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There is an abundant literature devoted to the study of the sensitivity/stability of
the solutions, and the optimal value, of optimization problems to various perturbations.
pi-convergence theory 1,4, 1 was developed to provide a comprehensive framework
to deal with approximation and stability issues in the analysis of optimization problems.
n the other hand, the stability of market equilibrium prices has only received limited
attention . In this paper, we show that the stability of market equilibrium prices can be
analyzed in a  ariational Convergence framework as well. In fact, two earlier papers
1,12, analyzing economies with somewhat di erent properties, also derived continuity
results for equilibrium prices by relying on epi-convergence tools as far as we know, these
articles are the only ones that deal directly with the stability of equilibrium prices in
competitive economies for comparison purposes a brief review of the argumenta used
in 1,12 can be found at the end of 4.
ur approach di ers from 1 , 12 in that we bring to the fore the notion of
. To do this, we identify an economy with its (function), a certain
bivariate function that plays a role similar to that of the agrangian associated with
an optimization problem, or the amiltonian associated with a Calculus of ariations
problem. In particular, nding an equilibrium price for an economy can be translated
as nding a max/inf point of the Walrasian. nd, the convergence of economies can
be formulated in terms of the (lopsided) convergence of their Walrasians
was introduced in the mid- 0s 2 but remained much on the back-shelf until
now

The Walrasian can be interpreted as the value function of the so-called Walrasian
auctioneer. There is also an intimate connection between the Walrasian and the varia-
tional inequality  associated with an economy.

This paper is aimed at introducing the framework and the associated methodology,
and thus we won t work here with minimal assumptions we leave this for a forthcoming
paper 14 that also deals with a number of game models. So, here, we restrict ourselves
to pure exchange economies and consider only perturbations of the utility functions of
the agents. The assumptions we make about the economies are essentially those under
which one usually obtains the existence of market equilibrium prices.

here is ho ever a substantial literature focused on generic stability properties ith respect to
initial endo ment perturbations, see for e ample, alas o , Mas-Colell and more recently  and
and references therein  ne could also vie the study of the tatonnement process as providing some
information about stability, but in the absence of monotonicity, this route only brings information
that is local in nature, one should refer to , , and related or such as , certain
stability properties can also be found in  and



1 A reecan eecono y

We are dealing with a pure exchange economy

C )

where
: the set of agents
: agent s endowment, a bundle of goods to be traded
( , agent s utility function.
Trading takes place at a per-unit market price  for good , 1 . The bundle of
goods agent could acquire is thus limited to those satisfying , where
denotes the standard inner product. It s assumed that agents act as utility maximizers.
Thus, given , each agent will end up with the bundle of goods:
() argmax ()

our assumptions will imply that () is well-de ned. ote that () () for any
positive scalar , i.e., multiplying the price vector by a positive scalar doesn t a ect
the solution of the maximization problem. So, we may as well assume that with
1 , the .
This economy is operational only if for each good, total supply exceeds total
demand, i.e., if

() () O where (): ()

The function : is the . price vector so that
() 0is called an (Walras, 1 4) The existence of an equilibrium
price isn t clear cut  xistence will be derived under classical assumptions as part of the
ensuing development it s a standard proof adapted to t the present framework. We
are interested in analyzing the sensitivity of equilibrium prices under perturbations of
the agent s utilities.
We are not aiming, in this paper, at minimal assumptions. ur goal is to highlight
the methodology a projected article 14, that also deals with economies that include

n the conomics literature, one sometimes nds the e uilibrium-condition , but one can
reasonably argue that the mar et isn t concerned about some agents being left ith some goods that
have no ta ers



production and also analyzes ash equilibrium points of non-cooperative games, provides
a more comprehensive, and more technical, development.

tility nctions For each agent , : is usc, strictly
concave on dom that is assumed to be closed and have nonempty interior,
i.e., int dom . These are benign assumptions. Slightly more questionable is the

assumption that  is sup-compact, i.e., that its (super-)level sets
lev ()

are bounded in addition to being closed, as follows from the upper semicontinuity as-
sumption. ere is what this assumption imply about our economic agents: There is
an optimal bundle of goods that each agent will strive to acquire via trading. Further
acquisitions of goods beyond this optimal bundle would not only be useless but would
actually result in decreased utility due, for example, to the need to store or dump the
surplus. From a technical viewpoint, the assumption that is sup-compact, will guar-
antee the existence of a solution to the agent s probem without having to impose directly
a boundedness restriction on the range of goods that the agent is capable of acquiring.
The (e ective) domain of |, dom |, represents the set of for agent

, i.e., consumption vectors that would enable agent to survive. So, for a given price

, the agent s maximization problem:

max ( ) so that 0

either has a unique optimal solution () or the problem is infeasible. et s denote the
set of feasible trades by

(): dom 0
When () , the bundle of goods cant be traded for a bundle of goods that
would ensure the survival of agent
cono y We assume that there is a nite number of agents. Thus, our
consists of nite number of pairs: ( ) . We shall analyze the sensitivity

of equilibrium market prices to perturbations of the agents utility functions.

Consistency ass tion In keeping with the standard literature on Walras equi-
librium models 9, we assume that for all , intdom . This

An implication of this assumption is that even before any trading ta es place all the agents possess
a bundle of goods that ill guarantee their survival From an economic vie point thisis a uestionable
assumption to hich e plan to return in further or



has important technical implications: It s immediate that for all and

for all agents , () is a nonempty closed convex set. But much more can be
asserted.
set-valued mapping : is if for all

() () which means limsup () () liminf ()

where lim sup ( ) and liminf () denote the (standard) outer and inner limits
of families of sets, see 1 , Chapters 4 for more about set convergence and set-valued
mappings.

ro osition 1 orall the appin : isclose con e al e an
s ch that for all int () oreo er it s contin o s relati e to

roo That is closed-, convex-valued is immediate from the the de nition. Since
int(dom ), it follows immediately that int(dom ) for
all , which implies that int () is nonempty.
To see that limsup () ( ), or in other words, that the mapping is osc
(outer semicontinuous), simply observe that if in and then

and consequently, if (), then () recall that dom is closed.

To verify that lim inf () (), or in other words, that the mapping is isc
(inner semicontinuous), we appeal to the criterion provided by 1 , Theorem .9(a).
Indeed, if int (), it implies that for some 0, ( ) ( ) and for all

() 0. Thus, one can certainly nd a neighborhood  of ()

such that ( ) gph . Since is closed-, convex-valued, 1 , Theorem
.9(a) implies that is isc at every point of . This completes the proof since we
already established that is outer semicontinuous on . O

ert rbations and con er ent econo ies We consider economies

C )

with the utility functions  converging to : for any
indom , ( ) ( )- It s also assumed that for all , dom dom  and that
on dom , the function  possess the same properties as . ne of the application we

have in mind is when the utility functions are perturbed linearly, i.e.,
with 0.



iven the assumptions we have made about , viz. concavity and int dom ,
continuous convergence doesn t amount to much more than pointwise convergence, the
only additional requirement imposed by continuous convergence has to do with what
happens on the boundary of dom 1, Theorem .1 , Theorem .14. Continuous
convergence demands that the convergence on the boundary be consistent with the
(pointwise) convergence on int dom

e e cess s ly nction

We show next that for economies converging to , the corresponding excess
supply function converge continuously. We begin by appealing to the theory of

nce the market price is xed, each agent is faced with a maximization problem.

nd, any optimization problem, involving constraints or not, can always be expressed
as the maximization of an extended real-valued function. In the case of a constrained-
maximization problem, simply rede ne the objective as taking on the value outside
the feasible region (the set determined by the constraints). In this framework, the
canonical problem can be formulated as one of maximizing a single, extended real-valued,
upper semicontinuous (usc) function : ~ the upper semicontinuity coming from
having the (given) objective usc and the feasible region closed. pproximation issues can
consequently be studied in terms of the convergence of usc functions. This leads us to
the notion of which plays a key rolein  ariational nalysis 4,1 the
theory is usually presented in a minimization framework and one deals then with lower
semicontinuous (Isc) function and convergence is formulated in terms of ~ -convergence.

hypo f

Figure 1:



Definition A se ence of f nctions : to

: ritten if for all

(a) i plieslimsup () ()

(b) s ch that liminf () ()
he se ence is sai to hen

This convergence notion is equivalent to the set-convergence (in the ainleve-Kura-
towski sense) of the hypographs of the to the hypographs of | the of a
function is the set of all points that lie on or below the graph of the function, see Figure
1. This property motivates the use of the term hypo-convergence . The implications of
hypo-convergence that are of immediate concern are summarized in the next lemma.

e a 1 , Theorem .31 ppose : are s ch that
then

liminf(sup )  sup

oreo er if there is a s se ence s ch that for all argmax an
then argmax an also sup sup
n partic lar if argmax is a sin leton then e er con er ent s se ence of the
con er es to argmax

et s now return to our agent s problem and consider what happens under pertur-
bations of the market prices.

ro osition 4 or all a ents in an econo that satis es the consistenc ass p
tion the e an f nction (): is contin o s

This is an immediate corollary of the next proposition that considers the e ect on
the demand functions of perburbing both the utility functions and the prices

ro osition et  satisf the consistenc ass ption int(dom ) for all
or e ne

() argmax () ()
() argmax () ()

Ass e that is a se ence of tilit f nctions s ch that hen
() () foran se ence in  this eans that relati e to
roo With in ,de ne

() if ,

otherwise

()



and, for 1

() if :

otherwise

()

The properties of the utility functions mentioned in 1 imply that the argmax in the
de nition of () and ( ) are singletons.
We have to verify: for all |

(a) for all ,dimsup () (),
(b) there exists such that liminf () ().
Beginning with (a): This is evident when limsup () . therwise for suf-
ciently large, () and consequently () since and then, the
inequality simply follows from ( ) ( ) by the continuous convergence assump-
tion.
Turning to (b), with , the inequality liminf () () is trivially satis ed if
(). If int ( ),thenfor su ciently large, int () and consequently
() (), recall that . Finally, if bdry (), from the properties of
and appealing again to roposition 1 enables us to nd a sequence with
int () that yields the desired inequality.
Thus, and whenever () , ,
( ) argmax argmax (). m
Corollary et e an econo  satisf in o r consistenc ass ption ppose
that for all the se ence of an ith hen
() () (): ()
ie on thee cesss ppl f nctions con er e contin o sl relati e to
roo Follows directly from the preceding proposition. O

o sided con er ence

ne can translate the problem of nding an equilibrium market price into one of

nding max/inf point of a certain bivariate function, see 3, Chapter 6 . In that frame-

work, sensitivity analysis of market prices becomes one of the sensitivity of the max/inf
points to perturbation of this bivariate function.



opsided convergence for bivariate functions 2 is aimed at the convergence of
max/inf points, or min/sup points, but not both. Consequently, the de nition is neces-
sarily one-sided. ere we are interested in max/inf points, so the de nition of lopsided
is formulated in that context.

For , one refers to as a if

argmax inf ()

itsa if
argmin sup ()
Definition =~ A se ence of i ariate f nctions B
to a f nction ~ifforall ()
(a) for an there e ists s ch that limsup  ( ) ()
(b) there e ists s ch that for all liminf  ( ) ()
In the proof of our next result, we rely on a further re nement of emma 3.
e a 1, Theorem .31 ppose ith inf f there is a co pact
set an anin e s ch that
inf inf
then inf inf
eore ppose the se ence of 1 ariate f nctions
con er es lopsi e : ith an co pact an s ch that
inf () hen the f nctionsinf () h pocon er e toinf ()
roo et

() inf () () inf )

We have to show that . ets begin with the condition: limsup ( ) ()
for any arbitrary sequence . We argue separately the cases () and

() by assumption I () , for 0, let -argmin ()
and let be such that limsup  ( ) (). From condition (a) in the

De nition of lopsided convergence, one has

limsup ( ) limsup ( ) ( ) ()



Since, this holds for arbitrary 0, it follows that limsup ( ) (). When
() , for any 0 there isa  such that ( ) . gain by (a),can nd
such that

limsup ( ) limsup ( ) ( )

Since this holds for all 0, it follows that limsup ()
et s now turn to the second condition for hypo-convergence, namely, there exists
such that liminf () ( ). The inequality is trivially satis ed if ( )

, so let s assume henceforth that ( ) the case () has been excluded
by assumption. et be a sequence predicated by condition (b) of lopsided
convergence. ow, from (b) and (a), it follows that the functions D E
o epi-converge to (). There remains only to appeal to emma and the
de nitions of to conclude that () () m
Corollary 1 et : ease enceof I ariatef nctions that
con er e lopsi e to af nction ith an co pact an s ch that
inf () f for all is a max/inf point of  and is any cluster point of
the sequence , then is a max/inf point of the limit function . Moreover,
with , the subsequence converging to

lim inf ) inf inf ()

i.e., there is also convergence of the values of the max/inf points.

roo Theorem 9 tells us that with

() inf () () inf )

the functions  hypo-converge to . Max/inf points for and are then maximizers
of the corresponding functions  and . The assertions now follow immediately from
emma 3. a

The class of usc functions is closed under hypo-converge 1 , Theorem .4, and so is
the class of concave usc functions 1 , Theorem .1 . The class of Ky Fan functions is
closed under lopsided convergence.

Definition 11 A i ariate f nction : is a if
(a) for all ( )is sc
(b) for all ( )iscon e
(c) is nite al e on ith co pact an necessaril con e

For functions of this type, Ky Fan derived the following important existence result:

9



eore 1 10, 3, Theorem 6.3. ppose  : is a an f nction

ith the co pactset on hich is nite al e hen the set of max/inf points

is a nonempty subset of . Moreover,if () 0on then for every max/inf
point , one hasinf () O.

For more about equilibrium points and Ky Fan inequality, refer to 19 and 20 .

eore 1 et : e a se ence of an f nctions
ith the co pacts set of on hich the are nite al e ppose
these f nctions con er e lopsi e to a f nction hen is a an f nction ie
the class of an f nctions is close n er lopsi e con er ence
or each  the set of max/inf points of  is nonempty.
For , let be a max/inf point of and let  be a cluster point of the
sequence . very such cluster point is a max/inf point of . Finally, if for

all , ( ) O,thenfor ( ) 0.

roo In view of Theorem 12, Corollary 10 and because is compact, the
only assertion that really needs proof is:  is a Ky Fan function that is nite-valued on
, and that follows immediately from lopsided convergence. O

4 alras e ilibri sensiti ity

n equilibrium price is a solution of the inclusion

() 0 where : with () ()
ur analysis follows a pattern rst laid out by wubin and keland in 3, Chapter 6 .
et s introduced the function where
() sup ()
We refer to this function as the associated with the economy . This bivari-

ate function  has the following properties:

(a) : () is usc,

his function plays a role similar to that of the agrangian function associated ith an optimi ation
problem n particular, the convergence of economies can be interpreted, as done here, in terms of the
convergence of their alrasian functions ust li e the convergence of optimi ation problems can be
characteri ed in terms of the convergence of their agrangian functions  he designation
comes in part from the fact that it is the value function of the so-called , but
more signi cantly, it encapsulates all the essential mathematical properties of the economic model being
considered, and in vie of this, no other name seemed appropriate

10



(b) : () is convex,

(c) () o

To see that (a) holds, simply observe that sup () and ()

is continuous, cf. roposition 4. For (b): () is the supremum of a collection of

linear functions. Finally, for (c), given any price , for each agent , one has
() and hence, () o

Because is compact, in view of properties (a) and (b), the Walrasian  is a Ky
Fan function. nd, for Ky Fan functions, the existence of max/inf points is guaranteed
by Ky Fan s Inequality:

eore 14 (Ky Fan s Inequality)  he anf nction  has a max/inf point
such that

0 inf ( ) supinf ( )

Moreover, this max/inf point is an equilibrium price, i.e., () 0.

roo The rst assertion follows from 3, emma 6.3 and the subsequent emark.
To see that is also an equilibrium price it really su ces to observe that () 0

which certainly implies that () 0. Indeed, since ( ) () 0 for all
, in particular () 0 where (0 010 0), i.e., is the unit
vector whose th entry is 1. Thus, () 0 for 1 . m

We are now all set to consider a sequence

C )

of economies converging to an economy ( ) . Market equilibrium
prices have remarkable continuity properties:

1 eore onsi er the se ence of econo ies ( ) an
( ) that satis es the consistenc ass ption  ppose that for all
dom dom for all hich i plies that for all  the econo also satis es
the consistenc ass ption ppose that for each a ent the tilit f nctions
hen each econo an has at least one e ili ri  price in enote
or he set of cl ster points of the se ence isne ere pt an an S ch
cl ster point sa isa ar ete ili ri  price for

roo To each one of these economies, associate its Walrasian function

() sup () with () ()
() sup () with () ()

11



where  is the excess supply function associated with and is the excess supply
function associated with . We know that these Walrasian functions are Ky Fan func-
tions de ned on the product of (nonempty) compact convex sets.  quilibrium
prices correspond to max/inf points for these Walrasian functions. nd this means that
the assertions of this theorem follow from Corollary 10 and Theorem 13 once we show

that the Walrasian functions lopsided converge to . We need to verify:
(@) ( ) : , such that lim sup ( ) ()
(b) , such that in , liminf ( ) ().

For (a), since

() sup () ()

and from Corollary 6, , it follows that for any sequence in
() () )
For (b), let . For any in , one has
C ) () () )
since implies . O

Instead of this proof, one could also argue as follows: Under the same hypotheses,

the existence of equilibrium prices for each one of the economies and
is guaranteed by Ky Fan s Inequality (Theorem 14). et be a
converging subsequence of such equilibrium prices such a converging subsequence exists
since  is compact. et be the limit point. f course, . To prove that

is an equilibrium point. We proceed as follows: For all , () 0 since
is an equilibrium price for recall that () denotes the excess supply function for
estricting ourselves to the subsequence , it follows from the hypotheses

and Corollary 6 that these functions  continuously converge to , the excess supply
function of . So, in particular, ( ) (), and since for all , () 0,one
has () 0,1i.e., is an equilibrium point.

This is essentially the argument used by ucchetti and atrone 1 ,12. It shortcuts
the need to introduce the Walrasian and lopsided convergence, but as already pointed
out in the Introduction, one doesn t then arrive at the concept of converging economies.

12



Ane a le

To illustrate how our main result can be applied, let s consider the following variation
of an example of Mas-Collel 1, Section 1 .B. In this economy , two goods are
being traded by two agents with strictly concave utility functions:

( ) (1) on 033
' otherwise
( ) (1) on 03 3
' otherwise

where refers to the amount of good consumed by the agent . Survival requires a
minimal consumption of 0.3 units of each good and there is no interest in consumption
exceeding 3 units. Thus the domain for and  are respectively:

dom dom 033 033

The initial endowments are (2 ) and ( 2), with 2 2 chosen so as
to obtain nice numbers for the equilibrium points. Thus, the initial endowments are in
int(dom ) and int(dom ) respectively.

ext, we compute the equilibrium points. For a price vector ( ) such that each
component is nonzero, the utility maximization problem subject to the budget con-
straint gives us the following results observe that the maximization points end up in
int(dom ). For agents 1 and 2, one obtains,

C ) 2. C ) )

and

C ) 2. C ) )

So, from the equation supply equals demand applied to the second good, one deduces

(> 2006 ) ) 2

In this example, this last equation su ces to compute all the equilibrium points. The
three solutions of this equation are 0 1 2that, in turn, yield three equilibrium
points (in ).

13
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Figure 2:

In order to analyze the behavior of equilibrium points under perturbations, we con-
sidered two types of perturbations for one of the utilities functions, namely, linear and
scaling perturbations for

1 033
case 1: ( ): (1) on )
otherwise
1 1 1 033
case 2: ( ): () ) on

otherwise

The main result of this paper can now be applied to this example, indeed, the dom
dom  for all and continuous convergence of to is obtained from the concavity
of and and the compactness of their domains 1 , Theorem .1 . Thus, for
these perturbations we conclude that, the clusters points of the sequences are also
equilibrium prices.

n the other hand, computing the new equilibrium points in terms of  we relied on
M for the solutions of the supply-demand equations, it is possible to obtain an
explicit veri cation of the implications of the theorem. Indeed, in both cases, 1
is, for all , a solution of the supply equals demand equation. nd, there are two more
sequences of solutions: for the rst one has 0 and for the second 2 as

14



In Figure 2, the -axisis and -axis is the excess demand. The various curves

correspond to the cases 10 100 1000
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