Math 25: Advanced Calculus UC Davis, Spring 2011

Math 25 — Solutions to Homework Assignment #6

1.

3.

Let sequences (sy,)22 ; and (¢,)0° converge to respective limits S and
T. Fix some € > 0. By definition, there exist numbers mg, m; such
that for any ns > ms and ny > my, |s,, — S| < § and |t,, —T| < §. If
n > max{ms, m;}, by the triangle inequality, |(s, —tn) — (S = T)| =
|(5n = 8) = (tn = T)| < |80 = S|+ |t = T| < § + § = €. By definition,
then, s, —t, — S —T as n — oc.

. For (s,)22, and (¢,)22, such that

Sp =vVn+1, tn:\/ﬁa

Both sequences diverge to infinity, and hence the reasoning in problem
1. does not apply. However, for any n, since a — b = (v/a — vb)(v/a +
Vo),

(n 1) n 1
$n—tn=Vntl-yn= Vn —|—\f vn+1+4/n

Now, since
1 1

< <
T Vn+1l4+yn T n
1

And because 7 0 as n — oo, by the squeeze theorem, (s, —
tn)22, converges to 0.

(a) limn_,ooi3 =0, since % < l and l — 0 asn — oo.

2n2-1 _ 2n2—1 § 2022 _ 2(n’-1) _ 2(n-1)(nt+l) _
(b) limy— oo 557~ = o0, since +1 > S T = i =

2(n—1), and2(n—1)—>ooasn—>oo.

(c) limy, oo w = 3, because 3n2_;7_lsin(n) 34 sm(n)’ and by the

sin n)

squeeze theorem, |*75% | < L implies that bm(n) — 0 as — 0.

5nt—2n2 +n+1 _ 5—2n24n"34n"*
n2(n2+1) - 1+n—2 ’

5nt—2 1
(d) limy oo 220

and then by a quotient of limits.

= 5, since

(a) False: take, for example, (s,)22 such that

—1 if n even,
Sp =

1 if n odd.
Also, let t,, = —sp. Then (s,)0% and (t,)52 are divergent, but
the sequence (s, + t,)22 (the terms of which are identically 0)
is not.



(b) False: consider (s,)0; and (¢,)5; from part (a). Then (s,)52,
and (t,)02, again diverge, but the sequence (s, - ;)52 ; again
converges trivially (having terms identically -1).

(c) False: consider (s,)72; as above, and (uy,)2%; such that u, =0
for each n. Then (s,)5%; and (s, + up)5>, diverge, but (un)52,
converges trivially.

(d) False: consider (1)22 ;. This sequence converges to 0; however,

the sequence (n)7°; diverges to infinity.



