be extended uniquely to all finite cylinders and, hence, to all (XxS) measurable
sets. And, it is consistent with the measure [P in that:

PH(Z,5) i 2o . a1 =w}) = P(w) ,
for all w € X'*.
Definition 5. A generator e-machine is a HMM with the following properties:

1. The graph G associated with the HMM is strongly connected.

2. Unifilarity: For each state o), € S and each symbol x € X there is at most one outgoing edge from state oy
labeled with symbol x.

3. Probabilistically distinct states: For each pair of distinct states o,0; € S there exists some word w € X* such
that Py, (w) # Pgy, (w).

Since any generator e-machine has a strongly connected graph, we can associate to each generator e-machine Mg
a unique stationary, ergodic process P = Py, with word probabilities defined as in Eq. (14). We refer to P as the
process generated by the generator e-machine M.

Example. The Even Process machine of Fig. 1| is also an e-machine: the graph is strongly connected, the transitions
are unifilar, and the states are probabilistically distinct—state o1 can generate the symbol 0, but state oo cannot.

Finally, for any unifilar HMM we denote the state-symbol-state transition function as §. That is, for k,z with
P, (z) > 0, we define §(oy,z) = 0;, where o; is the (unique) state to which state o transitions on symbol z. It
follows immediately from Eq. and the definition of matrix multiplication that for any unifilar HMM and any
word w = wy ... wy—1 With Py, (wp ... wp_2) > 0:

n—1

P, (w) = [] Pop(wm) , (15)

m=0

where o) = o, and o' = 5(0,;”_1,10,”_1), for 1 <m <n—1. (Here, if |w| = 1, then wyq ... w,_o = A, the null word,

and P, (A\) =1 for all k. )

C. History e-Machines

The history e-machine for a stationary process P is, roughly speaking, the hidden Markov model whose states are
the equivalence classes of infinite past sequences r = ...x_ox_1 with the same probability distributions over future
sequences 7 = Tox1,.... However, it takes some effort to make this notion precise. The formal definition itself is
quite lengthy, so for clarity of presentation the verification of many technicalities has been deferred to appendices.
We recommend first reading through this section in its entirety without reference to the appendices for an overview
and, then, reading through the appendices separately afterward for the details. The appendices are entirely self
contained in that, except for the notation introduced here, none of the results derived in the appendices relies on
the development in this section. As noted before, our definition is restricted to ergodic, finite-alphabet processes to
parallel the generator definition. Although, neither of these requirements is strictly necessary. Only stationarity is
actually needed.

Let P = (X% X,P) be a stationary, ergodic process over a finite alphabet X, and let (X¥~,X~,P~) be the corre-
sponding probability space over past sequences ¢. That is:

e X~ is the set of infinite past sequences of symbols in X: X~ = {? =...xox_q:xp € X, L=-1,-2,...}.



e X~ is the o-algebra generated by finite cylinder sets on past sequences: X~ = o (Uzozl XE), where X, =
o ({4, :|lw|=L})and 4, = {? =T 9T 1Ty T =W}

e P~ is the probability measure on the measurable space (X' ~,X™) which is the projection of P to past sequences:
P~ (A,) = P(w) for each w € X*.

w

For a given past T e X, we denote the most recent L symbols of Tas Tl = T_p...x_1. A past T e X is

said to be trivial if }P’(?L) = 0 for some finite L and nontrivial otherwise. If a past T is nontrivial, then for each
we X* P(w\?L) is well defined for each L (Eq. 1] and one may consider limy,_, IP’(w|<EL). A nontrivial past &

is said to be w-regular if imy,_, o IP’(w|<5L) exists and regular if it is w-regular for each w € X*. Appendix [A|shows
that the set of trivial pasts T is a null set and that the set of regular pasts R has full measure. That is, P=(7) =0
and P~ (R) = 1.

For a word w € X* the function P(w|-) : R — R is defined by:

lim P(w|F") . (16)

- L—oo

P(w|T)

Intuitively, P(w|<5) is the conditional probability of w given . However, this probability is technically not well
defined in the sense of Eq. , since the probability of each T s normally 0. And, we do not wish to interpret
P(w|%) in the sense of a formal conditional expectation (at this point in time), because such a definition is only
unique up to a.e. equivalence, while we are concerned with its value on individual pasts. Nevertheless, intuitively
speaking, P(w|<f) is the conditional probability of w given %, and this intuition should be kept in mind as it will
provide understanding for what follows.

The central idea in the construction of the history e-machine is the definition of the following equivalence relation
~ on the set of regular pasts:

T~ T it Pw|T) =Pw|Z’), forallwex*. (17)

That is, two pasts ¢ and &' are ~ equivalent if their predictions are the same: conditioning on either past leads to
the same probability distribution over future words of all lengths.

The set of equivalence classes of regular pasts under the relation ~ is denoted as £ = {Eg, 5 € B}. In general,
there may be finitely many, countably many, or uncountably many such equivalence classes. Examples are shown in
Figs. 14, 15, and 17 of Ref. [I1].

For an equivalence class Eg € £ and word w € X™* we define the probability of w given Fjg as:

P(w|Ep) = P(w|T) , % € Es. (18)

By construction of the equivalence classes this definition is independent of the representative T e Eg, and Appendix
|E| shows that these probabilities are normalized, so that for each equivalence class Eg:

> P(x|Eg) =1. (19)
zeX

Also, App. [B] shows that the equivalence-class-to-equivalence-class transitions for the relation ~ are well defined.
That is:

1. For any regular past % and symbol 2 € X with P(z|%) > 0, the past Tz is also a regular.

2. If %, %" are two regular pasts in the same equivalence class Eg and P(z|Eg) > 0, then the two pasts Zx and

/ . .
%2 must also be in the same equivalence class.

So, for each Eg € & and = € X with P(z|Eg) > 0 there is a unique equivalence class E, = 0(Es,z) to which
equivalence class Ejg transitions on symbol z. That is, 6(Eg, z) is defined by the relation:

§(Eg,x) = E, where Tz € E, for & € Ep. (20)

By Point 2 above, this definition is again independent of the representative T e Eg.
Appendix |C| shows that each equivalence class FEg is an X~ measurable set, so we can meaningfully assign a
probability:

P
=P{7T =%7:% € Es}) (21)



to each equivalence class Eg. We say a process P is finitely characterized if there exists a finite number of positive-
probability equivalence classes F1, ..., Ey that together comprise a set of full measure: P(Ey) > 0foreach 1 < k < N
and Zgzl P(E)) = 1. For a finitely characterized process P we also sometimes say, by a slight abuse of terminology,
that £ = {F1,..., En} is the set of equivalence classes of pasts and ignore the remaining measure-zero subset of
equivalence classes.

Appendix [E] shows that for any finitely characterized process P, the transitions from the positive probability
equivalence classes F; € £T all go to other positive probability equivalence classes. That is, if E; € £T and P(z|E;) >
0, then:

8(Es,z) e Y. (22)

As such, we define symbol-labeled transition matrices T(*), 2 € X, between the equivalence classes E; € £. A
component Ti(jx) of the matrix T*) gives the probability that equivalence class F; transitions to equivalence class E;

on symbol z:

T = P(E; % Ej) = I(x,i,j) - P(a|E;) (23)

)

where I(x,1,7) is the indicator function of the transition from E; to E; on symbol z:

1 if P(z|E;) > 0 and 6(E;, ) = E;

0 otherwise. (24)

rei ) = {

It follows from Egs. and that the matrix T'=3" _, T®) is stochastic. (See also Claim [17]in App. )

Definition 6. Let P = (X%, X,P) be a finitely characterized, stationary, ergodic, finite-alphabet process. The history
e-machine My (P) is defined as the triple (1, X, {T®}).

Note that without referring to the original process P, the state set £, alphabet X', and transition matrices {T(®)}
of Def. [6] together define a valid edge-label hidden Markov model, since T is stochastic. This is critical in establishing
the equivalence of history and generator e-machines, since a history e-machine, when viewed as a hidden Markov
model, is also a process generator.

III. EQUIVALENCE

We will show that the two e-machine definitions—history and generator—are equivalent in the following sense:

1. If P is the process generated by a generator e-machine Mq, then P is finitely characterized and the history
e-machine Mg (P) is isomorphic to Mg as a hidden Markov model.

2. If P is a finitely characterized, stationary, ergodic, finite-alphabet process, then the history e-machine My (P),
when considered as a hidden Markov model, is also a generator e-machine—i.e., it has a strongly connected
graph, unifilar transitions, and probabilistically distinct states. And, the process P’ it generates is the same as
the original process P from which the history machine was derived.

That is, there is a 1—1 correspondence between finite-state generator e-machines and finite-state history e-machines.
Every generator is also a history machine (for the same process P it generates), and every history machine is also a
generator (for the same process P from which it was derived).

A. Generator e-Machines are History e-Machines

The purpose of this section is to establish the following:

Theorem 1. If P = (X% X,P) is the process generated by a generator e-machine Mg, then P is finitely characterized
and the history e-machine My (P) is isomorphic to Mg as a hidden Markov model.

The key ideas in proving this theorem come from the study of synchronization to finite-state generator e-machines
[8,[@]. In order to state these ideas precisely, however, we first need to introduce some terminology.

Let Mg be a generator e-machine, and let P = (X% X,P) and P = (X x S)%, (X x S),P) be the associated
symbol and symbol-state processes generated by Mg as in Sec. [[IB] above. Furthermore, let the random variables



8

XL (X x8)?% = Xand S : (X xS)% = 8 be the natural projections X (Z",%s") = 21 and S.(7', %) = s, and
let X2 = X,... X, 1 and XE =X ... X ;.

The process language L(P) is the set of words w of positive probability: £(P) = {w € X* : P(w) > 0}. For a given
word w € L(P), we define ¢(w) = P(S|w) to be an observer’s belief distribution as to the machine’s current state
after observing the word w. Specifically, for a length-L word w € L(P), ¢(w) is a probability distribution over the
machine states {o1,...,0n5} whose ky, component is:

d(w), = B(Sy = o3, XL = w)
= B(Sy = oy, XL = w)/B(XE = w) . (25)

For a word w ¢ L(P) we will, by convention, take ¢(w) = 7.

For any word w, &(w) is defined to be the most likely machine state at the current time given that the word w
was just observed. That is, 7(w) = o+, where k* is defined by the relation ¢(w)g« = maxy ¢(w)g. In the case of a
tie, k* is taken to be the lowest value of the index k maximizing the quantity ¢(w)y. Also, P(w) is defined to be the
probability of the most likely state after observing w and Q(w) is defined to be the combined probability of all other
states after observing w:

P(w) = ¢(w)g= (26)
and
Qw)= > ¢(w)y=1-P(w). (27)
kk*

So, for example, if ¢(w) = (0.2,0.7,0.1) then 7(w) = o9, P(w) = 0.7, and Q(w) = 0.3.

The most recent L symbols are described by the block random variable X% and so we define the corresponding
random variables ®; = gb(?L), S = E(?L), P, = P(%L), and Qr = Q(?L). Although the values depend
only on the symbol sequence ‘z’, formally we think of ®, S;, Pr, and Q, as defined on the cross product space
(X x 8)Z. Their realizations are denoted with lowercase letters ¢, 51, pr, and qr, so that for a given realization

(Z,5) e (X x8)?, ¢ = ¢(<§L), 51 = E(§L)7 pL = P(YL), and qr = Q(YL) The primary result we use is the
following exponential decay bound on the quantity Q.

Lemma 1. For any generator e-machine Mg there exist constants K > 0 and 0 < o < 1 such that:
P(QL > a*) < Ko, forall LeN . (28)

Proof. This follows directly from the Exact Machine Synchronization Theorem of Ref. [8] and the Nonexact Machine
Synchronization Theorem of Ref. [9] by stationarity. (Note that the notation used in those papers differs slightly
from that here, by a time shift of length L. That is, Q1 in those papers refers to the observer’s doubt in S, given

YL, instead of the observer’s doubt in Sy given X ). O

Essentially this lemma says that after observing a block of L symbols it is exponentially unlikely that an observer’s
“doubt” @ in the machine state will be more than exponentially small. Using this lemma we now prove Thm.

Proof. (Theorem [1)) Let Mg bE a generating e-machine with state set S = {o1,...,0n} and stationary distribution
m = (m,...,7n). Let P and P be the associated symbol and symbol-state processes generated by Mq. By Lemma
there exist constants K > 0 and 0 < a < 1 such that P(Q, > o) < Kok, for all L € N. Let us define sets:

Vi ={(7,%") qr <a¥ 5o =51},

Vi ={(Z,%) qu <o so #5351},

W, ={(7,%) 1 qp >}, and

U,=WrU VIi .

Then, we have:

P(UL) = P(V}) + P(Wy)
<ol + Kot
= (K 4+ 1)t .



So:
i P(UL) SiK—l—la < 0.
L=1 L=1

Hence, by the Borel—Cantelh Lemma, HNJ’(U 1, occurs infinitely often) = 0. Or, equivalently, for P ae. (?,?) there
exists Lo € N such that ( ) € Vi, for all L > Lg. Now define:

C={(Z",%5) : there exists Ly € N such that (7", s") € V, for all L > Lo},
D ={(Z ?) So =0k}, and
Cr.=0Cn

According to the above discussion P(C) = 1 and, clearly, P(Dy,) = m. Thus, P(C)) = P(C N Dy) = - Also, by the
convention for ¢(w), w & L(P), we know that for every (7, 5") € Cy, the correspondmg symbol past T is nontr1v1a1

So, the conditional probablhtles ]P’(w|<_ ) are well defined for each L.
Now, given any (<_> ) € Cy, take Lg sufficiently large so that for all L > Ly, ( , S ) € Vi. Then, for L > Ly,
51 = oy, and q1, < ol So for any word w € X'* and any L > L, we have:

- ‘@(Ylwl —w[XE =& BRI = w|s, = o—k))

. Zﬁ(?‘w‘ = w|So = 0;)B(Sy = UﬂyL - ﬁ»(}\m = w|Sy = o)

{ B( Xl — w|So = 0;)P(So = gj|§L &5 (1 —P(Sp = ak&L )I@(?‘“" = w|Sy = o)
j#k

IN

B(X 1M = w[So = 7;)B(S = 03 X = ) ¢ + (1= B(So = ox ¥ = F)) BRI¥! = w]So = o)

IN

SRSy =0y XE =T b+ (1-B(So = o XE = )

Step (*) follows from the fact that Km and 7" are conditionally independent given Sy for any m,n € N by construction

of the measure P. Since |P(w|<§L) - Pg,z_( )| < 2aF for all L > Lo, we know limy_,oo P (w|<§L)
Since this holds for all w € X*, we know 7 is regular and P(w|T) = Py, (w) for all w € X*.

Now, let us define equivalence classes E, k= 1,..., N, by:

= P,, (w) exists.

Ep = {% : ¢ is regular and P(w|z) = P, (w) for all w € X*} .

And, also, for each k =1,..., N let:

E,={(7,5): % e B} .

By results from App. |C l we know that each equivalence class Ej is measurable, so each set E}, is also measurable with
P(Ey) = P(E). And, for each k, Cj, C Ej, so P(Ey,) = P(Ey) > P(C) = mk. Since Zk 1 T = 1 and the equivalence
classes By, k = 1,..., N, are all disjoint, it follows that P(E}) = 7 for each k and Zk:l P(E) = Zk:l 7, = 1. Hence,

the process P is finitely characterized with equivalences classes € = {E1, ..., Ex}.
Moreover, the equivalence classes {E1,..., Ex}—the history e-machine states—have a natural one-to-one corre-
spondence with the states of the generating e-machine: Ejy ~ o,k = 1,..., N. It remains only to verify that this

bijection is also edge preserving and, thus, an isomorphism. That is, we must show that:
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1. Foreach k=1,...,N and z € X, P(z|Ey) = P, (z).

2. For all k,z with P(z|Ey) = Py, (x) > 0, 6(Eg,z) = §(ok, z). That is, if 6(Ey,z) = E; and §(oy,z) = o), then
i=j.
Here, 6(Ey, x) is the equivalence-class-to-equivalence-class transition function § as defined in Eq. and §(ok, x) is
the unifilar HMM transition function § as defined in Sec.

Point 1 follows directly from the definition of Ej. To show Point 2, take any &,z with P(z|Ey) = P, (z) > 0 and
let §(Ey,xz) = E; and 6(oy, x) = 0j,. Then, for any word w € X*, we have:

(i) P(zw|Ey) = Py, (zw), by definition of the equivalence class Ey,
(ii) P(zw|Ey) = P(x|Ey) - P(w|E;), by Claim [11]in App. [D} and
(iii) P, (zw) = Py (z) - Po, (w), by Eq. applied to a unifilar HMM.

Since P(z|Ex) = Py () > 0, it follows that P(w|Ej) = Py, (w). Since this holds for all w € X* and the states of
the generator are probabilistically distinct, by assumption, it follows that j = j’.
O

Corollary 1. Generator e-machines are unique: Two generator e-machines Mg, and Mg, that generate the same
process P are isomorphic.

Proof. By Thm. [I| the two generator e-machines are both isomorphic to the process’s history e-machine Mg (P) and,
hence, isomorphic to each other. O

Remark. Unlike history e-machines that are unique by construction, generator e-machines are not by definition
unique. And, it is not a priori clear that they must be. Indeed, general HMMs are not unique. There are infinitely
many nonisomorphic HMMs for any given process P generated by some HMM. Moreover, if either the unifilarity or
probabilistically-distinct-states condition is removed from the definition of generator e-machines, then uniqueness no
longer holds. It is only when both of these properties are required together that one obtains uniqueness.

B. History e-Machines are Generator e-Machines

The purpose of this section is to establish the following:

Theorem 2. If P is a finitely characterized, stationary, ergodic, finite-alphabet process, then the history e-machine
My (P), when considered as a hidden Markov model, is also a generator e-machine and the process P’ it generates is
the same as the original process P from which the history machine was derived.

Note that by Claim [I7]in App. [E] we know that for any finitely characterized, stationary, ergodic, finite-alphabet
process the history e-machine My (P) = (£, X,{T®}) is a valid hidden Markov model. So, we need only show
that this HMM has the three properties of a generator e-machine—strongly connected graph, unifilar transitions, and
probabilistically distinct states—and that the process P’ generated by this HMM is the same as P. To do so requires
several lemmas. Throughout u = (p1,...,un) = (P(E1),...,P(EN)).

Lemma 2. The distribution yi over equivalence-class states is stationary for the transition matriz T =) 7)),
That is, for any1 < j < N, p; = Zz‘]\;ﬂi'Tij-
Proof. This follows directly from Claim [L5{in App. [E] and the definition of the 7*) matrices. O

Lemma 3. The graph G associated with the HMM (E+,X,{T®)}) consists entirely of disjoint strongly connected
components. Each connected component of G is strongly connected.

Proof. It is equivalent to show that the graphical representation of the associated Markov chain with state set £T
and transition matrix T' consists entirely of disjoint strongly connected components. But this follows directly from
existence of a stationary distribution p with py = P(E)) > 0 for all & [10]. O

Lemma 4. For any Ey € £F and w € X*, P(w|Ey) = Pg, (w), where Pg, (w) = ||exT™)||; is the probability of
generating the word w starting in state Ej, of the HMM (£, X, {T®)}) as defined in Sec. 11 B,
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Proof. As noted in Sec. (Eq. (20)) for each equivalence class Ej, € £+ and symbol z with P(z|E},) > 0, there is a
unique equivalence class 6(Ey,x) to which equivalence class Fj, transitions on symbol x, and by Claim [16|in App.
§(Eg,x) € EF. Tt follows immediately from the construction of the HMM (£+, X, {T®)}) that this HMM is unifilar
and its transition function ¢ (as defined in Sec. is the same 0. Also, by construction we have P(z|Ey) = Pg, (x)
for all z € X, so the statement holds for words of length |w| = 1.

To extend to words of length |w| > 1, let us write w = vawu, where v is the longest proper prefix of w such that
P(v|Ey) > 0, x is the next symbol in w after v, and u is the remainder of the word w. w or v may be the null word
A. By definition, we take P(A|Ey) =1 for all E}, as in Claim (12| of App. @, so such a v always exists.

Now, let n = |vz|, and let w,, be the m'" symbol of the word w, starting with wg. Since P(v|E}) > 0, we know by
Claim [12] that the states E*, 0 < m < n — 1, defined by EY = E} and E" = 5(E,7€"_1,wm_1) for1<m <n-—1 are
well defined. Thus, there is an allowed state path in the graph of the HMM (%, X, {T(®)}) from state Ej, following
edges labeled with the symbols in the word v, so Pg, (v) > 0.

Therefore, since P, (v) and P(v|Ey) are both nonzero and the HMM (£, X, {T(*)}) is unifilar, we have by Claim

and Eq. :

n—1 n—1
P(vz|Ey) = [[ PlwnlEY) = [] Pep (wm) = Pr(va)
m=0 m=0

where implicitly in the second equality we use the fact that both sets of E}*s are the same, since the transition function
0 between equivalence classes is the same as the transition function § between states of the HMM.

This proves the statement directly for the case u = \. If u # A, then P(vz|Ey) = 0, so ||exT“?)|; = Pg, (vz) =0
and e, T("®) is the zero vector. And, hence:

=0.

PEk (’LU) = PEk (ku) = HekT(vxu) 1

=l

Also, if u # A, then P(wp ... w|y|—2|Ex) = 0. So, by Claim [10in App. |§|7 P(w|Ex) = P(wo . .. wjy|—1|Ey) = 0. Thus,
for u 7é /\, PEk(w) = P(w|Ek) = 0.

O
Lemma 5. For any w € X*, P(w) = ||uT™)|};.

Proof. Let Ey ,, = {?} s 7wl = w, e Ey}. Claim |14|of App. |§| shows that each E} ,, is an X-measurable set with
P(Ek.w) = P(Ey) - P(w|Ey). Since Zgzl P(E)) = 1, it follows that P(w) = Zivd P(Ek,) for each w € X*. Thus,
applying Lemma [@ for any w € X* we have:

WE

P(w) = P(Ej w)
N
= P(Ey) - P(w|Ex)

N
= mellexT™ |y

= |uT ™y .

Proof. (Theorem
1. Unifilarity: As mentioned in the proof of Lemma[4] this is immediate from the history e-machine construction.

2. Probabilistically Distinct States: Take any k,j with k # j. By construction of the equivalence classes there
exists some word w € X* such that P(w|Ey) # P(w|E;). But by Lemmald] P(w|E;) = Pg, (w) and P(w|E;) =
P, (w). Hence, Pg, (w) # Pg, (w), so the states Ey, and E; of the HMM (£, X, {T®)}) are probabilistically
distinct. Since this holds for all k& # j, the HMM has probabilistically distinct states.

3. Strongly Connected Graph: By Lemma [3] we know the graph consists of one or more connected components
C1,...,Cy, each of which is strongly connected. Assume that there is more than one of these strongly connected



12

components: n > 2. By Points 1 and 2 above we know that each component C; defines a generator e-machine.
If two of these components—say, C; and C;—were isomorphic via a function f : C; states — C; states, then for
states By, € C; and E; € C; with f(Ey) = Ej, we would have Pg, (w) = Pg, (w) for all w € X*. By Lemma
however, this implies P(w|Ey) = P(w|E;) for all w € X* as well, which contradicts the fact that Ej and E) are
distinct equivalence classes. Hence, no two of the components C;,i = 1, ..., n, can be isomorphic. By Cor. [1} this
implies that the stationary processes P?,i = 1,...,n, generated by each of the generator e-machine components
are all distinct. But, by a block diagonalization argument, it follows from Lemma [5| that P = S pt P
where p* = Z{k:EkGCi} tr. That is, for any word w € X™*, we have:

Plw) = 3 it Pi(w)
=1
=S w0
=1

where p* and T%(®) are, respectively, the stationary state distribution and w-transition matrix for the generator
e-machine of component C;. Since the P’s are all distinct, this implies that the process P cannot be ergodic,
which is a contradiction. Hence, there can only be one strongly connected component C;—the whole graph is
strongly connected.

4. Equivalence of P and P’: Since the graph of the HMM (£*, X, {T®)}) is strongly connected there is a unique
stationary distribution 7 over the states satisfying m = nT. But we already know the distribution y is stationary.
Hence, m = p. By definition, the word probabilities P'(w) for the process P’ generated by this HMM are
P(w) = ||[#T™)||;,w € X*. But, by Lemma we have also P(w) = |uT™)||, = ||[#T)||; for each w € X*.
Hence, P(w) = P'(w) for all w € X*, so P and P’ are the same process.

O

IV. CONCLUSION

We demonstrated the equivalence of finite-state history and generator e-machines. This idea is not new in the
development of e-machines, but a rigorous analysis of their equivalence was absent until quite recently. While the
results of Ref. [5] also imply equivalence, we feel that the proofs given here, especially for Thm. are more direct
and provide novel, constructive intuitions.

For example, the key step in proving the equivalence—or, at least, Thm. [IJs new approach-—came directly from
recent bounds on synchronization rates for finite-state generator e-machines. In addition, as we look forward to
generalizing equivalence to larger classes, such as machines with a countably infinite number of states, it seems
reasonable that one should attempt to deduce and apply similar synchronization results for countable-state generators.
However, synchronization is more subtle for countable-state generators and, more to the point, exponential decay rates
as in Lemma [I] no longer always hold. Thus, equivalence in the countable-state case is challenging. Fortunately, Ref.
[5] indicates that it holds for countable-state machines if the entropy in the stationary distribution H|[n] is finite,
which it often is.
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Appendix A: Regular Pasts and Trivial Pasts

We establish that the set of trivial pasts 7 is a null set and that the set of regular pasts R has full measure.
Throughout this section P = (X%, X,P) is a stationary, ergodic process over a finite alphabet X, and (X~, X~ ,P7) is
the corresponding probability space over past sequences r . Other notation is used as in Sec.

Claim 1. P~ a.e. T is nontrivial. That is, T is an X~ measurable set with P~ (T)=0.
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Proof. For any fixed L, T = { : ]P’(?L) = 0} is X~ measurable, since it is X, measurable, and P~ (7) = 0. Hence,
T =U7~, T; isalso X~ measurable with P~ (7)) = 0. O

Claim 2. For any w € X", P~ a.e. s w-reqular. That is,

Ro={%: ]P’(%L) >0, for all L and Llim P(w|<5L) exists}
—00

is an X~ measurable set with P~ (R,,) = 1.

Proof. Fix w € X*. Let Yy, 1, : X~ — R be defined by:

P(w|T") it P(FY) >0
Voo () = ’
w.e () { 0 otherwise.

Then, the sequence (Y, ) is a martingale with respect to the filtration (X, ) and E(Y,, ) < 1 for all L. Hence,
by the Martingale Converge Theorem Y, 1, 2%y, for some X~ measurable random variable Y,,. In particular,
limyr e YwﬁL(Y) exists for P~ a.e. 7.

Let ﬁw = {% s limy oo YWL((f) exists}. Then, as just shown, ﬁw is X~ measurable with P~ (ﬁw) = 1 and,
from Claim [I| we know 7 is X~ measurable with P~(7) = 0. Hence, R,, = Ry N T is also X~ measurable with
P~ (Ry) =1. O
Claim 3. P~ a.e. T is regular. That is, R is an X~ measurable set with P~ (R) =1.

Proof. R = (\,ecx+ Rw- By Claim [2, each R,, is X~ measurable with P~ (R,,) = 1. Since there are only countably
many finite-length words w € X'*, it follows that R is also P~ measurable and P~ (R) = 1. O

Appendix B: Well Definedness of Equivalence Class Transitions

We establish that the equivalence-class-to-equivalence-class transitions are well defined and normalized for the
equivalence classes Eg € £. Throughout this section P = (X%, X,P) is a stationary, erg_odic process over a finite
alphabet X and (X, X~,P7) is the corresponding probability space over past sequences . Other notation is used

as in Sec. Recall that, by definition, for any regular past z, IP’(YL) > 0, for each L € N. This fact is used

implicitly in the proofs of the following claims several times to ensure that various quantities involving T are well
defined.

Claim 4. For any regular past T € X~ and word w € X* with P(w|T) > 0:
(i) P(%Lw) > 0 for each L € N and
(i) P(w|<5L) > 0 for each L € N.

Proof. Fix any regular past & € X~ and word w € X* with P(w|%) > 0. Assume there exists L € N such that
P(% “w) = 0. Then P(F'w) = 0 for all I > L and, thus, P(w|%"') = P(T'w)/P(T") = 0 for all I > L as well. Taking
the limit gives P(w|%) = limy_, o0 ]P’(w|<§l) = 0, which is a contradiction. Hence, we must have ]P’(YLw) > 0 for each
L, proving (i). (ii) follows since IF’(w|<5L) = ]P’(?Lw)/]P’(YL) is greater than zero as long as ]P’(YLUJ) > 0. O

Claim 5. For any regular past T eX and any symbol x € X with P(ac|<f) > 0, the past T is reqular.

Proof. Fix any regular past & € X~ and symbol 2 € X with P(z|%) > 0. By Claim P(%Lz) and lP’(a:|<5L) are
both nonzero for each L € N. Thus, the past Tz is nontrivial and the conditional probability P(w|<§Lx) is well
defined for each w € A*, L € N and given by:

P(xw|<5L)

w?La: =
Pl P(z|% ")
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Moreover, since P(z|%) > 0 the quantity P(zw|z)/P(2|z) is well defined for each w € X* and we have:

lim P(w|(ZFz)") = lim P(w|% " z)
L—oo L—oo

]P’(xw|<§L)

L—00 p(x‘yL)

(+) imp o0 P(xw|<§L)
limy, e P(2|T)
_ P(aw[%)

- PQT)

Step (*) is permissible because the limits in the numerator and the denominator are both known to exist separately

(since & is regular), and the limit in the denominator, imy_, IP’(:c\?L) = P(z|%), is nonzero by assumption. From
the last line we see that limy,_,, P(w|(T2)F) = P(zw|T)/P(2|%) exists. Since this holds for all w € X*, the past
Txis regular. O

Claim 6. If T and &' are two reqular pasts in the same equivalence class Fg € € then, for any symbol x € X with
P(z|Eg) > 0, the regular pasts ST and &'z are also in the same equivalence class.

Proof. Let Eg € € and fix any 7, %’ € Es and z € X with P(z|Es) = P(z|%r) = P(2|%) > 0. By Claim?x and
'z are both regular. And, just as in the proof of Claim [5| for any w € X™* we have:
Pzw|T) P(zw|Ep)

P(w|Tz) = lim Puw|(To)") = PlT)  Pa|Ey)

Also, similarly, for any w € X™*:

TWw ?/ Tw
Plufa) = Jim Plul(Ea)") = Pp((xﬁz’)) - Pp(<x|§;ﬁ>)

Since this holds for all w € A", it follows that ¢z and 'z are both in the same equivalence class. O
Claim 7. For any equivalence class Eg, . P(z|Eg) = 1.

Proof. Fix T e Eg. Then:

> P(lBs) =) P(|7)
rzeX reX
=3 lim P(z[%T")

L—oo
zeX

o L
= fim 2 el

= lim 1
L—oo

=1.

Appendix C: Measurability of Equivalence Classes

We establish that the equivalence classes Eg, 3 € B, are measurable sets. Throughout this section P = (X z X, P)
is a stationary, ergodic process over a finite alphabet X and (X' ~,X~,P7) is the corresponding probability space over
past sequences . Other notation is used as in Sec.

Claim 8. Let Ay, = {? : P(?L) >0 for all L and limy,_, ]P’(w|<EL) =p}. Then Ay, is X~ measurable for each
w e X*,pelol].
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Proof. We proceed in steps through a series of intermediate sets.

o Let ‘Az,p,e,L ={%: IP’(?L) >0, ]P’(w|<TL) <ptetand A, = {T: ]P’(YL) > 0, IP’(w|<EL) >p— €l
Az’p,e) ;, and A;,p’e) 1, are both X~ measurable, since they are both X} measurable.

o Let, A . = Ul Nien Ap per = {F : P(T") > Oforall L, thereis an n € N such that P(w|T") <
pHefor L > n}. And, Ay, = Ul Nitn Avper = T : }P’((EL) > 0 forall L, thereisann €
N such that ]P’(w|<TL) > p—ecfor L > n}. Then Af . and A, are each X~ measurable since they are
countable unions of countable intersections of X~ measurable sets.

o Let Ay pe = Af, NA, . = {Y : IP’(?L) > 0 for all L, there is an n € N such that }P’(w|<EL) —p|<efor L > n}

Then A, p. is X~ measurable since it is the intersection of two X~ measurable sets.

e Finally, note that A, , = (- _; Awp.e,., where €, = 1/m. And, hence, A, , is X~ measurable as it is a

countable intersection of X~ measurable sets.
O
Claim 9. Any equivalence class Eg € £ is an X~ measurable set.

Proof. Fix any equivalence class Eg € £, and for w € X* let p,, = P(w|Ep). By definition Eg = [, ¢+ Aw,p, and,
by Claim [8} each A, ,, is X~ is measurable. Thus, since there are only countably many finite-length words w € X*,
Ejs must also be X~ measurable. O

Appendix D: Probabilistic Consistency of Equivalence Class Transitions

We establish that the probability of word generation from each equivalence class is consistent in the sense of Claims
and Claim [I4) is used in the proof of Claim [I5] in App. [E| and Claim [12] is used in the proof of Thm.
Throughout this section we assume P = (X Z X, P) is a stationary, ergodic process over a finite alphabet X and
denote the corresponding probability space over past sequences as (X ~, X~ P~). Other notation is as in Sec.

Claim 10. For any Eg € £ and w,v € X*, P(wv|Eg) < P(w|Ep).
Proof. Fix & € Eg. Since lP’(wv|<fL) < P(w|<5L) for each L:
P(wv|Ep) = P(wo| T) = lim P(wo|T") < Jim P(w|T") = P(w|F) = P(w|Ep).
—00 —00

O

Claim 11. Let Eg € €, v € X with P(z|Eg) > 0, and E, = 6(Eg,x). Then, P(zw|Eg) = P(z|Eg) - P(w|E,) for
any word w € X'*.

Proof. Fix % € Eg. Then T € B, is regular, so ]P’(YLx) > 0 for all L and we have:
P(zw|Ep) = P(zw|T)
= lim P(xw|<§L)
L—oo

= lim P(z|T") P(w|T"2)
L—oco

L—oo L—oo
=P(z|%) P(w|Tx)
= P(z|Es) - P(w|E,) .

(
= lim P(z|T") - lim Pw|%"2)
)



16

Claim 12. Let w = wqg...w,—1 € X* be a word of length n > 1, and let w™ = wq ... wWpm_1 for 0 < m < n. Assume
that P(w" ' Eg) > 0 for some Eg € €. Then, the equivalence classes EF, 0 <m <n-—1, defined by the relations

Eg = Eg and Ef' = (5(Egl_1,wm 1) for 1 < m < n—1, are well defined. That is, P(wm_1|Eg_1) > 0 for each
1<m<n—1. And, P(w|Ep) = [[n_oP(wn|EF).

Here, w® = X is the null word and, for any equivalence class Eg, P(\|Eg) = 1.

Proof. For |w| = 1 the statement is immediate, and for |w| = 2 it reduces to Claim For |w| > 3, it can proved
by induction on the length of w using Claim [11] and the consistency bound provided by Claim [10] which guarantees
P(wo|Eg) > 0 if P(w" ! Eg) > 0. O

The following theorem from [I2, Chapter 4, Theorem 5.7] is needed in the proof of Claim It is an application
of the Martingale Convergence Theorem.

Theorem 3. Let (2, F,P) be a probability space, and let F1 C Fo C Fs... be an increasing sequence of o-algebras on
Q with Foo = 0(Up—; Fn) C F. Suppose X : @ — R is an F-measurable random variable (with E|X| < oc). Then,
for (any versions of ) the conditional expectations E(X|F,) and E(X|Fs), we have:

E(X|F,) = E(X|Fx) a.s. and in L'.

Claim 13. For any w € X*, P (T') is (a version of) the conditional expectation E (La,,H) (Z"), where P,
X% —[0,1] is defined by:

P, (%) = P(w|) if T is reqular (where T =T 7),
b 0 otherwise.

Proof. Fix w € X*, and let E,, be any fixed version of the conditional expectation E (14, ,|H). Since the function
Py : X% —[0,1] defined by:

P(w|T") it P(T") >0
P, .(7) = ’
v (%) { 0 otherwise ,

is a version of the conditional expectation E(1 4, ,|[Hr), Thm. |3| implies that Pur(T) = Eu(T) for P ae. 7.

Now, define:
o ={7 Py (T) = Eu(T)} and
R={%:% is regular} .

By Claim]P’_ (R) =1, so we know P(R) = 1. And, by the above, P(V,,) = 1. Hence, P(W,,) = 1, where:

Vw NR
= {7 : % is regular, P(w|7) = E, (7))} .
For each " € W,,, however, we have:
P,(7)=P(uw|%) =E,(7) .

Thus, Pw(?) = Ew(?) for P a.e. W, so for any H measurable set H, fH P, dP= fH E,, dP. Furthermore, P, is H
measurable since P, 1, 2% p,, and each P, 1 is H measurable. It follows that Pw(?) is a version of the conditional
expectation E (14, ,|H). O

Claim 14. For any equivalence class Eg € & and word w € X*, the set Eg,, = {7 : & € Ep, 71"l = w} is X
measurable with P(Eg.,) = P(E3) - P(w|Eg).
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Proof. Let Eg = (7% e Eg}. Then Eg and A, are both X measurable, so their intersection Eg,, is as well.
And, we have:

P(Ej) = L 14, ,(T) dP
Eg

~ [ PliEy) @

Eg

= P(Ep) - P(w|Ep) ,

where (a) follows from the fact that E3 is H measurable and (b) follows from Claim O

Appendix E: Finitely Characterized Processes

We establish several results concerning finitely characterized processes. In particular, we show (Claim [17)) that the
HMM associated with the history e-machine Mg (P) is well defined. Throughout, we assume P = (X% X,P) is a
stationary, ergodic, finitely characterized process over a finite alphabet X and denote the corresponding probability
space over past sequences as (X, X~ P7). The set of positive probability equivalences is denoted ET = {F},..., Ex}
and the set of all equivalence classes as & = {Ej3, 8 € B}. For equivalence classes Eg, E, € £ and symbol z € X,
I(z,a, B) is the indicator of the transition from class E, to class Eg on symbol .

_ | 1 if P(z|Ey) >0 and 6(E,,x) = Eg,
I(z,a,B) = { 0 otherwise.

Finally, the symbol-labeled transition matrices T*), x € X, between equivalence classes E, ..., E, are defined by
Ti(jx) =P(z|E;) - I(z,i,5). The overall transition matrix 7" between these equivalence classes is T' =Y, T®).

Claim 15. For any equivalence class Eg € £:

N
P(Eg) = > P(Ex)-P(a|Ey) - I(x,k,B) .

k=1lzeX

Proof. We have:

N
© >3 P(Ey) - P(a|Ey) - I(x,k, B)

where (a) follows from stationarity, (b) from the fact that Zivzl P(Ey) =1, and (c) from Claim O
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Claim 16. For any Ey, € £ and symbol z with P(x|Ey) > 0, §(Ey,z) € ET.

Proof. Fix E, € €T and z € X with P(z|E;) > 0. By Claim P(6(Ex,xz)) > P(Ey) - P(z|E;) > 0. Hence,
5(Ek,$) c &t L]

Claim 17. The transition matriz T = ZweX T@) s stochastic: Zj T;; =1 for each 1 < i < N. Hence, the HMM
(ET, X, {T®)Y) ~ My (P) is well defined.

Proof. This follows directly from Claims [7] and O
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