STOCHASTIC PROGRAMMING MODESLS:
WAIT-AND-SEE versus HERE-AND-NOW *

Roger J-B Wets

Department of Mathematics
University of California, Davis
rjbwets@Qucdavis.edu

Abstract. We introduce a number of stochastic programming models
via examples and then proceed to derive one of the fundamental theorems
in the field that brings to the fore the constrast between wait-and-see and
here-and-now formulations.

Keywords: stochastic programming, wait-and-see, here-and-now,
measurable mappings, nonanticipativity

AMS Classification: 90C15

Date: September 17, 2000

*Research supported in part by a grant of the National Science Foundation



1 Introduction

For now, let’s formulate optimization problems as:

where

e X is a linear space, e.g. IR", C([0,1]; R"), etc.;

e F: X — IR is an extended real-valued functions;

e domF :={z € X |F(x) < oo}, the (effective) domain of F correspond
to the set of x’s that are feasible, i.e., satisfy the constraints of the problem.
One refers to F' as having a minimum if the infimum is attained for some z,
and this Z is then said to be a minimizer of F.

A standard linear or nonlinear programming problem:

min @)
so that filz) <0, i=1,...,s,
filz) =0, i=s+1,...,m,
reCCR"

can be cast in our initial formulation, simply define

fo(ﬂ:) lffl(x) SO; izla"'as’
F(z) = filx)=0,i=s+1,....m, xe€C;
00 otherwise.

A standard calculus of variation problem:
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min  F(z) = / F(t,2(t), i (b)) dt
xEH(l)([O,l];R") 0

is already in this form.

In this last instance, the decision is time dependent and requires the
minimization of an integral functional. Stochastic optimization problems are
of this type but involve a nonanticipativity constraint which restrict the choice
of the decisions at any one time to the information that has been revealed so
far. In our first model, the nonanticipativity restriction will only be implicit
in the formulation of the problem. But we are going to see that bringing it to
the fore will provide us with a deeper understanding of optimality conditions
and, eventually, has lead to the development of a certain class of solution
procedures.



2 Stochastic programming models

Our first model could be given the following interpretation. A decision x €
IR™ must be selected before the value & of a random event, modeled by the
random variable €, is observed. The ‘cost’ of the decision is then f (&, z) which
possibly takes on the value oo if the pair (£, ) is not feasible (acceptable).
The distribution p of € is known. It’s a probability measure defined on (2, S)
with = C R" and S a o-field. The stochastic optimization problem is

inf Ef(z) = [ J(€2) p(de) = B{f(6,2)}

TER™

with E{-} denoting expectation. In order for the function Ef to be well-
defined, one requires that for all z, the function £ — f(&, x) is measurable and
the following definition of the integral is used to avoid possible ambiguities:
For any extended real-valued measurable function ¢ : 2 — IR

JL(€) u(d€) = [ max[0,6(6)] uldg) — [ max [0, ~(©)] u(de)

with the convention that the value is oo if both integrals on the right are
divergent.

2.1 Example (the newsboy problem). The newsboy problem is a one-period
model in which a firm (newsboy) orders a nonnegative quantity = € IR, of
perishable items (newspapers) for resale. The firm purchases inventory at a
fixed per-unit cost y. The per-unit sale price is 6. The firm must purchase
its inventory prior to the arrival of its customers who, in total, demand a
nonnegative random amount € with distribution p. As there is no initial
inventory, the quantity ordered by the firm is the total amount available for
sale; the firm’s sales is the smaller of the demand and the inventory level.
Either there is excess demand, which represents lost sales, or excess inventory,
which perishes. The firm must select an inventory level to maximize its
expected profit.

Detail. Our cost function (negative profit) is
fl& )= yo -8 ifz>¢

00 if x <O0.
With u(n) = prob. [§ < 5], the stochastic optimization problem is

min E£(x) = [ £(¢,7) u(de).
2



The optimal solution Z must satisfy

. . _0—7 _
lim p(n) := p(z7) < —— < p(z),
n/z )
which allows for the possibility of a (discontinuous) jump in u at Z, as could
happen when the random variable £ has a discrete distribution. The figure
below illustrates the possibilities. O

\J

Figure 1: Optimal solution of the newsboy problem

2.2 Example (portfolio selection). An investor wants to allocate her wealth
w among n assets (may include borrowing), i.e., choose

n
z € R} with Y z; <w,
i=1

so as to ‘guarantee’ a return r. The per-unit return on asset j is given by a
random variable §;. The probability measure i defines the joint distribution
of (&1,...,&,) =& Problems of this type are sometimes called tracking prob-
lems in that the investor is mainly interested in ‘tracking’ a pre-determined
return.

Detail. The problem isn’t well defined in that the return (€, x) is a random
variable and thus a return of r can usually not be guaranteed. Depending on
the meaning one gives to the word ‘guarantee’, we are going to end up with
different tracking problems. Let’s begin with the following interpretation:



the investor’s goal is to avoid falling short of the desired revenue r as much
as possible. To this effect, let’s introduce the monitoring function

o6, z) —r) = { (&m =" &) <

0 otherwise.

Our cost function reads,

f(&7) = {W’ gy —r) Yr, @ <w, x>0,

00 otherwise,

and the optimal portfolio is then

T € argming pn /R” f(&, x) p(d).

This is a linear-quadratic programming problem whose structure can be ex-
ploited to design efficient solution techniques. However the integration of
((&,x) — 7)? over {€ € 2| (£, z) < r} might require extensive computational
effort. Maybe for this reason, variants of this problem have been proposed
that are more amenable to simple implementations, but are less satisfactory
from a modeling viewpoint.

Let’s consider first the following variant with

0((¢, ) — 1) = (&) — )"

This means that we now penalize deviations from 7 in both directions, on
the upside as well as on the downside. The cost function is

JA(S x):{(<§’x>_r)2 if 35 x5 < w, x>0,
’ o0 otherwise.
The stochastic optimization problem, inf, Ef(x) = E{f(€, x)}, becomes a

quadratic programming problem

infoepn  (z,02) — 2r (€, 2) + 12
so that >, z; <w, x>0,

where the elements of the matrix C are Cj; = E{§;§;} and the vector € =

E{¢}.

Another variant has the following cost function:

f€.x) = { ((&2) = (& 2))* if (o) >, XLy @y <w, >0,

o0 otherwise.
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The corresponding stochastic optimization problem is as usual, inf F f(z),
which again takes the form of a quadratic programming problem:

inf (x, Xx)

zeR™

n
so that ay>r, > z;<w, x>0,
i-1

where Y is the covariance matrix of £&. As now formulated, the goal of
the investor is to minimize the variance of her return under the additional
constraints that the expected return be at least r. This is the so-called
mean/variance portfolio optimization problem. Markowitz (1959) original
formulation of this problem has (£,z) = r instead of the > inequality. If
one views r as a parameter and let for each r, v(r) be the optimal value of
the corresponding quadratic programming problem. Then v traces out the
so-called efficient frontier, see Fig. 2; for each r, there is a solution that
minimize variance for an expected return of at least r. O

Figure 2: Efficient frontier

2.3 Exercise (mean/variance and tracking problems). Consider again the
mean/variance problem but insist on having (£, z) = r. Assuming this prob-
lem to be feasible, show that the mean/variance portfolio optimization prob-
lem is then equivalent to a tracking problem but with an adjusted value for
the return.

Guide. With (§,z) =r, (z,Xz) = (z,Cx) — 2r(, ) +r? and the quadratic
program takes the same form as when 0((¢,z) — r) = ((£,z) — r)?, except
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for the additional constraint (£,z) = r. The resulting problem is a (con-
vex) quadratic programming problem (with linear constraints), there exists
a multiplier, call it A,, which can be associated to this extra constraint so
that an optimal solution of the (modified) mean/variance problem is also
a solution of a tracking problem with monitoring function 6((§,z) — r) =
((€,2) — (r + A, /2))%. Note that ), could be negative as well as positive or
0. O

The mean/variance portfolio optimization problem can also be derived
from an expected utility maximization argument. Suppose the investor’s
utility function is a concave function u : IRy — IR, at least twice differen-
tiable. Taylor expansion around r yields

u(r) = a(r)+o(|[r—r?)  where () = u(r)+u'(r)(r—r)+su"(r)(r—1)%

Replacing u by 4 in the expected utility maximization problem:

max E{u((€,z))} so that (£, z)=r, ixj <w, x>0,

n
TER i1

yields the (modified) mean/variance problem considered in 1.C.

2.4 Example (network capacity expansion). For a power transmission net-
work, let e; be the external flow at node i, i.e., the difference between demand
and supply at node i. The internal flow y; on arc j is limited by its capacity
v;- Total supply exceeds total demand but the capacity of the transmission
lines has to be expanded from vy; to v; + x;, with v; an upper bound on z;,
to render the problem feasible.

The cost of such an expansion is 37_, 1;(r;). A deterministic version of the
capacity expansion problem would be:

n

0z <o ; ¥i(7;)
so that

—

1

> _,iy; is the (internal) flow into i whereas Y. ;y; is the flow from i to the
other nodes.



Figure 3: Power transmission network

But external flows, due to breakdowns in the supply generators and varia-
tions in the demand, are actually random, i.e., must be modeled as a random
vector € = (€, ...,&,,) with possible values in = C IR™ and (joint) distribu-
tion (.

Detail. Let’s consider two different pairs of stochastic programming models
for this capacity expansion problem. In the first pair, a monitoring function
is associated with the level of demand satisfaction at each node i:

0 if 7 <0, (supply exceeds demand)
0;(1) = < KkiT%/26; if 7 €[0,d;], (low level excess demand)
KiT — Ki0; /2 if T > 65, (high level excess demand).

In our first model, the budget available for the capacity expansion is
fixed, say (3; eventually, # can be varied and the dependence of the solution
on [ can be (parametrically) analyzed. The cost function of the stochastic
optimization problem, min, F f(z), is

flem) = { Q@) HOS B Svp g =1t Siaile) <6

00 otherwise,
where
Q& x) = yielgn{ZHi(fi =D i+ u)0<y; <7+, j=1,...,n}
=1 — 1
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Figure 4: Monitoring function for capacity expansion problem

One refers to such a problem as a (two-stage) stochastic program with re-
course. The first stage decision x has to be made ‘now,” before the sup-
ply/demand situation can be observed. The second stage or recourse deci-
sions, i.e., decision about flows y, are made after the supply/demand situa-
tions are known. The function @) is called the recourse cost function.

Our second model is almost identical except that the capacity expansion
cost is included in the objective, not in the form of a budgetary constraints.
The function f is adjusted as follows:

e, a) = { T i(x) +AQ(6, ) if 0 < 2y v j=1m,
00 otherwise,
where A > 0 is a coefficient chosen to weigh the relative importance of short-
age costs with respect to expansion costs.

In the second pair of models, one insists on having the demand satisfied
sufficiently often. One interprets this to mean that with sufficiently high
probability there will exist feasible flows 0 < y < v + x that will satisfy the
demand. Let

A={(&z) € ExR"|Jy€[0,7+z] so that > y; — > y; > &, Vi}.
—1 1
We want to restrict the choice of x to those for which u({& € Z| (&, z) €
A}) > « where « is the reliability level to be achieved. With

9(&, ) = 14(&,x), the indicator function of A,
the problem can be formulated as follows:

min F'(z) where F(z) = {Zan:l bi(e;) 0 < T <wv, B{g(§ )} >a,
TER" o0 otherwise.



This formulation of the capacity expansion problem doesn’t fit in the class
of problems of the type: inf, E{f(£, )}, i.e., the minimization of an integral
function. However, the constraints of the problem involve an integral func-
tional. One refers to such a problem as a stochastic programs with chance
constraints.

If rather than a common reliability level, we want to specify a reliability
level, say «; at each node i, let p; be the marginal distribution of &; and
E*i the expectation with respect to this marginal distribution. The problem
becomes

) =

Eri{gé x)} > a;i=1,...,m,

{ im1¥(zy) f0<z<w,
00 otherwise.

This problem involves a number of chance constraints but is actually a much
simpler problem to solve than the previous one. Indeed, with é; the a;-
quantile of the distribution p;, i.e., p;[& < é| = «, it’s easy to show
that the solution of the preceding problem can be obtained by solving the
deterministic optimization problem:

miNgep: 31 %5(;)
so that 0<z<w, 0<y<~y+uz,
YoV — Y26, t=1,...,m.

If the network is large, one can even rely on a decomposition technique to
take advantage of the network structure of the y-part of the problem. |

2.5 Example (eutrophication management). Eutrophication management
deals with the pollution control of lakes, rivers, etc. Our lake has an indus-
trial zone on its Fast end and is used for recreational purposes on the West
end. The available controls are the installation of sewage treatment plants
in various locations along the rivers feeding the lake as well as the building
of reed basins, the reeds absorbing cl-phosphates that are the major cause of
pollution.

Purification installations should be chosen so that each section (I to IV)
of the lake meets certain minimal water quality levels. Pollution is dependent
on the atmospheric conditions about which there is enough statistical data
to reliably estimate their distribution. In the lake, transport of the pollution
occurs mostly from East to West as the major inlets are in the East part of
the lake and the outlet is on the West end.



Treatment
plant

Figure 5: Lake Balaton (Hungary): Eutrophication management

Detail. For j = 1,...,n, let z; be the size of the treatment plant or reed
basin in location j; v; is an upper bound on z;. The relation

y=T()z —d(£)

determines the water quality levels y;, ¢ = I,...,IV in the four lake sec-
tions. The weather pattern, designated by the parameter &, affects both the
exogenous pollution d(§) and the transport of the pollutants, given by T'(§)z,
from one section to another. This latter component is controlled to a large
extent by the choice of x. The technical and budgetary limitations on the
choice of z are included in the (linear) constraints Az < b. Again, we use
monitoring functions to evaluate deviations from the desired quality level in
each particular section of the lake:

0 if T <, (excellent)
0:(1) =< pi(m =¥ /207 = ) if 7 € [y}, 7], (acceptable)
pi(T =44 — pi( +9)/2 i T > A, (unacceptable).

The cost function of the stochastic optimization problem, min, E f(z), is
then

fl&,z) = {OEOLVI 0;((Ty(€), ) — di(€)) if Az < b, 0 <z <,

otherwise;
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here T;(£) is the i-th row of the matrix 7'(¢). If € has a discrete distribution,
this is an extended linear-quadratic programming problem for which partic-
ularly efficient solution techniques have been designed, e.g., the Lagrangian
finite-generation technique. |

3 The price of nonanticipativity

All the examples that we have seen so far are characterized by the following
sequence:

decision: x ~» observation: £ ~» evaluation: (&, z)

In particular, this means that the decision can’t depend on the value assumed
by the random quantities £&. The problem is of the here-and-now type. In
a problem of the wait-and-see type one would actually be allowed to wait
making a decision until the random quantities can be observed. In other
words, the decision may depend on £. Such a problem could be formulated
as follows,

in Iila) = [ 7(6.2(€)) u(de),

TEM(E,S;R"

where M(Z, S; IR") is the space of all S-measurable functions z : = — R".
Since the decisions are then made with perfect (complete) information, the
quantity
EVPI = ;clenlgn Ef(z) — mEM%IElfS;R") If[x].

is called the ezpected value of perfect information. Obviously, EVPI is always
nonnegative. It takes on the value 0 only if the cost associated the decisions
(affected by the random parameters of the problem) is itself 0 or if the prob-
lem is basically nonstochastic, i.e., when there is z € argmin ., If[z] that
is a constant function.

Although, an optimal solution of the wait-and-see problem is an element
of a function space, the wait-and-see problem is in some way easier to solve
than the here-and-now problem which usually requires the repeated evalua-
tion of multidimensional integrals. The reason for this is that one can inter-
change integration and minimization in the wait-and-see problem! To deal
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with this technically, one needs to appeal to the theory of normal integrands
and the associated integral functionals.

As far as our applications are concerned there is no loss of generality in
working with the assumption that the o-field § is p-complete. This allows
us to work with a definition of normal integrand that is easier to state. So,
henceforth let’s proceed with this assumption of u-completeness of S.

3.1 Definition (normal integrand). Assuming that S is u-complete, a nor-
mal integrand is an extended real-valued function f : E x IR" — IR with the
following properties:

(a) the function (§,x) — f(&,x) is S ® B-measurable where B the Borel
field on IR";

(b) for every £ € E, the function x — f(&, ) is Isc.

We are interested in the following properties of normal integrands:

3.2 Theorem (measurability of optimal values and solutions). For any nor-
mal integrand f : = x IR" — IR, let

p(§) =inf f(&,-),  P(£) = argmin f(E, -).

Then the function p : £ — IR is measurable and the mapping P : = = IR"
is closed-valued and measurable, i.e., the sets P(£) are closed and {{ €
E|P(E)NO # 0} €S for all open subsets O of R".

Therefore, the set A = {£| argmin, f(£,z) # 0} C Z is measurable, and
it is possible for each £ € A to select a minimizing point z(£) in such a
manner that the function & — x(§) is measurable.

Proof. See [6, Theorem 14.37]. m
To an integrand f we associate the following integral functionals:

If{a) == J2 £(€,2(€)) pl(de) for z € M(E, S; R™)
Ef(2) = J= [ (€,2)) u(dé) for z € R"

3.3 Theorem (interchange criterion). Let f : 2 x IR® — IR be a normal
integrand. The minimization of Iy over M can be reduced to pointwise
minimization in the sense that, as long as Iy # oo, one has

inf [ £(¢,2(9)) ulde) = [

zeM =

[ inf f(&,2)] u(dg).
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Moreover, as long as this common value is not —oo, one has that for all
z € M(E,S; R") that

T € argming \ If[z] <=
Z(€) € argmingpe f(&,2) for p-almost every & € =.

Proof. Let p(§) = inf, f(&,2) and P(§) = argmin, f(&, z), recalling from
1.G that these depend measurably on £. For any z € M we have f(§, z(§)) >

p(&) for all & hence infr Iy > [z p(§) p(d§).
To prove the inequality in the other direction, for £ > 0, let

A.(6) = {o € B"| f(€,2) < max[p(€) +&,—="]}.

The mapping & — A, (&) is closed-valued and measurable (Variational Anal-
ysis, Proposition 14.33) and nonempty-valued for p-almost all &, otherwise
one would have Iy = oo. Consequently, there is a measurable selection
ze + 2 — IR" such that z.(§) € A.(§) for p-almost all &, cf. [6, Corollary
14.6]. And for this selection, one has

A€ we(©) nlde) < [ pl€) p(de) +en(Z) + 7 u(ENZ),

where =, = {£ € 2| p(§) + € > —& '}. Next, let €\.0, to obtain

inf Iyfa] < Tim [ f(6,2(6) n(d€) < [ p(€) n(de).

If a function £ € M attains the minimum of Iy on M, since f(&,z(£)) >
inf f(£,-) = p(&) for all & that’s equivalent to having u({¢ | f(&,z(§)) >
p(§)}) = 0 under our assumption that [- p(&) u(d€) is finite. This is iden-
tical to the stated criterion, because f(&,z(£)) > p(£) means that z(§) ¢
argmin f(&, -). m|

The fact that a wait-and-see problem doesn’t require any computational
effort that goes much beyond solving a number, possibly large, of determin-
istic optimization problems, leads us to consider the following variant of the
here-and-now problem, inf, cgr Ef(x):

meA}[I,l@feRn It[z] so that z(§) = 2 for p-almost all £ € =.
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We now allow the decision to depend on & but then introduce a constraint
that restrict the choice of x to the linear subspace of functions that are
p-almost surely constant. The constraints z(§) = & p-a.s. are the nonantici-
pativity constraints. They render explicit the requirement that the choice of x
can’t really depend on &; the p-a.s. condition is included for purely technical
reasons.

Sufficient optimality conditions for this problem would be: (z*,2*) is an
optimal pair if they are feasible,

*

for p-almost all &: z*(§) = &%,

and there exists w € M(Z,S;R") such that

(", 3") € argmin,ergsepr [Irla] + [ (w(€), 2(6)) u(d€) — (| w(€) pu(de). &);
for each &, the multiplier w(§) is attached to the constraint z(§) —& = 0. In
this last expression, we can split the minimization with respect to x € M
and that with respect to Z € IR". With

fu(&x) = f(§ 2) + (w(§), 2),

these sufficient conditions become
e *(§) = 1%, p-as.,
o z* € argmin gy, Iy, [],
e I* € argming, pa (W, Z) where w = E{w(§)}.

In order for z* to satisfy both the first and the last conditions, one must have

E{w(§)} =w = 0.

In view of the interchange criterion in 1.H, the sufficient conditions for opti-
mality can thus be restated as follows:

e z*:= — IR" is p-almost surely a constant function,
and there exists w € M(Z,S; R") with E{w(é)} = 0 such that

e for p-almost all & z*(§) € argmingcpn [ fu(§,2) = f(&,2) + (w(€), z) ]
Moreover, £* € argmin F f.

The multipliers w can be viewed as an ‘information’ price system in the
following sense: if the decision maker was allowed to adjust his decision,
&* € argmin, pe Ef(x), after € is observed and the price system used for
computing the charge for these adjustments would be w(§), there would be
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no gain in making these adjustments. Indeed, in view of the optimality
conditions, for py-almost all £ € =,

F(6,37) + (w(E), 37) < F(E,7) + (w(€),z), Yo € R,
in particular, for all z € argmin f(¢,-). It follows that for y-almost all £ € =:

f(&2%) < (6 2) + (w(§), z — %) Vo € R".
The return from being able to wait to make a decision, say z¢ € IR", until
the random elements are observed would be negated if the additional price
charged would be
(w(§), ze — 7).

The nonanticipativity multipliers w can thus also be viewed as an equilibrium
price system.

At least in the convex case, when f is a convex normal integrand, i.e.,
z — f(&, ) is convex for all £ € =, and = € argmin ,, I, one has

iz + | (w(§), 2(6)) u(d€) = E (&)

which means that E{(w(§), (z(§) — 2*)} = EVPI, as could have been ex-
pected; note that E{(w(§),z*)} = 0.

We didn’t touch here on the question of the existence of such multipli-
ers. This is not that simple an issue! Even when f is a convex normal
integrand. Conditions that will guarantee their existence involve a ‘classical’
constraint qualification but also a ‘nonanticipativity’ constraint qualification
that is germane to stochastic optimization problem. At this stage, we are
not ready to deal with this issue. Let’s just note that for all examples of the
type ‘inf F f’ mentioned earlier, except for the pair of stochastic programs
with recourse in 1.D, both constraint qualifications are satisfied. And the
preceding optimality conditions are both sufficient and necessary.

These optimality conditions also suggest a solution procedure for our sto-
chastic optimization problem inf, £ f(x). Indeed, any procedure that would
sequentially (or progressively) generate improving estimates w” of the nonan-
ticipativity multipliers could be used to find solutions z € argmin, ¢, I [z]
with f¥ = f + (w",-) that would progressively satisfy the nonanticipativity
constraint: the solution must be a p-a.s. constant function.

Actually, such a procedure has already been proposed and is known as
the ‘Progressive Hedging Algorithm’ [5] and a number of variants of this
algorithm have been implemented [1], [3], [4] and [2].
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