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Pure Exchange
Economy

cons. goods

Agents: a e 1,

A finite

n
e, € R, goods=endowment

u,:R" —> R utility function, usc

strictly concave (today)
D z{ clu,(c)< oo} = domu, survival set

a

demand function (of agent a)

d (p)=argmax { u_ (c) | <p,c>S<p,ea> }

ceR"
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Walras equilibrium price

‘.E |
* Da

cons. goods

Ry(p)

labor

dpinZ:s(p)=2,e,—2.d.(p)> O\
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The Walrasian

excess supply : s(p) Zae 4 Zae Ada( p)

W(p,q):<q,s(p)>, W:.:XxX—>R

d,(p)=argmax { u,(c) | {p,c)<(p,e,)

ceR”

pl—>d, (p) continuous (hypo-convergence, later)

= pl—>s(p) 1s continuous
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Variational Analysis

Optimization Problem: MmMax Jfo(x) sothat xeC
£.(x) if xeC

Define: f(x)= —o0 otherwise

~max f(x), xeR", f:R"—>[-00,0)

Lagrangian: L(x,y) = f,(x)+(y,G(x)) if xeC,
=—o0 1If xe¢C
from: max f,(x) sothat G(x)=0, xeC
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‘L Hypo-convergence

i

" /"y S5 f =hypo—lim f*

J

" "argmax f" — argmax f"
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‘L Hypo-convergence: definition

s argmax(f +g)— argmax(f +g) Vg cont.
requires hypo-convergence
s /" —, f < hypo /7 — hypo f
m VxeR":
(i) Vx" = x,limsup " (x") < f(x)
(ii) Ix" — x, iminf /7 (x") > f(x)
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‘LHypo—convergence: properties

= oSS oS \\
A A N

m f" >, f,x" eargmax ", x* &> X = X eargmax f

m xeargmax f = 3&” N0, x" eg’-argmax [ :x" > X
= /" —, f < hdist(ept f",epl f)—0
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‘L Hypo/epi-convergence

saddle point L? ~ saddle point L

—0

m L:R"xXR" > R, dom K

= definition: V(x,»)
(@) Vx" > x,3y" > y: lmsupL'(x",y") < L(x,y)

(b)Vy" —>y,dx" > x: Iminf L' (x",y") > L(x, y)
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Lopsided convergence

[ argmax-inf K“~ argmax-inf K ]

x € argmax—int K = x € argmax(inf, K (e, y))
definition: (Attouch-Wets ‘83)
(a) Vx" > x,3y" > y:Iimsup K" (x",y") < K(x, y)
(b) Ix" > x, Vy" = y:liminf K" (x", y") > K(x, y)

lopsided =» hypo-convergence if K(x,y) = f(x),
lopsided =» epi-convergence if K(x,y) = g(y)
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Tight lopsided convergence

definition: V (X,y)
(2) Vx" —x,3y" — y:limsup K" (x", y") < K(x, y)

(b) dx" > x,Vy" > y:liminf K" (x", y") > K(x, y)
tightly:
(b-t) Ix" - x, V& >0 Jcompact B.: V)" — y:
limsup K" (x",y") > K(x, y)

sup, B"(x",.)2supB"(x",..)+¢, Vv=v,

11 May 2004 Time Preferences, Copenhagen 11



i Lopsided: basic properties

K" — K lopsided tightly,
X cluster point of {x" € argmax—inf K",v € N}

— X € argmax—inf K
and

x cargmax—inf K = 3" >0, x" > X

with x” € &"—argmax—inf K"
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‘L Ky Fan functions & inequality

B K:R"xR” > R is a Ky Fan fcn if
(a) Vy:x+— K(x,y)usc
(b) Vx: y— K(x,y) convex

m K Ky Fan fcn, dom K = Bx B, B compact
— arg max—inf # &
if K(x,x)>0 on dom K, X € argmax—inf K
= inf K(x,y)20.
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‘L Walrasian: a Ky Fan fcn!

W(p.q)={(q.s(p))

(a) V gel: p—> W(p,q) 1s usc (continuous),
(b) V pel2: g W(,q) 1s convex (linear),
(c) V gqge2:W(q,q) =0, (budget constraint)

Va: <q,ea —a’a(q)>20

= W 1s a Ky Fan function
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‘LEquiIibrium price: existence

W = <q,s(p)> Ky Fan fcn, ¥ compact, convex

= 3dpearg max{ inf W .q) }

pes geX

and inf__ W(p,q)= 0

Claim:p is an equilibrium price, 1.e., s(p)> 0
W(p.a)=(q.5(p)) 20, VqeX
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‘L Ky Fan fcns & lopsided

" | K" — K lopsided tightly with B" — B,
K" Ky Fan = K Ky Fan
m (and Vv:argmin—supK" =

if x € cluster-pts {argmax—inf K"}

— x eargmax—Iinf K & K(x,+)>0

= Ky Fan fcns closed under lopsided

saddle fcns closed under e/h-convergence
Isc fcns closed under epi-convergence
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i Brief review

m V= <q,s(p)> a Ky Fan fcn, X compact

s Ky Fan fcns closed under lopsided tightly

n W= <q,SV (p)>  argmin—sup W' # D, Vv
= p € cluster-pts {arg max—inf W"}

= peargmax—inf W & W(p,+) >0

Question: W" —,  W?

tightly guaranteed by 2 compact
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Stability i1ssues

VvV
m U, ~U,

s Convergent economies:
= D’ — D_ (setconvergence)
= Vx"eD »>xeD, =u (x")—>u,(x)
u;/ —>. U, “continuous” convergence
= e e
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‘L Equilibrium points: stability

u, ——u,, e, >e,p —>p=d,(p’)—>d,(p)
= s'(p')—>s(p) equiv. s'—>s

= = |opsided convergence of Walrasians
W(p.q)={(q.5(p)). W' (p.q)=(q.5"(p))

WY — > W Ky Fan fens closed under lopsided

. ;
= I.e. argmax  inf W

cluster

9 = pv — P (equilibirum points)

. N
»argmax  inf W

J
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‘L Example: Walras Equilibrium

endowments
w)(c,c,)=c,—c /8 ¢&=(2,r),e =(r2).

u'(c,,c,)=c,1+v")—c;" /8 (case 1)

u'(c,,c,)=c,—c; (1+v7")/8 (case 2)

Case 1: p//pi=1 & p//p. /0.5
Case2: p//pl=1& p//p) 2
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i Equilibrium points: Convergence

0015
00081
0.006
0.004
0.0021
0’
-0.0027
-0.004
-0.006
-0.0081

001"

11 May 2004

excess demand

.

2.5 4 pl/]?2

as v/ o:p /p,=0.5]1,2
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i Computational implications

= Solution procedure via approximation

= Use of optimization procedures, or
techniques devised for variational
iInequalities

11 May 2004 Time Preferences, Copenhagen

22



‘L Augmented Walrasian

W(p.q)=(q,s(p)) on TxX

p max/inf point of W

~ saddle point (p,qg) of W},

W.(p,q)=inf, { W(p,u)+r

= sup. { W(p,2) ||

ul| = (g.u) |

z—qf <r|

with HH a norm and HH its dual norm
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[terations

W.(p,q)=sup, { W(p,2) : |z—q|°<r }

g""' =argmax [ max, <Z,S(pk)> : |Z—q| °<r ]
geX

[ minimizing a linear form on a ball

p' =argmin [ max, <Z,S(pk)> ; Hz—q

pEX

k+1|lo

Srkﬂ ]

[ reduces to finding the largest element of s(p*) 1

asr T oo, p* > p (max-inf point)
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i Test case(s)

= Cobb-Douglas utility function:

u,(x)=y, [ ]_x"" with D" B'=1 p=20
= budget constraint: >,»x' <) pe.
= demand (= supply)

di(p)=(B' 1 p) (X, pe), 1=1...n

experiments: 10 agents, 150 goods (easy!)
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i More applications

s Fixed point: B ball, G :B — B continuous
findx e B: G(x)=x, fixed point

= Non-cooperative games: find x s.t.
x, eargmaxu (x ,x_ ), Vae 4

= Variational Inequality: find # s.t.
u € C such that —G(u) e N_.(u)

with C compact convex, G continuous.
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Non-cooperative games

= agents: q € A,

Al finite

s x,e€C, cR"™: decision of agent a

= x_eR"7™: decisions of all other agents

= U, (xa,x_a) :RY - R, aperformance fcn
Nash equilibrium: x =(X ,ae 4) so that

X, €argmax{u,(x,,x )|x,€C,| VaeA4
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‘L The Nash function

x, eargmaxu (x,,x ), Vae 4

u (x,,x )=u,(x,,x_)unlessx, ¢ C_ forsome &

Nash function: x=(x,,ae 4), y=(y,,ac 4)
N(.X,y) :ZaeAﬁa(xaax—a) _ZaeAﬁa(ywx—a)

4 )

X =(X,,a € A) a Nash equilibrium point

< X e argmax inf N(x,y)
- r ) =
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i Nash: existence & stability

= EXxistence: N a Ky Fan function

u usc &u (x,,..)Iscand u_(..,x_ ) concave

and the sets C_ are bounded (+ closed)

< Stability of equilibrium points <
stability of argmax-inf points of N
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‘L Stability: sufficient conditions

a’

u (x;/,xfa)—>ua (xa,xa),‘v’(x;/,x‘_/a)—)(x x,)
& C'— C, , C compact
= N" — N lopsided tightly

— Nash equilibrium pts” — Nash equilibrium pt
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