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ABSTRACT

We consider a generalization of the vicious walker modelinga bijection map between
the path configuration of the non-intersecting random wallend the hook Young diagram,
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1 Introduction

Since it was shown that the path configuration of the randanows walkers [1] is related with
the Young tableaux [2—4], much attention has been paid ostdtestical combinatorial prob-
lems which are intimately related with the Young tableaumakg them is the random permuta-
tion [5], the random word [6], the point process [7, 8], thedam growth model (the polynuclear
growth model, oriented digital boiling model) [9, 10], theeying theory [11], and so on. Inter-
esting is that the scaling limits of these models have theeusality that the fluctuation is of
orderN¥?® with the mean being of orde\, and that the asymptotic distribution of appropriately
scaled variables is described by the Tracy—Widom distiobutvhich was originally identified
with the limit distribution for the largest eigenvalue oktBaussian unitary random matrix [12].

See Refs. 1316 for a review.

In this paper motivated from results in Ref. 17 and conjesgun Ref. 18, we introduce a
physical model of the vicious walkers based on the hook Yaabtgaux. We shall study the

scaling limit of certain probability, and clarify a relatiship with the Tracy—Widom distribution.

For our later convention we define thd,(N)-hook Schur functions (or, sometimes called the
supersymmetric Schur function) [19] (see also Refs. 20-&&) denote some properties of the

hook Young tableaux briefly. We sBt= B, LIB_, and
B, ={e,....em}, B_ = {em+1, ..., emsn}- (1.1)

Hereafter we cali as positive (resp. negative) symbol where B, (resp.g € B_). We fix an
ordering inB as

€1 < € <+ < EM4N- (1.2)

It should be noted that, though we use an ordering (1.2pvailg discussion can be applied for
any other choices of ordering witB,| = M and|B_| = N. For a given Young diagram, the
semi-standard Young tableaux (SSYTT)s given by filling a number 22,..., M+ N in A by the

following rules;

¢ the entries in each row are increasing, allowing the rapatiaf positive symbols, but not

permitting the repetition of negative symbols,
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e the entries in each column are increasing, allowing thetitgpe of negative symbols, but

not permitting the repetition of positive symbols.

We define the weight for SSYT as

M+N

W(T) = )" Mes, (1.3)
a=1
wherem, is the number of’'s in T. Then the hook Schur functid®,(x, y) is given by
Sy =y, e, (1.4)

SSYTT of shapel

Here we have used
{xi =€q, for ¢ € B,,

yj = eV, for ew.j € B_.
The Schur functiors,(X) in usual sense corresponds to a casB.oE @ (N = 0), and the hook
Schur functiorS, with B, = 0 (M = 0) reduces to the Schur function for the conjugate partition
A;

S/l(x’ O) = S/l(x)’ S/l(o’ y) = S/l/(y)' (15)

Due to the rule of filling a number, the Young diagrarahould be contained in thé&A, N)-hook

(see Fig. 1), and we have

SI06Y) = ) 809 S (y)-

uca
Furthermore when contains the partitionN"), we have

M N
Sic0) =s.9sm [ [] [ +v)

i=1 j=1

where the partitiong andy are defined fromt by x; = 4 — N andy; = 1] — M, respectively.

The Jacobi—Trudi formula helps us to write the hook Schuctiom as

sxxw:da@MHhﬁgw, (1.6)
Here((1) is the length oft, andc, is given by the generating function,
HE X EGY) = ) et (1.7)
n=0

3



with

LR = i = Jas (18)

T
T

<— N——>

Figure 1: (M, N)-hook Young diagram must be contained in above “hook” regio

This paper is organized as follows. In section 2 we introcdaiceodel of vicious walkers as
a generalization of the original model [1]. As far as we kntws model is first presented in
this paper. We define the bijection from path configurations@ous walker to the hook Young
diagram. Especially we show a relationship between thetfeofythe Young diagram and the
number of movements of the first walker. This type of bijectieas first given in Refs. 2, 3 for
the original vicious walker model. In section 3 we give thelability of /(1) < ¢ in terms
of the Toeplitz determinant. We further study the scalimgjtliof this probability based on the
transformation identity from the Toeplitz determinant b tFredholm determinant [23—-25] in
section 4. We apply the saddle point method to the Fredhoteraénant following Refs. 10, 26,
and show that the scaling limit coincides with the Tracy—¥viddistribution for the GUE [12].
In section 5 we consider some simple examples as a redudtimur onodel. Both the Meixner
and the Krawtchouk ensembles can be regarded as a reduttianwcious walker model. The
last section is for conclusion and discussions. We briefiproent on the random word related

with the hook Young tableaux.

2 ViciousWalker

We define a model of the random walkers which is related wighitbok Schur function (1.4).
The model is a generalization of one introduced in Ref. 1,adill be clarified later an alge-

braic property of the partition function is nothing but aemdty in Ref. 17.
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Evolution rule of vicious walkers is defined as follows. iaily there are infinitely many
walkers atf{...,-2,-1}, and we call each walkeP; whose initial point is—j. A walker is
movable rightward if its right site is vacant. Walkes,1, Pj.,,... are called successors of a
walker P; if they are next to each other in the order of the indices. Wester two types of
time evolution (we assume that there are totdly+ N time steps); firsM-steps are referred as
“normal” time evolution, and following\-steps are as “super” time evolution. At a “normal”
time evolution, a movable walker either stays or moves taigfist together with an arbitrary

number of its successors. Thus we draw

On the other hand, at a “super” time evolution, a walker cawerto its right any number of
lattice units, thougl?; cannot over-pass a position Bf_; at previous time. To realize this rule

and to draw a non-intersecting path, it is convenient toaehis step as follows;

arbitrary number of lattice
Each path of the vicious walkers is required not to intersach other. We see that the original
model of vicious walkers [1] corresponds to a caseNot= 0. After M + N-time steps, we
denoteL(n) as the number of right moves made by the walRerHeren is a total number of
movements of walkers. In Fig. 2 we give an example of path gardition of vicious walkers.
In this case we consider totally 5-time step & 3 andN = 2), and the total step of right
movements is1 = 12 with (Ly, Lo, L3, Ly) = (5,4, 2,1).

It is now well known for the model of the original vicious walKL] that we have the bijection
from the path configuration of vicious walkers to the Younggitam [2]. This bijection can be
easily generalized to our model as follows. For a path cordigpn (seege.g., Fig. 2), we draw
Young tableauxt + nwith A = L;j(n). We insert in thej-th column from top the times at which
the j-th particle made a movement to its right. Notice that, foupes time evolution, we prepare
number of time as many as lattice units the walker moved. i&ance, in a case of Fig. 2, we
put “1 2 4 4 5” in the first column, aB; moves 2 lattice units rightward at time-4. Thus the top

row is the list of times at which the walkers made their firsvement, the second row is the list
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Figure 2: Example of path configuration. Fbk 3, a process is a “normal” evolution, while foe 4 it becomes a
super time evolution.

of times at which the walkers made their second movementsarmch. It is clear that the normal
time corresponds to the positive symlil while the super time denotes the negative symbol
B_ in SSYT. The evolution rule supports a consistency with onde(1.2) inB, and we know
that the map is indeed the bijection. Following this mapgimg path configuration in Fig. 2 is
mapped to SSYT given in Fig. 3.

3[3]

a1 O BN
62

NN

Figure 3: Semi-standard (hook) Young tableaux with entries fildm= {1, 2, 3} andB_ = {4,5}.

To summarize, we have a one-to-one correspondence betWwegrath configuration and
SSYT,; whenn is the number of total moves of vicious walkers, we hawen, and the number
L;(n) of right movements made by theth walker is equal to the number of boxes in tjth

column of SSYT. Especially the lengtil) of partition coincides with.;(n).



3 Partition Function and Toeplitz Deter minant

In the following we consider a model where, after totaltgtep movements of the right movers,
every walkers return to their initial positions by totaltystep left movements [3]. Here the
number of normal (resp. super) time evolution is supposduttd; (resp.N;) in the first right
moves, while the number of normal (resp. super) time evatuis M, (resp. Ny) in the next
left moves returning to their initial positions. The defioit of normal and super time evolution
in the left movers simply follows from that of right movers agnirror image. Applying the
bijection in previous section, the path configuration isated by pairs of SSYT + n, one is

(M4, Np)-hook Young tableaux and another 4, N,)-hook tableaux.

We denoted,(M, N) as the number of semi-standard Young tableaux of shapi¢h entries
from B, u B_ (with |B,| = M and|B_| = N). By definition, we haveS,(t,...,t,t,...,t) =

M N
d,(M,N)t" for 2 + n, and once the Young diagramis fixed the number of SSYd,(M, N)

corresponds to the number of path configuration with fixedmdts of right-moves.

We have interests in the probability that the number of rigbvements of the first walkét;
is less thar,
Prob(; < ¢). (3.1)

Here the probability “Prob” is defined as follows; we assiga weightt (we set O< t < 1)
for every right- and left-moves, and regard the weight oéltgtn-step walk ag". Then each
configuration of random walk, in which every walkers retusrihieir initial positions after total
2n-step, is realized with a probabilit"/Z. An explicit form of the normalization factaf
will be given later. Based on the bijection map studied invimes section, we find that the

probability (3.1) is given explicitly by

1
Probly <)== 3 ( > di(M. Na) di (M, Nz))tZ”. (3.2)
n AFn
()<t

Note that a normalization factor is set to be lizp Prob(; < ¢) = 1.

To relate this probability with the random matrix theory, velow a method in Ref. 6.



Applying the Gessel formula to eqg. (1.6), we have

D Suxy) Sizw)

L()<¢

T {
1 f do l_l |é9j _ é9k|2 l—[ H(ei9j; X) E(ei9j : y) H(e—iej ; Z) E(e—ié)j : W)

:ﬁ
0@ Jx 1<j<ksl =1

= De(e), (3.3)

whereg(2) is defined by

1+yizt 1+wz
= ) 3.4
¢(2) ﬂl_szu_zjz (34)

We have use®,(¢) as the Toeplitz determinant for the functigz); D,(¢) is the determinant of
¢ x ¢ matrix where ani( j)-element is given by;_; with ¢(2) = 3.z ¢n Z". We note that eq. (3.3)
was also given in Ref. 17. Thus our model of random walkersesponds to a point process in
Ref. 17 which was introduced as a generalization of Ref. 7 n@fe that the strong Szego limit

theorem gives a generalization of the Cauchy formula,

| ) (LT+xwWh)(L+Y)2z)
lim De(¢) = ]_[ (L—yiWo) (1= % Zy)’

i,jmn

(3.5)

We now apply a principal specialization ps which get aqg' andy; = bg! [22]. In general
we have

aw a+bg-
psS.(x.y)) = Si(@g.ack... .bg.be’,..) = g [ | 1q—,q
- = @i,j)ed ~

and for a case oft + n and (M, N)-hook Young diagram, by definition we have by setting

a=b=tandg=1

psazbzt;qﬂ(sﬂ(xl, ce XML YL - ,yN)) = dy(M, N) t".

As a result, from eq. (3.3) we obtain the partition functien a

D0 (M, Ny) di(Ma, No) £ = Di(), (3.6)

n )<t
Arn

where
L+tzH)M L+t

Q-tzHM (1 -tzgM2’

92 = (3.7)
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Due to the strong Szeg0o limit theorem, we obtain a normidindactorZ as

(l + t2)M1N2+M2N1

Z = lim Dy($) = L= ) (3.8)
Combining these results, we get
1
Probl, < ¢) = = De()- (3.9)

4 Scaling Limit

We study the asymptotic behavior of the probability (3.1 Wéte that in Ref. 18 the property
of the scaling limit was conjectured. For our purpose, iaagrally useful to rewrite the Toeplitz
determinant with the Fredholm determinant. In fact, oncekm@w the Toeplitz determinant, it

is possible to rewrite it in terms of the Fredholm determirjaB—25]. Namely we have
D/(®) = Z det(1- K,), (4.2)

whereZ is defined in eq. (3.8), an#l, is the matrix defined by

Kl ) = ) @18 Dveaier B/ B)_ - (4.2)
k=0

Here a subscript denotes the Fourier component of the imcaind we have used the Wiener—
Hopf factor ofy, ¢ = ¢, ¢_,
. @+t . (@+tzHhN
Note that we have set@t < 1. The probability (3.1) is now written by the Fredholm deter
nant as
Prob(; < ¢) = det(1- X,). 4.3)

Using a representation (4.3) in terms of the Fredholm detemt, we study an asymp-
totic behavior by applying the saddle point method follogvRefs. 10, 26. We consider a limit
Mz, Ny — oo for a = 1, 2 with fixed values;

M N M
_1:m1’ 1_n1’ N_2:
2

No N, e
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In the Fredholm determinant (4.2), matrix elements are adatpas

o - dz 1+t2™ QA-t/2™ ...,
(@+/@-)-t-jk1 = 9527“ (1-tM (L+t/2)™ o

Ny dz 1-t2™ @A+t/2™ .
(‘P—/‘P+)[+|+k+l - §2ﬂi (1 + tZ)N2 ' (1 — t/Z)Ml )

A path of integration in the former integral is chosen in a w8t it surroundg = —t, and that
z = 1/t is outside. On the other hand, a path of the latter integrdilides bottz = 0 andz = t

while it excludesz = —1/t. We set
£=cNp+ SN, (4.4)

wherec is to be fixed later. For brevity, we define the functiofz) by
o(2 =my logt—2 —ny log(t+2) + log(1+tz) —mylog(1-t2) + (—m + Ny + ¢) logz (4.5)

Then above integrals are given by

~ g~ dz o : 1/3

(‘;0+/‘10—)—€—j—k—1 — (_1)M1 %2_7” eNz 2 ZJ+k+SN2 = (_l)Ml |1,
I dZ o) SNk
(B-18:)sinier = (-1 56 S €Oz = (1,

We scale matrix indices as, {,k) — (N,"”*x, N,"®y,N,"*w), and we consider to apply the

saddle point method to integrals,

I, = f dZI eNzO’(Z) ZN21/3(w+y+s),
2ri
e+

dz —Ny o(2) Z—N21/3(W+x+s)—2

2mi

I, =
&
in a limit N, — oo. In these integrals, we fix a parametan eq. (4.4) so that we havedauble
saddle point, namely as a solution of a set of equations,

do(2 d? o (2) B

dz  d2 0
ie.,
my 1 m Ny
=Cc- 1 4,
1—z/t+l+tz C—Mp+ +1—tz+1+z/t’ (4.63)
_ t2 t2
my B ny _ _C m + Ng N 117) B . (46b)
(t-22 (t+2? z 1-t2?2 (@A+1t2?
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This set of equations is rewritten as

t t t 7o tzo
cC= m, — ng — - ,
! t+ 27 ! 1—tzomz 1+tz

(4.7a)

wherez, satisfies
my N N 1 N my
(t-2)?  (t+2) @A+tz)? (1-tz)

We see that eq. (4.7b) always has a real solutioririt, —t) as far as # 0 because |.h.s- r.h.s.

(4.7b)

of eq. (4.7b) changes fromco to 0 in z € (-1/t, —t). Generally real solutions of eq. (4.7b) are
not only in (1/t, —t), but to deform paths of integrals adequately we seezhat(-1/t, —t) is

a unigue candidate ofd@ouble saddle point. For example, in a casemf= m, andn; = 1, real
solutions of eq. (4.7b) are only= +1, and we can conclude that a double saddle point should
bez = -1 from a discussion below. In a caserof = n; > 1 andm, = 1, real solutions of
eg. (4.7b) are in{1/t, -t), (t, 1/t), (-0, —1/t), and (¥t, =) (the last 2 solutions exist only if

m, = n; > 1/t?), and from a discussion to deform contours we see that ndy (-1/t, —t) is
possible as a double saddle point. Based on these casey, bemaatural to conclude that we

choosezy € (—1/t, —t) as a double saddle point.

Hereafter we set a double saddle painto thatzy € (—1/t,—t), and fix a parameter by
eg. (4.7a). Withgy € (-1/t, —t), we find thatc > 0 from a definition (4.7a). With this choice of
parameters, the fourth order equation (4.6a) has a redl@olg of multiplicity two, and other 2
solutions are in{t, t) and (Y/t, o). Aroundz,, we have a steepest descend path as in Fig. 45 As
is a double saddle point, paths come injavith anglestr/3 and+2 /3. Following Ref. 10, we
denote such paths & andC respectively. We see that original paths explained abovélet)

can be deformed smoothly to conto@rsavoiding their singularities. Furthermore, we have

}d30'(z)

2 d# o

_tt-2z7 t+22 1-2tz7 1+2tzo)
_202((t—20)3m1+(t+20)3n1 A-tzf " @+tz)

-7y (1t . 1+t Ny 2t
T l-tn\(t-2)?® T (trz)®  Q+t2)3)

where in the first equality we have used eq. (4.7a) to deletaranpeterc, and in the second
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equality we have eraset, using eq. (4.7b). Recalling € (-1/t,—t) and O< t < 1, we see that

a2 o (2)

o > 0, (4.8)

=29

which shows that functiong*\2c®)| have a maximum value at= z, on a contouiC*.

s
-

0.5’ G+/

N

F—

7

-0.5¢

-2 -1 0 1 2 3

Figure 4: Typical example of the steepest descent pithis depicted as a bold line. Here we have sgt =
n = m = 1, andt = 1/2. A double saddle point igy = —1, and other (simple) saddle points are
(25+3V41)/16. We see that patl®s andC~ come to a double saddle poitat anglestzr/3 and+27/3
respectively, and that another contour comes into (singaéyle points with angler/2. A thin line
denotes a local structure of the real part of the integraodrat saddle points.

With these settings, we have from the intedrahat

N3 f % N2o@ N (wiyes
o
_ N3 o) f % 2 070 (220 N, Wy
o

N 21/3 ZoNzl/s (W+y+9) eN2 (20) f 2d-Z e% " (20) B +N21/3 w+%+s ,
W/

e+
13 . W+YVY+S
—ZONZ (W+y+9) eN2 o(20) E AI( y )
(oa (oa
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HereAi(x) is the Airy function,
At e
Al — had é(zt+t /3),
i(2) [ b

and we have set a parametens

_ 1 o (2)
B 2 dz

1/3
) : (4.9)
z=2

We haves > 0 from eq. (4.8). In the same way, we have from the integraiat

e

N21/3 f d Z —N, 0(2) Z_N21/3(W+X+s)_2 _ —28N21/3 (W+x+9) e_N2 o (20) 1 A|(W + X+ S)
2mi 200 o

e-

We then see that the kernel of the Fredholm determinant igddyen by the Airy kernel,

izf dei(S+X+W)Ai(S+Y+W):3f awaiC X s wy At 1w,
o= Jo o o o Jo o o

As a result, we obtain

lim Prob

Nz — o0

(—Ll —N(i/';lz < s] = F,(9). (4.10)

2
HereF,(s) is the Tracy—Widom distribution [12] for the scaling linat the largest eigenvalue of

the Gaussian unitary ensemble, and is defined by
Fa(s) = det(1- Kairy) (4.11)
= exp(— foo dx(x - 9) q(x)2). (4.12)
s
The second equality is from Ref. 12, ag(k) is a solution of the Painlevé Il equation,
q’ =sq+ 20, (4.13)

with q(s) — Ai(s) in s — oo.
A proof of convergence would be done along a line of Refs. &0, 2

To close this section, we comment on a cas@&,0&= 0. In this case, we further suppose

thatm,/t> > 1 + mp. With this assumption, we see that there exists a real solati eq. (4.7b)
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in (-1/t,0). By setting this real solution to | € (-1/t,0), we can prove from egs. (4.7a)
and (4.9) that > 0 ando > 0. Note that with this setting of a parametegq. (4.6a) has a real
solutionzy of multiplicity two, and another solution is in (i, ). See Fig. 5 as an example of a
steepest descend path. As a result, we obtain the Tracy-Hwliktribution (4.10) as a scaling

limit.

1.5}

0.5

-0.5¢

-1.5; ‘ ‘ ‘ ‘ B
-2 -1 0 1 2 3

Figure 5: Example of the steepest descent p@itior a case oh; = 0 is depicted. Here we have 8t = 4,m, = 1,
andt = 1/2. A double saddle point & = —0.68254, and there is a (simple) saddle point.&7884. As
in Fig. 4, path€* andC~ come tozy at angles:r/3 and+2 /3 respectively. Another contour comes into
a (simple) saddle point with angler/2, and it ends at A thin line denotes a local structure of the real
part of the integrand around saddle points.

5 Some Special Cases
51 Meixner Ensemble

We consider a case,
M; =M, =0, i.e.,m1:m2:0.
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From the viewpoint of the random walkers, the vicious watkerove obeying only super time
evolution rule. In this case the Toeplitz determinant (3eg@uces to

De((1 + E)M (L+t2%) = > > dp(Ny) dy(No)

n )<t
Arn

= > > du(Ny) du(No) 1,

n <t
arn

whered,(N) denotes the number of (usual) semi-standard Young taklead we havel,(N) =
d,(N,0) = dy (0, N) from eq. (1.5). The right hand side appeared in Ref. 7, agiés an exam-

ple of the discrete orthogonal polynomial ensemble asvidldJsing the hook formula [22],

g, =[] il i (5.1)

1<i<j<M ] =
tzﬂi]] ,

hj =i+ Nz = |, (5.2)

the r.h.s. gives

S T[T ] T

n y1<£ 1<i<j<Np i=1

[]

j=No-1

where we have assumél > N,. Introducing

we obtain

JU(Np = N2 + j)!

D [ [ (hi—hj)zlﬁ(Nl‘,'fi”h‘) 2, (53

heNN2 1<i<j<N, i=1
maxhi}<f+Ny-1

Np-1
Prob(; <€) = (1 — t?)" M gD []2_[ (T - No)
j=0

which is called the Meixner ensemble.

In fact using the Borodin—Okounkov identity (4.2), the karof the Fredholm determinant

can be written in terms of the Meixner polynomial

e " N1 (N1 + ]\ (N
_ — +4No+i+] _ $2\Ni-Np-1 1 . 1)
- =t @ oo () () g
x (MNz(i £ Np N = No+ 1,2) - My_a(j + N No = Ny + 1,89)

~ My, 1 + Noi Np = No 4+ 1,£2) - M, (j + Nog Ny — N + 1, t2)), (5.4)
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which has a well known form of the correlation functions oé trandom matrix (seeg.g.,

Ref. 27). Note that the Meixner polynomial is defined by

b '1_6 .

Mn(%; b, €) = 2F1 (_n’ B 1)
A computation of the scaling limit can be done by the metho8eution 4. A double saddle
point,zy € (-1/t, —t), is explicitly solved as
t+
1+t+ng
and we obtain the Tracy—Widom distribution (4.10) with paegersc ando defined by

- t(2/N + (N + 1)t)

ZO:

— : (5.5)
L G el S AR Vit (5.6)

n®(1-1t?)
This result was derived by using the asymptotics of the Maipolynomial in Ref. 7 (see also
Ref. 28).

5.2 Krawtchouk Ensemble

We set
N; = M, =0, ie,n=m=0, (5.7)

The vicious walkers obey a rule of normal time evolution ie tight moving, while they obey a
rule of super time evolution in the left moving. In this case, (3.6) is read as
1+t2)Ne
e D WP WAL RUAL

_
(1 Z) ! n )<t
AFN

This becomes the Krawtchouk ensemble [29] as follows (§pe tof the Toeplitz determinant

was also studied in Ref. 10). When we substitute the hookudtarb.1) into above expression,
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we see that the r.h.s. reduces to

T2 2% T i

n y1<£ 1<i<j<Np

2]

l_I(/JJ+N2—J)'(I\/I1+J—1 i

By use of
hj =M+ Nz— j,

this gives

0 jI(N2+ Ml—l)l

x oy []_[ (hi - h)] (M1+N2 l)chi, (5.8)
=1

heNN2 1<i<j<Nz
maxh;}<f+Np—-1

(M + )
PrObq_l < f) = (1 + tz)—Ml N t—Nz(Nz—l) [l—[ 1+ ]): ]

which is the Krawtchouk ensemble.

The kernel of the Fredholm determinant is computed explitiom eq. (4.2), and it is given

in terms of the Krawtchouk polynomial as a form of the cortielafunctions;

e Hj+aN M;+ N, -1\ (M;+N,—1
U—J)KUJ)—‘YI:?ﬁqu(M1+Nz—l)( My — 1 )'( Np + | )
t2 t2
(KN2(|+N2,1+ M+ Np = 1) Ky 1)+ Noi 75 Mo+ No = 1)
t2 t2
~ K1+ Nop s, My N = 1) K5+ Nai M1+N2—1)) (5.9)

Here the Krawtchouk polynomial is defined by

-n,-x 1
Kn(X; p,N) = 2F1( _N ’I_J)

We note that we have
Kn(X P, N) = Ma(x; =N, p%"l)-

The scaling limit is also computed by the saddle point mefa6dl In this case we suppose

my, > t?, and we have a double saddle paint (-1/t,0) as

—\/ﬁl+t
1+t\/
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and we obtain the Tracy—Widom distribution (4.10) whereapagtersc ando- are defined from
egs. (4.7a) and (4.9) as

L L@+ (- DY

, 5.10

1+1t2 ( )
/3 (Mg — %3 (1 + t )23

o = LM - U7 2l (5.11)

m/® (1 +t?)
One sees that this result coincides with that of Ref. 29 ddrivy use of asymptotics of the

Krawtchouk polynomial.

5.3 Symmetric Case

We consider a case,
M; = My, N; = No, (i.e, m=m=m, n, =1), (5.12)

namely in right- and left-movements we have equal nhumberoofal and super time evolu-
tions. Unfortunately we are not sure whether this modelleted with the discrete orthogonal

ensemble, but the parameters of the scaling function canrggyssolved as follows.

In a scaling limitN, — oo, we obtain the Tracy—Widom distribution (4.10) by applyihg
saddle point method. In this case a double saddle pomtis—1, and parameters in eq. (4.10)

are computed from egs. (4.7a) and (4.9) as

oo 2t(L+m+ (1 -m)t)

o , (5.13)
3 (mL-t)* + (1 +t)H"?
o= G . (5.14)

6 Conclusion and Discussion

We have introduced a generalization of the vicious walkedehin Ref. 1. We find that there
exists a bijection map between the path configuration obuigiwalkers and the hook Young

diagram as in the case of the original vicious walkers. Weslestactly computed a probability
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that the number of right movements of the first walker is lbasf, and have given a formula in
terms of the Toeplitz determinant. We have further studiechding limit of the probability based
on the Borodin—Okounkov identity which relates the Toeptlieterminant with the Fredholm
determinant, and have obtained the Tracy—Widom distioufior the largest eigenvalue of the
Gaussian unitary random matrix. Other models which belortlge orthogonal or the symplectic

universality classes are for future studies.

In the case of the vicious walker model, crucial point is titere exists the bijection map
from the path configuration to a pair of the semi-standar@kh&oung tableaux. As was well
studied [6], a pair of SSYT and the standard tableaux isegdlatith the problem of the random
word. We can define the model of the random word which is rdlaiéh the hook Young diagram
as follows [30]. We consider a random word by choosing fromt8sL1B_ withB, = {1,..., M}
andB_ = {M +1,...,M + N}. When a word of lengtim is given, we have a generalization of
the Robinson—Schensted—Knuth (RSK) correspondenceZB{s&e also Ref. 33 for invariance
under ordering of symbols); we have a bijection between alwbiengthn and pairs P, Q) of
tableaux of the same shape n(Pis SSYT fromB, and the recording tableaXis the standard
Young tableaux). Rule to construct pairs of tableaux ismsHéy same with the original RSK
correspondence (seeg., Ref. 21, 22), and a fference is only that negative symbols can bump
himself while positive symbols cannot bump himself. Thenremdom word with lengtim, the
probability that the length of longest decreasing (styidiécreasing for positive symbols while
weakly decreasing for negative symbols) subsequencesisiaa or equal té is then given by

> di(M,N) £, (6.1)

L()<¢
Arn

wheref4 is the number of standard Young tableaux.

This can be rewritten in terms of the Toeplitz determinargdoiaon eq. (3.3). We use the
exponential specialization [22],
ex(pn) = toin, (6.2)

where the power sum symmetric functippis given by

Pn(X.y) = Z x"+ (-1t Z y/".
i j
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Acting on the hook Schur function, we have

n
ex(Si(xy) = T .

for A + n. By applying the exponential specialization tqy) and the principal specialization

PSy_p-t.q-1 10 (Z W) in eq. (3.3), we get

PAPICICAY f”)% = Dy(®), (6.3)
" |
where y
_ Al/z (1 + Z)
() = € T (6.4)

As a consequence, the Poisson generating function of thepiidy (6.1) is given by the Toeplitz
determinant of functiomb. As was seen from the fact that the kernel (6.4) can be givan fr
eg. (3.7) as an appropriate limit, the scaling limit of eq3j6educes to the Tracy—Widom distri-

bution as was shown in Ref. 16 for a casé\of 0. Detail will be discussed elsewhere.

It was shown in Ref. 6 that the generating function (6.3) Witk O have an integral repre-
sentation in terms of solutions of Painlevé V equationethains for future studies to clarify a
relationship between the Toeplitz determinant (6.3) inse@dN # 0 and the Painlevé equations,

especially integral solutions of the Painlevé equativegiin Ref. 34.

Note Added: After submitting this paper, Ref. 35 appeared on net. Thestidied was a limit
theorem of the “shifted Schur measure”, where the prolighdidefined in terms of the Schur
Q-functions [20]. To apply an a method of Ref. 10 they obtaitteel Fredholm determinant
after a finite perturbation of a product of Hankel operatat,their main result on a scaling limit
exactly coincides with our results (4.10) wi; = N; and M, = N, (subsequently one sees
that their result forr = 1 coincides with our above results (5.13)— (5.14) with= 1). This
coincidence may originate from a property of the Sc@uiunction. The SchuQ-function is
defined by filling “marked” and “unmarked” positive integecsthe shifted Young diagram; a
rule of filling these numbers is much the same with a rule fergbmi-standard hook Young
tableaux explained in Introduction, once we identify unkealr (resp. marked) numbers with

positive (resp. negative) symbols. It will be interestingrivestigate this connection in detail.
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