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Abstract. To justify the use of sampling to solve stochastic programming problems
one usually relies on a law of large numbers for random Isc (lower semicontinuous)
functions when the samples come from independent, identical experiments. If the
samples come from a stationary process, one can appeal to the ergodic theorem
proved here. The proof relies on the ‘scalarization’ of random Isc functions.

1 Introduction

Stochastic programming models can be viewed as extensions of linear and
nonlinear programming models to accommodate situations in which only in-
formation of a probabilistic nature is available about some of the parameters
of the problem. The following formulation includes both the stochastic pro-
gramming with recourse models and the stochastic programming with chance
constraints models :

(1) min  E{fo(§,2)}
so that E{fi(§,2)} <0, i=1,...,m,
z€eR"
where

- € is a random vector with support = C RY,

- P is a probability distribution function on RY,

-fo:R"x 5 = R =[—00,00],

~fi:R"xES R, i=1,...,m,

-fori =0,...,m: Efj(x) := E{fi(§,2)} = [% fi({,z)dP(§) is assumed
finite unless {¢ | fo(&, ) = oo} has positive probability and then E fo(z) = 0.

Let’s also assume that the feasibility set
S={zeR"|Efi(z) <0,i=1,...m}Nn{z|Efo(z) < oo}

is nonempty. We are led to include the possibility that fo and E fy take on the
value oo to allow for the presence of induced constraints as will be explained
shortly.
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The two-stage version of a stochastic program with recourse reads:
min ¢ (z) + E{Q(&,z)} so that fi(z) <0, i=1,...,m,

where
Q(& x) = infy {g2(&,y) |y € S2(&,2) C R™}.

Immediate costs ¢;(x) as well as future (recourse) costs EQ(z) = E{Q(&, z)}
must be taken into account in the search for an optimal decision. In terms of
our canonical problem, fy is simply ¢;(z) + Q(&,z) and the Ef; = f; since
these constraints don’t depend on £. If S5(£,x) = 0, i.e., no feasible recourse
is available in this situation, then Q(¢,2) = co. P{§ € £|Q(§,z) = 00} > 0
means that there is a positive probability that no recourse will be available
if x is chosen as the first stage decision. The ‘induced’ constraints restrict
the choice of z to those for which, with probability 1, there will be a feasible
recourse. Multistage recourse models can be ‘reduced’ to two-stage problems
and consequently also fit our general framework, for example, cf. [1,2].

Reliability considerations lead to the inclusion of chance constraints in
the formulation of the stochastic programming problem. Usually, they are
expressed in the following probabilistic terms:

P{éeE|gu(62) <0, k=1,....¢} > a

with @ € (0,1] the reliability level, or they may include constraints on the
moments of certain quantities such as

E{gr(€,2)} + [vargp(§,z)]' > <0

with  a positive constant. To bring the probabilistic constraints in concor-
dance with the canonical form (1), define f; as follows:

fie, )= @~ 1 Ha(§2) <0, k=1,....q
o o otherwise.

Similarly, the constraint on the moments involves the sum of two functions
that are both expectation functionals, since var gi (€, z)(z) = E{gr(§, ) —
Egi(z)}*.

Let’s finally observe that standard nonlinear programming problems are
included as special cases of problems of type (1) since one could have f;(£,z) =
gi(z), a function that doesn’t depend on &, and then Ef;(z) = g;(x). At the
same time, stochastic programs of the type (1) can also be viewed as a par-
ticular class of nonlinear programming problems. Indeed, one can rewrite (1)
as follows:

(2) min Efo(z) so that Ef;(z) <0, i=1,...,m, z € R".

The only di erence is that one makes explicit the fact that that the evalu-
ation of some, or all, of the functions Ef;, i = 0,...,m, might require the
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calculation of a (multi-dimensional) integral. This is why our concerns need
to go much beyond identifying the properties (linearity, convexity, di eren-
tiability) of the e pectation wunctionals Ef; and leaving the task of solving
(2) to the appropriate nonlinear programming package. The ma or obstacle
to proceeding in this manner comes precisely from the fact that evaluating
Ef; at any given z, or calculating its (sub)gradient at this z, may be a much
more onerous task than solving a typical nonlinear programming problem.

xcept for some special cases when the integral [ fi(&,z) P(d€) is one-
dimensional, or can be expressed as a sum of one-dimensional integrals, to
evaluate this integral one must generally rely on approximation schemes with
P replaced by a discrete measure P obtained either from some partitioning
of the sample space or as the empirical measure derived from a sample of the
random quantities. In this latter instance, one needs to ustify that the solu-
tion derived with the empirical measure P is, at least in a probabilistic sense,
an approximate solution. This paper deals with such a ustification without
making the usual assumption that the sample points have been obtained from
independent experiments. The examples in Sect. and Sect. provide some
of the motivation for relaxing the independence assumption, but it is also
what is required to obtain the consistency of M-estimates for the parameters
of regression models involving constraints coming from a priori information,
cf. [, Sect. 2].

r odic or

A comprehensive and powerful technique to obtain the ‘consistency’ of the
optimal solutions of the approximating problems is to actually prove that the
approximating stochastic optimi ation problems themselves are ‘consistent’.
And to do this, as explained in Sect. and Sect. , one can appeal to a general
ergodic theorem for random lsc (lower semicontinuous) functions that can be
formulated as follows: Let  be the Borel field on R", (=, ,P) a probability
space with ~ P-complete the P-completeness assumption is harmless for the
application we have in mind. A random Isc lower semicontinuous wunction
is then an extended real-valued function f: 5 x R™ — IR such that
(i) the function (§,z) — f(§, =) is -measurable

(ii) for every £ € =, the function z — f(§,z) is lsc.

( rgodic Theorem) et f e a random lsc unction de ned
on EXR" :E — Z an ergodic measure preser ing trans ormation  hen
whene er £ — inf  f(&, ) is summa le

L (M), )> Ef, Pas,

k1

where — stands or epi-con ergence
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The immediate precursors of this theorem are the laws of large numbers
for random Isc functions [ ], that all posit iid (independent identically dis-
tributed) sampling cf. also [ , ] for further extensions. ere only stationarity
is assumed the argument relies on a ‘scalari ation’ of random lIsc functions
developed in Sect. . The proof of the ergodic theorem can be found in Sect.

se uence o unctions {g : R" — R, € I} epi-
con erges to g : R" — IR writteng — g i oralze R"
(i) liminf g (z )>g(z) oralz —x
(ii) limsup g (z ) < g(x) or somezx — =z

pi-convergence entails the convergence of the minimi ers of the g to
those of ¢ as is made precise below cf. [ 11] for more about epi-convergence,
theory and applications. pi-convergence at a point z can also be character-
i ed in terms of lower and upper epi-limits.

or a se uence o unctions {g,g : R" - R, €1}
the lower and upper epi-limits are

e-lliminf g (z) :=supliminf inf g (y),
0 y

e-llimsupg (z) :=suplimsup inf g (y).
0 y
e-limsupg = elliminfg = g then g =: e-limg is the epi-limit o the
se uence {g } N

It follows immediately from efinition 2. that the lower and upper epi-
limits are always Isc epi-convergence of g to g corresponds to the set conver-
gence of epig to epig. It is neither implied by, nor does it imply pointwise
convergence, but instead can be viewed as a one-sided uniform convergence.
But, it’s exactly what is needed to ensure the convergence of minimi ers of
g to the minimi ers of g, in the following sense.

[11, hapter ] uppose that {g } N is a se uence o e -
tended real- alued lsc unctions such that g — g hen e er cluster point
o argming s an element o argming  oreo er i argming is nonempt
and there e ists a compact C IR™ such that domg C then

argming =  liminf ( -argming ),
0

where -argming := {r € R" g(z) <infg+ < oo}

ere we state only su cient conditions for convergence of the -argmin.

or necessary conditions, consult [11, hapter ], and one can refer to [ ] for
some extensions.

In order to obtain our almost sure epi-convergence result for random

Isc functions, the following two results based on the separability of R™ are
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essential. They tell us that epi-convergence needs only to be verified at the
points in a countable dense set.

[] etf g:R"— Rwithflsc etRCRR" ethepro ection
on R"™ o a counta le dense su set o epig f<gonR then f <g on all
o RR"

roo The set R above exists since R™ x IR is separable. Suppose f < g on
R. This is equivalent to {(z,a) a > g(z), z € R} C epif. Since f is lIsc,
epi f is closed. Taking closures on both sides yields epig C epi f, which is
equivalent to f < g on R". (m}

[] et{g} N easeuenceo e tended real- alued unctions
de ned on R"™ and g : R™ — IR an lsc unction et R C IR" e the union o
R:1 and Ry the pro ections onto IR™ o a counta le dense su set o epig and
a counta le dense su set o e-liminfg respecti el hen g =elimg on R
implies g = e-limg on R"

roo In order to show that g =e-limg , the following must hold.
e-limsupg < g <eliminfg .

Since these are inequalities between Isc functions, we can use Lemma 2. to
prove each inequality by having the first one satisfied on the countable set,
R, and the second satisfied on the countable set, R. Then both inequalities
hold on IR" if they are satisfied on R:= R; Ro. (|

toc tic ror it cour

onsider again the two-stage stochastic program with recourse:
min ¢ (z) + E{Q(&,z)} so that fi(z) <0, i=1,...,m,

with
Q(&, ) = infy {g2(&,9) |y € S2(&,2) C R™}.

Let’s assume that this program has an optimal solution and let’s denote it
by z .

Let £',...,¢& be a sample of si e of the random quantities & and let
P Dbe the empirical measure obtained by assigning probability 1  to each
one of these sample points. Replacing P by P leads us to the stochastic
program:

1
min ¢ (z) + — Q(&*,2) so that fi(z) <0, i=1,...,m,
k1
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where for k =1,..., ,

Q(&F,z) = infy {q2(€¥,y) |y € S2(€¥,2) Cc R™}.

This can also be written as:

) 1
min - ¢i(z) + - (5,9
E 1
so that  fi(z) <0, i=1,...,m,

y* e Sy(ek x), k=1,..., .

If is not too large, this problem can be solved by an appropriate linear or
nonlinear programming package. Let  be the z-component of the solution
of this optimi ation problem. Because P depends on the sample, it actually
is a random measure, and consequently z itself is a random variable. roving
consistency consists in showing that z converges to x with probability 1.
The answer to this question is provided by Theorem 2. and the rgodic
Theorem 2.1 if the samples are iid or more generally, are generated from an

ergodic process:
1 g2
{6’£""’£7"'}7

and the following function f is a random Isc function:
’ o0 otherwise.

or example, this will be the case under the following assumptions:

- q1, fi, i =1,...,m are lsc functions
- f2(&z,y) = gz('faway) gtgefwizg,m)’ is a random lsc function

- forall (&,z): y — f2(&, z,y) is inf-compact (lsc with bounded level sets).

A proof could be constructed on the basis of roposition 1.1 (about epi-
graphical pro ections) and Theorem 1 . (about the measurability of opti-
mal values) in [11].

The need to go beyond the iid case comes from situations when the sample
is obtained from a time series. In such situations the samples aren’t iid but
usually the process is ergodic. This is typically the case when dealing with
applications where the uncertainty comes from the environment, cf. [12] for
an application dealing with lake eutrophication management and [1 ] for an
application involving the control of water reservoirs to generate hydropower.

toc tic ror it nc on tr int

As we have seen in Sect. 1, in a stochastic program with probabilistic con-
straints the expectation functional appears in the constraints in the following
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form: E{f(§,z)} <0 where

f(é-,l'): a—-1 if gk(£7$)§07k2177q
a otherwise.
or an introduction to stochastic programs with chance constraints one could
consult [1 ], a number of applications are described in [1 ] and a comprehen-
sive treatment can be found in [1 ]. To obtain ‘consistency’ we follow an
approach similar to that in [1 ].
We need the following result about the convergence of level sets of an epi-
convergent sequence of functions the inner and outer limits of a sequence
{ } w~ of subsets of R" are defined as follows:

liminf ={z=1lmz [z € eventually }

lim sup :{m:klim;c |;c € ,kGI}

The limit of the sequence exists if the outer and inner limit sets are equal:

lim :=limsup = liminf

[11, roposition . ] or unctions g and g on R™ one
has
(a) g < eliminfg i and onl i limsup (lev g ) Clev g or all
se uences o —
(b) g >elimsupg ¢ and onl i liminf (lev g ) lev g or some
se uence « — a in which case such a se uence can e chosen witha «
(¢) g=-elimg 4 and onl i oth conditions hold

Theorem 2. , about the convergence of the minimi ers of epi-convergent
functions, and the rgodic Theorem 2.1 combined with roposition .1 yield
the following;:

et s consider the ollowing stochastic program with chance
constraints

min fo(z) so that P{{ € £ |gk(§,m) <0, k=1,...,q} >« (P)

where fo : R™ — IR is continuous the wunctions gy are lsc on = x R"™ and

a € (0,1] et&,€2,... erandom samples o € P the empirical measure
associated with £1,€2,...,6 and consider the ollowing stochastic programs
min fo(z) so that P {{ € & |ge(§,2) <0, k=1,...,¢} >a, (P)

with & — o uppose that or all

r €5 = JZ‘P {§|gk(§7$)507k=17;(I} ZO[ )
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then almost surel e er cluster point o the se uence {x } N is a easi le
solution o the stochastic program with chance constraints (P)

oreo er there e ists a se uence & « such that or x optimal solutions
o (P ) e er cluster point o the se uence {x } N is actuall an optimal
solution o (P)

roo The assumptions immediately imply that

1 if go(6,2) <0, k=1,....,q
otherwise,

fen= |

is a random Isc function one can also appea,l to [11 Theorem 1 . 1]. Also,

= [ f( P(d¢) and E f(z) = [ f( P (d¢). The rgodic
Theorem 2.1 1mphes that Ef = e—hmE f almost surely In turn, this yields
via roposition .1, that

lim sup(lev E f) Clev Ef

which means that whenever x is a cluster point of a sequence of points
{r} N withz €lev E f,thenxz €lev  Ef.
roposition .1 also guarantees the existence of a sequence a « such
that
lev Ef = =lim with =lev E f.

And thus = e-lim where is the indicator function of the set . It
easy to verify that
fot+t =elim(fo+ ).

inally, Theorem 2. tells us: if z € argmin(fo + ) and the z cluster at
some point z, then this cluster point z € argmin(fo + ), i.e., solves (P). O

In the case of a constraint involving bounds on moments or on the vari-
ance, the argument is similar.

Tro iitic r or

Let lsc-fens(IR™) denote the space of 1sc (lower semicontinuous) extended
real-valued functions defined on R", and (5, ,P) a probability space we
assume that is P-complete. We adapt the standard probabilistic framework
to 1sc-fcns(JR™)-valued random variables.

ere we adopt a slightly di erent viewpoint of random Isc functions we
think of a random Ilsc lower semicontinuous wunction as a function f : = —
lsc-fens(IR™) such that the associated bivariate function (£,2) — f(&, ) is
ointly measurable, i.e., -measurable where is the Borel field on R™. It’s
convenient to identify an lsc function f(£) with its bivariate representation
so we write f(&,x) instead of f(£)(x) for the value of f(&) at x. This brings
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us back to the framework introduced in Sect. 2. The concept of a random lsc
function goes back to the work of Rockafellar in the alculus of ariations
where it comes up in the form of a ‘normal integrand ’ see [11, hapter 1 ]
for a systematic exposition.
To every random Isc function f one associates its distri ution P defined
by
P()=P{¢€Z|f&)e }) for €

here is the -field defined on lsc-fcns(R™). Among the measurable sets in
are all those of the following form {f € Isc-fcns(R"™) inf f(&, ) < a} for
any open or closed subset of IR" a short argument can be constructed from
the oint measurability of f in (&, z), the lower semicontinuity in z and the
separability of IR™, or one could rely on the more comprehensive approach
found in [11, hapter 1 ].
Two random Isc functions, f and g, are identicall distri utedif for all €
,P( )=P( ). The oint distri ution of a finite collection {f!,..., f*¥}
of random lsc functions is given, for ,..., € , by

P (1o R)=P{€E|fNE)E 1, M E ) e &)

or a sequence {f , € I } of random lsc functions, let’s denote by P
the probability measure on the sequence space (Isc-fcns(R™) , ) that is
consistent with the oint distribution of the f that such a measure exists
follows from Kolmogorov’s xtension Theorem.

Random lsc functions are said to be independent if their distributions are
independent. A sequence {f!, f2,...} is said to be independent if for any

finite subcollection, {f ,...,f ,k€TI },
P ( 1ye-05 k)= F,P ( ;) foranysets 1,..., €
(iid and stationarity) se uence {f , €I } o random

lsc unctions is iid independent and identicall distri uted i it is indepen-
dent and or an k, € I f* and f are identicall distri uted he se-
uwence is stationar 1 its oint distri utions are in ariant under shi ts in the

se uence more precisel  or an  nite su collection {f ,...,f }, kel
an €I andan q,..., € one has
P ( 1,---, g=P ( 1y---5 &)

Stationarity can also be characteri ed in terms of a measure preserving
transformation. Recall that a function : = — = is measure preser ing if for
al € ,P( 1( ))=P( ).If fisarandom Isc function, one verifies easily
that the sequence { if . f 2. } is stationary. In fact, every stationary
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sequence of random lsc functions can be redefined in terms of a (single)
random lsc function and a measure preserving transformation:

Say { f, €I } is a stationary sequence of random lsc functions and P
the measure induced on (Isc-fcns(R™) , ). Redefine the f as follows:

f :lsc-fens(R™)  — lsc-fens(R™) with f () :==

i.e., the -th element of the sequence € lsc-fcns(IR™) . The new sequence
{f } n~ is stationary and has the same oint distributions as the origi-
nal one, but now with respect to the new probability space. Letting
Isc-fens(R™)  — lsc-fens(R™)  be the shift operator,

(Y %40 =(2% ,..),

and defining f : lsc-fens(RR™) — lsc-fens(R™) as f( ) = !, one has that
f () = ! sothat f,f ,f 2,..., defines the same stationary se-
quence on lsc-fcns(R™)  with respect to the measure preserving shift trans-
formation it is easy to check that is measure preserving.

If :Z — Z is measure preserving, then € is an in ariant e ent
if () = almost surely, i.e., in terms of the symmetric di erence,
P(C () )=o0

(ergodicity) et denotethe - eld o in ariant e ents and
call it the in ariant - eld  measure preser ing map : = — = is ergodic
i dstridal ie orall € P()e{0,1} seuence {f, €1}
o random lsc unctions is ergodic i the associated measure preser ing shit
operator  on the se uence space (Isc-fens(R™) ,P ) is ergodic

¢ ri tiono ndo ¢ unction

The framework of reference is still that of Sect. . In this section, it will be
shown that a random lIsc function f is completely identified by a countable
collection of extended real-valued random variables

f - { |;c ER, €Q } where R is a countable dense subset of IR".

We refer to such an identification as a scalari ation of the random lsc function
[ results about the scalari ations of random lsc functions with values in
Isc-fens( ), for  a  olish space, appear in [1 ]. When = RR", it’s not
necessary to assume is P-complete, and this version can also be found in
[11, Theorem 1 . 0]:

(scalari ation) et f:E — lsc-fens(R™)

and or CR": let (§):=inf  f(§ ).
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hen f is a random lsc unctioni andonl i orall € is measura le
where  is an one o the ollowing collection o sets
(a) the open sets C IR"
(b) the closed sets C R"
(c) the closed alls I (x, ) C R"
(d) the closed rational alls I (x, ) C R™ withxz € R R a counta le

dense su set o R"™ and € Q

(countable scalari ation) et f: 5 — lscfens(R™) or
x € R a counta le dense su set o R" and € Q de ne
&) = (§) = inf, f&y).

hen f is a random lsc unction i and onl i the random aria les in the
counta le collection

{ :E—)E|$ER, EQ}
are measura le

roo This is ust a reformulation of part (d) of the theorem. O

To each sequence of random lsc functions {f : 5 — lIsc-fens( ), €
I } we can associate, by scalari ation, a sequence of vector-valued random

variables
{ , eI |zeR, €Q }.

Independence, stationarity and ergodicity properties of the sequence of the
random lsc functions are inherited by these vectors generated through scalar-
i ation. ere we are only interested in the ergodicity properties of these
scalari ations.

{f } is an ergodic se uence o random lsc unctions
then { } is an ergodic se uence o random aria les or all x € R

€Q

roo The shift operator, :lsc-fecns( ) — lsc-fens( ) is ergodic, and
defined on lsc-fcns( ) by () :=inf 1 is measurable. There-

fore the sequence, { } is ergodic, and equivalent to the original se-
quence. (M

roo o t r odic or

The proof of the rgodic Theorem relies on the following theorem of inde-
pendent interest. It says that to verify the almost sure epi-convergence of the
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empirical means of a sequence of random Isc functions, it su ces to check
the almost sure convergence of the empirical means of the corresponding
scalari ations.

et {f,f , €1 } e a se uence o random lsc unctions on
R"™ andlet R e a counta le dense su set o IR™ that contains the pro ection
onto R™ o a counta le dense su set o epiEf orz € R € Q let

:= inf, f (,y) and :=inf, f(,y) wuppose that or all
r€R €@
1 k& —=E P-as
ko1
with E =E{ (§)} hen whene er { »inf  f(§, ) is summa le
1

S &) Bf Pas.
k1

roo ixz€R, €@Q .LetZ C Z besuchthat P(5 )=1and

forallé € & .Let & := Z .Then P(£ )=1,since & is
obtained from a countable intersection of sets of measure one.

To show that for all £ € £ , elliminf2 , | f*(, ) > Ef on R", let
E€= ,x€R" Then

e-lim inf 1 f¥(&,2) = supliminf  inf 1 ¥, y)

ko1 0 Y ko1
1 : k
> supliminf — inf  f(§y)
0 k1Y
| k
> sup liminf — ),
k1

where forall €I ,2 € R, €Q ,z — z, 0,z €int! (x, ), and
I(x ', YYcI(x, ). oreach , £ € Z ,from the assumptions, one
has
liminf ~ ke ©=E
ko1
ontinuing, we obtain

e-lim inf 1 fE(,z) >supE =Ef(x)
ko1
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by the Monotone onvergence Theorem and the lower semicontinuity of z —
f(&z) forall & enceforall £ € £ ,eliminfl , | f (¢, )>Efon R"

or the lim sup inequality, observe that for £ € = ,z € R,if x = z, then
by assumption

1 1
limsup — fE(&,z ) =limsup — k0(§):E o=Ef.
k1 ko1

Using the facts that Ef is Isc (by atou’s Lemma) and R contains the pro-
ection on IR"™ of a countable dense subset of epi Ef, along with Lemma, 2.
and the fact that

1 1
elimsup~  f(¢ ) <limsup — f*¢ )<Ef onR,
k1 k1

it follows that

1
e-limsup — ¥ )< Ef  on R™
k1

In summary, it has been shown that P(£ )=1,and forall{ € £ |,

elimsup~  fH(, ) < Ef <eliminfl  fHE, )
k1 kE 1

on R" as claimed. |
We are now ready to prove the rgodic Theorem.

et (£, ,P) eaproailit space :Z — Z an ergodic
measure preser ing trans ormation and f a random lsc wunction on R"
hen whene er £ — inf  f(£, ) is summa le

L f Mo, 5 Ef Pas

k1

roo  Let { |z € R, €Q } denote the scalari ation of f with R the
pro ection of a countable dense subset of epi Ef on IR™. Since is measure
preserving and ergodic, we obtain that for all z € R, € @ , the sequence,
{ } N s also ergodic by roposition . . ence by the classical
Birkho -Khintchine rgodic Theorem [1 ] with a straightforward extension
to include functions which take on the value +oo, forallz € R, € Q , we
obtain,
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Appealing to Theorem .1 it follows immediately that

1 k
- fC%), )~ Ef P-as,
k1
as claimed. O
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