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1. Intro duction

From their inception Statistics and Optimization have beentightly linked. Finding the
“best' estimate of a statistical parameter is, of course, an optimization problem of some
type. On the other hand, some of the motivation for the more recert dewelopmert of
solution proceduresfor constrained optimization problems came in part from statistical
estimation questions. One can even trace bad the developmen of the simplex method for
linear programsto the work G.B. Dantzig did in his doctoral thesison the Neyman-Pearson
lemma [5], in particular, by underlining the importance of the “column space'geometry
when dealing with linear systemsof equations and inequalities.

More recertly, the design of approximation techniques and the needto justify the
use of sampling to solve stochastic programming problems has revealed that besidesthe
already widely accepteduse of optimization techniquesto nd estimators, there is also a
relationship between Statistics and Optimization at a more fundamental level. In turn,
this haslead usto reappraisehow one should formulate and deal with statistical estimation
problems. In this discussion,we shall be mainly concernedwith conceptualissuesand will
dewote our attention to a few instructiv e examples. In the process,we review someof the
theory that senesasthe basisfor this more comprehensie view of what is "a statistical
estimation problem'.

Most statistical estimation problemsalways can be formulated as nding the distribu-
tion function F of a random elemen (variable, vector, function, etc.). They comein two
basic avors. When prior information singlesout a certain classof distribution functions
characterized by a parameter 2 IRV, then estimating F is reducedto nding a best
estimate for this parameter. One refersto an estimation problem of this type as one of
a parametric estimation. This meansthat the prior information available about the sto-
chastic phenomenondescribed by the distribution function F is “almost' complete, only the
value to assignto someparameter(s) needsto be pinned down. When no prior information
is available, the problem becomesone of nonparametric estimation, i.e., nding a function
F whoseonly known property is that it is a distribution function.

Thesetwo problem typesare in somesenseat the opposite endsof what ts under the
statistical estimation umbrella. Usually, some partial information is available about the
unknown distribution, but not quite enoughto be able to pinpoint the parametric classto
which F belongs. For example, one might know, or suspect, that F is assciated with a
unimodal density function. Onemight know, or stipulate, boundson certain quartiles. One
might even know, or suspect that F belongsto a neighborhood of a certain distribution FP°
(the Bayesianpremise). In the sameway that knowledgeabout the parametric classplays
an important role in the (nal) choice of the estimate, whatever information is available
should be exploited in the choice of a "best' estimate. In the formulation of the estimation
problem, “available information' gets translated in “constraints' that restrict the choice of
the estimate to a certain subclassof distribution functions.
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We are goingto refer to any (measurable)mapping from data to a spaceof parameters
that identify distribution functions as an estimator. This spaceof parameters could be
nite dimensional (parametric estimation) or in nite dimensional (nhonparametric estima-
tion). It could be the spaceof distribution functions itself.

To justify the choice of an estimator, one generally appealsto asymptotic analysis:
one provesconsistency[14] and, if possible,one derivesa cornvergencerate that enablesus
to approximate the distribution of the error.

The basic example is the use of the sample mean as an estimator for the expected
value of a real-valued random variable X (with nite mean ar&pl variance 2): Given

samplesx®; x?;:::;x , the samplemean (x%;x%;::5;x ) 70 1 L) xK is (asymptoti-
cally) consistent by the Law of Large Number]'g, And, the Certral Limit Theorem tells us
that the distribution of the error ( 2)%%2 1~ _ xX tends to a standard Gaussian
distribution.

Although asymptotic analysishasbeenthe mainstay of Mathematical Statistics, when
dealing with practical applications statisticians have often made use of estimators that
might not (yet) have beensubjected to full asymptotic analysis. One of the reasonsfor this
technological gap betweentheory and practice is that to carry out the asymptotic analysis,
the estimator should be "nice": simple, smooth, :::. And practice might suggestor dictate
a choice which doesn't quite ful ll these requiremerts. In particular, this is usually the
casewhen the estimator is the argmax function, i.e., a mapping which assaiates with a

This is exactly the approad that is going to be followed here. The estimation problem
will always be formulated as an optimization problem:

nd a distribution function B
that maximizesthe likelihood of observingx?;:::;x
and sothat I is consistert with the available information.

Distributions functions F : IR9 ! [0; 1] must already satisfy the constraints:

F is nondecreasingj.e.,x y =) F(X) F(y)

limy,in F(X5iioXjsiiiiXa) = 1, limy g F(x)=0forj=1;:::;n;

F is upper semicorin uous;

for all rectanglesR  IRY, gF Owhere gF isthe measureassignedby F to R.

We won't deal herewith the problem at this level of generality. In all of the examples
and ensuing discussions,it will be assumedthat it is known that the distribution of the
random phenomenonis either discrete (the support is nite or courtable) or cortinuous
(there is a density function that determinesthe distribution function). But in all casesthe
asymptotic analysisis basedon the corvergenceof the argmax function of an optimization
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problem. In fact, it will be shovn that the estimation problem corvergesto a certain
limit estimation problem whosesolution is the “true' value of the parameter we are trying
to estimate. The methodology is that of epi-corvergencewhich is reviewed in the next
section.

The choice of the maximum likelihood as the criterion isn't conditioned by the limi-
tations of the methodology that's goingto be usedto obtain asymptotic justi cation; any
other reasonableloss function will do equally well. Howewer, one can argue, as already
doneby R.A. Fisher [7, 8], that the maximum likelihood is the "natural’ choice as criterion
when selectingan estimator.

2. Epi-convergence: a primer

For the purposesof this paper, it will su ce to restrict our attention to functions de ned on
a separableHilb ert space(H;j j). The usual framework in which this theory is presened
[3, 12] is that of ‘'minimization’. The estimation problem being one of maximization, we
should actually refer to it as hypo-convemgene, seebelow, howewver it's expediert to keep
the “standard’ name of “epi-corvergence'when refering to the generaltheory.

Letf :H ! IR be an extendedreal-valued function on H. Its hypograph is the set:
hypof :=f(x; )2H IRjf(x) o;

i.e., all the points in H IR that lie on and below the graph of f ; its epigraph is the set
epif =f(x; )2H IRjf(X) g: Obsene that f is upper semiontinuous (usc) if and
only if hypof is closed;recall that a function f : H ! IR is upper semicorinuous at x if
limsupo f (X9 ().

De nition. A sequencf :H ! IR; 2 INghypo-convergesto f :H ! IR atX, if

limsupf (x ) f(x); 8x ! x;
1

and
9x ! x sud that Iinplinff (x) f(x)

If this holds for all x 2 H, the functions f hypo-convergeto f, f is called the hypo-limit

of the f , and onewrites f = hypo-lim ,, f orf 1" f. The name hym-convemgene'
is motivated by the fact that this convergencenotion is equivalent to the set-corvergence
of the hypographs.

Hypo-corvergenceyields the convergenceof maximizers and optimal values,in a sense
that will be made precisebelow, and it's all that's neededin many instances,in particular
whenH is nite dimensional. Howewer, in in nite dimensions,it turns out that it is useful
to intro duce a somewhatstronger notion, namely Mosm-hypo-convergene which requires
hypo-convergencewith respect to both the weak and the strong topologies.
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De nition. A sequenceéf :H! IR; 2 INg, with (H;j j) aHilbert space,Mosm-hypo-
convergesto f :H ! IR at x, if

forall x * x (weakcorvergence), limsupf (x ) f(x);
11
and
9x ! x (strong convergence)sud that Iirplinff x) fX):

If this is the casefor all x 2 H, the functions f Mosm-hypo-convergeto f , and onewrites
f MM f orf = M:hypodim, f .

Thesetwo de nitions should, more precisely be quali ed as sequetial’, but it won't
be necessaryto intro duce this distinction here.

Theorem. Supposef f;f :H ! IR; 2 INgaresucthat f 1" f, then

Iirplinf (supf ) supf:

Moreover, if there is a subsequenced g n, sud that for all k, x* 2 argmaxf * and
xK 1 x, then x 2 argmaxf and alsosupf * ! supf.

If the functions f Mosco-typo-corvergeto f, and there is a subsequencd Qkon »
sudh that for all k, x* 2 argmaxf « and x* x, then x 2 argmaxf and supf «! supf.

Proof. These results are well known. We provide an elemerary proof to illustrate the

use made of the conditions in the de nitions. The inequality liminf supf supf
certainly holds if supf = 1 . If supf is nite, then for all " > 0 there exists x- suc
that f(x-) > supf ". Becausethe functions f hypo-corvergeto f, there exists a
sequencex ! x- sud that liminf f (x ) f(x-) > supf ". This implies that
liminf supf > supf ", and sincethis holdsfor all " > 0, it yields the desired equality.
The casewhen supf = 1 can be argued similarly, except that one now starts with the
obsenation that for all  there exists x sud that f(x ) > . The denition vyields
a sequencex ! x sud that liminf f (x ) f(x ) > , which again implies that

liminf supf > . Sincethis holdsfor all , it followsthat liminf supf =1 = supf.

Now let fxK: k 2 INg be such that xX 2 argmaxf * for somesubsequencd gxon ,
and x* ! x. From the de nition follows

lim sup, (supf ) = limsup, f «(x¥) f(x):
On the other hand,

supf  liminfyg (supf %) lim sup, (supf *);



with the rst inequality following from the argumert above. Hence,f (x) = supf, i.e.,
x 2 argmaxf . Moreover, this implies that the inequalities in the two precedingidentities
are actually equalities, and consequetly supf « ! supf.

In the caseof Mosco-typo-convergence the argumert is the same,exceptthat the x*
converge weakly to x and one appealsto the corresponding condition in the de nition of
Mosco-hypo-corvergence. O

There are other consequencesf hypo-corvergencethat are important in a statistical
setting: for example, those characterizing hypo-corvergencein terms of the corvergence
of the (super)level sets, or those dealing with corvergencerates (metrics). But they won't
be exploited here. For theseresults and more about the theory of epi-corvergence,consult
[3, 4, 12].

3. The discrete case

Let's identify the random phenomenonin which we are interested with a (generic) random
variable X with valuesin IRY. In this section, it will be assumedthat this random variable
takeson only a nite number of possiblevalues,i.e., there is a nite collection of points
fz¢ 2 R%k 2 K IN g with assaiated weights f p°(zk) 2 (0;1);k 2 K g such that
prob[X = zX]= p°(Z¥); p°(z) = Owhenz 2 fz¥; k 2 K g. The distribution function of X
is then X
F = p(Z);
zk z

onerefersto p° : IRY ! IR, asthe prokability massfunction of X . Its support, the smallest
closedsubset of IRY on which p® > 0, is the set suppp? = f zk 2 IRY;k 2 K g which is

nite. This meansthat p® belongsto the following classof functions:
X
pmass(RY; IR) = f p 2 feng(IRY; IR) | p(z)= 1, p Og:

z2supp p

vations, nd p 2 pmass{IRd; IR) that approximates p® as well as possible. At this point,
the only information available is the sample,and suppp® is a nite set. In particular, this
implies that fx*;:::;x g suppp®.

One usually caststhe estimation problem in the following mathematical framework:
Let fX*gi_, beiid (independert identically distributed) random variables, all with the

Y
PP(xHP°(x®)  pP(x )= pP(x'):

=1
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ny 0
p 2 argmax p(x') p2 pmass(RY; IR)
1=1

After replacing the criterion function by its logarithm and setting In0= 1 , the estima-
tion problem can be reformulated as follows: nd

n x 0
p 2 argmax Inp(x') p2 pmass(RY; R)
1=1

that is being maximized, consequetly it never will pay o to choosea function p that
assignspositive massto any other points than x*;:::;x . Thus the problem of nding

estimation problem is equivalert to a nite dimensional optimization problem that we set
up next.

max L.(w):= .
w2R" o (W) 1 otherwise,

X
so that wi=1 w O i=1:::;n:
i=1
It's the maximization of a cortinuous, strictly concave function on a nonempty compact
subsetof IR" (determined by linear constraints). This meansthat there is a unique optimal
solution. The optimalit y conditions, cf. [12] for example, are

(wy;ie: ;\g,,) is optimal if and only if 9 a multiplier 2 IR such that
@ ©,w=L w 0i=21:::;n, 5
(b) (wy;:iw,) 2 arvgmoax[ 1o riIn(wy) ( w1

Wy = —; W, = —; 15 W, = —; =1
The optimal estimate p is then

Iy, ifz=12,

Z) =
P (2) 0 otherwise.
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This is the the empirical probability massfunction; the probability massassignedto eath
point z 2 IRY is proportional to the number of times this point has beenobsened. The
E,orresp)nding distribution function is the empirical distribution function F with F (z) =

5P (Z5). The support suppp of the empirical probability massfunction consistsof
the points z%;:::;z", obsened sofar. Thus,

processing(all) the statistical information available, i.e. the information

provided by the sample, yields the empirical distribution as best estimate

No re nement of the estimate is possibleunless additional information is
available about F° or modeling assumptionsare made about F°.

This simply con rms our intuition! In the processit alsoprovides support for the choice of
the maximum lik elihood asthe criterion function. Oneimplication is that we canformulate
the estimation problem as one of maximizing an expectation functional:

Z

— : . .m = Inp(z) whenp(z)> 0,
p2pm£\rs]?()é2d;R) L (P \Z P F (d2); 1(zp) 1 otherwise.

It's conveniert, although not literally correct, to refer to L as the maximum likelihood
criterion . The estimator is the argmax mapping:

F 7'p = argmax L (p);
p2pmass(RY;R)

the mapping which assaiateswith the empirical measureF the solution of the preceding
optimization problem. In terms of our mathematical model, F is a random distribution

In turn, this meansthat p must also be viewed as a random variable. The asymptotic
analysis of the argmax estimator has to do with the limiting properties of this random
variable.

In this particular situation, becausethe empirical probability massfunction is the
optimal solution of the estimation problem, the Strong Law of Large Numbers |assuming
EfiXijg< 1| tellsusthat the p corvergealmostsurelyto p°, the “true' probability mass
function. Equivalertly, the distribution functions F corverge almost surely to F°. This
shows that for the problem at hand, the argmax estimator is asymptotically consisten.
Let's however proceed somewhat di erently and derive consistencyby appealing to the
theorem in x2.

Let's begin by identifying the limit estimation problem:

Z

0/ — ) 0 ) . +v_ Inp(z) whenp(z)> 0,
p2pm£236(l)lgzd;R) L= HZp) Fi(d2); 1(zp) = 1 otherwise,
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wherethe expectation is now with respect to the true distribution function F°. One might
be tempted to justify the selection of this problem as the limit problem by appealing to
the Kullback-Leibler measure of discrepancy, or even more simply by arguing that it's a
natural choice since F° is the limit (in distribution) of the F . Howewer, in view of x2,
to claim that this problem is the limit problem of the estimation problems, one needsto
show that almost surely

L% = hypolim ; L on pmassRY;IR)

Note that p° is the optimal solution of this limit “estimation' problem. Indeed, one
can assciate with this limit problem, the following optimization problem formulated in
terms of the weights to assignto the points in the support of p°:

P P
max Lg(w) := ko PPE)INn(wi) if o W= 1w > 0 k2 K,
w2 RIS 1 otherwise,

recall that suppp® = f z* 2 IR%; k2 K IN g, jKj is the cardinality of K . The optimalit y
conditions yield the following optimal solution: w? = p°(z*); k 2 K, and this meansthat
p? itself is the solution of the limit problem.

Instead of actually proving that almost surely L
that the following functions hypo-corverge almost surely

" L2 on pmasgIRY; IR), let's show

P
ok P @) Inwe) if o W= 1w > 0k 2K,

L,(w) := :
a(W) 1 otherwise,

to LS where all these functions are de ned on IR'®J. Operationally, in particular when
actually computing the solution of the estimation problem, the functions L . de ned earlier
are usedinstead of L,; L is just the restriction of L, to those points in suppp® that are

By the Glivenko-Cartelli Theorem, p convergesuniformly to p° almost surely. And
in turn, this implies that

L, corvergeuniformly to Lg almost surely;

uniform convergencefor extended real-valued functions being de ned as follows: For a
function f :IR"! IRand 2 (0;1), let

2 iffx)2(1 ; )
fa(x)=_ f(x) iff(x)2[ ; 1]
: iff(x)2(;1)

A sequenceof functions f  will be said to converge uniformly to f onasetX IR" if, for
every > 0, their truncations f, corvergeuniformly to f» on X in the usual sense.
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It remainsonly to obsenethat the almost sureuniform corvergenceof the upper semi-
cortinuous functions L, to LY imply their almost sure hypo-corvergence[12, Proposition
7.15].

Now, let w = argmaxL ,; recall that tt}; strict concavity implies that the solution is
unique. Sinceforall ,w 2 fw?2 IRLK’j wk Wk = 1g, a compact set, the sequence
fw g on has at least one cluster point. And by the theorem in x2, every cluster point
of this sequencemust be the solution of the limit problem: maxL2. The solution of this
limit problem is alsounique, viz., for k 2 K, w2 = p°(z¥). It followsthat w ! w° almost
surely. Translating this in terms of the corresponding probability massfunctions yields
p ! p°almost surely.

At this point one may wonder why this roundabout way of proving the consistency
of the argmax-estimator! After all, a direct appeal to the Strong Law of Large Number
already yielded the desiredconsistency Moreover, the proof sketched out heredoesanyway
appeal to the Law of Large Numbers via the Glivenko-Cartelli Theorem. There are two
reasonsfor proceedingin this fashion. First, it's to setup the pattern that will be followed
in other situations whereit won't be possibleto identify the estimate obtained any further
than “it's the solution of this optimization problem." Second,it's to suggestthat it's not just
the estimatesthemselhesbut the ertire estimation problemsthat corverge, more precisely
hypo-corverge. Although it will not be possibleto go into this in this short presenation,
it allows for the study of the corvergenceof con dence regions and robustnessproperties
aswell.

But, let's now proceedto situations when more information is available about the
distribution F, in which casethe estimate generated by the argmax-estimator isn't in
generalthe empirical distribution function.

p® monotone: Supposethe probability massfunction p° is known to be nondecreasing by
which one meansthat p°(z') p°(Z') whenewrz  Z 2 suppp® IR. Our estimation
problem should then be formulated as follows:

P
,P(2) = 1 p(z) O

maxE Inp(z) so that for all z;z°2 suppp; p(z) p(z% whenewerz z

0

This is again a convex optimization problem. Becausethe solution will only assignsproba-

follows: Rearranging the obsenations sothat z! 72 z", with r; be the number
of times Z' has beenobsened and w; the probability massp(z;) to be assignedto z',

X
(wy;iiw,) 2 argmaxt r—'InwijO W1 W» Wy | wi = 1g:



X
w, =1 0 w Wi
i=1
P 0wy owy)=0 i=1::5n 1L
nx | X X 1 0
(wy;iii;w,) 2 argmax —Inw, ( w 1) (Wi Wigg)
i=1 i=1 i=1
From theseconditions it followsthat (wq;:::;w,) is the projection of the empirical weights
(ry=;:::;rp=") onthe convex polyhedral cone
M :=f(wg:iii;wy)2IRTjO wp wy Wn g

forall i, setg? = gt if ¢ o,

elsedg = € = 3(qt + q}), setq? = ¢, fori > 2

< foralli,setg®=?if ¢ o,
elseif 3(B+ ) 7, seted =g = 3(B+ g), fori 6 2,3, ¢ = ¢,
elseg = = = (1=3)(g + 5 + ¢¢) and set® = ¢ for i > 3,

;1 and soon

To prove the consistencyof this estimator a simple appeal to the Law of Large Number
won't do. But the secondargumernt basedon the corvergenceof the argmax function goes
through unghanged, except that the set of feasible probability weights is restricted to
fw2IRY|] we=1g\ M!

Clearly, a similar approacd will work if the probability massfunction is nonincreas-
ing (on its support). The same recursive assignmeis will yield the optimal estimate

M= f (wiiiiwn) 2 IRT jwy wy w, Og:

Boundson momerts. If boundsare known for the kth momert of X, say ax, EfXkg b,
oneincludesa linear constraint in the formulation of the estimation problem. Again, with
ri the number of times z' has beenobsened and w; the probability massto be assigned



ri
max —Inw;
i=1
X
so that ay Z“w, b
i=1
X
wi=1 w O i=21:::;n

Just asin the earlier cases,one can write down the optimalit y conditions, but they don't
lead to a simple expressionfor the estimate. However, consistencycan be argued exactly
asearlier, exceptthat this time the probability weights must also satisfy the constraint on
the k-momert.

Bounds on the variance. Whereasboundson the secondmomert leadto linear constraints,
boundson the variance might result in nonlinear constraints that are di cult to deal with.
Indeed,if vy var(X) vy, the constraints to be included in the estimation problem are:

X 5 X 2
Vi w; (i) W; Z, Vy:
i=1 i=1

The lower bound constraint determinesa corvex region sincethe function

X0 X 2
(Wi, wn) 7! wi (z)? Wi, Zj is concave.

i=1 i=1
But, the apparertly more "natural' constraint which comesfrom xing an upper bound
on the variance, leads to a noncorvex region. The implication being that the corvex
combination of two probability massfunctions that both satisfy this constraint might very
well not be acceptable. This should never be accepted without raising some questions
about the formulation itself. Of course,the seasonedstatistician might suggestthat an
upper bound on the variance should involve a dependenceon the expectation and then the
constraint would be of a di erent type. But, regardlessof the convexity or of the lack of
cornvexity resulting from this constraint, the consistencyof the resulting argmax estimator
is again guaranteed by the sameargumert asthe oneusedin all the previous cases.

The examplesconsideredare meart to illustrate both the generalapplicability of the
consistencyargumert basedon invoking hypo-corvergence,but alsothe exibilit y one has
in the formulation of the estimation problem. It should be clear that oneisn't limited to
including just one additional constraint in the formulation of the estimation problem; for
example, the casewhen the probability massfunction is monotone involved a number of
(linear) constraints.



It should also be pointed out that the constraints that have beenintroduced in the
formulation of the estimation problem might play a signi cant role in determining the
optimal estimate when the sample is relatively small. On the other hand, in a well-
formulated estimation problem, theseconstraints should becomeinactive when the sample
is quite large.

4. The parametric case

Again, let's identify the random phenomenonin which we are interested with a (generic)
random variable X with valuesin IR. The caseto be consideredin this sectionis when
the distribution of this random variable is known except for the value to assignto a
nite number of parameters. We don't make a distinction between the caseswhen the
distribution is discretely or continuously distributed.

available about X is this sample and the fact that the distribution function belongto a
certain parametric class. The mathematical set up is the sameasin x3: fX kgi_, areiid
(independert identically distributed) random variables all with the same distribution as

times zZ' hasbeenobsened and the empirical measureassignsprobability massr;= to z';
expectation with respect to the empirical measureis denotedby E f g.

Our estimator is again the argmax mapping and the criterion is the maximization
of the likelihood function; a brief justi cation for the use of the maximum likelihood as
criterion was provided in x3 for the discrete caseand x5 will deal with the cortin uous case.

X is Poisson: The probability massfunction is

k
H;
Only the parameter needsto be determined. Adjusting the notation sothat ry denotes
the number of times k has beenobsened, the estimation problem reads:

prob[X = k] = p(k) = e k=0;1;::::

k
Ik Ik

max — Inp(k) = —In e — ;

> 0 k!
k=0 k=0

o other constraints are neededhere because > 0 implies p (k) = e (k—,)k 0 and
i:o p (k) = 1. is the estimate obtained by solving the optimization problem and p
is the resulting probability massfunction.
Straightforward di erentiation of the criterion function and setting the derivative

equal to 0 yields

R kr—k;

k=0



i.e., the samplemean. To obtain the consistencyof this estimator one could appeal directly
to the Law of Large Numbers: the sample mean convergesto the expectation of X . But
one could also usethe sameargumert asthat usedin all the examplesin x3.

The sameapproad yields the well-known optimal estimatesfor the parametersof the
binomial, Bernoulli, geometric, : : :, probability massfunctions, always under the assump-
tion that no information is available beyond the parametric classand the sample. Also,
the classicalparametric estimators when X has a corntinuous distribution can be derived
similarly. Let's go through a couple of examples.

X exponertially distributed: So,the density function of X is

0 if x <O,

F(x) = e * ifx O.

Only the parameter needsto be determined. Becausethere are only a nite number
of points in our sample, with probability onethey are all distinct, solet's assumethis to
be the case: (z';:::;z ) = (x};:::;x ), r; = 1fori = 1;:::; . The formulation of the

estimation problem is then

X 1

max —In e
0o

i=1
Also herethere is no needto imposeany further constraints sinceevery > 0 correspnds
to an exanertlaI density (that is nonnegative and sumsup to 1). Dierentiating yields
()= 1(1 )Z', i.e., the samplemean, and the corresponding (exponertial) density

is

z I

_ 0 if x <0,
POO= "o x iix o
X normally distributed: The density function of X is

f(x)=( 22) ¥2e x )°=2° 1 <x<1:

Again, let's assumethat the obsenations are distinct points. The estimation problem
reads:

p__ 1 .
max 1In g [ +n "2+3 2 )] .
; (U

or equivalertly,
2 X

Taking partial derivativeswith respectto and obtains:



The argmax estimator for the pair (; ) is, asexpected,the vector made up of the sample
mean and the sample'sstandard deviation.

The situation changes,for example, when there is an upper bound on the variance,
say 2 ( > 0). The estimation problem reads:

2 X
max In - (2 )? sothat 0
' i=1
From the optimalit y conditions for this optimization problem, it's immediate that is
still the sample mean but
X 1
=max[; = (2 )2 27

X with known marginals: Let's now consider the casein which X = (X 1;X>,) is a 2-
dimensional discrete random variable with known marginal for X 1, say

p(Z)= ; i=1:::;ng.
The estimation problem can be formulated as follows:

Xu Xz p
max — In w;;
i=1 i=2
X2
so that wi = g 1= 10Ny
j=1
wij 0 i=1:inng ) =10 ng;

rij is the number oth,lmesF;he pair (z';Z) has beenobsened. It |sn|5 necessaryto in-

clude the constraint = ', = '3, w;j = 1, it would be redundart since % = 1. The
optimalit y conditions for this problem are: fori = 1;:::;nq,] = 1;:::;ny,
(0) i determine the best estimate if there are (mult|p||ers) i +] = L:i5;ng sudh that
(i) (2w = ;i=L:n,andw; O
j j A 5 5 o
(i) w 2argmax % % Dinwg + 0 2w i
And this yields P
na
_ =i _poli i .
i = — Wi = Pinz —
! j=1 i

The vector of probability weights w determine the probability massfunction p , asin
x3. As for all the precedingcases,consistencyfollows from the corvergenceof the argmax
function under hypo-corvergence;cf. the Theorem in x2 and the argumerts usedin the
precedingexamples,the only changeis the de nition of the regionthat identi es acceptable
estimates.



As a last example in this section, let's considerthe casewhen both X1 and X, are
binomial random variables but with unknown parameters ; and , that needto be esti-
mated. The argmax estimate is found by solving the following problem:

X Xe
max L Inw;

i=1 =2

X k
so that wj = (D)@ ™ K k=000

. 1

i=1

Xz K k ny, k

Wi = (2@ 2" % k=0;:::5ng;
=1 ?
1>0, 2>0, wy 0 i=21:05nq; ) =100 N

It's not possibleto obtain a closedform solution for this problem. For xed ( 1; »2), the
problem has the structure of a so-calledtransportation problem and there is an e cien t
solution procedurefor this classof problems. A decomposition procedure might actually
work well here: the master problem concerrating on the seart for the optimal ( 1; »)
and the subproblem, which then hasthe structure of a transportation problem, being used
to adjust the variablesw; asneeded.

Although the exampleshave remained relatively simple, they have oncemore demon-
strated the exibilit y of our approac in accommadating various levels of information with
in all caseshypo-corvergence,the appropriate tool to deliver consistency

5. The continuous case

The random phenomenonin which we are interestedis still to be identi ed with a random
variable X with valuesin IRY. Hereit's assumedthat F°, the distribution function of X ,
is cortinuous. Let h° : IRY ! IR, be the assaiated density function. Again, x*;:::;x is
a sample coming from independen obsenations. And at the outset, this sample and the
fact that the distribution function is cortinuous is the total information available about
X . The problemisto nd a “best' estimate for h°.

The mathematical framework is the sameasin x3: the sampleis viewed ascomingfrom
observingiid random variables f X kgt _, that have the samedistribution as X . Because
now any one point in the sample spacehas probability O of being obsened, let's proceed
with the assumption that all points obsened are distinct. In particular this meansthat
the empirical measureassignsprobability mass ! to eat one of the points x*;:::;x in
the sample.

Our estimator is again the argmax mapping and the criterion is the maximization of
the likelihood function. A brief justi cation could go as follows: SinceX *;:::; X areiid
with density h°,

v Z
prob X2 B, (x%; );::i;X 2B, (x;)]= ho(s) ds;
=1 B1 (x'})



where B, (x; ) IRY is the *, -ball certered at x of radius , i.e., a hypercube whose

their immediate neighborhoods, can be measuredin the following terms:

1 Y < Y
lim h(s)ds=  ho(x'):

i
d
#0(2)% ) By () 1=1

The estimation problem can thus be formulated as:

ny YA 0
nd h 2 argmax h(x") h(s)ds= 1;h 0 ;
I=1 R¢

or equivalently, after taking the logarithm of the criterion function: nd

n X z 0
h 2 argmax ' Inhx" h(s)ds= 1;h 0 ;
I=1 R¢

or still,
n Z Z 0

h 2argmax E fInh(X)g= Inh(x)P (dx) h(s)ds=1,h 0 ;
h2H Rd

where P is the empirical measureand E indicates that the expectation is with respect
to the empirical measureP . H is a function space,typically a subspaceof L2(IR%; IR)
with prescribed characteristics.

Even so, this problem isn't well de ned. Indeed, it doesn't have a solution that would
be consideredto be a probability density function: h turns out to be the summation
of Dirac functions that assignsequal massto ead sample point, the cournterpart of the
empirical measure.

Especially in this situation, when we are dealing with the seart of a function, an
elemen of an in nite dimensional space,any “prior' information, including modeling as-
sumptions, that might be available will be extremely valuable when the samplesat hand
aretoo few to reach the asymptotic range, asis almost alwaysthe casewhend 1. Indeed,
this “prior' information constitutes a larger share of the total information available when
only a small number of sampleshave beencollected. In terms of the estimation problem,
this meansthat the constraints that describe the prior information will, as they should,
play a more signi cant role in determining the optimal estimate. For example, one might
know, or suspect, that the density function h® is smooth, consequetly, it would be natural
to restrict the choice to a spaceof functions with prescribed smoothness properties. Or
h® might be known to be unimodal and the seard for an estimate might be restricted to
functions of that type.



1/

Smoothness. Let X be real-valued whose density function h is “smooth'. If the seard
for an estimate is restricted to di erentiable functions, the following constraint could be
included in the formulation of the estimation problem:

Z hO(X)Z

heo dx

The term on the left is called the Fisher information.

Boundson momerts. SupposeX is real-valued and there is some(prior) information about
the expectation and the secondmoment of X, namely,
0 | EfXg 2+ 2 EfX?%’g 2+ P
wherewe must have 2 2+ ( 2 2). This leadsto introducing the constraints:
Z Z
| xh(x)dx  ; 2+ 2 x?h(x)dx 2+ 2

that imply that the samplevariance must belongto [ 2; 2]. By the way, obsene that the
set determined by this pair of constraints is corvex.

Shape. Usually to include shape information an in nite number of constraints will be
required. Assumeh? : IR? ! IR, is continuousand strongly unimodal, i.e., h%(x) = e QX
for somecorvex function Q. Assumingthat Q is C?, the constraints take the form

te;r 2Q(x)zi  O; 8z2 R%:8x 2 IR

wherer 2Q(x) is the Hessianof Q at x. Hereis another simple exampleof this ilk: consider
the casewhenh® : IR! IR, is known to be smooth and monotone decreasing.Then, the
constraint h%x) 0, for all x 2 IR should be included in the formulation of the estimation
problem, cf. the numerical example at the end of this section.

Let A be the set of functions that satisfy the constraints generated by the “prior'
information. The consistencyof the argmax estimator will be obtained, asin the previous
sections,as a consequencef the consistencyof the estimation problems:

n Z Z 0
h 2argmax E fInh(X)g= Inh(x)P (dx) h(s)ds=1,h 0 ;
h2A H Rd
with a limit problem whose solution is the true density function. Since the empirical
measureP can be viewed as approximating the probability distribution P of X, one
might surmise (correctly) that this limit problem is:
n Z Z 0

max EfInh(X)g= Inh(x)P(dx) h(s)ds=1,h 0 ;
h2A H R



where P is the probability measureassaiated with our random phenomena.
To conform to the framework of the hypo-corvergenceresults in x2, let's identify the
estimation problem with the function EZL H! IR dened by

E L(h) = L(x; h)P (dx);
Rd
and the limit optimization problem Withzthe function EL : H ! IR de ned by

EL(hy=  L(x; h)P°(dx);
Rd

where . R
L(x; h) = Inh(x) ifh2 A\ fh 0] reh(x)=1g;
1 otherwise.
From the theoremin x2, the (Mosco-)hypo-convergenceof the functions E L to EL would
follow the corvergenceof the estimatesh to h°.
When dealing with consistency however, one must take into accourt every possible
sequenceof samples,i.e., the E L are actually random functions sincethey depend on the
empirical measureP that in turn dependson the obsenations of iid random variables

EL if they hypo-corverge almost surely to EL. This is precisely what the Law of Large
Numbers for random Isc functions guararntees.

As far as applications are concernednot much is lost if one picks H to be a separable
reproducing kernel Hilb ert space, typically H is one of the Sobolev spacesH P(IRY) or
HS(IRd). So, let's proceedunder this assumption.

De nition. A function f : IRY H ! TR is a random lower semimntinuous (random Isc)
function if

(i) for all x 2 IRY, the function h 7! f (x; h) is lower semicorin uous,
(i) (x;h) 7! f(x;h)is By By-measurable,By;By are the Borel elds on IRY and H .

Law of Large Numbers [2, 1, 11]. Let H be a separableHilbert space,fX ; 2 INga
sequenceof iid random variableswith commondistribution P on By, and P the (random)

empirical measureinduced by X1;:::;X , and P* the proIQuct measureon By . Let

f:IRY H! Rjﬁ be a random Isc function and supposethat sup, f (x; h) P(dx) > 1

with Ef ;= f(x; )P (dx) the (random) expectation of f with respectto P , onehas
Z

P* -almost surely:  hypo-lim E f = Ef where Ef(h)= f (x; h) P2(dx):
11 Rd

Moreover, if P%-almost surely, L(x: ) o h%%+ 1(x) for someh®2 H, 2 R4,
12 LY (IR%Bg;P%: IR ,and f(x;v(x)) P°(dx)> 1 for somev 2 L2(IR%;H). Then

P! -almost surely: Moscohypo-lim E f = Ef:
11

This Law of Large Numbersis the keystoneto:



Hyp o-consistency [10, 6]. Let H be a separable reproducing kernel Hilb ert space and
X 1;X 211, a sequenceof iid IR%-valued random variables. Supposethat

Z
S=fh2A Hj hx)dx=1h O0g

is closed. Then, the random Isc functions E L hypo-cornverge P* -almost surely to EL
with E L and EL de ned above, i.e., they are P* -a.s. hypo-consister.

Under the additional conditions that S is corvex, X 7! sup,, s h(x) is summableand
EL(h)> 1 for someh sud that h* 2 H, the random Isc functions E L Mosco-
hypo-conwergeP ! -almost surely to EL.

There remains only to appeal to the theorem in X2 to obtain:

Consistency[6]. Assumingthat h® 2 A and under the samehypothesesas those yielding
hypo-corvergence the estimatesh corvergeP! -almost surelyto h®. Under the additional
assumptions that yield Mosco-hypo-corvergence, for any weak-cluster point h* of the
sequenceof estimatesf h ; 2 IN g onehasthat h* = h® P* -almost surely.

The condition h® 2 A meansthat the constraints introducedin the formulation of the
estimation problem do not excludethe “true' density function. If h® doesn't belongto A,
the estimateswill corvergeto a density in A that is as closeas possible, with respect to
the Kullback-Leibler discrepancymeasure,to h°

A simple example will sene to illustrate the implemenation of the overall strategy
and, in particular, the role played by additional information. Let x*;x?;:::;x be the
sample generatedfrom X, an exponertially distributed random variable with EfX g= 1.
The information available: the sample, h® is smooth and decreasing.

To obtain the argmax-estimate h one hasto solve the in nite dimensional optimiza-

tion problem:
X \ Z
max Inh(x ) so that h(x)dx=1; h O
h2A " H R

Sud problemsdon't have a closedform solution. One hasto resort to numerical techniques
basedon nite dimensionalapproximations. In [6], the approximation wasbuilt asfollows:
the Fourier series

IO1T; =L k=120
is an orthonormal basefor H = L?([0; ];IR). Instead of h 2 H, we consideronly those
functions in H obtained as a linear combination of the rst q basisfunctions, viz.,

p_— X — k
hg(X;u) = up 1= + Uk 2= cos X ;
k=1



only information available about h® is the sample, the resulting nonlinear (semi-in nite)
optimization problem becomes:

1X hyq P 5 kx|
max — In p=up+ p= COS —— Uk
=1 k=1
_XI g p_
sothat ug+ IO2 sin(k )uk = 1= ;
1 K (UE)
_Xa
u0+p2 cos k_x 0; 8x2][0; ];
k=1

Alternativ e formulations of this problemscan be found in the monograph[13] of Thompson
and Tapia on "Nonparametric Function Estimation, Modeling and Simulation'.

If it's known that the density is a decreasing,more precisely nonincreasing, function
on [0; ], we needto include the constraints: hq(x)  hq(x% whenewr x  x° and the
estimation problem reads:

11X hy P2 kx|
max — In p=up+ p= COS —— Uy
=1 k=1
_X g p_
sothat ug + p2 smk(k )uk =1= ;
k=1
_x CE
u0+p2 cosk—xuk 0; 8x2 IR; (CE)
k=1
xd h k o |

The di erence betweenthe estimates obtained via these two problems is illustrated
by the following (typical) example: The samplesizeis 20 (= ), selectedsmall on purpose.
Any proposed nonparametric estimation method should work relatively well when the
samplesizeis relatively large, but might fail to comeup with believable results when the
samplesizeis small. Kernel estimation techniques, for example, perform poorly when is
small.

The solution of (UE) is graphed in Figure 1. The argmin-estimator was computed
with = 4:1 (substartially larger than any of the samplesx?;:::;x?°) and g= 3, i.e., with
four basefunctions; the meansquareerror was 0.02339. The useof a richer approximating
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Fig. 1. argmin-estimator given 20 samples of an exponentially distributed random variable.

basis, i.e., with g > 3, yields estimatesthat oscillate in the tail and have slightly larger
mean squareerrors.

The solution of (CE), that insists on densitiesthat are nonincreasing,is graphedin
Figure 2. Again with = 4:1, but now q = 5, one obtains an estimate with mean square
error of just 0.008743.Becausemore information is available in this case,one can reliably
calculate the coe cien ts of a larger number of elemerts in the basis.

»
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| | »

\ \ i >

1 2 3

Fig. 2. argmin-estimator with monotonicit y constraint.

It's informativ e to comparethis approad via the argmax estimator to that followed
by Groeneloom [9]. He suggestedthe following method for dealing with the estimation
of nonincreasingdensity functions: Replacethe empirical distribution function F by G
that diers from it only on the interval | whereF 2 (0;1), andon |, G is the smallest
concave function that majorizesF . The resulting density function is a nonincreasingstep
function. One can prove consistencyfor this estimator which meansthat whenthe sample
is increasing, the estimated density will evertually be arbitrarily closeto h®. However,
whatever be the sample size one can newver claim that the estimated density function is
“best' in any sense.ln Groenelobom's approad, the useof the available information enters
in the form of an afterthought, hereit an intrinsic part of the calculation of the estimate.
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