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Abstract

An analysisof corvex stochastic programsis provided if the underlying proba-
bilit y distribution is subjectedto (small) perturbations. It is shawvn, in particular,
that "-approximate solution setsof corvex stochastic programs behave Lipschitz
continuous with respect to certain distancesof probability distributions that are
generated by the relevant integrands. It is shown that these results apply to
linear two-stage stochastic programs with random recourse. Consequencesre
discussedon assaiating Fortet-Mourier metrics to two-stagemodels and on the
asymptotic behavior of empirical estimatesof such models, respectively.
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1 Intro duction

Stochastic programming dealswith models for optimization problemsunder (stochas-
tic) uncertainty that require a decisionon the basisof probabilistic information about
random data. Typically, deterministic equivalerts of sud modelsare, nite- or in nite
dimensional,nonlinear programsdepending on the properties of the distribution of the
random componerts of the problems. Their solutions depend on the probability dis-
tribution of the random data via certain expectation functionals. Many deterministic
equivalents of stochastic programming Enodelstake the form

min EPfo(x) ;= fo( ;X)P(d):x2 X (1)

whereX aclosedconvex subsetof IR™, aclosedsubsetof IR®, P is a Borel probability
measureon and IEP denotesexpectation with respectto P. The function f, from
IR™ to R =[1 ;1] is aconvexrandomlsc (lower semiontinuous) function *
and, in particular, this means

1The concept of a random Isc function is due to Rockafellar [19] who introduced it in the context
of the calculus of variations under the name of “normal integrand.' Further properties of random Isc
functions are set forth in [20, Chapter 14], [30].



( ;x) 7! fo( ;x) is Borel measurable,

forall 2 , fo(; )islscand convex.

It is part of the stochastic programmingfolklore, repeatedly obsened in practice, that
the solutions, or at leastthe appraximating solutions, are quite robust with respect to
reasonableperturbations of the probability distribution of the random componerts of
the problem. In this paper, we substartiate this belief by focusingour analysison the
approximating solutions for which we are able to derive Lipschitz cortinuity without
even requiring xed (deterministic) recourse.

In the following, we denoteby P () the setof all Borel probability measureson and
by v(P), S(P) and S:(P) (" 0) the optimal value, the solution set and the set of
"-appraximate solutionsto (1), i.e.,

v(P) = infIEPfy:= inffIEPfo(X):x2 Xg
S(P) := argminlEPfy:= So(P);
S(P) := "-argminlEPfy:=fx2 X IEPfo(x) v(P)+"g:

Since,in practice, the underlying probability distribution P is often not known pre-
cisely the stability behavior of the stochastic program (1) when changing (perturbing,
estimating, appraximating) P is important. Here, stability refersto cortinuity proper-
ties of the optimal value function v(:) and of the set-valued mapping S-(:) at P, where
both v(:) and S-(:) areregardedas mappingsgiven on certain subsetof P() equipped
with someprobability (semi) metric.

Early work on stability of stochastic programsis reported in [9, 17, 24] and later in
[1]. Quartitativ e stability of two-stagemodelswas studied, e.g.,in [22, 23, 26, 16]. A
recern survey of stability results in stochastic programming is given in [21]. Most of
the recent cortributions to (quartitativ e) stability usethe generalframework and the
results of [3, 12] and [20, Chapter 7J], respectively.

In the presenm paper, we take up an issuebrought to the fore in [34, Section4]. Since
solutions derived, when actually solving (1), are usually "-appraximate solutions of an
approximating problem where P has beenreplacedby an appraximating measureQ,
it is crucial to investigate the (quartitativ €) cortinuity properties of the (set-valued)
mapping "-argmin asa function of P, i.e., P 7! S.(P), from P of probability measures
to the spaceof closedcorvex subsetsof IR™.

Quartitativ e perturbation resultsfor "-appraximate solutionsin optimization are given
in [4] and [20, Chapter 7J]. The correspnding estimatesmake useof the epi-distance
between the objective functions of (1) and its perturbations. In our analysis, the
correspnding subset P of probability measuresis determined by satisfying certain
momen conditions that are related to growth properties of the integrand f with
respect to . The epi-distancesof the objective functions can be bounded by some

probability semi-metric of the form
z z

de (P;Q) = sup ()P(d) ()Q(d) : 2F (@)
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where F is an appropriate class of measurablefunctions from to IR and P, Q
are probability measuresin P. First, we shav in Section 2 that classesof the form
F =1ffo(;x):x2 X\ IBg, forsome > 0, and the correspnding distanced: are
suitable to derive the desiredstability results.

In Section3 we then provide characterizationsof the function classes for two-stage
models with random recourse.While the cortinuity of the integrandsfy with respect
to iswell understood for xed recourse[32], much lessis known for random recourse.
We deal with the following two cases: (i) full random recourseby imposing local

Lipschitz cortinuity of the dual feasibility mappingand (ii) lower diagonalrandomness
of the recoursematrix. The latter situation occursfor multi-p eriod two-stagemodels
with random technology matrices. Based on these characterizations, we shav that

the distancesdr are boundedby Fortet-Mourier (type) metrics and that the metric

erntropy of F in terms of bracketing numbers is reasonably”"small". In this way, we

obtain newresultson stability (Corollaries 3.5and 4.3) and on the asymptotic behavior

of nonparametric statistical estimates(Theorem 5.2) of random recoursemodels.

2 Quantitativ e Stabilit y

Giventhe original probability measureP and a perturbation Q of P we will give quan-
titativ e estimatesof the distancebetween(v(Q), S-(Q)) and (v(P), S-(P)) in terms of
a probability metric of the type (2). Our analysiswill be basedon the generalpertur-
bation results for optimization modelsin [20, Section7J].

Let us now introduce functions spacesand probability measuresthat are useful for
characterizing classef probability distributions sud that the stochastic program (1)
is well-de ned and one can proceedwith the perturbation analysis. We consider

F
Pe

ffo(;x):XZZXg;
fQ2P() : ng(n\kafo( ;X)Q(d)> 1 ; and

sup fo( ;X)Q(d )< 1 ; forall > Og;

x2X\ IB
where IB denotesthe closedunit ball in IR™. We note that the in m um function

7" infyox\ 18 fo( ;X) is measurablefor eahy > 0 asf is a random Isc function, cf.
[20, Theorem 14.37].

For any > 0 and probability measuresP; Q 2 Pg we considertheir d=. distance
de ned by

de; (P;Q) = sup JIEFfo(x) IECfo(x)j:
x2X\ IB
Hence,dr. is a distance of type (2) where the relevant classof functionsis F =

ffo(;x):x2 X\ IBg. It is nonnegatiw, nite, symmetric and satis es the triangle
inequality, i.e., it is a semi-metricon Pg. In general, howeer, the classF will not
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be rich enoughto guarartee d-. (P; Q) = O implies P = Q. A valuable consequence
of the de nition R01“ the classPg is that, for any Q belongingto Pg, the function
X 7V IEQfo(x) =  fo ;X)Q(d ) islsc, by appealingto Fatou's lemma, and corvex on
IR™.

Sinceour statemens and proofs rely extensiwely on estimatesfor the epi-distancebe-
tween(Isc) functions, we include a brief review of the relevant de nitions and implica-
tions. Let dc(x) = d(x; C) denotethe distance of a point to a non-empty closedset.
The distance betweentwo non-empty closedsetsis by de nition

d (C;D) = supjde(x) do(x);:
NX])

In fact, it isjust a pseudo-distancérom which onecap build a metric on the hyperspace
of closedsets, for example, by setting d(C;D) = & d (C;D)e d . Estimates for
the -distance can be obtained by relying on a 'truncated’ Pompeiu-Hausdor type
distance:

n [0}

d' (C;D) = inf 0:C\ IB D+ B;D\IB C+ B :
Indeed one always has[20, Proposition 4.37(a)],
d' (CiiCy) d (CuiCy) d'o(CiiCy)

for © 2 + maxfdc,(0);dc,(0)g. Our main result is stated in terms of this latter
distancenotion. If welet ! 1, weendup with d (C;D) andd' (C;D) tending to
d; (C;D), the Pompeiu-Hausdor distance betweenthe closednon-empty setsC and
D, see[20, Corollary 4.38].

The distancebetween(Isc) functionsis measuredn terms of the distancebetweentheir
epigraphs,sofor > 0,

d (f;g) = d (epif;epig);  d (f;9) = d' (epif;epig):
and d(f;g) = d(epif;epig). Howewer, sinceour setsare epigraphs(in IR™*1), it is
corvenient to rely on the “unit ball' to be B [ 1;1], this brings usto an "auxiliary'
distanced" (f1;f2) de ned asthe in m um of all 0 such that for all x 2 1B,
Mming yfo max fi(x); g+ ming yf1  max fy(x); g+
Forlscfy; f,:IR"! IR, not identically 1 , onehas([20, Theorem7.61]),
p_
die,(fisfy)  d'(Fufs)  ~ 2d" (fufo):

Our rst stability result, already announcedin [5], is concernedwith the solution set
S(P), rather than S-(P) that will be dealt with later on.



Theorem 2.1 LetP 2 P and supmseS(P) is non-emptyand boundeal. Then there
existconstants > O0and > O suchthat
jv(P)  v(Q)j de; (P;Q)
; 6 S(Q) S(P)+ »r(dr; (P;Q))IB
holdsfor all Q 2 P with d:. (P;Q) < , where 5 is a conditioning function assai-
ated with our given problem(1), more precisely,
p()= + pM2); 0
with
p( ) =minfIEPfo(x) v(P):d(x; S(P)) o; 0:

Proof: For any Q 2 Pg, the function IE®f, is lower semicominuous, proper and

corvex. De ne (
IEQfo(x); x2 X;

Fo(¥) = +1; else
for eath Q 2 P and rely on [20, Theorem 7.64]to derive the result. Let > 0 be
chosensud that S(P) IB and v(P) . For > and sudthat 0< <
minf £( ;2 p(5( ))g, sinceFq and Fp are corvex, Theorem7.640f [20] yields

the estimates
jv(P)  Vv(Q)j d" (IEPfo; IEf )
:6S(Q  S(P)+ p(d" (EPfo;ECf)B

for any Q 2 Pg with d\+(IEPf0;IEQf0) < . Now, let be chosensud that
maxeoxy 18 JIEPfo(X)  IEQfy(x)j. Clearly, the inequalities

min_ Fqo(y) maxf Fp(X); g+

y2x+ 1B
min_ Fp(y) maxf Fo(X); g+

y2x+ IB

are trivially satis ed whenx 62X. Whenx 2 X \ B, we have

min Fo(y)  Fo(x) Fe(x)+ =maxdFe(x); g+

2x+ B
izrﬂinls Fp(y) Fp(x) Fo(x)+ maxfFp(x); g+
and,thus,d‘(Fp;FQ) . Letting passto its lower limit leadsto
d"(FeiFo)  max JIEPfo(x) E®fo(x)j = dr; (P;Q): (3)
Sincethe function p is increasing,the proof is complete. ]

Simple examplesof two-stagestochastic programsshow that, in general,the set-valued
mapping S(:) is not inner semiconinuous at P (cf. [21, Example 26]). Furthermore,
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explicit descriptionsof conditioning functions p of stochastic programs(like linear or
guadratic growth at solution sets) are only known in somespeci ¢ casesfor example,
for linear two-stagestochastic programswith nite discretedistribution or with strictly
positive densitiesof random right-hand sides[25].

As we shall see,we arein much better shape, whenwe considerthe stability properties
of the sets S-() of "-approximate solutions. Indeed, S-( ) ewven satis es a Lipschitz
property under rather mild assumptions.

Theorem 2.2 Let P;Q 2 Pr and suchthat the correspnding solution setsS(P) and
S(Q) are non-empty. Then there exist constants > 0 and" > 0 suchthat

& (S(P):S(Q) —de: (P Q)

holdsfor any " 2 (0;") whee dr. +-(P;Q) < "

Pro of: The assumptionsimply that both IEPf, and IE®f, are proper, Isc and corvex
onIR™. Let o be chosensud that both S(P)\ B and S(Q)\ oIB are non-empty
and minfv(P);v(Q)g o- For > jand0< " <" = 0, One obtains, from
the proof of [20, Theorem 7.69], the inclusion

S(P)\ IB S(Q)+ 222IB s..(Q)+‘,1—,|B;

ll+

forall > d*,.(IEPfo; [EQf,). This implies

S(P)\ IB S(Q)+ Lll—ld\*Jr..(IEPfo;IEQfo)lB:

The sameargumert works with P and Q interchanged. Finally, we appeal to the esti-
mate (3) to completethe proof. [ |

The above estimate for "-appraximate solution setsallows for the solution setsto be
unbounded. The result becomessomewhatmore tangible if the original solution set
S(P) is assumedio be bounded.

Corollary 2.3 Let P 2 P and S(P) be non-empty, boundeal. Then there exist con-
stants * > 0 and ™ > 0 suchthat

d (S(P)SQ) Lein(PiQ)

holdsfor any " 2 (0;®) and Q 2 Pg suchthat dr.~.-(P; Q) < ".



Pro of: Let and bethe constaris from Theorem2.1landput”®= . Let" 2 (0;") and
Q 2 Pg sudhthat d-. +-(P; Q) < ". Then S(Q) is alsonon-empty and bounded. Since
the functionsIEP f o and IE *f ; arelower semicotin uousand convex, the level setsSa(P)
and S~(Q) are boundedsincethe setsSy(P) and So(Q) are bounded(cf. [18, Corollary
8.7.1]). Next we choose  asin Theorem2.2and ~ sud that ~> maxf ; o+ "gand
both level sets SA(P) and S~(Q) are cortained in 4B. Then the result follows from
Theorem 2.2 by taking into accour that

d(S(P);$:(Q) = d1 (S:(P); S:(Q)

holds becauseof the choice of . n

The resultsilluminate the role of the probability distancesdg. giventhat the parame-
ter > Oisproperly chosen.Theseprobability metrics procesghe minimal information
about problem (1) and allow us to derive, remarkable stability properties for the opti-
mal valuesand (approximate) solutions. Clearly, the precedingstability results remain
valid if the setF is enlargedto a set F and the setPr reducedto a subseton which
the new distanced is nite and well-de ned.

Hence, it is important to idertify classes™ of functions that cortain ffo( ;x) : x 2
X\ IBg forany > 0. For many corvex stochastic programming problems the
functions fo( ;x), x 2 X, arelocally Lipschitz cortinuouson  with certain Lipschitz
constarts L(r) onthe setsf 2 :k ok rgforsome 2 andanyr > 0. In
marny casesthe growth modulus L(r) doesnot depend on x, in particular whenx is
only varying in a boundedsubsetof IR™. Hence,function classeof the form

Fon=f : PV IR: () () maxlH(k ok);H(k™ ok)gk Kk;8 ;72 ¢

are of particular interest, whereH : IR; ! IR, isnondecreasingH(0) = Oand 2 .
The distancesintroducedin (2), but with F = Fy, i.e.,
z z

de, (P; Q) = sup ()P() ()Q(d) : 2Fy = n(PQ)

are so-calledFortet-Mourier metrics, denotedby p and de ned on
z
Pu() =fQ2P() : maxlH(k ok) gk okQ(d ) < 1g

(cf. [7, 19). Important special casescometo light when the function H has the
polynomial form H(t) := t" 1 forr 1. The correspnding function classesand
distancesare denotedby F, and , respectively. The distances , are well de ned on
the set z

P() =fQ2P() : kk'Q()< 1g (4)

of probability measureshaving nite r-th order momerns.



3 Stabilit y of Tw o-Stage Recourse Mo dels

We considerthe linear two-stagestochastic program with recourse,
n vA 0

min cx+  q( )y()P(d):W()y()=h() TCOxy()2Y,x2X ; (5)

wherec2 IR™, X IR™ and IRS arepolyhedral,Y IR™ is a polyhedral coneand
P2 P(). Weassumethat g( ) 2 IR™, h( ) 2 IRY, the recoursematrix W( )2 IRY ™
and the technology matrix T( ) 2 IR " may dependanely on 2 .
Denotingby ( ;q9( );h( ) T( )x), the value of the optimal secondstage decision,
problem (5) may be rewritten equivalertly asa minimization problem with respect to
the rst stagedecisionx. De ning the integrand fy : IR™! IR by

fo(.x):( ox+ (a0 )%h() T()x) ifh() T()x2W()Y;D()6;;
’ +1 otherwise

where, the optimal value function and the dual feasibility setD( ), are de ned by
( ;u;t) = inffuy:W()y=ty2Yg; (;u;t)2 R™ IR
D() = fz2IR":W()z o )2Y g 2

whereW ( )~ is the transposedof W( ) and Y the polar coneof Y.
The (equivalert) minimization problem canthus be expresseds
nZ 0
min fo( ;x)P(d): x2X : (6)

In order to utilize the generalstability results of Section2, we rst recall somewell-
known properties of the function  (cf. [31]).

Lemma 3.1 For any 2 , the function ( ; ;) is nite and continuous on the
polyhedral setD( ) W/( )Y . Furthermore, the function ( ;u; ) is piecewiselinear
convexon the polyhedral setW( )Y for xedu 2 D( ), and ( ; ;t) is piecewiselinear
concaveon D( ) for xedt2 W()Y.

We imposethe following conditions on problem (6):

(A1) relatively completerecourse for any ( ;x) 2 X, h() T()x2W()Y;

(A2) dual feasibility: D( ) 6 ; holdsforall 2 .

Conditions (A1) and (A2) are standard onesand render problem (6) well-de ned. Due
to Lemma3.1they imply that f is a convex randomIsc function with X domfy.
As earlier, with the notation

F :=ffo(;x):x2 X\ IBg; (7)

we obtain our rst stability result for model (5) asimmediate consequencesf Theorem
2.1 and Corollary 2.3.



Theorem 3.2 Supmsethe stochastic program satis es the relatively completerecourse
(A1) and the dual feasibility (A2) conditions, P 2 P and S(P) is non-empty and
boundal. Then there exist constants > 0 and * > 0 suchthat

VP) VQi  de. (P;Q)
d; (S(P)S(Q) e +(P;Q)

holdsfor any " 2 (0;"®) and eachQ 2 P suchthat d-. .-(P;Q) <"

The theoremestablished.ipschitz stability of v(:) and S- in the two-stagecasefor fairly
generalsituations. Howewer, the set of (perturbed) probability measuresPr and, in
particular, the metrics dg. are rather sophisticatedand could be dicult to usein
applications.

To overcomethis dicult y, we needto explore quartitativ e cortinuity properties of
the integrand f . Sud properties are well known in caseof xed recourse i.e., in case
W() W [32], and have beenusedto analyze quartitativ e stability in [16]. Our
rst result for random recoursematrices follows the ideasin [33]. There, it is shavn
that (semi)coninuity propertiesof parametric optimal valuefunctions are consequences
of the (semi)cortinuity of the primal and dual feasibility mapping with respect to the
relevant parameters. Next, we verify that alocal Lipschitz property of the dual feasible
set-valued mapping 7! D( ) in addition to (Al) implieslocal Lipschitz cortinuity of
fo( ;%) with the modulus not depending on having x vary only in a boundedset.

Prop osition 3.3 Suppsethe stochastic program satis es the relatively completere-
course (Al) and the dual feasibility (A2) conditions. Assumealso that the mapping

7' D( ) is boundel-valuel and locally Lipschitz continuouson  with respct to the
Pompeiu-Hausdor distance (on the subsetsof IRY), i.e., there existsa constantL > 0,
an element o 2 andanondereasingfunction h : IR, ! IR, with h(0) = 0 suchthat

d; (D():D(7)) L maxlih(k  ok);h(k™ okjgk (8)

holdsfor all ;=2
Then, for any > 0, there exist constants® > 0 and ['( ) > 0 suchthat

fo( ;%) fo(5X) CO)ymaxfLH(Kk  ok);H(k™  ok)gk 7k 9)
fol ;X)  fol 1% CmaxLH(Kk  okk  okgkx xk (10)

forall ;72 ,x;x2 X\ 1B, wheeH is de ned by
H(t) := h(t)t; 8t 2 IR, : (12)

Pro of: Let > 0. Dueto (Al) and (A2), the function fo( ;X) is real-valued for every
x2 X.Forany x;x2 X\ IB and ;™2 , onehasthe estimate

fo( ix) fo(T%) ox+(h() T())z () (h() ox TOxz();, (12
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wherez () 2 D( ) is a dual solution of the second-stageroblem and z(") is some
elemen in D(7). We denoteby z(~; ) the projection of z ( ) onto D("), i.e.,

diz ( );D() =kz () z(7 )k
yielding
kz () z(7 )k di(D();D(7)) Lmaxdlih(k  ok);h(k™ okjgk ki (13)
As D( o) is bounded,there existsr > 0 sudh that kzk r for eadr z 2 D( (). As the

estimate
d(z(5 );D(o0) Lmaxtlh(k™ ok)gk™ ok

holdsfor all ;=2 accordingto (8), we have
kz( )k maxfr;Lgmaxf1;h(k™ ok)gk™ ok (14)
Now, we proceedwith our estimate (12) when x = %, exploiting the a ne linearity of
h() and T(), (13) and (14). Setting z(") := z(~; ) we obtain
fo( ;%) fo(5x)  (h() TOXN(z () z(7))
(h() h() TCO) TNX)z(T )
kh() T()xkkz () z(7 )k
+(kh(7) h()k+ kT(?) T( )kkxk)kz(~ )k
KL+ )maxflk okgmaxt 1; h(k ok);h(k™ ok)g
+Kmaxfr;Lg(l+ )maxtlh(k™ ok)gk=™ ok k 7k
L(1+ )maxf1;H(k ok);H(k™ ok)gk 7k
foreadr ;72 and somepositive constaris K, K and L. Thus, (9) is proved with

()= L@+ ). Finally, we return to (12) in case = ~ choosingz( ) = z ( ), we
arrive at the estimate

fo( ;) fo( ;%) c(x ¥+ T()x x)z () (kck+ KT( )kkz ( )k)kx xk
CmaxfL,H(k  okk  okgkx xk

for someconstart L > Oandall 2 , x;%2 X\ IB. Here,we usedthat kz ( )k can
be boundedin the sameway asz(~; ) in (14). [ |

Our next exampleillustrates the local Lipschitz cortinuity property (8) of the dual
feasibility mappingD.

Example 3.4 Letm=4,d=2 Y = IR%, = IR and consider the random (second-
stage) costs and recourse matrix
0 1
| 0
1 100 B o E

ThenW( )Y = IR? (completerecourse)andD( ) = [0; ?] f g. Henae, the conditions
(A1), (A2) and (8) are satis ed with h(t) = t for eacht 2 IR, .
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We canreformulate the conclusionsof the precedingproposition in terms of the Fortet-
Mourier metrics de ned on Py (), the spaceof probability measures.

Corollary 3.5 Let the assumptionsof Proposition 3.3 be satised, P 2 Py() and
S(P) be non-empty and bounded.
Then there exist constants* > 0, > 0 and > 0 suchthat

jv(P) Vv(Q)j L w(P;Q)

di (5(P);S(Q)) g H(P; Q)

holdsfor any ™ 2 (0;™) andeachQ 2 Py () suchthat ,(P;Q) < " whereH is de ned
by (11), x(P; Q) is Fortet-Mourier metric on Py () .

Pro of: The estimate (9) impliesd:. (P;Q) [ 4 (P;Q) with L = ['( ) and, hence,
the result follows from Theorem 3.2. [ |

When W( ) W, the mapping 7! D( ) is ewen Lipschitz cortinuous with respect
to the Pompeiu-Hausdor distanced; . Hence,H( ) and Fy = F»,, and then the
previousresult boils down to [16, Proposition 3.2].

4 Two-Stage Multi-p eriod Mo dels

If the secondstageof a stochastic program with recoursemodelsa (stochastic) dynam-
ical decisionprocess,asis the casein a variety of applications, our two-stageproblem
takeson the form:

n X o]

wherefor j = 1;:::;7, Y; 2 IR™ are polyhedral setsfor some nite ~ and rst-stage
decisionx := yp; the matricesW;; 1( ) are (potertially) stochastic. Then the second
stageprogram has separableblock structure, i.e., the recoursevariable y hasthe form

Y, 2 IRM,j = 1;:::;", the elemen T( )x hasthe componerts Ty( )x := Wio( )x and
Ti()x=0,j = 2:::;", and the random recoursematrix W ( ) is of the form
0 1
Wi 0 0O O 0 0
Woi()  Wa 0O O 0 0 0
Wa() Wss O 0 0
W( ) = . . . . . . - ’ (16)
0 0 0O O Wop o() Wopr 1 O
0 0 0 0 0 We () W
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by g ( ) and h;( ) the componerts of g( ) and h( ), respectively, the integrand f is
of the form

fo(ix) = cx+ infn_XlCi( i cWiy = () Wy 1)y vy 2 Y5 = Lo
= cx+ o J;;();
wherethe function ; is given by the recursion
iCya) o= inan( Wit (Y)W = Uy 2 on (17)
iCyi ) o= GO Wi a()y 1) (18)
forj = 7;:::;1, whereyg = xand -4, ( ;y:) O.

While the corntinuity and growth properties of the function fo( ;x) in case’ = 1 may
be derived from Lemma 3.1, we need an extended result for establishing Lipschitz
cortinuity properties of the inf-projection ; forj = 1;:::;". The resultsin [35] were
deweloped preciselyto deal with the presen situation. To state the result, we denote
by D! the horizon coneof a corvexsetD IR™. It consistsof all elemeits xgq 2 IR™
sudh that x+ x 42 D forall x 2 D and 2 IR,. Clearly, we have D! = fOg if D
is bounded. Furthermore, D? is polyhedral if D is polyhedral. Next we record [35,
Proposition 4.4] and provide a self-cortained proof for the corvenienceof the reader.

Lemma 4.1 Leth2 RY, W 2 IR "andY IR" be polyhadral. Let u = (u;;uy) 2
IR" IRY and
(w:=infff(u;y) :Wy=h uxy2Yg

Assumethat ker(W)\ Y! = f0g and that f is Lipschitz continuous on f (us;y) 2
R" Y : kuk r; kyk rg with constant L(r) for everyr > 0. Then, ( )
is Lipschitz continuous on f(ui;uz) 2 dom : kuik  r; kupk  rg with constant
LvL(Ky maxt1;rg) for everyr > 0, wheee Ly 1and Ky 1 are constants de-
pending only on the set-valugl mappingM (u,) := fy2 Y : Wy =h u,g from IRY to
IR".

Pro of: The condition ker(W)\ Y?! = f0g is equivalert to the local boundednessof
the mapping M. M is Lipschitz cortinuous with respect to the Pompeiu-Hausdor
distanced; (with constart Ly, 1) sinceits graphis polyhedral [20, Example 9.35].
Sincethe setM (u,) is compact, is nite for all pairs (uq; u,) sud that u, 2 domM.
Now, let r > 0 and u = (U uy);tt = (th;th) 2 dom \ f(uj;;uy) 2 R"  IRY :
kuk r; kuok  rg. Then there exist y(uy) 2 M (up) and y(t,) 2 M () sud that
(u) = f(uyy(up) and ky(uz)  y()k Lykuy k. In particular, there existsa
constart Kyy 1 sud that

maxfk y(up)Kk; ky(tn)kg Ky maxt 1; kuok; keokg Ky maxt 1;rg:

12



We obtain

(e (u f (b y(b2) (U y(un))
L(Km maxf Lrg)(key Uik + ky(t) — y(u2)k)
LmL(Ky maxt1;rg)(key  uik+ ki, UoK)

and that completesthe proof. [ |

Prop osition 4.2 Let W( ) be as descriled by (16). Assumethe relatively complete
recourse condition (Al) is satis ed and that ker (Wj;)\ le =fOgforj=1;:::;" 1
Then, there exist constantsL > 0, L > 0 and K > 0 suchthat the following holds for
all ;72 andx;x2 X\ IB:

ifo( :x)  fo(Tx)j Lmaxf1 ; k k;kkgk 7k
ifo( ;x)  fol ;)] Cmaxf1;k k *tgkx  xk;
ifo( :X)j K maxfl; ; k k g

Pro of: Due to the assumptions,all setsof the form M;(v;) := fy; 2°Y; : Wy, = vig

mappingsM; from IR" to IR™ are Lipschitz cortinuouson domM; with constart L;.
Due to (A1), we have recursively hj( )  W;j; 1( )y; 12 domM; forally; 12 4,
Yo= X2 X, 2 andj=2:::;". Hence,if Lemmad4.1lis usedrecursiwely by setting

= 5, funy)=qC)yj+ ja(y) withu, = anduy = u; 1, eah subproblem
(17) is sohable. First we considerthe functions - and

(su )
(Y 1)

inffg( )y :W-y- = u 1y 2 Yg
(sh () W 1()y 9):

Then the Lipschitz constart of f; onf( ;y-) 2 Y-:k k r;ky-k rghasthe form
L- maxf 1;rg and Lemma4.1 implies that - hasthe Lipschitz constart (- maxf 1;rg
onf(;u )2 domM- : k k r;ku- ;k rg. Dueto the term W~ 1( )y- 1 1in
the de nition of -, however, the function - hasthe Lipschitz constant C: maxf 1;r?g
onf(;y 1) 2 Y- 1 :kk rky- )k rg. Since - erters the de nition of
f- ;andthe inmum, - ;is Lipschitz continuouswith constart (. 1 maxf 1;r?g on
f(;u , 2 domM- ; : Kk r;ku 5k rg accordingto Lemma 4.1. Due
to the term W- 1+ ,( )y- 2, the function - ; is Lipschitz cortinuous with constan
C- ymaxflrigonf( ;y 2) 2 Y- 2t kk r;ky- o))k rgetc. This process
may be cortinued until one concludesthat ; is Lipschitz cortinuous with constan
CiomaxfL;r gonf( ;ug) 2 domM;, :k k r;kugk rg. Hence,the function
dependingon ( ;x) satis es the following Lipschitz cortinuity property

io1( ;%) (%)) Cimaxl; ;rgmaxfl, gk k+ maxlrgkx xk)

on the setf( ;x) 2 X:kk rkxk g
Thus, yields the assertionsabout fy and completesthe proof. [ |
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Due to the previousresult we obtain .

Pe Pu() =fQ2P() : kk*™Q(d)< 1g
and
mfo(xi )2 Faa()
foreath x 2 X \ 1B, and arrive, after specializing Theorem 3.2, to the following:

Corollary 4.3 Let W( ) be as descrited by (16). Assumethe relatively completere-
course condition (Al) is satis ed and that ker (W;;) \ le =fOgforj=1;:::;" 1
Then there exist constantsL > 0 and ™ > 0 suchthat for any " 2 (0; ") the estimates

jv(P) Vv(Q)j L 1 (P;Q)
di (5(P):SQ) = u(PQ)
hold wheneverQ 2 P-,; () and -+ (P;Q) <"

The case” = 1 correspndsto the situation of two-stagemodels with xed recourse,
and that situation was already covered by [21, Theorem 24]. Note that the corollary
remainsvalid for the slightly more generalsituation that all lower diagonal blocks of
W ( ) arerandom. If the recen stability result [8, Theorem 2.1] for linear multistage
models is restricted to the two-stagemodel (15), it implies the existenceof positive
constarts L and sud that

iv(P) Vv(Q)j LW-.1(P;Q) (19)
holds for eah Q 2 P-,; () with W-4; (P; Q) < ; the distance W, denotesthe r-th
order Wassersteinme}ric

n
Wi (P;Q) == inf k X (d;d)j 2P(  ); 1 =P, 2 =Q

0 1=

(20)
onP,() forany r 1, where ; and , denotethe projections onto the rst and
secondcomponert, respectively. It is known that sequencesn P,() converge with
respect to both metrics . and W, if they converge weakly and if their r-th order
absolute momerts cornverge. To derive a quartitativ e estimate,let 2 P( ) be
a solution of the minimization problem on the right-hand side of (20). Sud solutions
exist accordingto [15 Theorem8.1.1]. Then the duality theorem[15, Theorem 5.3.2]
for the Fortet-MomZJrier metric of order r implies, via Helder's inequality, the estimate

((P;Q) maxf 1,k k;kkg" '’k k (d;d?)
Z r1 z 1
maxf1;k k;kkg (d;d) k k' (d;d)’
Z r 1
= maxf1;k k;kkg" (d ;d) " W, (P;Q)

z r 1
1+ kK((P+Q(d) " W (P;Q):

Hence,the stability result for optimal valuesobtained in Corollary 4.3 extends (19);
this extensionis “strict," asillustrated in [16, Example 3.4].
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5 Empirical Appro ximations of Tw o-Stage Mo dels

Let 1; 5;:::; n;::: beindependen idertically distributed -v aluedrandom variables
on someprobability spacg( ;A;IP) having the commondistribution P,i.e.,P = IP ™.
We considerthe empirical measures

11X

Pn(!):: ﬁ._ i(1) (' 2 X n2|N)

and the empirical approximation of the stochastic program (1) with samplesizen, i.e.,

X o
min - fo(i();X):x2X : (21)

i=1

Since the objective function of (21) is a random Isc function from IR™ to IR,
the optimal value v(P,()) of (21) is measurablefrom to IR and the "-approximate
solution set S-(P,()) is a closed-alued measurableset-valued mapping from  to IR™
(seeChapter 14 and, in particular, Theorem 14.37of [20]).

Qualitative and quartitativ e results on the asymptotic behavior of solutionsto (21)
are given, e.g.,in [2, 6, 11]and [10, 13, 14, 16, 27, respectively.

Due to the results in the previous sections,the asymptotic behavior of v(P,()) and
S (Pn()) is closelyrelated to uniform corvergenceproperties of the empirical process

P— 1x
FonPa() P)E=p= (F(i() Pf)orer
i=1
R
indexedby the classF = ffo(x; ) : x 2 Xg. Here,we setQf := f( )Q(d ) for any
Q2 P() andf 2 F. Uniform corvergenceproperties refer to the corvergence,or to
the corvergencerate, of

de (Pn();P) = ?;JijPn()f Pfj (22)

to 0 in terms of some stochastic corvergence. Since the supremum in (22) is non-
measurablein general, the outer probability IP is usedto describe corvergencein
probability and almost surely, respectively (cf. [29]).

The classF is called a P-Glivenko-Canteli classif the sequence(dr (Pn();P)) of
random variablescorvergesto O IP -almostsurely or, equivalertly, in outer probability.
The empirical processis called uniformly bounded in outer prolability with tail Cg ()
if the function Cg( ) is de ned on (0;1 ) and decreasingo 0, and the estimate

p—

P (f! -7 nde(Pn(*);P) "g) Ce(")

holdsforall" > 0andn 2 IN.

Whether a given classF is a P-Glivenko-Cartelli classor the empirical processis
uniformly boundedin outer probability, dependson the sizeof the classF measuredn
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terms of bracketing numters, or of the correspnding metric entropy numkers de ned
as their logarithms (see[29]). To introduce this concept, let F be a subsetof the
normedlinear spacelL ,( ;P) (for somep 1) equippedwith the usualnorm kf Kp., =

(Pjf jp)%. The bracketing number N;("; F; L,( ;P)) isthe minimal number of brackets
[ul=ff 2 Ly( ;P):1 f ugwith kIl uke., < " neededo cover F. The following
result provides criteria for the desiredpropertiesin terms of bracketing numbers. For
its proof we refer to [29, Theorem 2.4.1]and [28, Theorem 1.3].

Theorem 5.1 Let F be a classof real-valual functionson . If
Np("s FiLo( sP) <1 (23)

holdsfor every" > 0, then F is a P-Glivenko-Canteli class.
If F is uniformly boundel and there exist constantsr 1andR 1 suchthat

NG5 Fila( P)) o (24)

holdsfor every" > 0, then the empirical processindexeal by F is uniformly boundel
in outer prolability with exmnential tail Ce (") = (K (R)"r %)r exp( 2'?) with some
constant K (R) dependingonly on R.

Next we considerthe classF := F of integrandsde ned by (7) in Section3 and derive
conditions implying the assumptionsof Theorem 5.1, in particular, the assumptions
(23) and (24) for the bradcketing numbers N("; F ;L,( ;P)) with p2 1, 2g.

Theorem 5.2 Let the assumptionsof Proposition 3.3 be satisedandH : IR, ! IR,
dened by (11). If P 2 P4() ,thenF = ffyo(;x) :x2 X\ I1Bgis a P-Glivenko-
Cantelli classfor any > 0, i.e.,
Z Z

lim sup fo( ;xX)Pr(! )(d) fo( ;x)P(d) =0 IP as: (25)

nil yox\'iB
If, in addition, is boundeal, then the empirical processindexeal by F is uniformly
bounde in prokability with expnential tail, i.e.,

z

IP(f! Ph sup  fo( ;x)(Pa(!) P)d) "g) (K(R)'T %) exp( 2'?) (26)

x2X\ IB

holdsfor someconstantK (R) > 0, any" > Oandn 2 IN.

Pro of: Accordingto (10) in Proposition 3.3, the functionsfo( ; ) satisfy the Lipschitz
property

fo( ;x) fo( ;%) CmaxlH(Kk ok)k okgkx  xk

forall x;x2 X\ IBand 2 . Setting F( ) := [ maxf1H(k oK)k okg for
all 2 , we concludefrom [29, Theorem2.7.11]that

N(2'kFkp;1;F ;La( ;P))  N(5 X\ IB;IR™) K" ™ (27)
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holds for someK > O and all " > 0. SincekFkp.; is nite, we may replace"” by
"=2kFKp.1 in (27) and obtain that Np;("; F ;Li( ;P)) is nite for all " > 0. Thus,
condition (23) in Theorem5.1 is satis ed.

If is bounded,the classF is uniformly boundedand condition (24) in Theorem5.1
is also satis ed due to (27). It remainsto note that the suprenum sup,x, g Mmay
replacedby a supremum with respect to a courtable densesubsetof X \ IB. Hence,
the supremain (25) and (26) are measurablewith respectto A and, thus, the outer
probability IP canbe replacedby IP. [ |

When conbining the previousresult with Theorem3.2,we arrive at conditionsimplying
a Glivenko-Cartelli result and a large deviation result for the distancesof empirical
"-approximate solution setsS-(P,()) to S-(P) in caseof the two-stagemodel (6) with
random recourse.

6 Conclusions

The quartitativ e stability results of Section3 extend earlier work for two-stagemodels
with xed recourse[16] and for multi-p eriod two-stagemodels[8]. Theorem 3.2 allows
two typesof applications. The generalversionin terms of the semi-distancesls makes
it possibleto utilize metric entropy results and to quartify the asymptotic behavior of
statistical approximations to two-stagestochastic programs. The analysisof cortinuity
properties of the integrandsf, enablesto bound the semi-distancedy Fortet-Mourier
metrics, which are easierto handle due to their dual represetations, in particular, for
computational purposes(e.g., for scenarioreduction [5]).
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