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A new law of large numbers for random lower semicontinuous functions is formulated
and proved when convergence to the limit function is in terms of epi-convergence, the
basic convergence notion for variational problems; epi-convergence induces, in a sense
that can be made precise, the convergence of infima and minimizers. When the random
lower semicontinous functions are also conwvex, laws of large number for more restrictive
notions of convergence are also derived, and in one of these cases (Mosco-epi-convergence)
we make the connection with the laws of large numbers for random sets (Artstein and
Vitale [3], Artstein and Hart [2], Hiai [25] and Hess [23]). Part of the motivation for
this work comes on one end from a variety of potential applications to problems involving
random composites, porous media, and more generally, nonhomogeneous materials that
are “stochastically” mixed [18], and on the other end to supply justification for the use of
sampling in the design of solution procedures for stochastic optimization problems [26].

1. Preliminaries

We work with the following set up: let (X, |- |) be a separable Banach space, B the Borel
field generated by the open subsets of X, and p a probability measure on the measure
space (2, A) with A p-complete. A set-valued mapping I' with domain €2 and with values
in the subsets of X,

wisDw): Q3 X

is a random closed set, if for all w, I'(w) is closed and for any open set G C X,
(@) :={weQ|T(w)NG +0} € A

Let F = F(X) denote the class of closed subsets of X with Fy(X), the class of closed
nonempty subsets of X; note that the empty set is a member of F. The Effros field on F
is the o-field S generated by all sets of the type

Fe={FeF|FNG#0}, GC X open.

By identifying every closed subset of X with the corresponding element in F, we can
associate with every random closed set I' a random variable, i.e., a S-measurable mapping,
v :Q — F. We denote by Ar the o-field induced by I' (or equivalently ) on the measure
space (2, A); we have Ar = y~1(S).

Two random closed sets I'1, I'y are independent if the induced o-fields are independent,
i.e., if for all A; € Ar, and Ay € Ar,:

p(Ar N Ag) = p(Ar) - p(As).

A collection of random closed sets {I',,v IN } are said to be independent if the random
closed sets of any finite subcollection are independent, and they are pairwise independent
if any pair of random closed sets I',,I',, are independent.



The distribution of a random set I' is the probability measure induced by the random
variable v on (F,S); we denote those distributions by P, Pr, etc.. Let’s observe that
v~ 1(Fg) = T7HG) for any open set G C X, and thus Pr(Fg) = pu[l"(G)]. Convergence
in distribution of random closed sets means narrow (weak) convergence of the induced
distributions on (F,S); for more about convergence of random sets, refer to [30]. The
random closed sets of a collection are said to be identically distributed if they induce the
same distribution on (F,S). We say that the collection consists of iid random sets if they
are both independent and identically distributed, and they are said to be piid if they are
pairwise independent and identically distributed.

An extended real-valued function f defined on X x€2 is a random lower semicontinuous
(Isc) function if its epigraphical set-valued mapping,

wrepl f(,w): 22X xR

is a random closed set; recall that the epigraph of a function g : X — R is the set
epig = {(z,a) € X x IR|g(a:) < a}. The concept of a random lsc function is due to
Rockafellar [29] who introduced it in the context of the calculus of variations under the
name of “normal integrand.”

Taking into account the fact that X is separable, and that (x, 8) € epi f(-,w) implies
(z,0') € epi f(-,w) for all B’ > B, the measurability of w — epi f(-,w) can also expressed
in the following terms:

V open G C X, € R, {w\igff(-,w)<a}€./4.

Thus f : X x Q@ — R is a random Isc function if

(i) for all w € €, the function z — f(z,w) is lower semicontinuous,
(i) for all open G C X, the function w + infg f(-,w) : 2 — R is A-measurable.

From the definition, it also follows that for a (bivariate) function f : X x Q — IR to be a
random lIsc function it is necessary that

(i) for all w € Q, the function z — f(z,w) is lower semicontinuous.
(ii) (z,w)+— f(z,w) is (B ® A)-measurable.

These conditions are also sufficient if A is y-complete, cf. [16, lemma VII.1, theorem I11.30].
In particular, this implies immediately that in the present setting (X a separable Banach
space, A p-complete) the sum of two, or more generally, of any finite or countable number
of random Isc functions, is again a random lIsc function.

The space SC(X) of lower semicontinuous functions defined on X is in one-to-one
correspondence with the space of closed subsets of X x R that are epigraphs; a set E C
X x R is an epigraph if (z,8) € E = EN ({z} x R) is either R or [3,00) for some
B < B; SCo(X) denotes the space of proper lsc functions, i.e., f € SCo(X) implies f is Isc,
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f > —oo and f # oo. The Effros field on SC(X) is the o-field generated by all sets of the

type
{{f € SC(X) | infg f < a}, G open ,a € R}.

In §3, we make the connection between the Effros field and the Borel structures associated
with certain topologies that can be defined on SC(X).

The distribution P; of a random lsc function f is the distribution associated with
its epigraphical mapping, i.e., Py = Pepis. We denote by Af for the o-field induced
by the random lsc function f, we have Ay = Agpir. Narrow convergence of random lsc
functions is defined in terms of the narrow convergence of their distributions. For more
about convergence of random lsc functions, consult [30]. Random lower semicontinuous
functions are independent if the induced o-fields are independent, or equivalently, if the
associated epigraphical mappings are independent random closed sets; a collection is said
to be pairwise independent if any two are independent. They are identically distributed if
the distributions induced by their epigraphical mappings are identical. And, one says that
a collection of random Isc functions is #id if its members possess both properties. Random
Isc functions are piid if they are pairwise independent and identically distributed.

The correspondence between functions and sets, via the epigraphical mapping f —
epi f, leads to a number of operations on functions whose motivations come from the effect
they have on epigraphs. The epi-sum of two functions g, g2 : X — R is defined by:

(91 4% g2)(z) == uig([gl(U) + g2(z — u)];

this operation is also called inf-convolution. The use of the prefix “epi” and the subscript
“e” refers to the fact that this operation (addition, in this case) is taking place on epigraphs.
Indeed, epi(g; + g2) is the “vertical-closure” of the sum of the epigraphs of g; and go:

epi(g1 + 92) = {(z,inf ) ‘ (z,a) € epigy + epiga}.

For o > 0, the epi-multiple of a function g : X — IR is the function (a% g) : X — IR, with
the operation “#” defined by a* g(z) = ag(a™tz). It follows that aepig = epi(a * g).
Epi-addition has generally a smoothing effect. We are going to consider the epi-sum of
arbitrary functions and a “kernel” of the type (1/p)| - |P.

Given p € [1,00) and A > 0, the epi-reqularization (of order p) of index Aof g : X — R

is the function )

=g+ -5
i.e., for all z € X:

. 1
gx(z) = infyuex [g(u) + » |z — u|p}.

When p = 1, g, is called the Pasch-Hausdorff epi-regularization, and when p = 2, it is
called the Moreau-Yosida epi-regularization. The properties of the g, are summarized in
the following lemma.
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Lemma 1.1. [10, lemma 3.2], [9, section 3]. Let g : X — IR be an extended real-valued
function such that g Z oo and for some xy € X, g > 0 and a1 € R,

g > —agl-—zolP — oz
for some p € [1,00). Then, the family of the epi-regularizations of g,
{ox=g4 Q)7 [P, 2> 0},
is endowed with the following properties:
(a) for all x € X and all A\ > 0, the sequence {gx(z)} x>0 increases to clg(z) (Isc-
regularization of g) as A decreases to 0; thus, if g is Isc, g = sup A0 9A;

(b) for all X sufficiently close to 0 (0 < A < (app)~1217P), z — gx(z) is a real-valued
Isc function; in fact, gy is Lipschitz continuous on any bounded set, i.e.

9x(z) — ga(a’)| < A7 M6lz — 2|

where the constant k depends continuously on |z|, |z —x'|, ap, A and p, it depends
on g only through the value g(z4) and |z4| of a point x4, at which g is finite.

The lower bound for g, can be obtained as follows:
1
ga(z) = inf {g(u) + » |z —ulP}

. 1
> ulg)f({ —aplu — ol — a1+ — |z —ulP }.

> W
Since
lu—zo|P < 227 (Ju — 2P + |z — 20F)
one has
1
> inff —an2P Yy — 2P — an2P e — 20l? + — |z — ulP ) —
gx(x)_ulgx{ Qg lu —z|P — ap |z — o] +)\p lz—ulP} — a1
1
> inf { (— — 2P Y|u— 2P} — 22 Lap|z — zolP — .
_ulgx{()\p 2P ") |u — zf? } aolz — P — an

Now, (1/Ap) > ap2P~! (0 < X < 217P(agp)~1), it follows
gx(z) > —2P"tag|z — zolP — .

When p = 1, g, is Lipschitz continuous on the whole of X, but there is then no
guarantee that gy will be differentiable. On the other hand, when p = 2, gy is only locally
Lipschitz continuous, but it then enjoys a number of desirable regularity properties. For
example, when p = 2, X is a Hilbert space, and g is Isc convex, then gy is smooth (contin-
uously differentiable), a property that will be exploited in sections 5 and 6. Epigraphical
regularization supplies a powerful tool for the analysis of random Isc functions. This was
already exploited by Dal Maso and Modica [18] in their work on stochastic homogenization
involving random integral functionals.

We show next that if random lsc functions are iid, so are their epi-regularizations
(with respect to the z-variable), and the (vector-valued) random variables generated by
their restrictions to a finite subset of X are iid.
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Lemma 1.2. Suppose I'; and I'y are iid random closed sets with values in the closed subsets
F of a normed linear space X and let D be an arbitrary closed subset of X. Then, the
closed random sets cl(I'y + D) and cl(I's + D) are also iid random closed sets.

Proof. Let I, = cl(I'; + D) for i = 1,2. Let G be an open subset of X. Then

(T 7HG) = {w|(Ti(w) + D) NG # 0}
= {w|Ti(w) N (G + (-D)) # 0}
=I7'(G-D).

Since G—D is open, (I';)~}(G) € A, and thus I'; is a random closed set. Moreover, it follows
from these identities that the o-field generated by I', are contained in those generated by
I'; and since by assumption the o-fields generated by I'y and I'y are independent, so are
those generated by I'] and I'f.

Let P/ be the distribution associated with the random closed set I';. In view of the
above, we have that for open G:

P{(Fg) = u[(T)™H(G)] = u[l7 (G - D)] = Pi(F¢-p)-

In fact, for any finite collection of open sets G¥,k =1,...,q, one verifies similarly that

q q
P} (ﬂ fgk> =P, (ﬂ ka_D) .
k=1 k=1

Because {Fg1 N---N Fge, GF open, q finite} is a generating class for S, closed under
taking finite intersections, the preceding identity implies that the random closed sets I'}
and I', have the same distribution whenever I'; and I'y have the same distribution. O

Corollary 1.3. Let {f* : X x Q — R,t € I} be a collection of piid random Isc functions
such that almost surely f* # oo and there exist p € [1,00), zg, ap > 0 and a; € R such
that for all v € I,

f(w) > —agl - —zo|P — a3, for almost all w.

Then, for all A > 0 sufficiently close to 0 (A < (cop)~'2'7P), the epi-regularizations
(of order p) fy are piid (real-valued) random Isc functions, minorized almost surely by
—2p_1a0| . —.’L’0|p — Q1.

Proof. Fix A > 0. For every ¢ € I, f5 is a random lIsc function: the lower semicontinuity
(and more) follows from lemma 1.1 using the fact that the random lsc functions are almost
surely minorized —ayg|-—x¢|P — a1, the measurability of the epigraphical set-valued mapping
w — epi f5 (-, w) follows from the argument used in the proof of lemma 1.2 that shows that
for all open subsets G’ C X x R:

(epi f3)HG) = (epi f*)"H(G" — epi (Ap)~* - 7).
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Since for all w, epi f5(-,w) = cl(epi f* + epi(%p| -|P)), to obtain the piid assertion we apply
lemma 1.2 to the epigraphs. O

The distribution associated with a random Isc function is that of its epigraphical (set-
valued) mapping. An alternative would be to follow the “classical” approach that associates
with a random Isc function the distribution derived from (or more precisely identified
by) the marginal distributions. For f a random function, the marginal distributions are
obtained by considering all collections of random vectors that are “sections” of f, i.e.,
the random vectors (f(z1,:),..., f(zq,+)) for all finite collection of points {z1,...,z4}. Of
course, the distribution obtained by way of the marginal distributions is not defined on
the same space as that derived via the epigraphical set-valued mappings, but there could
be some hope that convergence in distribution in one sense would imply the other. This is
not the case! For a simple example, see [30, example 2.4]. But certain properties do carry
over. In particular, we have the following.

Lemma 1.4. Suppose that g' and g2 are iid random Isc functions defined on X x ). Then,
for any = € X, the extended real-valued random variables g'(z,-), g*(z, ) are also iid.

Proof. Because the o-fields induced by the random Isc functions ¢g* and g2 are independent,
the independence of g'(z,-) and g?(x,-) would be established if we show that for « = 1,2,
the o-field induced by g¢*(z,-) is contained in that generated by the random lsc function
g*. Observe that for all « € R, and ¢ > 0,

A= {w | gl’(x7w) < O[} C Ae = {w ‘ infBO((B76) gb(-,w) < o —{—5‘},

where B°(z,¢) denotes the open ball centered at z and of radius €. Hence A C NesoAe.
We are claiming that equality holds. Indeed, suppose that w € A for all ¢ > 0 but w
doesn’t belong to A. Then there exists z. with, z. — x as ¢ — 0, such that for all € > 0,
9" (ze,w) < a+e but g*(r,w) > a. From the lower semicontinuity of z — ¢*(z,w) it follows
that

lim(a + ¢) > liminf ¢* (2., w) > ¢*(z,w) > a.
el0 el0

which contradicts the existence of such a w, and thus A = N.5¢Ac. This means that sets
of type A belong to the o-field induced by the random lsc function g*. Since the o-field
induced by the (extended real-valued) random variable g*(x,-) can be generated by all
the sets of type A, it follows that it is included in the o-field induced by the random lsc
function g*.

The claim that g!(z,-) and g?(z, ) are identically distributed, follows from the above,
since for ¢+ =1, 2,
,u{w | gb(xa LU) < O[} = lslif)lpg"(fé(a:,e))

where F' refers to the closed subsets of X x R and G(z,¢) := B(z,¢e) X (—oo,a+¢). O
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An alternative proof for the (p)iid properties, featured in lemma 1.4 and corollary
1.3, that relies on arguments of a functional, rather than geometric, nature appears in the
appendix. It exploits the properties of the Wijsman topology (cf. §2) defined on SC(X).

2. Epi-convergence.

The law of large numbers that we are interested in is formulated in terms of the epi-
convergence of averaged sample functions. We begin with a brief review of the definitions
and notations of the theory of epi-convergence, and then feature some basic facts that
are going to be needed in the sequel, especially concerning topologies that induce epi-
convergence.

Definition 2.1. [5, 9] A sequence {g” : X — R, v € IN} epi-converges to g at x, if

(a) for all z¥ — z, liminf,_,  ¢"(z¥) > g(2);

(b) there exists £¥ — x such that limsup,,_, . ¢ (") < g(x).
If this is the case at every z in X, the {¢”},eN epi-converge to g and one writes g % ¢;
g is called the epi-limit of the sequence {g"},enN-

With N (x) the neighborhood system of x, the functions defined by

epi-liminf ¢¥)(z) := sup liminf inf ¢”(z’
(epilimint ") (s) = sup liminf nf o (+")

(epi-limsup ¢g”)(z) := sup limsup inf g (z’)
v VEN(z) v—oo z'€V

are the lower and upper epi-limits of the sequences {g"},en. When epi-liminf, g¥ =
epi-lim sup,, ¢¥, this common function is actually the epi-limit of the sequence.

Epi-convergence receives its name from the fact that is corresponds to the set conver-
gence (in the Painlevé-Kuratowski sense) of the epigraphs [5, 9, 20, 22, 27].

Although epi-convergence is related to pointwise convergence, it is easy to see that
neither epi-convergence nor pointwise convergence implies the other. However, these two
notions of convergence coincide if the functions are equi-lower semicontinuous.

Definition 2.2. [20] A collection {g*,t € I} C SC(X) is equi-lower semicontinuous at x if
for all e > 0, k > 0 there exists V, a neighborhood of x, such that for all . € I,

min|[ f*(z) —e, k] < ir‘}ffb.
If this property holds for all x in X, the collection is equi-lower semicontinuous (equi-lsc).
A sufficient condition for this property to hold is
g'(z) < oo = g'(z) —e < infg’

g'(z) =00 = ir‘}fgb > K.
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Theorem 2.3. [20, theorem 2.6] Let (Z, T) be a topological space. Suppose {g”},en is an
equi-Isc sequence in SC(Z). Then, the sequence epi-converges to a function g if and only
if it pointwise converges to g.

In fact, if the sequence {g"},enN is just equi-Isc at z, then, it epi-converges at x if and
only if it pointwise converges at x to the same value.

Epi-convergence can also be characterized in terms of the convergence of the epi-
regularizations.

Theorem 2.4. [7, theorem 5.24; 5, theorem 2.65] Let {¢”},en C SC(X) with g¥ the epi-
regularizations (of order p) of g¥ of index X\ for some p € [1,00). Suppose there exist
xzo € X, ap > 0 and a1 € R such that for all v, g¥* > —ap| - —zo[P — a1. Then g* & g if
and only if
g(z) = sup limsup g5 (z) = sup liminf g5 (z).
A>0 v—o0 A>0 Voo

Although this would take us too far afield, one can also further the view that epi-
convergence is “one-sided uniform” convergence. This is confirmed by the fact that some
of the basic properties of uniform convergence are shared by epi-convergence. Of particular
interest in the development of almost sure convergence results is the fact that for random
Isc functions when X is a separable space, epi-convergence needs only to be checked on a
countable set.

Lemma 2.5. Suppose (X, |-|) is a separable normed linear space and f,g: X — R with f
Isc. Then there exists a countable set D C X (that depends only on g) such that f < g on
D implies f < g (on X ). In fact, any set D obtained as the projection on X of a countable
dense subset of epig will do.

Proof. Because X x IR is separable there exists a countable set DT dense in epig. Let D
be the (canonical) projection of DT on X. Having f < g on D is the same as requiring
{(z, @) |a > g(z),z € D} C epi f. Taking closures on both sides yields epig C epi f since
f is Isc, or equivalently f < g. O

Corollary 2.6. Let (X,|-|) be a separable normed linear space, {f* : X — R,v € IN} a
sequence of functions, and f : X — R a Isc function. Then, there exists a countable set
D C X (that depends only on f and on the sequence {f"}) such that f = epi-lim,_, _ f
on D implies f = epi-lim,,_, _ f* (on X).

Proof. To show that f = epi-lim, f¥ we need to check the following inequalities

epi-limsup f¥ < f < epi-liminf f“

V—00 vV—00

between Isc functions, see definition 2.1. The preceding lemma asserts that it suffices to
have the first inequality satisfied on a certain countable set D;, and the second one, on
(possibly) another countable set Dy. We choose D := Dy U Ds. O
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A few observations about a topology related to epi-convergence might be useful to
gain some insight in the functional background. For a normed linear space (Y,|- |y)
and C a subset of Y, let d(-,C) be the distance function associated with the set C, i.e.,
d(z,C) := inf{|z — y|ly | y € C}. On Fy(Y), the class of nonempty closed subsets of Y,
the family of pseudo-distances {d,,y € Y} defined by

6,(C, D) := |d(y,C) — d(y,D)|, for C,D € Fo(Y)

induces a topology (associated with the pointwise convergence of the distance functions)
called the Wijsman topology and denoted by 7,,; see [22, 27, 13, 6, 14] for more about this
topology. With

Y =X xR and |(z,a)|y = max{|z|, |a|}

and by restricting our attention to £y(Y) C F(Y), the subspace of epigraphical subsets of
X xR that contains no “vertical” lines, the Wijsman topology on £y(Y") induces a topology
on SCy(X), the space of proper lsc functions defined on X, by identifying a function f
with its epigraph epi f. We write

Yo f = V(z,a) d((z,a)epif”) = d((z; ), epif).

Hess [24, 23] has shown that (Fo(Y), 7) is metrizable and separable, and thus from
the preceding construction it follows that SCo(X) inherits the same properties. In [24,
theorem 3.1.1], he proves that the Borel field associated with the 7,-topology is the Effros
field, which confirms the fact that this topology has a number of desirable properties when
dealing with random lsc functions.

In finite dimensions, 7,,-convergence is equivalent to epi-convergence but that is not
the case in general. A short proof that Wijsman convergence implies epi-convergence
follows.

Proposition 2.7. Let {f; f*,v € N} C SCy(X). Then
ffresf = 757

Proof. With z € dom f, d((z, f(x)),epif) = 0. Since f” Iz f, there exist (z¥,a”) —
(x, f(x)) with o > f¥(z"), from which it follows that
f(z) =lima” > limsup f(z").
This is condition (b) in definition 2.1 of epi-convergence.
Now consider a sequence z¥ — x with lim inf, f¥(2") < oco; otherwise condition (a) of

definition 2.1 is trivially satisfied. By restricting ourselves to a subsequence, if necessary,
we can assume that f¥(z¥) — a := liminf, f¥(z). From

|d((=", 7(z")), epi f*) = d((; @), epi f¥)| < max{[z"” — =, [f"(2") — al},
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it follows that d((z, ), epi f) — 0. Since f¥ =, f,
d((z,a),epif) =0, i.e., lirginff”(ac”) =a> f(x),

which completes the proof. O

3. The Effros o-algebra as a Borel structure: A variational approach

As explained briefly at the end of §2, by identifying lsc functions with their (closed)
epigraphs, the Wijsman topology 7, on SCy(X) is associated with the pointwise con-
vergence of the distance functions between epigraphs. Hess [24, 23] has shown that the
Effros o-algebra on SCy(X) is the Borel field associated with the topology 7.

In this section, we identify the Effros o-field with another Borel structure, more in step
with the approach to random lsc functions featured here. We exploit the epi-regularization
technology. This was the path already followed by Abdulfattah [1] for Moreau-Yosida
regularizations.

Recall that X is a separable Banach space. We consider SC, ,(X), the subspace of
Isc proper functions minorized by —ag| - —2o|? — a1 for some p € [1,00), ap > 0, and
a1 € R; note that the same parameters p, g, @1 apply to all functions in SCy ,(X). The
epi-regularization f) of index A\ always refers to

i.e., with respect to the kernel (1/p)| - |P; by lemma 1.1, fy is a real valued function,
Lipschitz continuous if p = 1 and locally Lipschitz continuous for p > 1.
The family of pseudo-distances { dy ;| A > 0,2 € X } defined by

dxz(f,9) = |fa(z) — gr(z)]

induces a topology on SC, ,(X) called the topology 7., of pointwise convergence of the
epi-regularizations with kernel (1/p)| - |P. Convergence with respect to 7., implies epi-
convergence, cf. [5], and like for the Wijsman topology 7,, the converse holds when
X = R", but not in general.

Proposition 3.1. The Effros o-algebra on SC, ,(X) is the Borel field associated with the
topology T, the topology of pointwise convergence of the epigraphical regularizations.

Proof. Let us denote by S the Effros field on SC,, ,(X) and by B, the Borel field associated
with the topology 7.

We begin with § C Be,.. By definition, we know that S is generated by sets of the

type:
{f€8SCap(X)|infeg f>a}, G open,acR.
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Observe that

{f €8Cap(X)|infg f>a} = |J{f€8Cap(X)|infef>a+ % }.
kelN

On the other hand, since 7.,-convergence implies epi- convergence, it follows that ([5;
proposition 2.9], e.g.)

f¥ Tery = infg f > limsup, infg f*.

Hence { f € SCqo (X)) | infe f > a+1/k } is closed with respect to the 7.,-topology. Thus,
the set { f € SCq p(X) | infe f > o} which is the countable union of closed sets necessarily
belongs to Be,-

Let us now turn to the reverse inclusion: B, C §. For fixed A, the epi-regularizations
{fr|f € SCqp(X)} are locally equi-Lipschitz continuous, and thus the 7.,.-topology is
equivalent to that induced by the pointwise convergence of these epi-regularizations on a
dense subset of X. Moreover, since X is separable, it means that B, is generated by the
sets

{f €SCap(X) | I (k) — gu, (@k)| < er }

where g an arbitrary function in SC, ,(X), the (x) determine a countable dense subset of
X, (Ax) and (gg) are two sequences of strictly positive scalars that converge to zero. Let
ag = gx, (xg) — €. Taking into account

{f €8Cap(X) | fru(ox) S @} = [V {f € 5Cap(X)| S, (m) <o+ -},
neN

to obtain B, C S, it will thus be sufficient to show that
{f€SCap(X)[fa(z) <a}tesS

for arbitrary A > 0 and o € IR. In fact, since

(F €8Cus () frl@) <o = |J 1/ €8Cus(X) al@) <o},

nelN
it will be enough to show that
{f€8Cap(X) | fa(z)<a}es

for arbitrary A > 0 and a € R. Indeed, this is equivalent to showing that f — fx(z) is
S-measurable. Since fy is continuous and hence lsc,

{f €5Cap(X) | /() < a} = () {] €5Cup(X) | infpgym fr <t }
nelN
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So, we need to establish that
1
U={feSCap(X)|epifrn (int B(z,1/n) x (—oco,a+ ﬁ)) #0} € S.

The remainder of the argument is now similar to that in lemma 1.2 and corollary 1.3. With
G =int B(z,1/n) x (=00, + 1/n), an open subset of X x IR, one has

Uz{fESCa7p(X)|cl(epif+epi)\ip\-|p)ﬂG7é@}

= {J € 5Cap(X) | epi £ 1 (G —epi 1 |- ) £ 0}

Since G — epi )\lp | - |? is open, we conclude that U € S. O

4. Basic Results.

For f a random lsc function defined on X x (2, we reserve the notation F f to denote the
associated expectation functional,

Ef(z) = /Q £ (2, 0) p(dw);

similarly, F f" is the expectation functional associated with the random lIsc function f*.
Because, the random variables f(z,-) are extended real-valued, we adopt the following
definition for the integral: let & — IR be a A-measurable function, then

[ ) ) i= [ ) ) - [ 1) n(a)

where hy := max{0, h}, h_ := max[0, —h] and the convention co — co = oo is to be used
if the integrals of hy and h_ diverge; this last rule is consistent with the epigraphical
context.

Lemma 4.1. Let f be a random Isc function defined on X x Q with (X,|-|) a separable
Banach space and (2, A, 1) a probability space. Then

winf f(,w): Q=R

is a A-measurable function. Moreover, if, in addition, for all p > 0, [inf,B f(-,w) p(dw) >
—oo where pB is the ball of radius p centered at the origin, then E f is a Isc function.

If f is minorized by a polynomial term, more precisely, there exists p € [1,00), g € X,
ag > 0 and oy € LY(;R) such that for p-almost all w, f(-,w) > —ap| - —xo|P — a1 (w),
then for all X € (0, (aop)~1217P), the epi-regularization of index A > 0 (of order p) satisfies

| P> 2P | - —mo|P — o (w),

I(w) = f(w) + )\_p
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and one has

Ef(x) = lgﬁ)lEfA(:c) VzelX.

Proof. The measurability is an immediate consequence of the definition of a random lsc
function, since that for all & € R, the set

{w|inf f(r,w) <a} ={w|epif(-,w)N X x (—o0,a) # 0} € A.

Keeping in mind that every sequence z¥ — = must eventually lie in a ball of radius p,
the definition of the integral and the assumption that [ inf,p f(-,w) p(dw) > —oco allows
us to apply Fatou’s lemma (for extended real-valued functions) and conclude that Ef is
Isc. The same arguments as those in corollary 1.3 imply that for every A > 0, fy is a
random lsc function. The minorization fy(-,w) > —2P"1ag| - —zo|P — a1 (w) is immediate
since |- |P > 0. After observing (lemma 1.1(a)) that the collection {fx, A > 0} is monotone
increasing as A goes to 0, a direct appeal to the monotone convergence theorem (applied
to any countable sequence A, 10) completes the proof. O

As far as the pointwise convergence of averaged random lsc functions is concerned, we
have the following.

Lemma 4.2. Let X be a separable Banach space and {f" : X x Q — (—o0, 0], v € IN}
piid random Isc functions. Suppose that for all p > 0, [inf,g f(-,w) p(dw) > —oco where
pB is the ball of radius p centered at the origin. Then, Ef! is Isc, and for all z € X

RN
Ef'(z) = ull)rglo ~ ka(x,w) p-a.s..
k=1

Proof. We already know by lemma 4.1 that Ef! is Isc. Etemadi’s version of the standard
law of large numbers [21], (with a trivial extension to allows for random variables with
values in (—oo, 00]) applied to the piid (lemma 1.4) random variables {f"(z,-),v € IN}
yields the second assertion. O

We are now set to state the main result about the epi-convergence of an arbitrary
collection of random lIsc functions.

Theorem 4.3. Suppose X is a separable Banach space and {f" : X x Q — R,v € IN} is
a sequence of piid random Isc functions bounded below p-almost surely by a polynomial
minorant: fY(z,w) > —ap|lx — x/P — a1(w) with p € [1,00), o € X, ap € R4, and
aj € LY(Q;R) Then, for p—almost all w,

1 174
Ef! = epi-lim — Z R w).
v—ooo V k1

Proof. Let g”(z,w) := L3> | f*(z,w). The functions g” are also random lsc functions.
From the standard strong law of large numbers, via lemma 4.2, we know that for all z € X,
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Efl(z) = lim, ¢¥(z,w) p-a.s., in particular limsup, g¥(z,w) = E f!(z) for all w € Q, with
w(Qz) = 1. Tt follows directly from the definition 2.1 of epi-limits that epi-limsup, g <
lim sup g%, and thus for all z € X,

epi-limsup g*(z,w) < Ef(z), Vw € Qy;
vV—>00
definition 2.1 also implies that for all w, the functions z +— epi-limsup, g¥(z,w) are lsc.
Also Ef' is Isc as follows from lemma 4.1. Let D be the (canonical) projection of DT a
countable dense subset of epi Ef' C X x R. The existence of such a set is guaranteed by
the separability of X. Let Q. = Nzep,. Because D is countable, €. is of y-measure 1,
and for all z in D and all w in €., we have

(epi-limsup g” (-, w))(z) < Ef*(2).

v—00

We now appeal to lemma 2.5 to conclude that for all w € €.,

epi-limsup g”(-,w) < EfL.
V—00
There remains to show that Ef! < epi-liminf, g”(-,w) p-a.s..
Let’s begin with a proof of the inequality, under the additional assumption that the
random lsc functions f¥ are p-almost surely equi-bounded above, i.e., there exists 6 such
that for p-almost all w, f¥(-,w) < 6. Let’s define

—af(w) := inf [ f*(z,w) + aglz — zo/”].

These are are piid random variables:
(i) the functions being minimized are random lsc functions and consequently, for all
v, o : @ — R is A-measurable (lemma 4.1);
(ii) since the functions (z,w) — f¥(z,w) + ag|x — 20| are piid random lsc functions
(corollary 1.3);
the piid properties of the o} now following directly from the observation:

{wlof(w) <n} ={w|inf f"(z,w) + aolz — x|’ <n}.

Simply observe that the sets on the right belong to the independent sigma-fields induced by
the f¥, and the sets on the left determine a generating class for the distribution of the oY
and they carry the same probability mass for all v since the f* are identically distributed.
This identity also implies that for all v, the o are independent from f* whenever £ # v.
Moreover, since p-almost surely

—a1 < —af < fY(wo,-) + w0 — 20| <6,
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one can appeal to the Etemadi’s version of the law of large numbers to obtain
Za’f(w) — E{a'(")} =t a1 € R for p-almost all w .
k=1

For v € IN, let j¥(z,w) := f¥(z,w)+a¥(w) > —ap|z — [P, and observe that they are
random lsc functions (as the sum of two random lsc functions). Moreover, this collection
{j¥ : X xE = R, v € IN} of random lsc functions is piid. To see this, simply observe that
for any open set G and o € R, the sets

{w] igfj”(-,w) <a}l={w]| igff”(-,w) <a-—inf f'(-,w) } € Apv,

determine a generating class for the distribution of the j¥. If the inequality Ef! <
epi-liminf, g¥(-,w) p-a.s. is known to hold when o' = 0, applying this to the j¥, one
would be able to conclude that for u-almost all w,

1« 1 1
1 = _ 1 R T k. _ C e L k(. 1 v .
Ef*4+a,=FEj <epi hmmfu E J° (-, w) = epi hmmf(”,;_lf (w)+ ng_lal(w))

V—00 V—00
k=1

Since, for p-almost all w, 137  a¥(w) — @i, and since epi-convergence is preserved
under the addition of scalars converging to a finite limit, for py-almost all w,

N RN IS S RN _
epi-lim inf (;’;fk(,w) + ;kz_:lal(w)> :epl—hmlnf;ka(-,w) + 0.

v—00 v—00 k=1

And, hence one would also have Ef! < epi-liminf, 2 >y _, f*(,w). So, let’s proceed with
ap = 0.

The next step is to show that the inequality holds when the functions f* are replaced
by their epi-regularizations. For A > 0, let f¥(-,w) be the epi-regularizations of f”(-,w) of
index A (order p), i.e.,

FLw) = £ Cw) 4 )Y - PP

In view of corollary 1.3, for all A > 0, {f}},en is a sequence of piid random lsc functions.
Moreover, for A sufficiently close to zero, the functions z — f{(z,w) are p-almost surely
real-valued and equi-locally Lipschitzian (lemma 1.1); the equi-boundedness assumption
gets used here to guarantee that the same (local) Lipschitz constants will be available. Let
R (z,w; A) = (1/v) > p_; [¥(2,w). For all A € (0,A9) (Ao < (aop)~'2'7?) and all w € Q
for a certain set Qg of y-measure 1, all the functions x — h¥(z,w; A) are real-valued and
equi-locally Lipschitz (with the same Lipschitz constants as for f}(-,w)). Consequently,
for all A € (0, \p), w € Qp, the functions z — lim, h”(z,w; A) are locally Lipschitz. The
Etemadi’s version of the law of large numbers for real-valued random variables, via lemma
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4.2, implies that for all A € (0, Ag), to every € X there corresponds a set 2, x C g of
p-measure 1 such that

Efi(z) = lim h¥(z,w;X) Vw € Qpa

= epi-im A" (-, w; A)(x) Yw € Qg5
V—>00
where the second equality follows from theorem 2.3. Let D be a countable dense subset of
X and Q) = NgepQs r; then p(Q2y) = 1. For every A € (0, \g) and every w € Qjy:
Ef} = epi-lim h”(-,w; A) = epi-liminf b (-,w; A) on D,
V—>00 vV—>00

x +— epi-liminf ¥ (x, w; A) is locally Lipschitz ,

v—00

D x Q Nepi(epi-liminf,)h”(-,w; A) is dense in epi(epi-liminf,)h” (-, w; A).
We now appeal to lemma 2.5 to conclude that for all A € (0, o),

Ef} <epi-liminf h”(-,w; ), VYw € Qy.

vV—00

Since for all A > 0, f¥(-,w) < f(-,w), this also implies that for all A € (0, A),

1 v
Efy <epi-liminf =" f¥(,w) Vw € Q.
v—00 14
k=1

Now, choose a sequence ); | 0 and observe that Q. = Mjen€2y, has - measure 1. By letting
| — oo and relying on lemma 4.1, we obtain Ef! < epi-liminf,(1/v) Y ,_, f* p-almost
surely (for all w € Q).

There remains only to consider the general case when the f* are not necessarily equi-
bounded p-almost surely. For 6 € R, let f[’g] be the (upper) truncation of f”, i.e.,

fig)(z,w) :== min{0, f*(z,w)}.

Because epi f[’g,](-,w) = epi f¥(,w) U {(z, a) ‘a > 0}, it is immediate that the f[’fg] are
random lsc functions. Moreover, for any 6, the random functions f[’é] are piid. To see that,
let EY := epi f¥ and E[”e] = epi f[’é] be the epigraphical set-valued mappings from €2 into
the (epigraphical) subsets of X x R, let Hy := {(z, @) | a > 0}, and note that for any open
set G C X xR,
v oy— EY)"Y@G), ifGNHg =0
(Ein) 1(G):{s(2 @ imeHZ;A(Z).
The sigma-fields generated by the closed random sets E[Ve] are independent since those
generated by the random sets E" are independent by assumption. Similarly, for the dis-

tributions P[’g,] associated with the random closed E[’;,], for G open,

v . Py(fg) if GN Hy :(Z);
Pw](fG)—{1 it G Hy # 0
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where PY is the distribution of E¥. This shows that the Efé] are identically distributed
since {Fg, G open }, as already observed in lemma 1.2, is a generating class for the
(Effros) field S.

The inequality obtained in the case of y-a.s. equi-bounded random lsc functions shows
that for all § € R, there exists 2y C €2 of u-measure 1 such that for all w € (g,

Ef[g] < epl—hmlnf(l/l/ Zf ) < epi-liminf(1/v) ka

vV— 00 k=1

where the last inequality follows from f[’;] < f*. Now pick {Hl}fil a sequence that goes
to oo, and let ' = M;Qy,. The preceding inequality holds for all §; and all w € ' where
n() = 1. As I — oo, the sequence Ef[}%] converges to Ef! (Beppo Levi’s monotone
convergence theorem), and thus for all w € /,

v

1 _ . 1 .« e . k
Eft = ll_l)I& E fi, < epi-liminf(1/v) Zf (-, w),

vV—00 k=1

which completes the proof. O
The theorem can be used to obtain an almost sure pointwise convergence result for a
large class of random Isc functions identified by the following definition.

Definition 4.4 [30]. A collection of random Isc functions {f*: X x Q — R, v € I} is p-
almost surely equi-lower semicontinuous if there exists €y with p(€21) = 1 such that the
collection of functions {f*(-,w), ¢t € I,w € 1} is equi-Isc.

Corollary 4.5. Let X be a separable Banach space, (£, A, u) a probability space with A
p-complete, {f¥ : X x Q — R, v € IN} piid random Isc functions bounded below p-almost
surely by a polynomial minorant, as in theorem 4.3, and p-a.s. equi-Isc. Then, p-almost
surely
1 174
Ef! = lim — *(-,w) = epi-l R
= i S0 =i 3

Proof. This is a immediate consequence of the preceding definition and theorem 2.3, using
the fact that the functions z — v~ 3", _, f¥(x,w) are also equi-lsc (the infimum of a sum
is always larger than or equal to the sum of the infima). O

Remark 4.6. We note that the assumptions of theorem 4.3 are not sufficient to yield
p-almost pointwise-convergence, the equi-lsc condition is needed. Lemma 4.2 does not
imply that the averaged random lsc functions converge pointwise to Ef! p-a.s., since
1N e [H(z,w) = Ef'(z) may fail for a different set  \ Q, (of measure 0) and N,€2,
may very well not be of measure 1. O
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5. Strong law of large numbers and the epi-distance

Here again, (X, |- |) will be a separable Banach space, B is the unit ball (centered at the
origin) and as in section 2, d(z, C) := infyec |x — y| is the distance between a point z and
a set C; d(z,0) = co. For C,D C X, possibly empty, and p > 0, let C,, :== C N pB, and
the excess of Cp, on D is defined as

e,(C, D) :==sup{d(z,D) |z € C,}.

The p-set distance between C,D C X is

~

dﬂ(07 D) = max{ eP(Ca D)7 eP(D7 C) }
For two functions f,g: X — R, the epi-distance of index p is

d,(f,9) = d,(epi f,epig)

where epi f,epig C X x R, and X X IR is given the “sup” norm: |(z, )| := max{ |z|, |«| }.
A sequence of sets { C¥ C X, v € IN } converges to a set C' with respect to the p-set distance
ifforallp>0, d o(C¥,C) — 0 as v — oo; the topology 74, engendered by this convergence
notion has been analyzed in [10, 6, 12, 17]. Similarly, the functions { f*, v € IN } converge
to a function f with respect to the epi-distance if cfp( fY,f) = 0as v — oo for all p > 0.
We denote by 7., the topology generated by the epi-distance on SC(X), and by 2%,
convergence with respect to the epi-distance topology.
Estimates for the epi-distance are provided by the following criterion.

Kenmochi Conditions 5.1. [10, Theorem 2.1] Suppose f, g are proper extended real-valued
functions defined on a normed linear space X, both minorized by —ay| - |P — a for some
ap >0, 1 € R and p > 1. Let pg > 0 be such that (epi f),, and (epig),,are nonempty.
a) Then the following conditions hold: for all p > pg and xz € dom f such that |z| < p,
|f(x)| < p, for every € > 0 there exists some I, € dom g that satisfies

‘x_i'e‘ < (ip(fag) +e
9(&e) < f(z) + dy(f,9) +¢

as well as a symmetric condition that interchanges the roles of f and g.
b) Conversely, assuming that for all p > py > 0 there exists a “constant” n(p) € R,

depending on p, such that for all z € dom f with |z| < p,|f(x)| < p, there exists
T € dom g that satisfies

|z — Z[ < n(p),

9(z) < f(x) +n(p),
and the symmetric condition (interchanging the roles of f and g), then with p; :=
p+ app? + |aal, )

dy(f,9) < n(pr).
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This epi-distance topology 74, can also be built from the pseudo-distances dg , in-
troduced in [8], based on the uniform convergence of the Moreau-Yosida approximates on
bounded sets: for p,q € SCy(X),

dg,p(p,q) == SuP |4 <, IPe(®) — qo(z)|, 0 >0,p>0.

It has been shown that {d,,p > 0} and {dg,,0 > 0,p > 0} induce the same uniform
structure on SCo(X) [6]. Thus we may as well work with the latter when dealing with
convergence with respect to the epi-distance. Moreover, when the functions f¥(-,w) are
convex, we can event restrict our attention to dy , since for any sequence of proper, convex
functions {¢" },enw C SCo(X), dg,,(¢",q) — 0 for all® > 0, p > 0if and only if dy ,(¢", q) —
0 for all p > 0 [10, 8.

We work with X a separable Banach space, (2,4, 1) a probability space with A pu-
complete, and f and {f",v € IN} random Isc functions defined on X x Q. We are going
to assume that the f”(-,w) belong to a separable subspace of (SC(X), 744). This would
certainly be the case if X is finite dimensional [6, theorem 5.1], and also if the f¥(-,w)
belong to a 74,-compact subset of SC(X); for 7,,,-compactness criteria refer to §3 of [6],
in particular [6, theorems 3.2, 3.3]. Conditions (c) and (d) in theorem 5.2 assume that
the pseudo-distances dg , between the sums of the functions f* and their Moreau-Yosida
regularizations converge to 0 as A10.

Theorem 5.2. Let X be a separable Banach space, { f¥: X x Q — R,v € IN } a sequence
of random Isc proper functions, i.e., for allv € IN, w € Q, fY(-,w) € SCo(X). Assume
that

(a) for all v, f¥(-,w) belong to a separable subspace of (SCo(X), Tow);

(b) the random Isc functions f¥ are piid;

(c) for all§ >0, p> 0, v € IN and for almost all w € Q:

dg, (v ka( w), v ka ) <epp(N)  with  g5,(A) — 0 as AL0;
(d) for all® >0, p > 0: dg ,(Efy, Ef') 40 as A40.

Then
1 v
=y fre, BN pas.
V=1

Proof. Let 1 1

Both g” and g% are random lIsc functions, cf §1.

From the triangle inequality for dp ,, for all A > 0 and p-almost all w, one has

d9,p(gy('aw)a Efl) < dg,p(g”(-,w),gir(-,w)) + dG,P(gK+("w)’Ef>{) + d9,p(Ef){a Efl)a
< 69,9()‘) + d9,p(gi+("w)7 Ef)%) + dG,P(Ef){ﬂ Efl)
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Let us consider the embedding

hi= (ha)jps : (SCo(X), Taw) = (C(pB), | - sup),

where h|,p means the restriction of the functions A to the p-ball, C(pIB) is the space of
continuous functions on the p-ball, and | - |syp is the sup-norm. The embedding is 74,,-
continuous. For fixed A > 0, the random lIsc functions (w — f¥(-,w)) are piid (corollary
1.3). Moreover, on separable subsets of SCq(X), the Effros and the Borel fields associated
with the epi-distance topology coincide [11 , theorem 4.4]. Hence, by continuity of the
embedding h — (hy)|,B, the vector-valued random variables (f{)|,p are also piid. More-
over, since the f”(-,w) belong to a separable subspace of SCy(X), the functions (fY)|,B
also belongs to separable subspace of C(pIB), again by the continuity of the embedding.
Now, let us fix a sequence g {0. From the law of large numbers for vector-valued random
variables [21], for all k£ there exists a set Qf C Q of y-measure 1 such that for all w € Qy

It — Ef){k uniformly on pIB, Vp > 0.

Thus, with Q. = NiQ —note that u(2.) = 1- we have that for all > 0,p > 0 and all
w € Qg,
de,P(gKk+('7w)7Ef>{k) — 0 as v — o0.

Hence, for all § > 0, p > 0 and all w € €2:

]'im Sup dg:p(gy(.’ w)’ Efl) S Egap()\) + deap(Ef):\L’ Efl)'

vV—00

Letting A4 0, and appealing to assumptions (c) and (d), one concludes that

limsupdg ,(9" (-, w), Efl) <0,

V—00

which in turn implies that g¥(-,w) 2% Ef! u-a.s.. |

6. The convex case: Mosco epi-convergence

In the convex case it is possible to obtain a stronger version of theorem 4.3. It will be
shown that the Ef! is the epi-limit of the sample means L >/ | f*(-,w) with respect to
both the strong and the weak topologies.

We assume that (X, |-|) is a reflexive Banach space. We know, from the John-Ziezler
theorem [19, p. 185] (an extension of the Kadec¢-Klee theorem) that X admits an equivalent
norm so that both X, and its dual X*, are locally uniformly convex. We assume that |-| is
such a smooth norm. We rely on this smoothness of the norm in the proof which is based
on approximation techniques involving Moreau-Yosida regularizations, cf. [5, section 2.7].



21

Definition 6.1. Let X be a reflexive Banach space. A sequence {h’ : X — R,v € N}
Mosco epi-converges to h at x, if

(a) for all x¥ —> x (converging weakly), lim inf, ., h”(z") > h(z);

(b) there exists ¥ — x (converging strongly) such that limsup,,_, . h* (") < h(zx).

If this is the case at every x in X, the sequence {h"},ew Mosco epi-converges to h and we
write h¥ 2§ .

Mosco epi-convergence corresponds to the set convergence of the epigraphs but now
with respect to both the weak and the strong topology, cf. [28, 7, 5, 20]. We work with
SCCo(X) = {h : X — R, Isc, convex, proper }. The Legendre-Fenchel transform on
SCCp(X) is the one-to-one mapping:

h — h* : SCCy(X) — SCCy(X™*), h*(v) = sup{{z,v) — h(x)}

where (-,-) is the bilinear form that brings X and X* in duality; moreover one has h =
(h*)*. The set of subgradients of the convex function h at z is the set

Oh(z) :={v € X*|h(z') > h(z) + (z' — z,v), V' e X}.

The resolvant of index A of Oh, is the operator J?. For all z, J#(z) is the unique point
that minimizes h + 55|z — -|%, Le.,

1
J;fx := argmin{ h(u) + —|z — u\2 }
ueX 2A

one I‘efers a].SO to Jh as the proxr map and thus fOI' the Moreau-YOSida regularization h)\
A )
we have

1
ha(z) = h(J}x) + ﬁlx — Jhx|?.

We know that z — J;\‘x : X — X is continuous and everywhere defined; in the Hilbert
case this is a contraction [15]. Because J@z is a minimum point

1
0 € Oh(Jtx) + XH(Jfg; — )

with H := 9(3| - |?) the duality map. The Yosida approximate of 8k, denoted (dh)s, is
defined by

(Oh)A(x) = %H(m _ Jha) = Vha(2),

since hy is Fréchet differentiable, in fact C'; see [5, 15] for more about Moreau-Yosida
regularizations.
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Theorem 6.2. Suppose (X, |- |) is a separable reflexive Banach space with |- | a smooth
norm, (2, A, ) a probability space, {f" : X x Q — R,v € IN} a sequence of piid random
Isc functions such that for p-almost all w, the functions f¥(-,w) € SCCy(X). Suppose
moreover that p—almost surely, the f¥(-,w) are bounded below by the quadratic minorant
Y (z,w) > —ap|r — 10| — a1 (w) withxg € X, ag € Ry, a; € LY(Q;R) and suppose there
exists @ € L*(Q; X) such that [ f(4(w),w) p(dw) < co. Then, p-almost surely

1 : k :
y LS 25 B

Proof. Let ¢g¥ := % 22:1 f*. In view of theorem 4.3 and its proof, one needs only to show
that there exists a set Qs € A of y-measure 1 such that for all w € Qjs and for all ¥ > x
(converging weakly),

liminf g¥ (2", w) > Ef'(x).

V—00

Let f¥ be the Moreau-Yosida regularization (with respect to the first variable) of index
0 < A < (4ap)~!. These are piid random Isc functions (corollary 1.3) and equi-locally
Lipschitz continuous. We first observe [5, theorem 3.26] that because the norm | - | is
smooth (by assumption), for functions h”, h € SCCy(X), one has

Y M B = h¥(z) = ha(z) VzeEX,VA>0

ie., h* M¢ h <= hY Zery h; cf. §3 for the definition of 7., and recall that by proposition
3.1, the Borel field associated with 7, is precisely the Effros o-algebra on SCCy(X). Again
by [5, theorem 3.26] one has

Mg b = Vh{(z) = Vhy(z) Vz € X, VA>0.

Thus,
h+— Vhy(z) : SCCy(X) — X*

is continuous with respect to 7., and hence, the vector-valued random variables
{Vfi(z,w),veN} for A>0,z€ X
are piid. Moreover, by lemma 4.1 and the assumptions of the theorem, for all z € X:
=20z — zo* — a1 (w) < f{(z,0) < fU(A(w),w) + 3] — A(w)?

which implies that the integral functional

wis Ipo(u) = /Q £ (u(w), w) p(dw)
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is a finite-valued convex continuous function on £2(£2). From the theory of convex integral
functionals [29] and the C'-continuity of f¥, it follows that for every u € £L2(12),

Vi (u) = VX (u(),)

which belongs to £2(2). In particular, for every z € X, V f¥(z,-) belongs to £3(2) and
hence to £1(Q). We can apply Etemadi’s version of the strong law of large numbers for
vector-valued random variables [21] to conclude that there exists a set Q. C Q of y-measure
1 such that for all w € Q. and all x € D, a dense countable subset of X,

Y VR @) BV}
k=1

Since the functions f¥(-,w) and g”(-,w) are convex, for all w € Q. and all y in D,

wa" w) fo yow +%<’;Vf§(y,w),w”—y>-

Taking liminf on both sides, we see that the last term converges to (E{Vfi(y,-)},z — y)
since we are dealing with the product of strongly and weakly convergent sequences. And,
thus for all w € €.,

lim inf 9" (", w) > Efy(y) + (E{V3 (5, )}, = — y);
recall that for A sufficiently small, Ef} is finite valued. Now letting y — z, and exploiting
the continuity of y — Vf}(y,-) and y — Ef}(y), we conclude that

lim inf g” (2", w) > Ef} ().
vV— 00

Finally, we let A | 0 to obtain liminf, g* (2%, w) > Efl(x) using lemma 4.1. O

Our next result is concerned with a “dual” version of theorem 6.2 that is directly
related to the law of large numbers for random sets of Artstein, Hart and Vitale [3, 2],
Hess [23] and Hiai [25].

Lemma 6.3. Let X be a reflexive Banach space and h¥,h convex, proper, real-valued
functions defined on X. Then (h*)* ¢ p* implies h* M¢ p** = clh.

Proof. Since (h*)* 2§ h* it follows from the continuity of the Legendre-Fenchel trans-
form with respect to the Mosco epi-convergence [28, 5], that (h¥)** Mi¢ p** Thus for
every =¥ — x,

liminf A (z¥) > liminf(h”)** (z") > h**(x).

vV—>00 v—00



24

On the other hand, for proper convex functions, (h”)** = clh”. Hence, epi-limh” =
epi-lim(hY)** = h** which guarantees that for all z there exists ¥ — z (convergence with
respect to the norm) such that

h**(x) > limsup A" (2").

v— 00

Thus, both conditions (a) and (b) of definition 6.1 are satisfied. O

The next result refers to the epi-integral of a random Isc function. Let ¢ denote the epi-
integral (or “continuous inf-convolution” as introduced by Valadier [31]). For f: X — R,

(¢ fdu)(z) = [¢ /(- w) p(dw)](z)
::mf{/fu(w dw‘/ p(dw) = z},

where U = {u : @ — X | u A-summable}.

Proposition 6.4. Suppose X is a separable reflexive Banach space, (2, A, u) a probability
space, {f* : X x Q — R, v € IN} a sequence of piid random Isc function, such that for
p-almost all w, the functions x — f¥(x,w) € SCCy(X). Suppose moreover that p-almost
surely the (f*)*(-,w) are bounded below by the quadratic minorant —ayg| - —vg|? — a1 (w)
for some ag € Ry, a1 € LY R), vg € X*, and suppose there exists v € L2(Q; X*) such
that [(f')*(v(w),w) p(dw) < co. Then, p-almost surely

/)% [F1Cw) 4 A F W] S (L w) pldw).

Proof. Since the Legendre-Fenchel transform f — f* is continuous with respect to Mosco
epi-convergence and the random Isc functions f“ are piid, it follows that also the random
Isc functions (f”)* are piid. We apply theorem 6.2 to obtain that p-a.s.,

Now, observe that
1 A 1 . s
(Sl o 1) =2 e+ ()
and apply lemma 6.3 to obtain
Ll w) g o ] M (B

There remains only to appeal to the results in [16, theorem VIII.40] about the conjugates
of epi-integrals to obtain

(E(fH))" () = f1(w) pldw),
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and this completes the proof. O

Again with X a separable reflexive Banach space, let
{I": Q=2 X, velN}
be a collection of piid random closed sets such that
ET':={zec X| x:/u dp, u summable selection of T''} # 0.
The law of large numbers of Artstein-Vitale and Hess-Hiai asserts that p-a.s.,
Lo v M 1
—[[*+---+T"] & clconET".
v

Proposition 6.4 is a consequence of this law of large of large numbers applied to the random
sets I'(w) = epi f(-,w), simply notice that

cl (1/v)[epi f1(-,w) 4+ -+ epi f¥(-,w)] = clepi(1/v) % [fl(-,w)—}é e U w)]

Once proposition 6.4 has been derived in this way, one can proceed to theorem 6.2 by
making use of the bicontinuity of the Legendre-Fenchel transform as in lemma 6.3. This
was the path followed in [26]. On the other hand, one can also obtain the law of large
numbers for piid random convez sets as a consequence of proposition 6.4. This is almost
immediate under the assumptions that the I'” are piid, and that I'! admits a £2?-selection,
i.e., there exists 2 : Q — X, 2 € £2(Q; X) such that (w) € I'' (w) for p-almost all w. One
simply applies proposition 6.4 to the collection of random lsc functions

{(z,w) = drv)(z), v €N},
i.e., the indicator functions of the random sets I'”, whose conjugates are
{(v,w) = opv()(v), v € N},

the support functions associated with these random sets. From the existence of L£2-
selections, it follows that

Ty (V) > (v, (W) > =2(|v[3 + [2(w)[);

one makes use of the inequality (v, #(w)) < |v|s |2(w)| < 2(|v|2+]2(w)|?). Choosing ap = 2,
vo = 0, a1(-) = 2|2(-)|?, which belongs to £(2;IR), yields the quadratic minorant.

This approach only yields the law of large numbers for piid convex random sets. In
the general case, a convexification argument needs to be introduced as done in [2, 23, 25].
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Appendix. Iid properties: functional proof

Here we develop another argument, of a functional nature, that yields the iid properties
of random lsc functions established in section 1. In particular, we use the fact that v,
the valuation mapping, is measurable. More precisely, when SC(X) is equipped with the
Wijsman topology, the function v, : f — f(z) is lsc, whereas vy : f — fa(x) is usc
(upper semicontinuous) and thus both are Borel measurable. To see that v, ) is usc, it
suffices to observe that for all £ > 0, there exists u, such that

Ftg) + g — 22 — € < fa(@) < flua) + =

2

N ™

Now choose n > 0 such that e < 7% + 2n(|jugz — z|| + 1). Then for every g with
d((ug, f(us)),epig) <n, we have

92(2) < Jow2) + 71+ [0+ 2nlle — o] + g — 2l?] < fa(a) +e.
Proposition A.1. Let f, g be epi-iid random Isc functions. Then for all x € X and A > 0
(a) f(z,-) and g(z,-) are iid extended real-valued random variables.
If in addition, as a function of x, f and g are minorized by a quadratic form and X is close
enough to 0, then
(b) fa(z,-) and gx(z,-) are iid real-valued random variables.

(Ql A) > (_R,BE)

) > f(x, w)

f(., w)
(SC(X), B.)

Fig. A.. The random function f and the random variable f(z,-)

Proof. We rely on the diagram in Fig. A. Observe that w — f(z,w) = v, o f. Hence

(v 0 /)" (Bg) = f " (vz ' (Bg)) C Ay

since v, is a measurable function (i.e., v; ' (Bg) C Bx). When Ay and A, are independent,
so are (vgo f) "1 (Bg) C A and (vz09) ' (Bg) C Ajg. The same type of argument (utilizing
this time the measurability of the valuation map v, x) also works for fi(-,z) and gx(-, z).
This proves independence.
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Moreover, for any B € B,

p{w| f(z,w) € B} = p{w| (vz o f)(w) € B}
= p{w| f(w) € (vz)"1(B)}
= p{w|g(,w) € () 1 (B)}
= p{w|g(z,w) € B}

A similar argument shows that f) and g, are identically distributed. O
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