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1 Form ulation

1.1 Problem Description

A contingent claim, also called a derivative security, assaiated with one or
more nancial cortracts, is derived from the valuesof other basic nancial
market securities,sud as stocks or bonds.

We begin with the discretetime case.In general,the nancial ervironment
can be descrited by the states of a IR-valued stochastic processf tgtT:O , to

C = Co i ) 2 RN where Ne = (t+ 1)d;

so, , represets the history of the ervironment processup to time t. Let's
denotethe market prices processof the basic securitiesby

S )= (8585 )
Without lossof generality, we can choosethe risk-free assetto be that with

index 1 and corvert othersto pricesrelative to St by S| = S/=S.. Then,
St = 1 and will play the role of our numeraire.

A cortingent claim canbe expressedn terms of a collection of functions, for
t=1;:::;T, whosevalues,at time t giventhe en/ironmert! . determinethe
“claim’, positive or negative, that will have to be "paid out,’ by the writer of
the cortingent claim, i.e.,

fG : RV Rg

One (extremely) simple exampleis coupon paymerts but in generalG; can
be a quite involved function that takesinto accoun the full, or simply a part,
of the past history of the ervironmen process.

The writer of the corntingent claim shall set up a portfolio to meet these

of this portfolio at time t is:
rst( t);xt(! t)i
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It's saidto be self- nancing if

I’St+1(. );Xt+1(! )= r'St+1(! t+1);xt(. t)i;

i.e., the value of the new allocation X ., is consistem (equal) with the value
of the portfolio assaiated with the pre-existing allocation X;.

t+1 t+1

1.2 Problem Form ulation

The writer of the cortingent claim seeksto maximize terminal wealth while
meeting all the claims of the contract:

max EfhSr( .);Xr( ,)ig
so that hSo( o); Xo( o)i  Gol o);

i )iXe( ) Xea(, )i G )it= LT
hSr( )i Xs( )i Oas:

Usually, Gy is positive, that could meanthat the writer borrows or receives
an initial investmen, Gi;::; Gt are generally but not necessarily negative
quartities, claimsthat will have to be met, i.e., paid out by the writer. The
rst constrairt is quite natural, it meansthat in any caseyour initial portfolio
value should be lessor equal to the initial investmen. We can rewrite the
secondconstraint as

hSi; X KS;; Xy 10 + Gy

hS;; X i is the actual value of portfolio X; ; at time t, remenber that you
alsohave to make paymert G;, thereforethe portfolio value at time t should
end up with a value lessthan or equalto hS;; X; ;i + G¢. Finally, under no
circumstanceare you willing to loseany money thereforethe terminal wealth
shouldbe nonnegative whatewer bethe obsened ervironmen. That's the last
constrairt.

2 Simple Examples

2.1 Example Stock Trading . Let S; be the stock pricesat time t, X; the
correspnding quartities of sharesof the stocks. Assumethe writer of this
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cortingent claim (stock cortract) borrows $5000from a buyer to invest in
stocks, and hasto make ten monthly paymerns to the buyer of at least $520
a month, then Gy = 500Q G; 520t = 1;2;:::; 10.

Detail. So, at time 0, the portfolio value (buying power) is subject to:
hSo; Xoi  5000. In the rst month, the stock pricesare changing, your ac-
tual wealth valueis hS;; X oi ; and you alsoneedto pay the cortingent claim,
thereforethis month's portfolio valueis subject to: hS;; X4i  hSq; Xoi 520,
and soon. In the tenth morth, hSig; X191  MSi0; X9l  520.

And the terminal wealth requireshS;o; X101 0. Naturally, the writer's goal
is to maximize his expected terminal wealth, maxEfhS;q; X 10ig, under all
the precedingconstrairts.

In practice, someminor changesmay be needed.For example,supposethat
you open a marginal account with $5000,then your buying power is $2 5000
instead of just $5000. O

2.2 Example Future Contracts A future cortract holder hasthe right to
purchaseor sella speci c amourt of acommality at a future market delivery
price.

Detail. Supposethat corntracts areinitially written at price Py and the next
day the price becomedsP;, and supposeP; > Py. If oneholdsa one-unitlong
position with price Py, then the prot is simply P; Py, otherwise,if one
has taken a short position, the lossis P;  Py. Except for the cortext, the
formulation of the problem is similar to that involving stock trading. m]

In somespeci ¢ instances,someconstrains may needto be revisedand
somenew constrairts may needto be added, but the basic formulation of
the problem remainsessetially the same.



3 Approac hes

Contingent Claim Pricing problemsare simply stochastic optimization prob-
lemsthat arisein the cortext of Mathematical Finance. Many models(Black-
Sdoles, Whitney,etc) are basedon stochastic di erential equations under
some,rather strong, assumptionson the ervironmernt and prices processes.
By solving certain partial di erential equationsmany results can be derived,
sud as the existenceof equivalert martingale measureshedging, etc., but
some of these assumptionsare too far from ‘reality’. Of course,in some
instances, they could be valid simpli cations. For example, Black-Scoles
model's basic assumptionis that the market price processis a geometric
Brownian motion, but statistical analysisquickly revealsthat this is seldom
the caseand thus not closeto ‘reality’. Moreover, this model can't explain
the famous ™ -smile' phenomena. Later, in the 1980's, people resorted to
somewealer assumptions,sud as semi-martingalemodels, or somenew ap-
proades,sud asfunctional analytic approad. But semi-martingalesmodels
alsocamewith more complexstochastic di erential equations,almostimpos-
sibleto solve in many situations.. Although the functional analytic approat
allows for someelegan results about the rst fundamenal theorem of asset
pricing, cf. [5], [19], under slightly more generalassumptionsthan thoseused
here, it is shavn that no-arbitrageis equivalert to the existenceof equivalent
martingale measuresyet theseresultsare more of a theoreoreticalnature and
have do not hold much promisefor even a potential computational (e cien t)
procedures.Moreover, this approad cannot deal with nancial problemsin
incomplete market becausemartingale measuresmay not be attainable in
incomplete market.

In the 1990's, peoplestarted to analyzethe semi-martingalemodels by op-
timization techniques,sud asin [3], [2], by duality or Legendre-transform,
they derived someproperties of the dual problem and its relationship with

the original problem, but these approatesyet can't be used for practical

computation. The greatestcortribution of theseapproadesis that onemay
easily think of the possibility of formulating the pricing problems as sto-
chastic optimization problems. Basedon [17, 13, 15]on duality in stochastic



programming, we can nally analyzethe pricing problemsby stochastic du-
ality techniques. This duality in a stochastic programming framework makes
it possibleto connecttheory, practice and computation.

In 2001,A. King and L. Korf [8] proposeda similar approad as ours, but
they directly usedthe duality in Rockfellar and Wets [14], [16] in the dual
of L' for pricing cortingent claims problems, wherethey had to deal with
singular multipliers by some special techniques, introducing “induced con-
straints', and in order to usethat duality they had to make the assumption
that the market price processis essetially bounded, but ewven if the price
is log-normal, this assumptionis not satis ed, and they didn't provide a
method for practical computation. We dealwith musd wealker assumptions,
in particular without restricting market pricesto belongsto L*, we derive an
“operational’ Duality Theorem,that allows usto establisha duality between
pricing cortingent claims and nding equivalert martingale measuresfor a
given stochastic process,that in our cortext correspndsto a description of
the state of the nancial market. And by virtue of this duality we candiscuss
no-arbitrage, hedging, equilibrium equation, etc. In practice, for numerical
computational purposes,we have to assumethat strictly equivalent martin-
gale measures exist, we shall explain later that actually this assumptionis
intrinsically a “natural' one and it makes actual computation possible. In
the follow-up paper [2]], we shov how to gather information via this duality
and how to discretize e ciently the problem at hand, and incidertally, we
also proposea novel approad for estimating the price distribution from the
historical price data.

This paper is organizedas follows. The main result is an operational
duality theoremin x4, in the following sectionsx5 7 this theoremis used
to bring to the fore the relationship between no-arbitrage and equivalent
martingale measuresstrictly equivalent martingale measures Hedging and
equilibrium equationsare discussedand someinteresting examplesare pro-
vided. In the last sections,a brief overview of the cortinuoustime caseis
provided as well as a courterexampleto the possibility of extending the re-
sults involving “strictly' equivalert meausreto (‘pure’) equivalernt martingale
measures.



4 An operational dualit y theorem

In general,duality theory is always related to the existenceof saddlepoints,

which meansthat both original problem and dual problem have the sameop-
timal value and the optimal valuescould be attained, or equivalertly saddle
points of the assaiated Lagrangianexist. If we want to prove the existence
of saddlepoints, it may require someadditional assumptionsor somespecial
techniques, sud as introducing induced constrairts, refer to [15]. In some
casessud asin our problem, we are just going to require that the optimal

valuesof the primal and the dual are the sameand that the minimum of our
primal is actually attained. That's leadsusto dewlop an operational duality

theoremthat in someways is wealer, but in this situation more useful, than

the “standard' duality results. We begin with a brief introduction followed
by the duality theoremthat will evertually leadto implemertable procedure
to price cortingent claims.

The "duality’ will focuson the interchangeability of ‘'min' and "sup operators
in the Lagrangian function; we are not concernedwith the existenceof an
optimal solution for the dual problem. Our basic duality scheme rest on
deriving the idertity h = h. For stochastic optimization problems of the
type

minEff ( ;x( ))g where is a random variable,

our aim will thus be to obtain (Ef) = Ef. If we already know that
f =f and(Ef) = E(f ) under someconditions, then one expects that
(Ef) =E(f )= Ef. Therefore,(Ef) = E(f ), the interchangeability of
expectation Ef g and conjugation * ' becomesthe key stone on which rest
the duality results.

For afunction 7! f ( ;x( )), the rst questionis under what conditions
is this function measurablewhen 7! x( ) is measurable?Then, under what
conditions can expectation E and conjugation " ' be interchanged? The fol-
lowing set-up answers thesequestions.

Let Isc-fcngX ) denotethe spaceof extendedreal-valued, lower semicottin-
uous (Isc) functions from X to IR. Given a probability space( ;A;P), a



random Isc function is a function f : ! Isc-fcngX) sud that the ass@i-
ated epigraphical mapping

NS()=epif(;)= (x5 )2X IR f(;x)

is a random closedset, i.e., for any opensetO  IR"™, S, }(0) = 2

Si() 2 O belongsto AY Further properties of random Isc functions
are setforth in [18 Chapter 14], seealso[1,9, 10, 11], let's just record some
useful properties usedin the sequel.

4.1 Prop osition [18, Proposition 14.28,Example 14.29]. When f is a ran-
dom Isc function, then 7! f( ;x( )) is measurablewhenewer 7! x( ) is
measurable.

Any function f : IR" ! R sud that f (;x) is measurablefor all x
andf ( ;) cortinuousfor all is a random Isc function.

Our cortingent claimspricing problemis actually a linear optimization prob-
lem, and all the functions, the objective function and the functions in the
constrairts, are random Isc functions.

Denoteby (T;T; ) a measurablespace;hereT is a non-empty set, T is a
eld onT, isjust somemeasureon (T;T), not necessarilya probability
measure.

4.2 De nition  (decompsablespaces,[18, De nition 14.59]). A spaceL

of measurablefunctionsf : T ! IR" is decommsableif for every function

fo2 L, eerysetA 2 T with (A) < 1 and any bounded, measurable
function f; : A! IR", L alsocortains the functionf : T ! IR" de ned by

f(t)=fo(t) fort2 TnA, f(t) = fyo(t) fort2 A2

R
Let 1¢+(x) := f(t;x(t)) (dt) be a functional with f a random Isc functions
and x 2 L where L consistsof measurablefunctions. For u 2 L , the

YThe conceptof a random Isc function is due to Rockafellar [12] who introduced it in
the context of the Calculus of Variations under the name of normal integrand.
ZFor example,the Lebesguespaced P(T;T; ;IR"),with O< p 1 ,aredecomposable.



conjugateof I; is de ned by
nZ 0
l;(u)=sup X u (dt) If(x) :
X

When L is a Banadt space,L doesn't necessarilyhave to beits dual.

4.3 Theorem ([12, Theorem 2]) . SupposeL and L are decommsable.
Let f beaconvex randomIscfunction, i.e., x 7! f (t; x) is alsocorvex for all
t 2 T, and sudh that t 7! f (t; x(t) is summablefor at leastonex 2 L and
t 7! f (t;u (t)) is summablefor at leastoneu 2 L . Thenl; onL and ¢
on L are proper convex functions conjugateto ead other.

By the precedingtheoremand “perturbation' theory then we candewelop our
duality theory for stochastic optimization problems. We shall usethe same
notations asin [14]. We are interestedin the two-stagerecourseproblem:

min f10(x1) + Eff2o( ;X1;%2( ))g
sothat fi(xy) 0;i = 1;::,my;
fa( sxyXx2( ) 0 = 1;:my;
Xy 2 Cl;Xz( ) 2 Co:
wherex; 2 IR";x5( ) 2 L%Z, C,; and C, are bounded, closed,convex and
nonempty, C, doesn't depend on , all functions are random Isc functions,
everywherede ned and summablewith respectto P our probability measure.
Duality is deweloped by enbedding the problem in a classof “perturbed’
problems. Let,
X=R" L} and U=R™ L} ;

mo?

where LP? denotesthe usual Lebesguespaceof IR"-valued functions over
( ;A;P). Noticethat the only di erence is that here perturbation’ functions
belongto IR™ L7 insteadof R™ L7 asin [14]. However, argumert will
proceedalong similar linesasin [14]. The function F : X U! (1 ;1]
is de ned asfollows,

F(x;u) = Fi(x1;ug) + EfF2( 5 x0x2( );u2( )9

8



where

fio(x1) ifx12 Cpandfy(xy) ug,i=12:my,

Fi(X1;uq) = .
1(Xai ) 1 otherwise.
and
8 -
2 fao( ;X1;%X2) 1f x22 Cyp, and
Fa( ixaixa( );u2( ) = fo( 1 X15X2) Uy 0= 1;2;0my;
1 otherwise.
De ne,

hu;yi = up yi+ Efua() yo()g; for y2Y:= R™ Ly,

my?

then the Lagrangianfunction is de ned by
L(x;y) = inffhu;yi + F(x; u)g;
u
and it's easyto calculate that
8

2 Li(x;y) + EfLa(s;xa; X2( );y2( NG X 2 Xojy 2 Yo,
L(x;y)=>1; X 2 Xo;
1 X2 X0y Z Yo,
where
Xo= X=(X;X2) 2 X X12Cq; %()2Cras
Yo= y=(yuy22Y y1 0 yx() Oas ;
X1
L1(X1;y1) = f1o(X1) + Yaif 11 (X1);
i=1
X2
La( ;X1;X2;Y2) = foo 5X1iX2) + Yaifai( ;X1 X2):
i=1
Let,

inf P := inf supL(x;y); supD := supinf L(X;y);
X2 X y2Y y2Y X2 X

set, Z
Ih(z) =  h(;z()P(d):

One more assumptionis neededto derive our results.
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4.4 Assumption I, iswell de ned, i.e., lr, (w) < 1 for somew 2 LI for
n=nq{+ Ny

Sinceobviously, I,,(w) < 1 for somew 2 L} , by Theorem4.4,the integral
functionals I¢,, and Iy, are conjugate to ead other with respect to the
natural paring betweenL?! andL}l. In particular,

fao( i X7) = EfhSr( ()i X1( ,)ig

in our cortingent claim model, it is easyto seethat f T;STg T)) = 0O for
any, _. Thereforel;, (St) < 1 and(lt,) = It,,.

We now all setto state the main results.

4.5 Theorem Dene ' (u) = inf,ox F(X;u);u 2 U. Then' is a proper
convex function on U which is Iscwith respect to the weaktopology, and the

in m um is always attained. In particular,* ="', minP = supD > 1

The proof requiresthe following lemma.

4.6 Lemma The functional F onX U islsc, corvex and not idertically 1 ,
the lower semi-coninuity being not only with respect to the norm topology,
but alsowith respect to the weaktopologyon X U inducedby the pairing
introducedeatrlier,

hu;yi = up yi+ Efua( ) yo()g; for y2 Y := R™ Lj.;

mo?

Pro of. We just needto prove the lower semi-cominuity with respectto the
weak topology; for the remaining properties one can refer to [14, Proposi-
tion 3]. That Ig,(z) < 1 for any z 2 L} is immediate. Let h( ;z) =
foo( ;X1;X2), sinceh F,, onehash F,. Taking any w 2 L} sud that
Ih (w) < 1, onealsohaslg,(w) < 1 . Hence,by Theorem4.41¢, and I,
are conjugateto ead other, and, in particular, are Isc with respect to the
weak topology from which follows the lower semi-cominuity of F. m|
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Pro of of the theorem. The argumert is similar to that of the proof of
[14, Theorem 3], only someminor adjustmerts are required. We begin by
showing that

Xg=1x22 L} jx2( ) 2 C, asig

is compactin the weak topology inducedon L}, by L . Certainly XQis
relatively compactin this topology, inasmuch as C, is bounded. There re-
mains to verify that X is also closed,and consequetly compact. Consider
the function h on IR"2 de ned by:

(
0 if X2 2 Cz,

h( ;%) = )
(5x2) 1 ifx,2Cy

This is a corvex random Isc function, becauseC, is a nonempty, closed,
corvex set. The correspnding integral functional I, on L}, satis es

0 ifx,2 XY

Ih(X2) =
2=y if x, 2 X%

In particular, 1,(x,) < 1 for at leastonex; 2 Lﬁz. On the other hand, the
conjugateintegrand
h(;v2)= supfxa v2 h(;x2)g
X22R"2
hash (s;0) 0, and hencel}, (v;) < 1 for at leastonev, 2 L, namely
v, = 0. It follows that I, on L, and I, on L}, are corvex functionals
conjugate to ead other, and this implies, among other things, that I}, is
lower semicorinuous with respect to the weak topology inducedon L1, by
lhonLL. But, X§= x22 L% In(xz) O, isjust the level setlevg Iy, of
this Isc function and henceclosedas claimed.
This, in turn implies that X, is compact,and hencein the de nition of

t(u) = Xig;‘( F(x; u);

the in m um is always attained, sinceF is Iscin the weaktopology, cf. Lemma
4.6, and
F(x;u) <1 implies x 2 Xo:
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Thus, like F, ' is not identically 1 and nowherehasthe value 1 , i.e.,’

is proper, and the level setslev ' = u2 U ' (u) g are the projection
on U of the correspnding level setsof F:

levF = f(x;u) 2 X UjF(x;u) o

But, the projection of lev F on U is closedin the weaktopology. This holds
because(i) lev F is closedby the lower semicotinuity of F, and (ii) for all

this projection on X is cortained in the compactset Xo. Therefore' is
lower semicotinuous in the weak topology induced on U by Y. Inasmuch
as' is a proper corvex function on U which is lower semicotinuousin a

topology compatible with the paring betweenU and Y, wehave' =" .1In
terms of the biconjugate’ , onehas

" (0) = supD;
whereas,
" (0) = inf P;
therefore:
minP = supD > 1 ;
and the in m um is always attained. O.

4.7 Remark The key stepof proofisto provethat | ¢, andlg, areconjugate
to ead other, or equivalertly, that the expectation operator 'E' and " ' are
commutative. The choiceof random Iscfunctions is predicatedto renderthis
interchangepossible.

4.8 Remark If weallow for x; 2 L, insteadof x; 2 IR", all the preceding
goesthrough, we just needto adjust somenotations. In terms of our con-
tingent claim model, it meansthat o doesnot necessarilyhave to be xed,

i.e., it could alsobe random.

If the probability space only has nite support, we are then dealingwith a
“discretecase'duality result. But note that in our proof of duality, we don't
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have to considerconstrairt quali cations (sud asstrictly feasible,for exam-
ple) asis usual. Thus, we have the following even in the nite dimensional
case,of the form

min fo(X)
sothat fi(x) O;x2IR";i=1;:;m;
x 2 C:
wheref;;i = 0;1;:::;m; are corvex, Isc, proper, and C is a nonempty corvex

set, if we add the condition that X 2 C is bounded, or this is implied by
the constrairts, then one still has a duality result: minP = supD. We,
actually, have inf,ox sup,,y L(X;y) = sup,,y infxax L(X;y) and the optimal
value for primal problem can be attained, we don't guarartee the existence
of multiplier y, we just say that “inf' and “sup' are comnutative if X is
bounded. Although, a strict feasibility condition in the standard duality
theory also results in comrmutativit y, the boundednesof the feasibility set
is, usually, much easierto ched.

5 No-arbitrage and EMM

Arbitrage (= free-lund) usually boils down to the possibility of positive
returns without any investmens. This section,andthe next one,is concerned
with arbitrage, and a slightly modi ed version of arbitrage, in a general
framework. Duality allows us to derive someuseful conditions betweenno-
arbitrage and Equivalent Martingale Measures (EMM).
It's noteworthy that in some special case,cf. 6.2, one can't have positive
returns without any investmerns, onemight be ableto endup with excessiely
large returns with only a very small investmen. This is like an "almost'
arbitrage It seemsthat there is no clear boundary between arbitrage and
no-arbitrage, the details are givenin Example 6.2.

No-arbitrage meansthat if you begin with zerowealth alsothe terminal
wealth should end up to zero (in all circumstances). This meansthat the
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optimal value of the following problem is zero:

max thSTQ T);XT(, T)ig
so that hSo( 0); Xo( o)i  O;
hSt( t);Xt(! t) Xy 1(! t 1)i 0 t=1,:::;T;as
hSTg T);XT(! T)i 0; a.s.

Let's begin with the following simple obsenation: there is no arbitrage if
and only if the optimal value of the following madi e d problem is zero,

mafohST(! T);XT(! T)ig
so that hSo( 0); Xo( 0)i  O;
hSt( t);XtQ t) Xt 1@ . 1)i O t=1;:::;T; a.s.
hSTg T);XT(. T)i 0; a.s.
kX Kk M;t=0;1;:::;T:

whereM is a positive constan. If thereis no arbitrage, i.e., the optimal value
of the original problem is zero. If the optimal value of the original problem
is greater than zero, actually it should then be 1 : assumethe optimal
solution X 2 L?!, then just choosesomeconstart C > 0 large enoughso
that X =C < M, then the optimal value of the secondprogram should be
greaterthan EfhSr; X;ig=C > 0. Therefore,there is no arbitrage if and only
if the optimal value of this modi ed program is also0. Let's rewrite max
EfhSt; Xtig asmin EfhSy; X+tig. For this problem, that comeswith a
boundedfeasibility sets,by the duality theory, one has,supD = minP = 0,
where

n
supD = sup inf E yohSo( 0); Xo( o)
y2Y o X 2X o
X o]
+ yihS; Xt Xi 1l (Yra + DSy X1i = 0;
t=1

where
Xo= X =Xog::5;X7) kXiky M t=01;::0T
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Yo= y=(Yo;iitiyr) Yo Oyr Griiijyr 0
Grouping terms with respect to the X, simplifying and taking iteratively

conditional expectations with respectto T ol oo yields
n
supD = sup inf E hySy EfyiSij og; Xoi
y2Y o X2X o 0
+ Efhy:S1 Efy.Sp), g Xdig+  +Ryr yra  1)Sr; Xyl
N !
= Szl\J(p M(Eff yoSo EfyiSij 0gjg
yzYo
0
+ Eff iS5 Efy.S;, 9jg+  +Efi(yr yr«1 1)Srjg)
=0
Hence,
n
ianf Ef YoSo EfyiSijog g+ Ef v1S; Efy.S;j, g
yZYo '

0]
+ +Ef (yv yra 1S =0

With 9741 = yra1 + 1, let
h( yoiiiii¥r+) = YoSo EfyiSij o + w1S1 Efy:S5j, .9
+ o+ (Y Yra)St
Then,

y2Y o
We now claim that 8" > 0;8 > 0,

9yo; i Pr+1 2 Yo sudthat P(h( ;yo;::ii;Pre1) > ") <

15



and this means
y2Y o

a cortradiction.

Let's now choose

1=2,

1= .

Thus,forany " > 0and > 1=",

h( ;Yo;:::;941)9! O uniformly on ¢

In other words, 8" 2 (0;1=2), > 0,9 %and - sudthat P( 9> 1

forall 2 % h(;yyiiii¥ra)g<™ 8

Recallingthat S} 1fort= 0;1;2:::;T + 1, onehas

yr>1+yr,, " 1 ">1=20n ¢
yr 1> Efyj, g ">(@ @@ ) " 1 2'>1=20n

for suciently small. By a similar argumen,
y, >1=2 for t=0;L:::;T 2 on ¢
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and from the above, it follows that

iyr 1St 1 EfyTSTj! - 1gj= Yr JdSr 1 Efyr=y; 1STj! . 1gj< "

YoSo  EfY;iSij 09i = ¥oiSo  Efy;=YSij o9 < ™
Hence,

0.

ISt 1 Efyr=yr 1St gi< 7y "< 2° on '

iSo Efy;=y,Sij o0j< 1=y," < 2" on &

9 aconstat N > O;y,,;=y, >n and vy,,=y 2L":
In conclusion,one hasthe following:
5.1 Theorem If thereis no arbitrage, then 9fy,;:::;y7; Yr4, 9 Sud that
1So Efyi=Y%oSij o8 1155 St 1 Efyr=yr 1Srj, o G5 iyr (Yra 1)

convergeto 0 appraximately uniformly. In other words, forany " > 0, > 0,
there existsu; 2 L' andconstart N > Owith u;> N and °P( 9> 1
sud that

iSt 1 EfuS gi<"on ° fort=1;:::;T:

Tt 1

5.2 Remark . The precedingcondition is just a necessaryoneto have no
arbitrage, not a su cient one, see6.1 in the next section. > 0 can't be
omitted in certain instances,i.e., the last inequality may not hold on , the
ertire probability space,cf. 6.3.

5.3 Theorem |If forany " > 0, > 0, there existsu; 2 L* and constart
N > Owith uy> N and SP( 9>1  sud that
S 1= EfuSj, , g on O t=1;:0T

then there is no arbitrage.
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Proof. Forany " > 0,sincejSy EfS;] ogj+ +|St 1 EfSTj! T lgj is
summable,onecan nd > 0, sud that wheneer P(A) <

Efff So EfSijogi+ +iSr 1 EfSrj, _0ig f/:!g< "

From the assumptions for this " and , there existsu, that satis es the given
condition. Let

Yr=Ur Yr 1;::5¥1= U Yo;Yo= 1=NT on °©

andon n %y, 1:::5;yr 1. Then,yr=urur ;1 uw=NT 1on °

Let yr+1 = yr 1lthen,yr4; Oand
n
E jyoSo EfyiSij ogj+ jy1S1  Efy2S5j( o) 1)9]
0

:]' +jlyr yra 1Sy

=E (jyoSo EfyiSij ogi + jy1$1 Efgzszj( 0; 1))
r']" +ilyr yra 1St)) It g

+E (jYoSo EfyiSij o0j+ jy1St EnyzSzj( 0; 1)0]

+  +jyr Yraa DSt)) X oo 0+"=

Since" is arbitrary,

n
iQYf E VoS0 EfyiSij o9 + E ¥1S1  Efy2Sj( o; 1)9
YZYo
(0]
+ +E yr yra 1S =0
and this meansno arbitrage. |

5.4 Remark For discrete probability spacesthe condition in Theorem5.3
is alsonecessary

Recallthat a measureP on a measurablespace( ;A) is absolutelycon-
tinuous with respect to another measureP, onewrites P << P, if P(A) = 0
for ead A 2 A such that P(A) = 0. Also, P and P are saidto be equivalent
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if P << P and P << P, or equiwalertly, the Radon-Nikodym derivative
dP=dP > O: Finally, P and P are saidto be strictly equivalentif there exists
"> 0 sud that dP=dP > ",

5.5 Remark If the in m um is actually attained, then
yr = 1+ yr 1l as;

¥iS( )= Efyua Sua( )i, @ as for t=1:5T 4

or
Yi+1

Yt

S =E Stal, 5 @s
SinceSt 1fort= 1;2:::;T;,

Vi+1 .

J!t :1’

Yt = Efyiaj, 9 or E
and sincealsoy; 2 L! then,

Yire1 =% > 1Hjnjjs > 0

Sud y; may be called strictly equivalert martingale multipliers, then u :=
Y1 =Yo is a martingale measurefor f S;g/_,:

We know that in somesituations (6.3), under no arbitrage, strictly equivalert

martingale measuresmay not exist, but what about the existenceof equiv-
alet martingale measures?Actually, the rst fundamertal theorem about

arbitrage-freemarket [20, Chapter V, x2] tells us that no arbitrage is equiva-

lent to the existenceof equivalert martingale measures.There are two ways
to prove this theorem,oneway is to prove the existenceby a separationtheo-
rem, see[4, 5]. Another way is to construct an equivalert martingale measure
by the Esster transformation, see[19]. We don't want to go through the

details of the proofs. Herewe just recordbelow the generalresultsfor further

referenceand comparison'ssale.

First of all, let's introduce somenotation. Let
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K (P) bethe (topological) support of a probability measureP, the smallest
closedset carrying P,

L(P) be the closedcornvex hull of K (P),
L°(P) be the relative interior of L(P),

Q: be the regular conditional distributions of S; S; ; givenS; ;.

5.6 Theorem [20 theoremA ]. For our arbitrage-cdhed optimization prob-
lem, the following assertionsare equivalert:

(a) there s no arbitrage, i.e., the optimal value is zero;

(b) equivalert martingale measure§EMM) exist;

(€) 02 L°(Qy).

5.7 Remark Assertion(c) meansthat S; 1(! t 1) is includedin the relative
interior of con(S;( o 1)) a.s.;con denotesthe corvex hull. Therefore,if we
want to know if arbitrage exists or not, we just needto ched if the presen
price lies in the interior of corvex hull of all the possiblefuture prices.

5.8 Corollary No arbitrage for multi-stage problems is equivalert to no
arbitrage for any two-stagesubproblems.

Pro of. It is aimmediate consequencef the precedingtheorem. m|

Although strictly equivalert martingale measuresdon't always exist, yet
by Theorem 5.3 and Remark 5.4 we know that in the discrete casesthey
always exist. In practice, for numerical computational purposes,one always
hasto discretize our cortinuous distribution problem, thereforeit's not out
of line to assumethat strictly equivalent martingale measuresexist.

Notice that S is a n-dimensionalvector, y% are scalars,which reminds
us of the relatively completemarket problemto nd the commonBrownian
measurevia Girsanos Theorem, referto [6]. But we are dealingwith a more
generalframework! And by the sameargumen as above we know that for
eah S|, maybe we could nd martingale measuresjust for this stock (or
coupon-bond) but you may not get the commonmartingale measuredor all
of them, which meansthat possiblky you can't have any positive returns if
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you just buy only oneof the nancial instrumernts, but you might be ableto
make a prot if you investin a combination of all of them.

6 Some examples

6.1 Example Assume o xed, S 1, and S; uniformly distributed on
[0; 1], then clearly Sp 2 con(S,), but arbitrage exists.

Detail. Supposethat there is no arbitrage, i.e.,

_inf - fEjyoSo  EfyiSij ogj+ Ej(y1 ¥y2 1)Sjgg= O
Yo:y1;y22L

Then,
y1 1+y> 1yo Efyig
Zl
EjyoSo EfyiSij ogi Ejyu(l Sp)i=  yi(1 x)dx;

1
Q1 x)dx;
0
=1=2> 0

So, we are lead to concludethat ewen in this simple set up arbitrage can
occur. O

6.2 Example Assumethat Sy is uniformly distributed on: (0; 1) and

S(u; o= x) =1, with probability: 1 x;
S(d; o= x)=0; with probability: x:

whereu is up, d is down. The claim is that

inf  fEjyoSe EfyiSij ogj+ Ej(ys Y2 1)Sijg= O
yoiy1;y22L 1

Detail. Indeed,we just have to solwe the following equations,

Yo(X) x=1 (1 x)yi(u;x) + 0;
yo(X) = yi(u;x) (1 X)+ yi(d;x) x:
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then,

Yo(X) = (1 X)=x yi(U;x);
Yo(X) = x=(1  x) yi(d;x):

If the in m um could be attained, then
yi L oyo(X)= (1 x)=x yi(u;x) (1 x)=x;

that turns out not to be summablewith respect to x, cortradicting that
Yo 2 L1 . And via successie approximation, it's clear that the in m um is
0. It meansthat although Sy(x) is in the relative interior of con(Sy( ; x))),
there is no arbitrage and no strictly equivalert transition probability exists.
We can just choose

Yo(X) = 4=(x(1 x)); ya(u;x) = 41 x)%  yi(dix) = 4=x*:

and then,
YoSo = EfyiSij o0 yi(u;x);yi(d;x) L

This meansthat equivalert transition probability exists, but strictly equiv-
alet martingale measuredon't exist becausey, is not integrable. But if
we assumethat Sy is uniformly distributed on ("; 1 ");1> " > 0 instead
of (0;1), it's immediate that strictly equivalert martingale measuresexist.
Later, we shall use this simple fact to construct another example for the
cortinuoustime case.

The interesting part of this exampleis: if we changea little bit the rst
constrairt, say, hSp; Xoi  linsteadof 0, thenthe optimal valueisin nit y!
The optimal solution are X, = (0; 1=x)), X, which can be any vector such
that hS;; X,  Xoi = 0: The solution suggestghat you should useall your
money($1) to buy this stock, then your expectation return is unbounded!
Actually, hS;; X411 = (1 X)=X, the expectation is obviously in nit y. That
is becausewhen x > 1=2 you may lose somemoney at most $1, but when
X < 1=2 you may earna lot of money (>> 1). Or sa, you may lose money
lessthat 1 with one half chance,and you could have returns much greater
that 1 with probability 1/2. This is like arbitrage, exceptthat you needto
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invest a small amourt of money and you might lose money with positive
probability. For this reason,oneshouldreferto it asalmostarbitrage 0O

6.3 Example AssumeS, uniform on (0; 1), and for ead point x 2 (0; 1);

Si( ;x) is alsouniform on (0; 1), then obviously Sy(x) is in the relative inte-
rior of conS,( ;x), and we will prove later that there is no arbitrage, i.e.,

inf  fEjyoSe EfyiSij ogj+ Ej(y: Y2 1)Sijg= 0O

Yo;y1;y22L 1
Detail. If the in m um could be attained, one would have,
Z 1 Z 1
y1(u; X)du = yo(X); yi(u;xjudu = xyo(x); y1 L as
0 0
Therefore
Z 1

yi(u;x)(x  u)du 0O; as; x 2 (0;1);
0

y: 1, as

Sincey; 2 L1, we can assumethat y; < N for someconstart N > 0, then
we have:
Z, Z,
y1(u; X)xdu Nxdu = NXx;
Z’, Z’, L
y1(u; x)udu udu= -:
0 0 2
Therefore, Nx > 1=2 for any x 2 (0;1) and that's impossible. In conclu-
sion even though Sy(x) is in the relative interior of con(S;( ;x)), equivalernt
transition probability measuresdon't exist, and afortiori strictly equivalernt
martingale measuresdon't exist.

Pro of of no-arbitrage

X
(X uwdu= 5

1 x?

(x u)du=
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Let

@ x)? x u

u;x) =
ya(Uix) NG X < U
then,
z 1
vi(u;x)(x u)du 0; forany x2 (0;1);
0
If welety, =" 2y on >h2 (";1 ") for somesmall", y; = 1 otherwise, let

y2=yi 1 0,yo(x) = g yi(u;x)du, then obviously EjyoSe Efy:Sij ogj+
Ejly: Y2 1)S;j goesto 0 as" goesto O, thereforethe in m um is 0 and
that meansno-arbitrage. |

7 Hedging

Hedgingis the processof reducingthe nancial risks. In our model, hedging
is to meet all the cortingent claims. Equivalertly, the cortingent claims
problem has at least one feasible solution. The hedging problem could be
formulated as follows:

min 0
so that hSy( 0); Xo( 0)i  Go( o)

WS¢ )i Xe( ) Xe ol DI G( )it= LT,

hSTg T);XT(. T)i 0; ae:

kX kq My, t=01::T:
where M, > 0 is a constart. Let's refer to this problem as (Py). call this
problem (Py). As we did earlier, we add the last constrairt in order to use
our duality theory. Obviously, the original problem, cf. x1, is feasible,i.e.,

hedgingis possible,if and only if problem (Py) is feasiblefor large enough
M. The dual problem (Dy) is the following,

supDy = lznj Eff MojyoSo  EfyiSij ogj+ MajysS: Efy2S;j, (g
yZYo ’

+ 004 Myaj(yr o Yr+1)Srig + YoGo + Y16y + i+ yrGrg
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or still,
supDy = yiznjoEff MojyoSo EfyiSij ogi + Majy1S1  Efy.Syj, 4
+ i+ Mrj(yr 1Sr 1 EfyrSrj, . 0

Tt 1

+ YoGo + Y161 + 111+ yr Grg

It is easyto seethat the optimal value of the primal problem (Py) is either
Oor 1 when(Py) is not feasible. Thus, by duality alsothe optimal value
of the dual problem (Dy) is either O or 1 , and obviously if (Py) is feasible
for someM;'s, then the given cortingent claims problem is feasible.If (Py)
is not feasiblefor any choice of My, then also the original problem is not
feasible,i.e., one has:

(D minPy = 0 (or supDy = 0) for someselectedM; if and only if the
given cortingent claims problemis feasible;

(1) minPy = 1 (or supDy = 1) for any choice of M¢'s if and only if
the cortingent claim problem is not feasible.

For simplicity sake, we can just considera two-stageproblem. For any
martingale multipliers yo;y: sud that

iYoSo EfyiSij ogj O
if the cortingent claim problemis feasible, or supDy is zero,one has,
EfyoGo + y1G19= Efyi(G1 + Go)g O

Observingthat y; 0,henceEy,; OandEy,; = 0if andonlyify, = 0as,
and wheny; = 0as, obviously Efy;(G; + Gpg)g 0. We just needto
considerEy;, > 0, let u = y;=Ey,, then Efug = 1, u is a martingale measure,
therefore a necessarycondition for hedgingis:

E.f(G1+ Go)g 0O; for any martingale measures.

For multi-stage, by a similar argumer, onearrivesat the following nec-
essaryconditions for hedging:

Go=S,+ G1=S, + @i+ Gr=S;, 0; i=1,2:5;n;

Euf(Gi+ Go+ i+ Gr)g 0; for any martingale measures.
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8 Equilibrium equation

Supposethere is no arbitrage, or that equivalert martingale measuresex-
ist, and the original problem (the writer's problem) is also feasible, then
the writer of a cortract would try to maximize terminal expected wealth
EfhSr; X+tig 0. In terms of the dual problem,

EfyrGr + yr 1Gy 1+ i+ yGog O

for any martingale multipliers y;. The buyer of this cortract always looksfor
larger 'pay-badks’,

EfyrGr + yr 1Gy 1+ i+ yGog O

for any equivalent martingale measurey;. This brings us to the equilibrium
equation:

inf EfyTGT + yr 1Gr 1+ i+ yoGog: 0:
y2Y o

Obsene that for martingale multipliers fy.g,
EfyrGr + yr 1Gr 1+ i+ ¥oGog
= EfyogEf Gryr=Efyog+ Gr 1yr 1=Efyog+ 1+ GoYo=Ef yogg;
and
Efyr=Efyogg= = Efyo=Efyogg= 1,
yr=Efyog; ::;; Yo=Ef yog > 0 a:s:

If we considerthe set, fEfyog = 1,y 0O;t = 0;:::;Tg, it meansthat
yr=Efyog,..., Yo=Ef yog are just martingale measuresnot necessarilyequiv-
alert, then the in m um should be attained on this closedset. Thereforethe
equilibrium equation for pricing the cortingent claimsis

for somemartingale measureu : E,fGt + Gt 1+ i+ Gog= O:
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9 The Black-Scholes Equation

For cortinuoustime, the constraint hS;; X1 X, G; becomes
PSitat; Xtrar  Xil = dGi:

Herewe proceedwith the “=' versionrecallingthat S} represets the risk-free
asset;in any caseone can always put extra moneyinto the risk-free assetto
obtain the equality.

For somespecial casesut as Europeanoption, dG; = 0, the terminal wealth
is a function of the terminal price Sy, i.e., g(St), and one has,

hSivat; Xtrar Xidi =0

which meansthe the portfolio is self- nancing. Let's considera simple two-
dimensionalcase: S; = (r¢;st), Xt = (&;X¢), wherer, is the risk-free rate
at time t |[in order to derive Black-Sdolesequation'swe don't needto X
the numeraire| ry.4¢ = ry+r 4t, wherer is a constart rate, and let
Vi = hS;; X¢i bethe wealth at time t. Then, the terminal wealth V(T; St) =
g(sr). Moreover, assumes; is log-normal sudh that

ds; = s{( 4t+ dz),

where z; is a one-dimensionaBrownian motion, and are constars, and
So is given. One canderive the Black-Sdolesequationfrom It®'s formula [6],

Vieat = MBS a1 Xeaand
= ISii 415 Xi
= hS;; Xii + hSihqt Sp); Xid
=W+ Xds + r(Vp - xiS)dt

and, from de nition of s; above,

dVi = xids + r(Me - xisp)dt

rvidt + ( rxisidt + xs;dz:
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Let F(t; s;) be the value of the option at time t with F(T;S;) = g(st), again
by It®'s formula:

dF

Fu(t; s)dt + Fu(t; s)ds; + 3Fe (8 s1)(ds)?
Fudt+ F(usidt +  sdz) + 3F, 2s2dt;

using the de nition of ds; and whereF;, F, represeh the partial derivatives
with respect to the rst and secondvariables.
Comparing the coe cien ts of dz and d;, one obtains

Xt = Fx;

1 .
Fe+ rF s + EFXX ’s? = rF;  (Black-Scholes Equation)
F(T;st) = 9o(sr):

The solution hasthis form, F (0;so) = e "TEPg(sr), where® is the equiva-
lent martingale measurefor f S;gi=, . Here, we can seethat the key point is
the same,i.e.,to nd the equivalert martingale measuresput our approat
via stochastic optimization methodology is signi cantly more general.

10 Multipliers:
Contin uous Martingale Measures

As shown in the last section,the usualparadigmway is to assumehat S; sat-
is es somestochastic di erential equation,say dS; = S;(dt + dwW;), where
W, is a vector Brownian motion, then one derives somepartial di erential
equationssud asthe Black-Scolesequation. Or more generally assuming
that S; is a semi-martingale[7], one can also derive somemore involved sto-
chastic di erential equationsand somesimilar results. In this paper, we just
posit: For a ltration fF gz, S; 2 Fy, S; is cortinuousand S; 2 L]. The
di cult vy is that there is no "good theory' for the extensionof discretetime
martingalesto cortinuous time martingales, we have an examplethat may
provide a "hint' on how to potertially improve theseresults.

One might be tempted to conjecturethat if there exists strict martingale
multipliers for any discretetimes instead of stopping tines, then there exists
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strict martingale multipliers for the cortinuous time case. Actually, that's
not in the cards, one hasthe following courterexample.

10.1 Example Let Sy be uniform distributed on: ("; 1 ");1> "> 0, and
the support of the distribution of Si; ((;S = x)is(x " tx+" t)with
density fy(;x), 0 t 1. Then, S; may take valueson (0;1). Suppose
fi( ;X) satis es:

. Rx+ Loy
(i) .7, fuly;x)dy= O(x?);

(i) fy(;x)> 0;forany x 2 (0;1):

Detail. Condition (i) meansthat if S; = x is approximately 0, then S;;
is greater than x + % t with approximately probability 1, therefore the

expectation XXJ'..%HI tyft(y;x)dy > X+ § t when x is small. Condition (ii)
guararteesthe existenceof equivalent martingale measuresfor the discrete
time case.lt isnot dicult to nd somedensity functions that satisfy these
two conditions. For the cortinuoustime case,if there exists equivalent mar-
tingale measuresu,( ; x), then similarly to Example 6.2, from S; { to S,
one has

Z

X4

t(y x)f1(y; X)us(y; x)dy = O; for any x 2 (0; 1);

X "ot
us(;x) > 1; for any x 2 (0; 1):
By substitution, with y = y + X,
Z "t
yfi(y + x; x)us(y + x; x)dy = 0; for any x 2 (0; 1);
"ot
us(;x) > 1; for any x 2 (0; 1):
Supposethat u; < N for someconstart N > 0, then:
Z Tt Z Tt
yfa(y + x;x)ua(y + x;x)dy N fa(y + x; x)dy = NO(X?);
"t "t
Z "t "t n

C YRy xiguay +xoxydy iy + xioxydy > ot

2 2
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Therefore,onehasN O(x?) > § t, which is obviously impossible,sincewhen

t is small, x can take valuesin (" t;1 " t). Hence, no cortinuous
martingale multipliers exist. O
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