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Abstract
An analysisof convex stochastic programsis provided if the underlying proba-

bilit y distribution is subjected to (small) perturbations. It is shown, in particular,
that " -approximate solution setsof convex stochastic programs behave Lipschitz
continuous with respect to certain distancesof probabilit y distributions that are
generated by the relevant integrands. It is shown that these results apply to
linear two-stagestochastic programs with random recourse. Consequencesare
discussedon associating Fortet-Mourier metrics to two-stagemodels and on the
asymptotic behavior of empirical estimatesof such models, respectively.
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1 In tro duction

Stochastic programming dealswith models for optimization problemsunder (stochas-
tic) uncertainty that require a decisionon the basisof probabilistic information about
random data. Typically, deterministic equivalents of such modelsare, �nite- or in�nite
dimensional,nonlinearprogramsdependingon the propertiesof the distribution of the
random components of the problems. Their solutions depend on the probability dis-
tribution of the random data via certain expectation functionals. Many deterministic
equivalents of stochastic programmingmodels take the form

min IE P f 0(x) :=
Z

�
f 0(� ; x) P(d� ) : x 2 X (1)

whereX a closedconvex subsetof IRm , � a closedsubsetof IRs, P is a Borel probability
measureon � and IE P denotesexpectation with respect to P. The function f 0 from
IRm � � to IR = [�1 ; 1 ] is a convex random lsc (lower semicontinuous) function 1

and, in particular, this means
1The concept of a random lsc function is due to Rockafellar [19] who intro duced it in the context

of the calculus of variations under the name of `normal integrand.' Further properties of random lsc
functions are set forth in [20, Chapter 14], [30].
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� (� ; x) 7! f 0(� ; x) is Borel measurable,

� for all � 2 �, f 0(�; � ) is lsc and convex.

It is part of the stochastic programmingfolklore, repeatedly observed in practice, that
the solutions,or at least the approximating solutions,are quite robust with respect to
reasonableperturbations of the probability distribution of the random components of
the problem. In this paper, we substantiate this belief by focusingour analysison the
approximating solutions for which we are able to derive Lipschitz continuity without
even requiring �xed (deterministic) recourse.
In the following, we denoteby P(�) the set of all Borel probability measureson � and
by v(P), S(P) and S" (P) (" � 0) the optimal value, the solution set and the set of
" -approximate solutions to (1), i.e.,

v(P) := inf IE P f 0 := inf f IE P f 0(x) : x 2 X g

S(P) := argmin IE P f 0 := S0(P);

S" (P) := "-argminIE P f 0 := f x 2 X : IE P f 0(x) � v(P) + "g:

Since, in practice, the underlying probability distribution P is often not known pre-
cisely, the stabilit y behavior of the stochastic program (1) whenchanging(perturbing,
estimating, approximating) P is important. Here,stabilit y refersto continuity proper-
ties of the optimal value function v(:) and of the set-valued mapping S" (:) at P, where
both v(:) and S" (:) are regardedasmappingsgiven on certain subsetof P(�) equipped
with someprobability (semi) metric.

Early work on stabilit y of stochastic programs is reported in [9, 17, 24] and later in
[1]. Quantitativ e stabilit y of two-stagemodelswas studied, e.g., in [22, 23, 26, 16]. A
recent survey of stabilit y results in stochastic programming is given in [21]. Most of
the recent contributions to (quantitativ e) stabilit y usethe generalframework and the
results of [3, 12] and [20, Chapter 7J], respectively.

In the present paper, we take up an issuebrought to the fore in [34, Section4]. Since
solutionsderived, when actually solving (1), are usually "-approximate solutionsof an
approximating problem where P has beenreplacedby an approximating measureQ,
it is crucial to investigate the (quantitativ e) continuity properties of the (set-valued)
mapping "-argmin asa function of P, i.e., P 7! S" (P), from P of probability measures
to the spaceof closedconvex subsetsof IRm .

Quantitativ e perturbation resultsfor " -approximate solutionsin optimization aregiven
in [4] and [20, Chapter 7J]. The corresponding estimatesmake useof the epi-distance
between the objective functions of (1) and its perturbations. In our analysis, the
corresponding subset P of probability measuresis determined by satisfying certain
moment conditions that are related to growth properties of the integrand f 0 with
respect to � . The epi-distancesof the objective functions can be bounded by some
probability semi-metricof the form

dF (P; Q) = sup
� �

�
�
�

Z

�
 (� )P(d� ) �

Z

�
 (� )Q(d� )

�
�
�
� :  2 F

�

(2)
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where F is an appropriate class of measurablefunctions from � to IR and P, Q
are probability measuresin P. First, we show in Section 2 that classesof the form
F � = f f 0(�; x) : x 2 X \ �I Bg, for some� > 0, and the corresponding distancedF � are
suitable to derive the desiredstabilit y results.

In Section3 we then provide characterizationsof the function classesF � for two-stage
models with random recourse.While the continuity of the integrandsf 0 with respect
to � is well understood for �xed recourse[32], much lessis known for random recourse.
We deal with the following two cases: (i) full random recourseby imposing local
Lipschitz continuity of the dual feasibility mappingand (ii) lower diagonalrandomness
of the recoursematrix. The latter situation occurs for multi-p eriod two-stagemodels
with random technology matrices. Based on these characterizations, we show that
the distancesdF � are bounded by Fortet-Mourier (type) metrics and that the metric
entropy of F � in terms of bracketing numbers is reasonably"small". In this way, we
obtain newresultson stabilit y (Corollaries3.5and 4.3) and on the asymptotic behavior
of nonparametricstatistical estimates(Theorem 5.2) of random recoursemodels.

2 Quan titativ e Stabilit y

Given the original probability measureP and a perturbation Q of P we will give quan-
titativ e estimatesof the distancebetween(v(Q), S" (Q)) and (v(P), S" (P)) in terms of
a probability metric of the type (2). Our analysiswill be basedon the generalpertur-
bation results for optimization models in [20, Section7J].

Let us now introduce functions spacesand probability measuresthat are useful for
characterizingclassesof probability distributions such that the stochastic program (1)
is well-de�ned and onecan proceedwith the perturbation analysis. We consider

F = f f 0(�; x) : x 2 X g;

PF = f Q 2 P(�) :
Z

�
inf

x2 X \ �I B
f 0(� ; x)Q(d� ) > �1 ; and

sup
x2 X \ �I B

Z

�
f 0(� ; x)Q(d� ) < 1 ; for all � > 0g;

where IB denotesthe closedunit ball in IRm . We note that the in�m um function
� 7! inf x2 X \ �I B f 0(� ; x) is measurablefor each � > 0 as f 0 is a random lsc function, cf.
[20, Theorem14.37].

For any � > 0 and probability measuresP; Q 2 PF we consider their dF ; � distance
de�ned by

dF ; � (P; Q) = sup
x2 X \ �I B

jIE P f 0(x) � IE Qf 0(x)j :

Hence, dF ; � is a distance of type (2) where the relevant classof functions is F � =
f f 0(�; x) : x 2 X \ �I Bg. It is nonnegative, �nite, symmetric and satis�es the triangle
inequality, i.e., it is a semi-metric on PF . In general,however, the classF � will not
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be rich enoughto guarantee dF ; � (P; Q) = 0 implies P = Q. A valuable consequence
of the de�nition of the class PF is that, for any Q belonging to PF , the function
x 7! IE Q f 0(x) =

R
� f 0(� ; x) Q(d� ) is lsc, by appealing to Fatou's lemma,and convex on

IRm .

Sinceour statements and proofs rely extensively on estimatesfor the epi-distancebe-
tween(lsc) functions, we include a brief review of the relevant de�nitions and implica-
tions. Let dC (x) = d(x; C) denote the distanceof a point to a non-empty closedset.
The � � distance betweentwo non-empty closedsetsis by de�nition

dl � (C; D) = sup
jj x jj� �

jdC (x) � dD (x)j:

In fact, it is just a pseudo-distancefrom which onecanbuild a metric on the hyperspace
of closedsets, for example, by setting dl(C; D) =

R1
0 dl � (C; D)e� � d� . Estimates for

the � -distance can be obtained by relying on a 'truncated' Pompeiu-Hausdor� type
distance:

d̂l � (C; D) = inf
n
� � 0 : C \ �I B � D + � IB ; D \ �I B � C + � IB

o
:

Indeedonealways has [20, Proposition 4.37(a)],

d̂l � (C1; C2) � dl � (C1; C2) � d̂l � 0(C1; C2)

for � 0 � 2� + maxf dC1 (0); dC2 (0) g. Our main result is stated in terms of this latter
distancenotion. If we let � ! 1 , we end up with dl � (C; D) and d̂l � (C; D) tending to
dl1 (C; D), the Pompeiu-Hausdor� distancebetweenthe closednon-empty setsC and
D, see[20, Corollary 4.38].

The distancebetween(lsc) functions is measuredin terms of the distancebetweentheir
epigraphs,so for � > 0,

dl � (f ; g) = dl � (epi f ; epig); d̂l � (f ; g) = d̂l � (epi f ; epig):

and dl(f ; g) = dl(epi f ; epig). However, sinceour sets are epigraphs(in IRm+1 ), it is
convenient to rely on the `unit ball' to be IB � [� 1; 1], this brings us to an `auxiliary'
distanced̂l +

� (f 1; f 2) de�ned as the in�m um of all � � 0 such that for all x 2 �I B ,

minIB (x;� ) f 2 � maxf f 1(x); � � g + � minIB (x;� ) f 1 � maxf f 2(x); � � g + � :

For lsc f 1; f 2 : IRn ! IR, not identically 1 , onehas ([20, Theorem7.61]),

d̂l +

�=
p

2 (f 1; f 2) � d̂l � (f 1; f 2) �
p

2d̂l +

� (f 1; f 2):

Our �rst stabilit y result, already announcedin [5], is concernedwith the solution set
S(P), rather than S" (P) that will be dealt with later on.
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Theorem 2.1 Let P 2 PF and supposeS(P) is non-emptyand bounded. Then there
exist constants � > 0 and � > 0 suchthat

jv(P) � v(Q)j � dF ; � (P; Q)

; 6= S(Q) � S(P) + 	 P (dF ; � (P; Q))IB

holdsfor all Q 2 PF with dF ; � (P; Q) < � , where 	 P is a conditioning function associ-
ated with our given problem(1), more precisely,

	 P (� ) := � +  � 1
P (2� ); � � 0

with
 P (� ) := minf IE P f 0(x) � v(P) : d(x; S(P)) � � g; � � 0:

Pro of: For any Q 2 PF , the function IE Qf 0 is lower semicontinuous, proper and
convex. De�ne

FQ(x) :=

(
IE Qf 0(x); x 2 X ;

+ 1 ; else;

for each Q 2 PF and rely on [20, Theorem 7.64] to derive the result. Let �� > 0 be
chosensuch that S(P) � ��I B and v(P) � � �� . For � > �� and � such that 0 < � <
minf 1

2(� � �� ); 1
2 P ( 1

2(� � �� ))g, sinceFQ and FP are convex, Theorem7.64of [20] yields
the estimates

jv(P) � v(Q)j � d̂l +

� (IE P f 0; IE Qf 0)

; 6= S(Q) � S(P) + 	 P (d̂l
+
� (IE P f 0; IE Qf 0)) IB

for any Q 2 PF with d̂l
+
� (IE P f 0; IE Qf 0) < � . Now, let � be chosensuch that � �

maxx2 X \ �I B jIE P f 0(x) � IE Qf 0(x)j. Clearly, the inequalities

min
y2 x+ � IB

FQ(y) � maxf FP (x); � � g + �

min
y2 x+ � IB

FP (y) � maxf FQ(x); � � g + �

are trivially satis�ed when x 62X . When x 2 X \ �I B , we have

min
y2 x+ � IB

FQ(y) � FQ(x) � FP (x) + � = maxf FP (x); � � g + �

min
y2 x+ � IB

FP (y) � FP (x) � FQ(x) + � � maxf FP (x); � � g + � :

and, thus, d̂l +

� (FP ; FQ) � � . Letting � passto its lower limit leadsto

d̂l +

� (FP ; FQ) � max
x2 X \ �I B

jIE P f 0(x) � IE Qf 0(x)j = dF ; � (P; Q): (3)

Sincethe function 	 P is increasing,the proof is complete.

Simpleexamplesof two-stagestochastic programsshow that, in general,the set-valued
mapping S(:) is not inner semicontinuous at P (cf. [21, Example 26]). Furthermore,
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explicit descriptionsof conditioning functions  P of stochastic programs(like linear or
quadratic growth at solution sets)are only known in somespeci�c cases,for example,
for linear two-stagestochastic programswith �nite discretedistribution or with strictly
positive densitiesof random right-hand sides[25].

As we shall see,we are in much better shape, whenwe considerthe stabilit y properties
of the sets S" (�) of " -approximate solutions. Indeed, S" (�) even satis�es a Lipschitz
property under rather mild assumptions.

Theorem 2.2 Let P; Q 2 PF and suchthat the corresponding solution setsS(P) and
S(Q) are non-empty. Then there exist constants � > 0 and �" > 0 suchthat

d̂l � (S" (P); S" (Q)) �
4�
"

dF ; � + " (P; Q)

holdsfor any " 2 (0; �") where dF ; � + " (P; Q) < ".

Pro of: The assumptionsimply that both IE P f 0 and IE Qf 0 are proper, lsc and convex
on IRm . Let � 0 be chosensuch that both S(P) \ � 0IB and S(Q) \ � 0IB are non-empty
and minf v(P); v(Q)g � � � 0. For � > � 0 and 0 < " < �" = � � � 0, one obtains, from
the proof of [20, Theorem7.69], the inclusion

S" (P) \ �I B � S" (Q) +
2�

" + 2�
2�I B � S" (Q) +

4�
"

� IB ;

for all � > d̂l +

� + " (IE
P f 0; IE Qf 0). This implies

S" (P) \ �I B � S" (Q) +
4�
"

d̂l +

� + " (IE
P f 0; IE Qf 0)IB :

The sameargument works with P and Q interchanged. Finally, we appeal to the esti-
mate (3) to completethe proof.

The above estimate for "-approximate solution setsallows for the solution sets to be
unbounded. The result becomessomewhatmore tangible if the original solution set
S(P) is assumedto be bounded.

Corollary 2.3 Let P 2 PF and S(P) be non-empty, bounded. Then there exist con-
stants �̂ > 0 and "̂ > 0 suchthat

dl1 (S" (P); S" (Q)) �
4�̂
"

dF ; �̂ + " (P; Q)

holdsfor any " 2 (0; "̂ ) and Q 2 PF suchthat dF ; �̂ + " (P; Q) < ".
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Pro of: Let � and � bethe constants from Theorem2.1andput "̂ = � . Let " 2 (0; "̂ ) and
Q 2 PF such that dF ; � + " (P; Q) < " . Then S(Q) is alsonon-empty and bounded. Since
the functionsIE P f 0 and IE Q f 0 arelower semicontinuousandconvex, the level setsS"̂ (P)
and S"̂ (Q) are boundedsincethe setsS0(P) and S0(Q) are bounded(cf. [18, Corollary
8.7.1]). Next we choose� 0 as in Theorem2.2 and �̂ such that �̂ > maxf �; � 0 + "̂g and
both level sets S"̂ (P) and S"̂ (Q) are contained in �̂I B . Then the result follows from
Theorem2.2 by taking into account that

d̂l �̂ (S" (P); S" (Q)) = dl1 (S" (P); S" (Q))

holds becauseof the choiceof �̂ .

The results illuminate the role of the probability distancesdF ; � given that the parame-
ter � > 0 is properly chosen.Theseprobability metricsprocessthe minimal information
about problem (1) and allow us to derive, remarkable stabilit y properties for the opti-
mal valuesand (approximate) solutions. Clearly, the precedingstabilit y results remain
valid if the set F � is enlargedto a set F̂ and the set PF reducedto a subseton which
the new distancedF̂ is �nite and well-de�ned.

Hence,it is important to identify classesF̂ of functions that contain f f 0(�; x) : x 2
X \ �I Bg for any � > 0. For many convex stochastic programming problems the
functions f 0(�; x), x 2 X , are locally Lipschitz continuous on � with certain Lipschitz
constants L(r ) on the setsf � 2 � : k� � � 0k � r g for some� 0 2 � and any r > 0. In
many cases,the growth modulus L(r ) doesnot depend on x, in particular when x is
only varying in a boundedsubsetof IRm . Hence,function classesof the form

FH := f  : � ! IR :  (� ) �  ( ~� ) � maxf 1; H (k� � � 0k); H (k~� � � 0k)gk� � ~� k; 8� ; ~� 2 � g

are of particular interest, whereH : IR+ ! IR+ is nondecreasing,H (0) = 0 and � 0 2 �.
The distancesintroducedin (2), but with F = F H , i.e.,

dF H (P; Q) = sup
� �

�
�
�

Z

�
 (� )P(d� ) �

Z

�
 (� )Q(d� )

�
�
�
� :  2 FH

�

:= � H (P; Q)

are so-calledFortet-Mourier metrics, denotedby � H and de�ned on

PH (�) := f Q 2 P(�) :
Z

�
maxf 1; H (k� � � 0k)gk� � � 0kQ(d� ) < 1g

(cf. [7, 15]). Important special casescome to light when the function H has the
polynomial form H (t) := t r � 1 for r � 1. The corresponding function classesand
distancesare denotedby F r and � r , respectively. The distances� r are well de�ned on
the set

Pr (�) := f Q 2 P(�) :
Z

�
k� kr Q(d� ) < 1g (4)

of probability measureshaving �nite r -th order moments.
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3 Stabilit y of Tw o-Stage Recourse Mo dels

We considerthe linear two-stagestochastic program with recourse,

min
n
cx +

Z

�
q(� )y(� )P(d� ) : W(� )y(� ) = h(� ) � T(� )x; y(� ) 2 Y; x 2 X

o
; (5)

wherec 2 IRm , X � IRm and � � IRs arepolyhedral, Y � IRm is a polyhedral coneand
P 2 P(�). We assumethat q(� ) 2 IRm , h(� ) 2 IRd, the recoursematrix W(� ) 2 IRd� m

and the technology matrix T(� ) 2 IRd� n may depend a�nely on � 2 �.
Denoting by �( � ; q(� ); h(� ) � T(� )x), the value of the optimal secondstagedecision,
problem (5) may be rewritten equivalently as a minimization problem with respect to
the �rst stagedecisionx. De�ning the integrand f 0 : � � IRm ! IR by

f 0(� ; x) =

(
cx + �( � ; q(� ); h(� ) � T(� )x) if h(� ) � T(� )x 2 W(� )Y; D(� ) 6= ; ;
+ 1 otherwise;

where,the optimal value function � and the dual feasibility set D(� ), are de�ned by

�( � ; u; t) := inf f uy : W(� )y = t; y 2 Yg; (� ; u; t) 2 � � IRm � IRd

D(� ) := f z 2 IRr : W(� )> z � q(� ) 2 Y � g; � 2 � ;

whereW(� )> is the transposedof W(� ) and Y � the polar coneof Y.
The (equivalent) minimization problem can thus be expressedas

min
n Z

�
f 0(� ; x)P(d� ) : x 2 X

o
: (6)

In order to utilize the generalstabilit y results of Section 2, we �rst recall somewell-
known properties of the function � (cf. [31]).

Lemma 3.1 For any � 2 � , the function �( � ; �; �) is �nite and continuous on the
polyhedral set D(� ) � W(� )Y . Furthermore, the function �( � ; u; �) is piecewiselinear
convexon the polyhedral set W(� )Y for �xed u 2 D(� ), and �( � ; �; t) is piecewiselinear
concaveon D(� ) for �xed t 2 W(� )Y.

We imposethe following conditions on problem (6):

(A1) relatively completerecourse: for any (� ; x) 2 � � X , h(� ) � T(� )x 2 W(� )Y;

(A2) dual feasibility: D(� ) 6= ; holds for all � 2 �.

Conditions (A1) and (A2) are standard onesand renderproblem (6) well-de�ned. Due
to Lemma3.1 they imply that f 0 is a convex random lsc function with � � X � domf 0.
As earlier, with the notation

F � := f f 0(�; x) : x 2 X \ �I Bg; (7)

we obtain our �rst stabilit y result for model (5) asimmediateconsequencesof Theorem
2.1 and Corollary 2.3.
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Theorem 3.2 Supposethe stochasticprogram satis�es the relativelycompleterecourse
(A1) and the dual feasibility (A2) conditions, P 2 PF and S(P) is non-empty and
bounded. Then there exist constants � > 0 and "̂ > 0 suchthat

jv(P) � v(Q)j � dF ; � (P; Q)

dl1 (S" (P); S" (Q)) �
4�
"

dF ; � + " (P; Q)

holdsfor any " 2 (0; "̂ ) and each Q 2 PF suchthat dF ; � + " (P; Q) < ".

The theoremestablishesLipschitz stabilit y of v(:) and S" in the two-stagecasefor fairly
generalsituations. However, the set of (perturbed) probability measuresPF and, in
particular, the metrics dF ; � are rather sophisticatedand could be di�cult to use in
applications.

To overcomethis di�cult y, we need to explore quantitativ e continuity properties of
the integrand f 0. Such properties are well known in caseof �xed recourse, i.e., in case
W(� ) � W [32], and have been used to analyze quantitativ e stabilit y in [16]. Our
�rst result for random recoursematrices follows the ideasin [33]. There, it is shown
that (semi)continuity propertiesof parametricoptimal valuefunctionsareconsequences
of the (semi)continuity of the primal and dual feasibility mapping with respect to the
relevant parameters.Next, we verify that a local Lipschitz property of the dual feasible
set-valued mapping � 7! D(� ) in addition to (A1) implies local Lipschitz continuity of
f 0(�; x) with the modulus not depending on having x vary only in a boundedset.

Prop osition 3.3 Suppose the stochastic program satis�es the relatively complete re-
course (A1) and the dual feasibility (A2) conditions. Assumealso that the mapping
� 7! D(� ) is bounded-valued and locally Lipschitz continuous on � with respect to the
Pompeiu-Hausdor� distance (on the subsetsof IRd), i.e., there existsa constant L > 0,
an element� 0 2 � and a nondecreasingfunction h : IR+ ! IR+ with h(0) = 0 suchthat

dl1 (D(� ); D( ~� )) � L maxf 1; h(k� � � 0k); h(k~� � � 0k)gk� � ~� k (8)

holdsfor all � ; ~� 2 � .
Then, for any � > 0, there exist constants L̂ > 0 and L̂(� ) > 0 suchthat

f 0(� ; x) � f 0( ~� ; x) � L̂ (� ) maxf 1; H (k� � � 0k); H (k~� � � 0k)gk� � ~� k (9)

f 0(� ; x) � f 0(� ; ~x) � L̂ maxf 1; H (k� � � 0k)k� � � 0kgkx � ~xk (10)

for all � ; ~� 2 � , x; ~x 2 X \ �I B , where H is de�ned by

H (t) := h(t)t; 8t 2 IR+ : (11)

Pro of: Let � > 0. Due to (A1) and (A2), the function f 0(�; x) is real-valued for every
x 2 X . For any x; ~x 2 X \ �I B and � ; ~� 2 �, onehas the estimate

f 0(� ; x) � f 0( ~� ; ~x) � cx + (h(� ) � T(� )x)z� (� ) � (h( ~� ) � c~x � T( ~� )~x)z( ~� ); (12)
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where z� (� ) 2 D(� ) is a dual solution of the second-stageproblem and z( ~� ) is some
element in D( ~� ). We denoteby �z( ~� ; � ) the projection of z� (� ) onto D( ~� ), i.e.,

d(z� (� ); D( ~� )) = kz� (� ) � �z( ~� ; � )k;

yielding

kz� (� ) � �z( ~� ; � )k � dl1 (D(� ); D( ~� )) � L maxf 1; h(k� � � 0k); h(k~� � � 0k)gk� � ~� k: (13)

As D(� 0) is bounded,there exists r > 0 such that kzk � r for each z 2 D(� 0). As the
estimate

d( �z( ~� ; � ); D(� 0)) � L maxf 1; h(k~� � � 0k)gk~� � � 0k

holds for all � ; ~� 2 � accordingto (8), we have

k�z( ~� ; � )k � maxf r; Lgmaxf 1; h(k~� � � 0k)gk~� � � 0k: (14)

Now, we proceedwith our estimate (12) when x = ~x, exploiting the a�ne linearity of
h(�) and T(�), (13) and (14). Setting z( ~� ) := �z( ~� ; � ) we obtain

f 0(� ; x) � f 0( ~� ; x) � (h(� ) � T(� )x)(z� (� ) � �z( ~� ; � ))

� ((h( ~� ) � h(� )) � (T( ~� ) � T(� ))x) �z( ~� ; � )

� kh(� ) � T(� )xkkz� (� ) � �z( ~� ; � )k

+( kh( ~� ) � h(� )k + kT( ~� ) � T(� )kkxk)k�z( ~� ; � )k

�
�
K L(1 + � ) maxf 1; k� � � 0kgmaxf 1; h(k� � � 0k); h(k~� � � 0k)g

+ ~K maxf r; Lg(1 + � ) maxf 1; h(k~� � � 0k)gk~� � � 0k
�
k� � ~� k

� �L (1 + � ) maxf 1; H (k� � � 0k); H (k~� � � 0k)gk� � ~� k

for each � ; ~� 2 � and somepositive constants K , ~K and �L. Thus, (9) is proved with
L̂ (� ) = �L(1 + � ). Finally, we return to (12) in case� = ~� , choosing �z(� ) = z� (� ), we
arrive at the estimate

f 0(� ; x) � f 0(� ; ~x) � c(x � ~x) + T(� )( ~x � x)z� (� ) � (kck + kT(� )kkz� (� )k)kx � ~xk

� L̂ maxf 1; H (k� � � 0k)k� � � 0kgkx � ~xk

for someconstant L̂ > 0 and all � 2 �, x; ~x 2 X \ �I B . Here,we usedthat kz� (� )k can
be boundedin the sameway as �z( ~� ; � ) in (14).

Our next example illustrates the local Lipschitz continuity property (8) of the dual
feasibility mapping D.

Example 3.4 Let m = 4, d = 2, Y = IR4
+ , � = IR and consider the random (second-

stage)costs and recoursematrix

W(� ) =

 
1 � 1 0 0

� � 0 1 � 1

!

q(� ) =

0

B
B
B
@

0
0
�

� �

1

C
C
C
A

Then W(� )Y = IR2 (completerecourse)and D(� ) = [0; � 2]� f � g. Hence, the conditions
(A1), (A2) and (8) are satis�ed with h(t) = t for each t 2 IR+ .

10



We canreformulate the conclusionsof the precedingproposition in terms of the Fortet-
Mourier metrics de�ned on PH (�), the spaceof probability measures.

Corollary 3.5 Let the assumptionsof Proposition 3.3 be satis�ed, P 2 PH (�) and
S(P) be non-emptyand bounded.
Then there exist constants L̂ > 0, � > 0 and "̂ > 0 suchthat

jv(P) � v(Q)j � L̂� H (P; Q)

dl1 (S" (P); S" (Q)) �
4� L̂

"
� H (P; Q)

holdsfor any " 2 (0; "̂ ) and eachQ 2 PH (�) suchthat � H (P; Q) < " where H is de�ned
by (11), � H (P; Q) is Fortet-Mourier metric on PH (�) .

Pro of: The estimate (9) implies dF ; � (P; Q) � L̂� H (P; Q) with L̂ = L̂(� ) and, hence,
the result follows from Theorem3.2.

When W(� ) � W, the mapping � 7! D(� ) is even Lipschitz continuous with respect
to the Pompeiu-Hausdor� distancedl1 . Hence,H (� ) � � and F H = F 2, and then the
previousresult boils down to [16, Proposition 3.2].

4 Tw o-Stage Multi-p erio d Mo dels

If the secondstageof a stochastic program with recoursemodelsa (stochastic) dynam-
ical decisionprocess,as is the casein a variety of applications, our two-stageproblem
takeson the form:

min
n
cy0+

X̀

j =1

qj (� )yj :y0 2 X ; yj 2 Yj ; Wj j yj = hj (� ) � Wj j � 1(� )yj � 1; j = 1; : : : ; `
o

(15)

where for j = 1; : : : ; `, Yj 2 IRm j are polyhedral sets for some�nite ` and �rst-stage
decisionx := y0; the matrices Wj;j � 1(� ) are (potentially) stochastic. Then the second
stageprogram hasseparableblock structure, i.e., the recoursevariable y has the form
y = (y1; : : : ; y` ), the polyhedral set Y is the Cartesian product of polyhedral sets
Yj 2 IRm j , j = 1; : : : ; `, the element T(� )x has the components T1(� )x := W10(� )x and
Tj (� )x = 0, j = 2; : : : ; `, and the random recoursematrix W(� ) is of the form

W(� ) =

0

B
B
B
B
B
B
B
B
B
@

W11 0 0 0 � � � 0 0 0
W21(� ) W22 0 0 � � � 0 0 0

0 W32(� ) W33 0 � � � 0 0 0
...

...
...

...
...

...
...
...

0 0 0 0 � � � W` � 1` � 2(� ) W` � 1` � 1 0
0 0 0 0 � � � 0 W`` � 1(� ) W``

1

C
C
C
C
C
C
C
C
C
A

; (16)

11



i.e., all matricesWj j , j = 1; : : : ; `, in the diagonalof W(� ) arenon-stochastic. Denoting
by qj (� ) and hj (� ) the components of q(� ) and h(� ), respectively, the integrand f 0 is
of the form

f 0(� ; x) = cx + inf
n X̀

j =1

qj (� )yj : Wj j yj = hj (� ) � Wj j � 1(� )yj � 1; yj 2 Yj ; j = 1; : : : ; `
o

=: cx + 	 1(� ; x);

wherethe function 	 1 is given by the recursion

� j (� ; uj � 1) := inf
n
qj (� )yj + 	 j +1 (� ; yj ) : Wj j yj = uj � 1; yj 2 Yj

o
(17)

	 j (� ; yj � 1) := � j (� ; hj (� ) � Wj j � 1(� )yj � 1) (18)

for j = `; : : : ; 1, wherey0 = x and 	 `+1 (� ; y`) � 0.

While the continuity and growth properties of the function f 0(�; x) in case` = 1 may
be derived from Lemma 3.1, we need an extended result for establishing Lipschitz
continuity properties of the inf-projection � j for j = 1; : : : ; `. The results in [35] were
developed preciselyto deal with the present situation. To state the result, we denote
by D 1 the horizon coneof a convex set D � IRm . It consistsof all elements xd 2 IRm

such that x + �x d 2 D for all x 2 D and � 2 IR+ . Clearly, we have D 1 = f 0g if D
is bounded. Furthermore, D 1 is polyhedral if D is polyhedral. Next we record [35,
Proposition 4.4] and provide a self-contained proof for the convenienceof the reader.

Lemma 4.1 Let h 2 IRd, W 2 IRd� n and Y � IRn be polyhedral. Let u = (u1; u2) 2
IRn � IRd and

�( u) := inf f f (u1; y) : Wy = h � u2; y 2 Yg

Assumethat ker(W) \ Y 1 = f 0g and that f is Lipschitz continuous on f (u1; y) 2
IRn � Y : ku1k � r; kyk � r g with constant L(r ) for every r > 0. Then, �( �)
is Lipschitz continuous on f (u1; u2) 2 dom� : ku1k � r; ku2k � r g with constant
LM L(K M maxf 1; r g) for every r > 0, where L M � 1 and K M � 1 are constants de-
pending only on the set-valued mappingM (u2) := f y 2 Y : Wy = h � u2g from IRd to
IRn .

Pro of: The condition ker(W) \ Y 1 = f 0g is equivalent to the local boundednessof
the mapping M . M is Lipschitz continuous with respect to the Pompeiu-Hausdor�
distancedI 1 (with constant LM � 1) sinceits graph is polyhedral [20, Example 9.35].
Sincethe set M (u2) is compact, � is �nite for all pairs (u1; u2) such that u2 2 domM .
Now, let r > 0 and u = (u1; u2); ~u = (~u1; ~u2) 2 dom� \ f (u1; u2) 2 IRn � IRd :
ku1k � r; ku2k � r g. Then there exist y(u2) 2 M (u2) and y(~u2) 2 M (~u2) such that
�( u) = f (u1; y(u2)) and ky(u2) � y(~u2)k � LM ku2 � ~u2k. In particular, there exists a
constant K M � 1 such that

maxfk y(u2)k; ky(~u2)kg � K M maxf 1; ku2k; k~u2kg � K M maxf 1; r g:

12



We obtain

�( ~u) � �( u) � f (~u1; y(~u2)) � f (u1; y(u2))

� L(K M maxf 1; r g)(k~u1 � u1k + ky(~u2) � y(u2)k)

� LM L(K M maxf 1; r g)(k~u1 � u1k + k~u2 � u2k)

and that completesthe proof.

Prop osition 4.2 Let W(� ) be as described by (16). Assumethe relatively complete
recoursecondition (A1) is satis�ed and that ker(Wj j ) \ Y 1

j = f 0g for j = 1; : : : ; ` � 1.
Then, there exist constantsL > 0, L̂ > 0 and K > 0 such that the following holds for
all � ; ~� 2 � and x; ~x 2 X \ �I B :

jf 0(� ; x) � f 0( ~� ; x)j � L maxf 1; �; k� k` ; k~� k`gk� � ~� k;

jf 0(� ; x) � f 0(� ; ~x)j � L̂ maxf 1; k� k`+1 gkx � ~xk;

jf 0(� ; x)j � K maxf 1; �; k� k`+1 g:

Pro of: Due to the assumptions,all setsof the form M j (vj ) := f yj 2 Yj : Wj j yj = vj g
are boundedpolyhedra for all vj 2 IRr j and j = 1; : : : ; `. Furthermore, the set-valued
mappingsM j from IRr j to IRm j are Lipschitz continuouson domM j with constant L j .
Due to (A1), we have recursively hj (� ) � Wj j � 1(� )yj � 1 2 domM j for all yj � 1 2 Yj � 1,
y0 = x 2 X , � 2 � and j = 2; : : : ; `. Hence,if Lemma4.1 is usedrecursively by setting
� = � j , f j (u1; yj ) := qj (� )yj + 	 j +1 (� ; yj ) with u1 = � and u2 = uj � 1, each subproblem
(17) is solvable. First we considerthe functions � ` and 	 ` .

� ` (� ; u` � 1) = inf f q̀ (� )y` : W`` y` = u` � 1; y` 2 Y`g

	 ` (� ; y` � 1) = � ` (� ; h`(� ) � W`` � 1(� )y` � 1):

Then the Lipschitz constant of f j on f (� ; y`) 2 � � Y` : k� k � r; ky`k � r g hasthe form
L ` maxf 1; r g and Lemma 4.1 implies that � ` has the Lipschitz constant L̂ ` maxf 1; r g
on f (� ; u` � 1) 2 � � domM ` : k� k � r; ku` � 1k � r g. Due to the term W`` � 1(� )y` � 1 in
the de�nition of 	 ` , however, the function 	 ` hasthe Lipschitz constant ~L ` maxf 1; r 2g
on f (� ; y` � 1) 2 � � Y` � 1 : k� k � r; ky` � 1)k � r g. Since 	 ` enters the de�nition of
f ` � 1 and the in�m um, � ` � 1 is Lipschitz continuous with constant L̂ ` � 1 maxf 1; r 2g on
f (� ; u` � 2) 2 � � domM ` � 1 : k� k � r; ku` � 2k � r g according to Lemma 4.1. Due
to the term W` � 1` � 2(� )y` � 2, the function 	 ` � 1 is Lipschitz continuous with constant
~L ` � 1 maxf 1; r 3g on f (� ; y` � 2) 2 � � Y` � 2 : k� k � r; ky` � 2)k � r g etc. This process
may be continued until one concludesthat � 1 is Lipschitz continuous with constant
L̂1 maxf 1; r `g on f (� ; u0) 2 � � domM 1 : k� k � r; ku0k � r g. Hence,the function 	 1

depending on (� ; x) satis�es the following Lipschitz continuity property

j	 1(� ; x) � 	 1( ~� ; ~x)j � ~L1 maxf 1; �; r `g(maxf 1; � gk� � ~� k + maxf 1; r gkx � ~xk)

on the set f (� ; x) 2 � � X : k� k � r; kxk � � g.
Thus, yields the assertionsabout f 0 and completesthe proof.
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Due to the previousresult we obtain

PF � P`+1 (�) = f Q 2 P(�) :
Z

�
k� k`+1 Q(d� ) < 1g

and
1

L maxf 1; � g
f 0(x; �) 2 F `+1 (�)

for each x 2 X \ �I B , and arrive, after specializing Theorem3.2, to the following:

Corollary 4.3 Let W(� ) be as described by (16). Assumethe relatively completere-
coursecondition (A1) is satis�ed and that ker(Wj j ) \ Y 1

j = f 0g for j = 1; : : : ; ` � 1.
Then there exist constantsL > 0 and "̂ > 0 suchthat for any " 2 (0; "̂ ) the estimates

jv(P) � v(Q)j � L � `+1 (P; Q)

dl1 (S" (P); S" (Q)) �
L
"

� `+1 (P; Q)

hold wheneverQ 2 P`+1 (�) and � `+1 (P; Q) < ".

The case` = 1 corresponds to the situation of two-stagemodels with �xed recourse,
and that situation was already covered by [21, Theorem 24]. Note that the corollary
remainsvalid for the slightly more generalsituation that all lower diagonal blocks of
W(� ) are random. If the recent stabilit y result [8, Theorem 2.1] for linear multistage
models is restricted to the two-stagemodel (15), it implies the existenceof positive
constants L and � such that

jv(P) � v(Q)j � L W`+1 (P; Q) (19)

holds for each Q 2 P`+1 (�) with W`+1 (P; Q) < � ; the distance Wr denotesthe r -th
order Wassersteinmetric

Wr (P; Q) :=
�

inf
n Z

� � �
k� � ~� kr � (d� ; d~� ) j� 2 P(� � �) ; � 1� = P; � 2� = Q

o� 1=r

(20)
on Pr (�) for any r � 1, where � 1 and � 2 denote the projections onto the �rst and
secondcomponent, respectively. It is known that sequencesin Pr (�) converge with
respect to both metrics � r and Wr if they converge weakly and if their r -th order
absolutemoments converge. To derive a quantitativ e estimate, let � � 2 P(� � �) be
a solution of the minimization problem on the right-hand side of (20). Such solutions
exist accordingto [15, Theorem 8.1.1]. Then the duality theorem [15, Theorem 5.3.2]
for the Fortet-Mourier metric of order r implies, via H•older's inequality, the estimate

� r (P; Q) �
Z

� � �
maxf 1; k� k; k~� kgr � 1k� � ~� k� � (d� ; d~� )

�
� Z

� � �
maxf 1; k� k; k~� kgr � � (d� ; d~� )

� r � 1
r

� Z

� � �
k� � ~� kr � � (d� ; d~� )

� 1
r

=
� Z

� � �
maxf 1; k� k; k~� kgr � � (d� ; d~� )

� r � 1
r Wr (P; Q)

�
�
1 +

Z

�
k� kr (P + Q)(d� )

� r � 1
r Wr (P; Q):

Hence,the stabilit y result for optimal valuesobtained in Corollary 4.3 extends(19);
this extensionis `strict,' as illustrated in [16, Example 3.4].
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5 Empirical Appro ximations of Tw o-Stage Mo dels

Let � 1; � 2; : : : ; � n ; : : : be independent identically distributed �-v alued random variables
on someprobability space(
 ; A ; IP) having the commondistribution P, i.e., P = IP� � 1

1 .
We considerthe empirical measures

Pn (! ) :=
1
n

nX

i =1

� � i (! ) (! 2 
; n 2 IN )

and the empirical approximation of the stochastic program (1) with samplesizen, i.e.,

min
n 1

n

nX

i =1

f 0(� i (�); x) : x 2 X
o
: (21)

Since the objective function of (21) is a random lsc function from IRm � 
 to IR,
the optimal value v(Pn(�)) of (21) is measurablefrom 
 to IR and the "-approximate
solution set S" (Pn(�)) is a closed-valued measurableset-valued mapping from 
 to IRm

(seeChapter 14 and, in particular, Theorem14.37of [20]).
Qualitativ e and quantitativ e results on the asymptotic behavior of solutions to (21)
are given, e.g., in [2, 6, 11] and [10, 13, 14, 16, 27], respectively.
Due to the results in the previous sections,the asymptotic behavior of v(Pn(�)) and
S" (Pn (�)) is closelyrelated to uniform convergenceproperties of the empirical process

f
p

n(Pn (�) � P)f =
1

p
n

nX

i =1

(f (� i (�)) � Pf )gf 2F

indexedby the classF = f f 0(x; �) : x 2 X g. Here, we set Qf :=
R

� f (� )Q(d� ) for any
Q 2 P(�) and f 2 F . Uniform convergenceproperties refer to the convergence,or to
the convergencerate, of

dF (Pn (�); P) = sup
f 2F

jPn (�)f � Pf j (22)

to 0 in terms of somestochastic convergence. Since the supremum in (22) is non-
measurablein general, the outer probability IP � is used to describe convergencein
probability and almost surely, respectively (cf. [29]).

The class F is called a P-Glivenko-Cantelli class if the sequence(dF (Pn (�); P)) of
random variablesconvergesto 0 IP � -almost surelyor, equivalently, in outer probability.
The empirical processis called uniformly bounded in outer probability with tail CF (�)
if the function CF (�) is de�ned on (0; 1 ) and decreasingto 0, and the estimate

IP � (f ! :
p

n dF (Pn (! ); P) � "g) � CF (" )

holds for all " > 0 and n 2 IN .

Whether a given class F is a P-Glivenko-Cantelli class or the empirical processis
uniformly boundedin outer probability, dependson the sizeof the classF measuredin
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terms of bracketingnumbers, or of the corresponding metric entropy numbers de�ned
as their logarithms (see [29]). To introduce this concept, let F be a subset of the
normedlinear spaceL p(� ; P) (for somep � 1) equipped with the usualnorm kf kP; p =
(Pjf jp)

1
p . The bracketing number N [ ]("; F ; Lp(� ; P)) is the minimal number of brackets

[l ; u] = f f 2 Lp(� ; P) : l � f � ug with kl � ukP; p < " neededto cover F . The following
result provides criteria for the desiredproperties in terms of bracketing numbers. For
its proof we refer to [29, Theorem2.4.1]and [28, Theorem1.3].

Theorem 5.1 Let F be a classof real-valued functions on � . If

N [ ]("; F ; L1(� ; P)) < 1 ; (23)

holdsfor every " > 0, then F is a P-Glivenko-Cantelli class.
If F is uniformly bounded and there exist constantsr � 1 and R � 1 suchthat

N [ ]("; F ; L2(� ; P)) �
� R

"

� r
(24)

holds for every " > 0, then the empirical processindexed by F is uniformly bounded
in outer probability with exponential tail CF (" ) = (K (R)"r � 1

2 )r exp(� 2"2) with some
constant K (R) dependingonly on R.

Next we considerthe classF := F � of integrandsde�ned by (7) in Section3 and derive
conditions implying the assumptionsof Theorem 5.1, in particular, the assumptions
(23) and (24) for the bracketing numbers N [ ]("; F � ; Lp(� ; P)) with p 2 f 1; 2g.

Theorem 5.2 Let the assumptionsof Proposition 3.3 be satis�ed and H : IR+ ! IR+

de�ned by (11). If P 2 PH (�) , then F � = f f 0(�; x) : x 2 X \ �I Bg is a P-Glivenko-
Cantelli classfor any � > 0, i.e.,

lim
n!1

sup
x2 X \ �I B

�
�
�
�

Z

�
f 0(� ; x)Pn(! )(d� ) �

Z

�
f 0(� ; x)P(d� )

�
�
�
� = 0 IP � a.s.: (25)

If, in addition, � is bounded, then the empirical process indexed by F � is uniformly
bounded in probability with exponential tail, i.e.,

IP(f ! :
p

n sup
x2 X \ �I B

�
�
�
�

Z

�
f 0(� ; x)(Pn(! ) � P)(d� )

�
�
�
� � "g) � (K (R)"r � 1

2 )r exp(� 2"2) (26)

holdsfor someconstant K (R) > 0, any " > 0 and n 2 IN .

Pro of: According to (10) in Proposition 3.3, the functions f 0(� ; �) satisfy the Lipschitz
property

f 0(� ; x) � f 0(� ; ~x; ) � L̂ maxf 1; H (k� � � 0k)k� � � 0kgkx � ~xk

for all x; ~x 2 X \ �I B and � 2 �. Setting F (� ) := L̂ maxf 1; H (k� � � 0k)k� � � 0kg for
all � 2 �, we concludefrom [29, Theorem2.7.11]that

N [ ](2"kF kP; 1; F � ; L1(� ; P))) � N ("; X \ �I B ; IRm ) � K " � m (27)
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holds for someK > 0 and all " > 0. Since kF kP; 1 is �nite, we may replace " by
"=2kF kP; 1 in (27) and obtain that N [ ]("; F � ; L1(� ; P)) is �nite for all " > 0. Thus,
condition (23) in Theorem5.1 is satis�ed.

If � is bounded,the classF � is uniformly boundedand condition (24) in Theorem5.1
is also satis�ed due to (27). It remains to note that the supremum supx2 X \ �I B may
replacedby a supremum with respect to a countable densesubsetof X \ �I B . Hence,
the supremain (25) and (26) are measurablewith respect to A and, thus, the outer
probability IP � can be replacedby IP.

When combining the previousresult with Theorem3.2,wearriveat conditionsimplying
a Glivenko-Cantelli result and a large deviation result for the distancesof empirical
" -approximate solution setsS" (Pn (�)) to S" (P) in caseof the two-stagemodel (6) with
random recourse.

6 Conclusions

The quantitativ e stabilit y resultsof Section3 extendearlier work for two-stagemodels
with �xed recourse[16] and for multi-p eriod two-stagemodels [8]. Theorem3.2 allows
two typesof applications. The generalversionin terms of the semi-distancesdF � makes
it possibleto utilize metric entropy results and to quantify the asymptotic behavior of
statistical approximations to two-stagestochastic programs. The analysisof continuity
properties of the integrandsf 0 enablesto bound the semi-distancesby Fortet-Mourier
metrics, which are easierto handledue to their dual representations, in particular, for
computational purposes(e.g., for scenarioreduction [5]).
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