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Abstract

Let be a graph. The (unlabelled) con guration spaceUC" of n points on is the spaceof
n-elemern subsetsof . The n-strand braid group of , denotedB, , isthe fundamenal group of
uc.

We apply a discrete version of Morse theory to the spacesUC", for any n and any , and
provide a clear description of the critical cells in every case. As a result, we can calculate a
presenation for the braid group of any tree, for any number of strands. We also give a simple
proof of a theorem due to Ghrist: the spaceUC" strong deformation retracts onto a CW complex
of dimension at most k, where k is the number of verticesin  of degreeat least 3 (and k is thus
independent of n). We proceedto describe a preseration for the two-strand graph braid group
B, for any graph , calledthe Morse presernation.

We construct an embedding of any right-angled Artin group G() de ned by a graph into
a graph braid group. This is a converseto a theorem of Crisp and Wiest. The number of strands
required for the braid group is the chromatic number of . This construction yields an example
of a hyperbolic surface subgroup embeddedin a planar graph braid group.

Using the discrete Morse theory applied to UC" , we get a description of the cohomologyrings
H (B,T) whereT is a tree by explicitly computing the cup product structure. Theseresults are
usedto provethat B, T is aright-angled Artin group if and only if T is linear or n < 4. This gives
a large number of counterexamplesto Ghrist's conjecture that braid groups of planar graphs are
right-angled Artin groups. We also prove that for n = 4 the cohomologyring of a tree braid group
is an exterior face algebra.

We usethe partial description of conomologyto reconstruct the tree T from a given four strand
tree braid group B4T up to homeomorphism. Thus tree braid groups B4T and trees T (up to

homeomorphism) are in bijective correspondence. That sudc a bijection exists is not true for



higher dimensional spacesand is an artifact of the 1-dimensionality of trees. We usethis bijection
to solve a version of the isomorphism problem for tree braid groupswith n = 4 strands.
Keywords: graph braid group, con guration space,discrete Morse theory, right-angled Artin

group
Mathematics Subject Classi cation (2000): Primary 20F65, 20F36; Secondary57Q05,05C25
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Chapter 1

In tro duction

We begin with a brief overview of and introduction to conceptsrelated to graph braid groups.

1.1 Classical Braid Groups

Considern unlabelled points on the openunit disk D 2. Fix a starting position for the n points, and
then let them corntinuously run around the disk without colliding. After a setamount of time, the
points are required to return to the initial position (as a set: ead unlabelled point may return to
the initial position of any of the n points). If we imagine the disk progressingdownwards in space
astime progressesthe n points trace the n strands of a braid. Two braids are equivalent if one
can be continuously transformed into the other while still avoiding collisions. Under the operation
of concatenation, equivalenceclassesof braids form a group, called the braid group on n strands,
Bn.

The braid group B, determinesa homomorphismB, ! S, to the symmetric group on n letters
given by labelling the n points of a particular braid and seeinghow the n labels are permuted after
following the braid. The kernel of this homomorphism consistsof all braids in which ead point
returns to its own initial position. This kernelis called the pure braid group on n strands, PB .

Braid groups, originally studied by Artin [4], are related to fundamertal objects in topology.
They have a large body of literature concerningthem, and have applications to numerous areas
of mathematics, including Riemannian geometry, hyperbolic geometry, physics, and mathematical
biology. For a more extensive referenceon classicalbraid groups, seefor instance [18].

Braid groups are examplesof mapping class groups of fundamertal importance in their own

right, and alsowell studied (see,for instance, [6]).



Figure 1.1: An exampleof a 5 strand braid on D?2.

1.2 Conguration Spaces

Let X be an arbitrary space. A lakelled con guration of n points or strands on X is an ordered
n-tuple of n distinct points in X. We usethe term ‘labelled' becausewe may think of a given
labelled con guration of n points on X as the set of points speci ed on X, where ead point is
labelled by its position in the n-tuple. In cortrast, an unlakelled con gur ation of n points or strands
on X is an unordered n-tuple of n distinct points in X.

Let C'X denotethe set of all possiblelabelled con gurations of n points on X . The setC"X is
a space,called the lakelled con gur ation space of n strands on X . More rigorously, C"X is the open
subsetof the direct product "X obtained by removing the diagonal Diag := f(Xq1;:::;Xn)jXi =
Xj for somei 8 jg. The diagonal represerts one point trying to passthrough another point. Let
UC'X denote the quotient of C"X by the action of the symmetric group permuting the points.
Equivalently, UC"X is the spaceof all possibleunlabelled con gurations of n points on X. The
spaceUC"X is called the unlakelled con gur ation space of n points on X .

Con guration spacesprovide a theoretical framework in which to analyze motions of real world
objects. For instance, con guration spaceshave connections with motions of microscopic balls
of liquid on a nano-scaleelectronic circuit [29] and robot sensornetworks [2]. Generalizations of

the con gurations de ned here are very useful in medanical engineering, to model all possible
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con gurations of a mechanical arm, or to analyzethe movemert of robots on a factory o or (see,
for instance, [28]). See[29] for a discussionof some generalizations of con guration spacesand
their applications to recon gurable systems.

Consider an n strand pure braid. The crosssection of this braid at somemomert in time is a
con guration of the n distinct labelled points on the disk D 2. A braid is then a loop in the spaceof
all con gurations. Braids are equivalert if the corresponding loopsin C"D? are homotopic. Thus,
the pure braid group on n strands is the fundamental group of the con guration spaceof n strands
on the disk: PB, = 1C"D2. Similarly, B, = UC"D?2. In general,for a spaceX, the pure braid
group PB,X of n strands on X is the fundamental group 1C'X of C'X, while the braid group
BnX of n strandson X is {UC'X.

For the purposesof this paper, we will deal almost exclusively with unlabelled con guration

spacesand regular braid groups as opposedto labelled con guration spacesand pure braid groups.

1.3 Graph Braid Groups

An application of con guration spacesgave the initial motivation for the topic of this thesis. As
mertioned above, con guration spacesmay be usedto model the movemens of Automated Guided
Vehicles (AGVs) about a factory o or [9], [28], [19], [20]. Consider n identical robots running
around, performing tasks, moving boxes, etc. Suc robots have certain constraints placed on their
movemen: they should not run into ead other, and they must avoid obstaclesand walls. Often
in real world settings, such robots are restricted further, constrainedto moving along tracks in the
o or or ceiling. Such systemsare currently in usein industry.

Let be a graph represerting the tracks of somefactory o or or ceiling. Then B, precisely
models the possiblemotions of n robots in the factory. Thus, it is interesting to study thesebraid
groups on graphs or graph braid groups

Let beagiven nite graph. As isagraph,it isalsoa 1-dimensionalCW-complex, wherethe
interiors of edgesare the open 1-cells. This meansthat there is a product CW-complex structure

on ", wherean openk-cell consistsof an ordered collection of exactly k edgesand n  k vertices
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Figure 1.2: An exampleof a 2 strand braid on a graph.

of . Let Diag®be the setof all open cells whoseclosureintersectsDiag. Thus

Diag®= ff y1;:::;yngjyi isacellin ; and i\ y; 6 ; for somei 6 jg:

De nition  1.3.1. The lakelled discretized con gur ation sppce D" of n strandson a nite graph
isthe CW-complex " Diag® The unlakelled discretized con gur ation space UD"  of n strands

on isthe quotient of D" given by permuting the factors of " via the action of S,.

Under most circumstances, the unlabelled (respectively, labelled) con guration spaceof is
homotopy equivalert to UD" (respectively, D" ). Speci cally:
Theorem 1.3.2. [2] For any n > 1 and any nite graph with at least n vertices, the labelled

(unlabelled) con gur ation space of n points on  strong deformation retracts onto D" (UD" ) if

1. each path between distinct vertices of degree not equal to 2 passesthroughat leastn 1 edges;

and

2. each path from a vertex to itself that cannot be shrunk to a point in  passesthrough at least

n+ 1 edges.



A graph satisfying the conditions of this theorem for a given n is called su ciently suldivided
for this n. It is clear that ewvery graph is homeomorphicto a su cien tly subdivided graph, no
matter what n may be. Throughout the rest of this thesis, we work almost exclusively with the
spaceUD" where is sucien tly subdivided for n. In particular, all of our graphs are nite.

Various properties of graph braid groups have beenestablishedby other authors. Ghrist showved
in [28] that the spacesC" are K(PB, ;1)s, and that a K (PB, ;1) is homotopy equivalert to
a complex of dimension at most k, where k is the number of verticesin  of degreeat least 3.
In [2], Abrams wert on to prove that the universal cover of the spaceD" is a CAT(0) cubical
complex (for information on CAT(0) complexes,see[7]). Being a CAT(0) cubical complex is a
powerful and much studied geometric condition, from which one may derive useful algebraic and
geometric consequences.This implies, in particular, that graph braid groups have solvable word
and conjugacy problems [7].

In [28], Ghrist shaved that C" strong deformation retracts onto a complex X of dimension at
most k, wherek is the number of verticeshaving degreeat leastthreein  (and thusis independert
of n). If isaradial tree, i.e., if is atree having only one vertex of degreemore than 2, then
C" strong deformation retracts on a graph. By computing the Euler characteristic of this graph,
Ghrist computesthe rank of the pure braid group on asa free group. (Seealso [27], where the

Euler characteristic of any con guration spaceof a simplicial complexis computed.)

1.4 Right-Angled Artin Groups

A graph is simple if it hasno closededgepaths of lessthan 3 edges.

Denition 1.4.1. Let bea nite simple graph. We examinea group A = G(), called the
right-angled Artin group assaiated to , de ned with the following presenation: for ead vertex
a of , there exists a corresponding generator for A, and two generatorsa; and a; commute (for
i 6 ) if and only if the vertices a; and a are connectedby an edgein . Equivalertly, a right-
angled Artin group is a group which has a presenation where the only relators are commutators

of generators.

Right-angled Artin groups are examplesof the more generalclassof groups called Artin groups,



and are alsorelated to Coxeter groups. The classicalbraid groups, originally studied by Artin, are
themselesArtin groups (though they are not right-angled), which is one of the many reasonsbraid
groups are so interesting. Like braid groups, right-angled Artin groups are well studied groups -
see,for example, [5], [14]. They are particularly useful as sourcesof subgroupswith complicated
and interesting homotopy and homology niteness behavior - see,for instance, [41].

The relationship between graph braid groups and right-angled Artin groups has often been
speculated upon and explored. In 1998, Ghrist [28] conjectured that the pure braid group of any
graph is a right-angled Artin group. At the time, the only presenations for graph braid groups
known werefor radial trees(recall a radial tree hasat most one vertex of degreemore than 2) and a
limited number of other basicexamples. (Pure) braid groupson radial treesare indeedright-angled
Artin, asare all (non-pure) braid groups on linear trees [12] - i.e. trees such that all vertices of
degreemore than 2 lie on an embeddedinterval. Howewer, in his thesis, Abrams [2] (seealso [3])
found a cournterexample to this conjecture. Let K5 be the complete graph on 5 vertices and K 3.3
be the complete bipartite graph with 3 verticesin ead partition of the vertices. Abrams shoved
that PB,;K s and PB2K 3.3 (and henceB ;K 5 and B K 3.3) are themseleshyperbolic surfacegroups,

which cannot be right-angled Artin. Abrams then stated the revised conjecture:

Conjecture 1.4.2. [2, 28] Ghrist's Conje ctur e. The (pure) braid group of any planar graph is
a right-angled Artin group.

Although Ghrist's conjecture was stated for pure graph braid groups, as this dissertation only
dealswith regular graph braid groups we will typically ignore the word pure.

Connolly and Doig [12] proved a partial positive result in the direction of Conjecture 1.4.2
- that braid groups on linear trees are right-angled Artin, where a tree is linear if there exists
an enmbedded interval cortaining all of the vertices of degreeat least 3. In general, though, it
appearsthat graph braid groupsare usually not right-angled Artin groups. Mautner [34] hasfound
examplesof graph braid groupson treesand on non-simply-connectedplanar graphswhich are not
right-angled Artin. In Chapter 5, it will be shovn basedon the work in [22] that braid groups
on trees are rarely right-angled Artin. Speci cally, tree braid groups are right-angled Artin if and
only if the tree is linear or there are lessthan 4 strands.

A related line of inquiry askswhether there exist embeddingsbetweenright-angled Artin groups
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and graph braid groups. A positive result in this direction is dueto Crisp and Wiest: for any nite
graph andany n, there existsagraph suc that B, embedsin G(). This impliesthat graph

braid groups are linear, bi-orderable, residually nite, and residually nilp otent.

1.5 (Discrete) Morse Theory

Morse theory is a classical method in topology to determine the homotopy type of a manifold.
Morsetheory looks only at the “critical' points of a given smooth real-valued function on a manifold
and from this limited data determinesglobal topology. One may think of the smooth real-valued
function on a manifold as a height function, indicating how points on the manifold 'o w' into
neighboring points of lower height. The stationary points under this ow are critical. There are
a number of classical applications of Morse theory, including to the Gauss-Bonnettheorem, the
Poincare-Hopf index theorem, courting gealesicson a Riemann surface,and determination of the
topology of a Lie group [36].

In Chapter 2, we use Forman's discrete Morse theory [26] (seealso [8]) in order to simplify
any complex UC" within its homotopy type. Discrete Morse theory, just like regular Morse
theory, looks at “critical' cellsunder a ™ ow' to analyzethe homotopy type of a space,but discrete
Morse theory looks at CW-complexesinstead of manifolds. We will formally de ne concepts of
discrete Morse theory in Chapter 2, but we give a quick overview here. Given a CW-complex
X and a “discrete gradiert vector eld' on X, Morse theory classi es the cells of X as either
“critical', “collapsible’, or “redundart’. “Critical' cellscorrespondto acell in X which is \critical" to
homotopy, homology and other homotopy invariants. The collection of critical cellsin a complex
is usually much smaller than the original complex. Morse theory thus provides an e cien t way for
computing various homotopy invariants aswell as for reading o presenations of B, X .

Morsetheory can alsobe usedto compute the homology and cohomologyof graph braid groups.
In [25], Farley shawved that H{(UC"T) (equivalertly, H;(B,T), sinceUC" is aspherical for any
graph [2], [28]) is a free abelian group of computable rank (seeCorollary 5.1.3). In Chapter 5,

cohomologyis computed for tree braid groups.



1.6 Main Results

This dissertation is organizedinto a number of chapters. We begin in Chapter 2 by introducing
discrete Morse theory in detail, and applying it to the situation of graph braid groupsto simplify
con guration spacesUC" within their homotopy types. We use discrete gradient vector elds
(seeDe nition 2.1.1) asour fundamental tool for applying discrete Morse theory. Under a discrete
gradient vector eld, a cell in a CW complex may be classi ed as either redundant, collapsible
or critical. Morse theory tells us that the fundamertal group of a spacehas a presenation whose
generatorscorrespond to critical 1-cellsand whoserelators correspond to boundary words of critical
2-cells(seeTheorem 2.2.4). When we apply discrete Morse theory to con guration spacesa graph,
we de ne a particular discrete gradiert vector eld W induced by a numbering of the vertices of
the graph. Our main result in Chapter 2 (Theorem 2.3.4) describes the classi cation of critical
cells for the particular caseof graph braid groups. Chapter 2 is basedon the rst portion of [23],
and was cowritten with Dan Farley. Farley's cortributions to this portion of [23] were greater than
the author's, and both of the above theoremsare due more to Farley.

Chapter 3 usesthe discrete Morse theory outlined in Chapter 2 to dewvelop a number of results
about presenations of graph braid groups. We begin with somefairly immediate obsenations in
Section 3.1, including two theorems giving dimensionsof strong deformation retractions of UD"

(seeTheorems3.1.3and 3.1.4), as well as the following result:

Theorem 3.1.1. Let bea nite graph with the maximaltree T. If T 6 , then assumethat the
endpoints of every edgeoutside of T havedegree2in . Fix n 1 andassumethat T is su cien tly
subdivided for n. Let W be a discrete gradient vector eld on UD" asin Section2.3. Let D be

the number of edgesoutside of T. Then the Morse presenation Py has

d .
0. X 1 ohrdy) 20 n+dy) i1
v2V (T) i=2 n 1 n 1
degree(v)>2

generators.

(this implies the result of Ghrist, Corollary 3.1.2, which counted the number of generatorson

a radial tree.) Thesethree theorems appear in Section 4 of [23], in a paper cowritten with Dan



Farley. Thesetheoremsare due more to the author than to Farley.

Also in Chapter 3, we dewelop tools to analyze certain casesof graph braid groupsto obtain
preseriation theorems. In particular, we obtain presernation theorems for all tree braid groups
(Theorem 3.4.1) and all two strand graph braid groups (Theorem 3.4.2). Both theoremsinterpret
the Morse presenations for the corresponding graph braid groups by explicitly providing the nec-
essaryboundary words of critical 2-cells. The tree presenation theorem has been seento yield
“optimal' presenations ([25]; seeCorollary 5.1.4). Theorem 3.4.1 appearedin Section 5 of [23],
cownritten with Dan Farley, and is due more to the author than to Farley. Theorem 3.4.2is from
the paper [21], cowritten with Dan Farley, and is also due more to the author than to Farley.

Chapter 4 exploresthe connection betweenright-angled Artin groups and graph braid groups
by analyzing the opposite direction of a result of Crisp and Wiest. Crisp and Wiest proved that
for any nite graph andany n, there existsa nite graph sud that B, enmbedsin G(). We

prove:

Theorem 4.0.1. For ewvery nite graph and any coloring C of  with n colors, there exists a

graph sud that the right-angled Artin group G() embedsinto the graph braid group B, .

Theorem 4.0.1 implies, for instance, that for any nite graph there exists an embedding of
G() into the graph braid group B,, for somegraph , whereng is the chromatic number of

(seeCorollary 4.2.2). Applying Theorem 4.0.1to a particular graph, we prove that:

Theorem 4.0.2. There exists a planar graph braid group which corntains a hyperbolic surface

subgroup, with only n = 2 strands.

There were previously no known examplesof hyperbolic surface subgroupsin planar graph
braid groups. Chapter 4 is basedon the paper [38], and is entirely the work of the author.

In Chapter 5, we compute the cohomologyof tree braid groupsby explicitly computing the cup
product structure. Speci cally, for atree T we de ne an equivalencerelation on cellsof UD"T
and a partial ordering  on equivalenceclasseqc] = fcc® cg of cells (seeSubsection5.2.1). For

any cellc, let [:UD"T ! Z=2Z bethe cellular cocycle satisfying:

[d =1 if ¢ c

q(® =0 otherwise :



Then:

Theorem 5.2.4. Letn 1,let T bea sucien tly subdivided tree for n, and let W be a discrete

gradient vector eld on UD"T asin Section2.3. ConsiderH (B,T;Z=22).

1. If cis acritical cellin UD"T, then there exists a cocycle classc corresponding to ¢, and a

distinguished basisfor H(B,T;Z=27) is

fc jc acritical i-cellg:

2. Let c be a critical cell in UD"T. If [c] is the least upper bound of f[ci];:::;[ci]g, where
the [c1];:::;][ci] are distinct equivalence classesof 1-cells, then, without loss of generality,
C1;:::;¢ arecritical and

3. If [c1];:::;[c] are distinct equivalenceclassesof 1-cellshaving least upper bound [c], then
] [0 @1 = @
If [c1];:::;[c] have no upper bound, then the above cup product is 0.

Knowing the cup product structure for tree braid groups allows us to solve Ghrist's Conjecture

- Conjecture 1.4.2- at leastin the tree case:

Theorem 5.3.11. Let T bea nite tree. The tree braid group B, T is a right-angled Artin group

if and only if T islinear or n < 4.

Chapter 5 is basedon [22], cowritten with Dan Farley, and the results therein are more due to

Farley than to the author.

Finally, in Chapter 6, we state and solve a version of the isomorphism problem for four strand

tree braid groups:

Theorem 6.2.1. There exists an algorithm which, given two nite preserations of groups which

are known to describe four strand tree braid groups, decideswhether the two groupsare isomorphic.
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We do soby rst shawing in Lemma 6.1.1that, for any nite tree T, H (B4Tmin ; Z=2Z) is an
exterior face algeba (seeSubsection5.3.1), and that the simplicial complex de ning the exterior

face algebra structure is unique and 1-dimensional. Using this lemma, we prove:

Theorem 6.1.2. Two nite treesare homeomorphicif and only if their 4 strand braid groupsare

isomorphic.

It is this bijection which yields the solution to the isomorphism problem. Chapter 6 is based

on [39], and is ertirely the work of the author.

11



Chapter 2

Morse Theory

We begin by introducing the readerto discrete Morse theory. This chapter is dewted to analyzing
discrete Morse theory, the power of using discrete Morse theory, and how to apply discrete Morse
theory to graph braid groups. In Section 2.1, we give the de nition of a discrete gradient vector
eld, which is the weapon of choicein the discrete Morse theory arsenal. We also examine monoid
preseriations and rewriting systems. Using rewrite systems,we then look at the e ect of discrete
Morse theory on group presenations.

The nal section, Section 2.3, discussesdiscrete Morse theory in the context of graph braid
groups. We give a provide a construction of a discrete gradiert vector eld on UD" for any
su cien tly subdivided graph and prove our construction works. We alsoshow an example of this
discrete gradient vector eld on atree.

This chapter is basedon work corntained in [23]. The results of the paper [23] have beendivided
betweenthis chapter and Chapter 3, largely re ecting a division betweenthe cortributions of the
author and Dan Farley. The division of e ort is very hard to de ne, but the results of this chapter

are due more to Farley, while those of Chapter 3 are due more to the author.

2.1 Basic De nitions

In this subsection,we collect somebasicde nitions from [23] (seealso[8] and ([26], pages130-131),
which were the original sourcesfor theseideas).

Let X bea nite CW complex. Let be a p-cell in X which is a face of the g-cell , where
g > p. Let B be a closedball of dimensionqg, andlet h: B ! X be a characteristic map for
Thecell isaregularfaceof ifh:h 1 ! isahomeomorphism,andh I( ) is a closedp-ball.

The complex X is regular if every facein X is a regular face.
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Let X bea nite regular CW complex. Let K denotethe set of opencellsof X. Let K, bethe
set of open p-cellsof X . For opencells and in X,wewrite < if 6 and —, where ~
is the closureof , and if < or =

We will needto work with a specialtype of CW complex. From now on, every CW complex X
we considerwill have the following property: if (P and (P*1) are open cellsof X of dimensionsp
and p+ 1, respectively, and ™\ (®*1) 6 : then M < (*1) The importance of this assumption
will becomeapparert in Proposition 2.2.1.

A partial function from a set A to a set B is a function de ned on a subsetof A, and having
B asits target. A discrete vector eld W on X is a sequenceof partial functions W; : K; ! Kis

sud that:

1. Each W, is injective;

2. ifW;( )= ,then < ;

3. im (W;)\ dom (Wjs«1) = ;.

Let W be a discrete vector eld on X. A W-path of dimension p is a sequenceof p-cells

0, 1,::i; r Sud that if W( ;) is unde ned, then i1 = j; otherwise j+; 6  and 41 <

W( i). The W-path isclosal if ; = (, and non-stationary if 16 .

De nition  2.1.1. A discrete gradient vector eld is a discrete vector eld W suc that W hasno

non-stationary closedW -paths.

If W is a discrete gradient vector eld, then acell 2 K is redundant if it is in the domain
of W, collapsible if it is in the image of W, and critical otherwise. Note that any two of these
categoriesare mutually exclusive by condition (3) in the de nition of discretevector eld. The rank

of a cell ¢ with respect to a discrete gradiert vector eld W is the length of the longest W -path

and redundart cellsare of rank at least2. If c°< W (c) and c 6 c° then clearly rank(c% < rank(c).

So far, we have introduced the conceptsand terminology of \discrete gradient vector elds”,

and not \discrete Morse functions”. The two ideasare largely equivalent, in a sensethat is made
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precisein [26], pg. 131. In practice, we will always use discrete gradient vector elds and newver
any explicit discrete Morse functions. Howewer, we will usethe conceptof a collapsein the cortext
of discrete Morse functions in Section 2.2. We take the de nition from [11], pg. 14. If (X;Y) isa

nite CW pair then X collapsesto Y by an elementary collapse - denoted X & €Y - if and only if

1. X = Y[ & [ € wheree" and e" ! are open cells of dimensionn and n 1, respectively,

which arenot in Y, and
2. there exists a ball pair (Q™;Q" 1) (1™ 1" HYandamap :Q"! X sud that

(@) is a characteristic map for "
(b) jQ" !isa characteristic map for e" !

() (P 1Y Y"1 whereP" 1=cl(@" Q" 1.

We say that X collapsesto Y, and write X & Y, if Y may be obtained from X by a sequence
of elemenary collapses. Note that if X collapsesto Y, then there exists a strong deformation

retraction X ! Y;in particular, X and Y are homotopy equivalert.

2.1.1 Monoid Presentations and Rewrite Systems

An alphalet is simply a set . The free monoid on , denoted |, is the collection of all pos-
itive words in the generators , together with the empty word, endoved with the operation of
concatenation.

A monoid presentation denotedh j Ri, consistsof an alphabet together with a collection
R of ordered pairs of elements in . An elemer of R should be regardedas an equality between
wordsin , but, in what follows, the order will matter.

A rewrite system is an oriented graph. The vertices of the graph are called objects and the
positive edgesare called moves If v; is the initial vertex of some positive edge and v is the
terminal vertex, then write v1 ! v, (the name of the speci c rewrite systemwill always be clear
from context). An object is called reduced if it is not the initial vertex of any positive edge(move).
The re exiv e, transitiv e closureof ! is denoted! .

A rewrite systemis called terminating if every sequencea; ! a,! asz! :::is nite. A rewrite

systemis called con uent if, whenewra! _banda!_c, there is an object d such that bl_dand c!_d.
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A rewrite systemis locally con uent if whena! banda! c, then thereis d sudc that bl_d and

c _d.
Lemma 2.1.2. [37] Every terminating locally con uent rewrite systemis con uent.

A rewrite system is called complete if it is both terminating and con uent. For a complete
rewrite system, it is not dicult to arguethat ewvery equivalenceclassof the equivalencerelation
generatedby ! hasa unique reducedobiject.

Every monoid preseriation h j Ri has a natural rewrite system, called a string rewriting
system assaiated to it. The set of objects of this string rewriting system s the free monoid
There is a move from wy 2 to wy 2 if wg = urqv.and wy, = urpovin , whereu;v 2

(ry;r2) 2 R.

2.2 Discrete Morse Theory and Group Presentations

Assumein this sectionthat X is a nite connectedCW complex with a discrete gradiernt vector
eld W. Let X2 be the subcomplex of X consisting of the n-skeleton, but with the redundart
n-cellsremoved. Let X {°consistof the n-skeleton of X , but with the redundart and critical n-cells
removed. The following proposition was essetially proved by Brown ([8], pg. 140) in the caseof

semi-simplicial complexes.

Prop osition 2.2.1. Consider the following Itr ation of X:
;= XE0 Xg o X0 XY Xg%

1. For any n, X2 is obtained from X %°by attaching m, n-cells to X °along their boundaries,

where my, is the number of critic al n-cells of the discrete gradient vector eld W.

2. Foranyn, X%, & x{.

Proof.

1. This is obvious.
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2. Let YE be the subcomplex of X cortaining X" ! together with all n-cells of rank at most
k, and all (n + 1)-cellsthat are the imagesof sudch n-cells under the function W. Thus, for
example, X2 = X7.

We claim that X ,; & X, fori 2 N.

Let c be an open n-cell of rank exactly i + 1. SinceW is injective, W (c) cannot be the image
under W of a cell of rank lessthan or equalto i, and soit lies outside of )Tin. If c\ Yi” is
nonempty, it canonly be becausethere is someopen collapsible (n + 1)-cell c®sud that ¢\ @
is nonempty and c®= W (c%, for someopen n-cell c®of rank lessthan or equalto i. Given
our standing assumption about the CW complex X (from Subsection2.1.1), we thus know

that c< ¢ Now if c= ¢1;Cp;C3;:::C+1 isaW-path without any repeated cells (which exists

sinceclearly c?% ¢, and there are no non-stationary closedW -paths. This implies that the
rank of c%is at leasti + 2, a cortradiction. It follows that the rst part of the de nition of a

collapseis satis ed for the pair (X 41; X +1  (c[ W(C)).

Sincec is a regular face of W (c), there is a characteristic map : B"*1 | Yinﬂ for W(c)

sudhthat : 1(c)! cisanhomeomorphismand 1(c) is a closedball. It follows easily

that the secondpart of the de nition of a collapseis satis ed for the samepair.

Repeating this argumert for every (n + 1)-cell of X [, , we evertually concludethat X ., &

Yi”, sincethe individual collapsesare compatible.

It follows that YE & X9 for any k 2 N. For k sucien tly large, X_E consistsof the ertire

n-skeleton, plus the collapsiblen + 1-cells. That is, X 99, = X, & X 2.

We collect a number of corollariesin the following proposition:

Prop osition 2.2.2.

1. The inclusion of X 2 into X induces an isomorphismfrom , 1(X9) to , 1(X).

2. If X hasno critical cells of dimension greater than k, then X & XE.
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3. ([26], pg. 107) X is homotopy equivalent to a CW complex with m,, cells of dimension n,

where my, is the number of critical n-cells in X.
4. The sulmomplexof X generted by the collapsible and critic al edgesis connected.

5. The sulromplexof X generted by the collapsible edgesand the 0-skeletonof X is a maximal

forest.

6. If there is only one critical O-cell, then the graph consisting of (the closures of) the collapsible

edgesis a maximal tree in X.

Proof.

1. Note that the map , 1(X2)! . 1(X) factors as

n XD X% n X))

The rst map is an isomorphism, becausexX %, & XP?. The secondmap is also an isomor-
phism, since X is obtained from X %9, by attaching cells of dimension greater than or equal

to n+ 1, which havenoe ect on , 1.

2. We have the sequence
XI? Xl??l = X|9+1 Xl??z = X|9+2
Each complex in this sequencecollapsesonto the one beforeit (sometimestrivially , where
equality holds). Sincethe sequenceerminates at X, (2) is proved.

3. Follows easily from the previous proposition.

4. In fact, the subcomplexin questionis X, and o(X9) !  o(X) is a bijection by (1). Since

X is connected,sois X {.

5. Since X 2%& X9, X P%eah componert of X Yis cortractible, and so X Yis a forest. It is true

by de nition that X Ycortains the whole 0-skeleton, so X Vis also maximal.

17



6. SinceX {% X9, and X § is a singleton set, X JV%s connected. By (5), we know that X is also

a maximal forest, soit must in fact be a maximal tree.

O

Choosea maximal tree T of X consisting of all of the collapsible edgesin X, and additional
critical edges,as needed.

De ne a monoid presenation MP .1 as follows: Generators are oriented edgesin X, both
positive and negative, so that there are two oriented edgesfor each geometric edgein X. If e
denotesa particular oriented edge,let € denote the edgewith the opposite orientation.

A owed boundary word, or the boundary, of a 2-cell ¢ is simply one of the possiblerelations
determined by an attaching map for c (cf. [42], pg. 139); if w; and w, are two o wed boundary
words for a cell ¢, then wy can be obtained from w, by the operations of taking inversesand cyclic
shifts.

There are several typesof relations.
1. For a given oriented edgee in T, introduce the relations (e;1) and (g; 1).
2. For any oriented edgee, introduce relations (eg; 1) and (ee;1).

3. For a collapsible 2-cell ¢, consider the (unique) geometric 1-cell e such that e = W 1(c).
Supposethat a boundary word of ¢ is ew. In this case,the word w contains no occurrence
of e or g, sincethe geometric edge corresponding to e is a regular face of c. Introduce the

relations (e;w) and (g;w).
Prop osition 2.2.3. The rewrite systemasseiated to the monoid presentationMP .1 is complete.

Proof. If w! wj; andw! w, correspond to disjoint applications of relations in MP .7, that is,
if w= rsjtuiv, wi = rsotuyv, and wy = rsitusv, wherer, sg, S, t, U1, U, and v are words in the
free monoid on oriented edgesin X, and (S1;S2), (ug;u2) are relations in MP .1, then wy ! w3
and wy ! wg, wherews = rsytusv.

Thus we needonly considerthe casesin which the movesw! wj; andw! ws, are not disjoint.
Cheding de nitions, we seethat it is not possiblefor a move of the rst type to overlap with a

move of the third type, sincethe left side of a relation of type 1 is a word of length one involving

18



only an edgein T, and the left side of a relation of type 3 is another word of length one, but
involving a redundant edge,and redundant edgeslie outside of T. Similarly easyargumerts show
that the movesw ! wq andw ! w, canonly overlap if at least one of thesemovesis of the second
type.

Suppose, without loss of generality, that w = teev and w1 = tv. If, sa, w, = tev, and thus
the move w ! ws involvesthe application of a relation of type 1, then it must be that the edge
corresponding to eisin T, sothat wo ! wq. If w! ws» involvesthe application of a relation of
type 3, say wp = twey, then wy ! twwv! _tv = wy.

The casein which both movesw! wj; andw! ws involve relations of the secondtype is left

as an easyexercise. O

Theorem 2.2.4. Let X be a nite regular connected CW complex with a discrete gradient vector
eld W. Then:
1(X)=h jRi;

where s the set of positive critical 1-cells that arert contained in T, and
R = fall owed boundary words of critic al 2-cellsg:

Proof. According to Proposition 2.2.2(1), 1(X$) = 1(X). The usual edge-path preseration of

the fundamertal group (see[42], pg. 139) of X I says that
1 X3 = hDjmi;

where b is the set of positively oriented 1-cells,and the relations R are of three types: rst, there
are the boundary words of critical 2-cells; second, there are the boundary words of collapsible
2-cells;third, there are words of length one corresponding to edgesin T.

Any collapsible 2-cell is necessarilyW (¢) for someredundant 1-cell c. Choosec to have the
largest rank of all 1-cells. There is a boundary word of W (¢) with the form cw, wherew is a word
involving only occurrencesof 1-cells having smaller rank than c. In the presenation of 1(X§’),

replaceevery occurrenceof c or T other than the occurrencein W (c) with W or w, respectively. In
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the new preseration, neither ¢ nor T occursin any relation exceptthe boundary word of W (c),
where ¢ or T appears, but not both. In fact, the operation of replacing c (respectively, ©) with W
(respectively, w) can changeonly the relations of the rst type, by (respectively) the assumption
about the rank of ¢ and becausec is not collapsible. Thus we can remove the generator c from the
new preseration for 1 (X §) alongwith the boundary word for W (c) to obtain another presenation
of the samegroup. Notice that the e ect on the boundary words of the critical 2-cellshasbeento
perform a sequenceof reductions of type 3.

One cortinuesin the sameway, inductiv ely removing redundant 1-cellsof the largest remaining
rank, until all of the redundant 1-cellshave beenremoved.

Next, remove the 1-cellsoccurring in T from the list of generators,along with the corresponding
relations (which are words of length one), and remove all occurrencesof the 1-cellsof T from the
remaining relations. This procedureresults in a preseration of the samegroup. The nal result
after freely reducing is the presenation h | Ri, since ewery alteration to the boundary words of
the critical 2-cellshasbeena move in the rewrite systemcorresponding to the monoid presenation
MP w7, the remaining words are reduced modulo MP .1, and the remaining generatorsare the

positively oriented 1-cellslying outside of T. O

De nition 2.2.5. Let X and W beasin Theorem 2.2.4,whereh jRi is a presenation of X as
in the theorem. If there is just onecritical 0-cell, then the discrete gradient vector eld completely
determines the maximal tree T, so there is just one sud presenation (up to cyclic conjugation
of elements of R). In this case,the (unique) presenation Py := h jRi is called the Morse

presentation of 1X.

2.3 A Discrete Gradient Vector Field on the Discretized

Con guration  Space UD"
In this section, we de ne a discrete gradient vector eld W on UD" for any arbitrary su cien tly
subdivided graph . Let be such a graph. We begin by xing somenotation and terminology.

The set of verticesof  will be denotedby V(), and the degreeof a vertex v2 V() is denoted

d(v). If avertex vissud that d(v) 3, v is calledessential Choosea maximal tree T in . Edges
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outside of T are called deletal edges

Pick a vertex of valencelin T to bethe root of T. Choosean embedding of the tree T into
the plane. We de ne an order on the verticesof T (and, thus, on verticesof ) asfollows. Begin
at the basemint and walk along the tree, following the leftmost branch at any given intersection.
When a vertex of degreeone is readed, proceedby badktracking along the only possible edge.
Consecutively number the verticesin the order in which they are rst encourtered, beginning by
assigningthe number 0 to the vertex . Note that this numbering dependsonly on the choice of

and the embedding of the tree in the plane. Let (€) and (e) denote the endpoints of a given
edgee of . Without lossof generality, we orient ead edgeto go from (e) to (e), and so that
(e) > (e). (Thus,if e T the gealesicsegmenm [ (€); ]in T must passthrough (e€).) Call (e)
the initial vertex of e and (e) the terminal vertex of e.

It will occasionally be useful to have another characterization of . Let v be a vertex of of
degreen in T. Number the edgesadjacert to v by 0;1;2;:::;n 1, beginning by labelling the edge
contained in the arc [v; ] with 0, and proceedingin clockwise order. The single direction from is
numbered 1. Each such number represens a direction from v. For any other vertex or edgecin T,
let g(v; c) be such that ¢ and the edgeadjacert to v labelled g(v; ¢) both lie in the sameconnected
componert of T v. We say the cell c lies in the direction g(v;c) from v. We adopt the convertion
that g(v;v) = 0. De ne an operation » on vertices of T to take two vertices v, and v, and yield
the essetial vertex of T which is the endpoint of the geadesicsegmen [ ;vi]\ [ ;vz2] other than

. Now order the vertices of T as follows. Let v; and v, be two vertices, and de ne the vertex
V3 := vi*Vvyo. Thenvy vy if and only if v3 = vq, or vz 6 vi and g(vs; v1) < g(vs;Vvz). Equivalertly,
v1 < Vs if and only if there exists a vertex vz such that g(vs;vi) < g(vs; Vo).

For any vertex v, let e(v) denote the unique edgeadjacent to v and in direction 0 from v. The

following lemma is easyto prove:

Lemma 2.3.1 (Order Lemma). The ordering on vertices of is a linear order, with the

following additional properties:
@ ifvp2][ ;vi]lthenvy, vq
@) ifv2 V() andeis an edgeof T suchthat e(v)\ e= (e) andv < (g), then (e) is an
essentialvertexand 0< g( (e);v) < g( (e); (e) (and thus (e) < v< (€)).
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Any ordering of the kind mentioned in the lemma may be realized by an embedding and a

choice of , although we will not needto make use of this fact.

18 17 16

Figure 2.1: The tree Tpin .

This is the tree Tmin , the unique tree (up to homeomorphism) with as few essetial vertices as
possibleof assmall a degreeaspossiblesuch that the essetial verticesdo not all lie on an embedded
interval. In this sense,Tmin is the "minimal nonlinear' tree. The tree Tnin shown is su cien tly
subdivided for n = 4. Let v; denote the vertex with label i. The labelling of vertices induces a
linear order on vertices of the type described in Lemma 2.3.1. This linear ordering coincideswith
the ordering induced by the showvn embedding of Ty, into the plane.

We use the order on the vertices to de ne a discrete gradient vector eld W on UD". We

begin with two de nitions. Let ¢ = fcy;:::;¢y 1;vg be acell of UD" wherev is a vertex. The

(with respectto c) if
1. there is a vertex v 2 ¢ suc that

(a) v is adjacernt to (e), and

(b) (g <v< (), 0r
2. eis a deleted edge.

Otherwise, the edgee is order-resgecting with respect to c.
For example, consider the tree T,n in Figure 2.1. For any vertex v;, let ¢ := e(vj). For

instance, e;g connectsvig to vg. In the 1-cell fvig; €19; Vi2; V160, €19 iS Not order-respecting, since
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e\ €9= Vg = (e1g). On the other hand, eig is order-respecting in f e1g; Voo; V21; V220. The edge
ey is order-respecting in any cell of C*. For further examples,seeExample 2.3.5.

Supposethat we are givenacellc= fcy;:::;¢c,gin UD" . Number eah edgeand vertex in c
asfollows. A vertex of c is given the number from the clockwise traversal of T from asin Figure
2.1. An edgee of cis given the number for (e).

Note that an open cellin UD" hasthe form fcy;:::;c g sud that ead ¢ is either a vertex

or the interior of an edgeand the closuresare mutually disjoint.
De nition  2.3.2. We de ne a partial function W on UD" asfollows. Let c be a cell of UD" .

1. If an unblocked vertex is numbered smaller than all order-respecting edgesin c (if any), then
W (c) is obtained from c by replacing the minimal unblocked vertex v 2 ¢ with e(v), where
e(v) is the unique edgein T satisfying (e(v)) = v. Note that e(v) is order-respecting in
W (c). (SeeFigure 2.2(b))

2. If an order-respecting edgeis numbered smaller than all unblocked verticesin c (if any), then
c2 im W, but c 62dom W. The cell W 1(c) is obtained from c by replacing the minimal

order-respecting edgee with (e). (SeeFigure 2.2(c))

3. If there are neither unblocked vertices nor order-respecting edgesin ¢, then W is unde-

ned.(See Figure 2.2(a),(d))
Theorem 2.3.3. The partial function W is a discrete gradient vector eld on UD" .

Proof. That W is a discrete vector eld follows from the de nition and the obsenation that, for

W (c). For, supposethat e = e(v) is not an order-respecting edgein W(c). Weknow e T, soit

must be that there is v®2 W (c) suc that e(v)\ e= (e) and v°< (e) = v. But if v02 W(c)
indeed order-respecting in W (c).

It remainsto seethat W is a discrete gradient vector eld - i.e. W hasno non-stationary closed

paths.
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Supposethat ¢;:::; = ¢ Is a non-stationary closedW -path of dimensionr > 1 such that

no repetitions occur among o, ..., r 1. Since ; = o, by the de nition of a W-path we must

The cell ;41 is obtained from the cell W( ;) by replacing someedgee in W( ;) with one of
its endpoints. If it were ever the casethat e 62T, then e62 ; for any j i, by the de nition of W.
But e2 o= |, soit must bethat e2 T.
Let n(e;i) denotethe number of cellsof in ; in the direction of g( (e); (e)) from (e). By
the de nition of W, n(e;0) n(e;1) n(e;r). If it wereewer the casethat e werereplacedby
(e), then n(e;i + 1) = n(e;i) + 1. But then n(e;0) > n(e;r), contradicting the fact that o= .
Thus, the cell i+, is obtained from the cell W ( ;) by replacing someedgee2 T of W( ;) with its
endpoint (e).
Let m( ;) denotethe label of the vertex (e;), where g is the minimal order-respecting edgein
i, or 1 if there are no minimal order-respecting edgesin ;. Let v;j denotethe minimal unblocked
vertex of .
If ; hasno order-respecting edges,then either m( 1) <m( ;) =1 orm( j+1)= 1. The
latter casecanonly occurif .1 is obtained from W( ;) by replacing e(v;) with (e(v;)) = v; - i.e.
i+1 = . Sincethis can't happen, we have m( j+1) < m( ;).
If ; hasorder-respecting edges,let e denotethe minimal order-respecting edgeof ;. Since ;
is redundarnt, v; < (g) and W( ;) is obtained from ; by replacing v; with e(v;j). Since 11 6 i,
i+1 Is obtained from W ( ;) by replacing someedgee® 6 e(v;) with (€Y. Sincee(v;) is order-
respecting in W( i), e(vi) remainsorder-respectingin j+1. Thus,m( j+1) vi < m( ;).
In either case,m( j+1) < m( i), som( g) < < m( ;) = m( o). This is a cortradiction.

Thus no non-stationary closedW -paths exist. O

The most important consequencef this section and the last is the next theorem, the Classi-
cation of Cells Theorem. This theorem and the tools deweloped in the next chapter will be our

main tools in the remaining chapters.
Theorem 2.3.4 (Classication of Cells). Letcbeacell of UD" .

1. If an unblackad vertex is numbered smaller than all order-respecting edgesin c (if any), then

¢ is redundant.
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2. If an order-resgecting edgeis numkbered smaller than all unblacked verticesin ¢ (if any), then

c2im W, i.e., cis collapsible.
3. If there are neither unblacked vertices nor order-resgecting edgesin ¢, then c is critical.

Proof. This follows immediately from Theorem 2.3.3and De nition 2.3.2. O

2.3.1 Examples and Notation: Visualizing Critical Cells of W

Using Theorem 2.3.4, it is not dicult to visualize the critical cellsof UD", for any n and any
If cis acritical cellin UD", then ewery vertex v in c is blocked, and every edgee in c hasthe
property that either: (i) e is a deleted edge,or (i) (€) is an essetial vertex, and there is some

vertex v of c that is adjacernt to (e) satisfying (e) < v< ().

Example 2.3.5. As before,let Tmin bethe tree in Figure 2.1. Four di erent cellsin UD*Tn, are

shown in Figure 2.2.

(@) (b)

© (d)

Figure 2.2: Four dierent cellsof UD"T.
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The cell in Sub gure (a) is the 1-cellf ei9; V10; V20; g, by the numbering of Figure 2.1. As there
are no unblocked vertices and the only edgeis not order-respecting, this cell is critical.

In Sub gures (b), (c), and (d), we have labelled the vertices and edgesof the given cells by the
numbersl, 2, 3, and 4, to make notation easier. Note that this is a di erent labelling than the one
implied by the numbering of Figure 2.1, asin Sub gure (a).

In Sub gure (b), vertex 1 is blocked by edge4, which is not order-respecting, while vertex 2 is
unblocked and edge 3 is order-respecting. Since 2 is smaller than the initial vertex of 3, the cell
depicted is redundant. Applying the discrete gradiernt vector eld, the image of this cell under W
is obtained by replacing vertex 2 with the unique edgein T having vertex 2 asits initial vertex. In
terms of the usual ordering, this is the edge[via; V13].

In Sub gure (c), the edge?2 is order-respecting, while the edge4 is not order-respecting and
the vertices 1 and 3 are both blocked. This meansthe cell depicted is collapsible, with preimage
obtained by replacing the edge?2 with its initial vertex.

The cell depicted in Sub gure (d) is critical sincevertices 1 and 2 are both blocked, and the

edges3 and 4 are not order-respecting.

It is corveniert to introduce a notation for certain cells (critical cells among them) which
doesn't refer to a numbering of the vertices. The notation we introduce will also be \indep endert

of subdivision" in a sensewhich will be speci ed.

De nition  2.3.6 (Notation.). Let be a graph with a maximal subtree T and basemint
Supposethat T has beenembeddedin the plane, sothat there is a natural order on the vertices.
Assumethat the endpoint of ead deleted edgehasdegreel in T.

Fix an alphabet A; B;C;D;:::. Assignto eat essetial vertex of aletter from the alphabet.

We de ne the following notation:

Ala]: Let Ala] denotethe collection of verticesin  consisting of A itself together with a; vertices
arranged consecutiely in the ith direction from A, sothat ewery vertex in the collection is

blocked exceptfor A.
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Ala]: Let Ala] denote the samecollection as does Ala], but excluding the vertex A itself.

Aml[a]: For any integerm suchthat 1 m d(A) 1anday 6 0, let A[a] denote the same
collection of vertices as A[a] but with the rst vertex v in the direction m from A replaced

with the edgee(Vv).

k : For any integerk 0, let k denotethe collection of k verticesblockedat - i.e. the vertices

,1,..., k 1 (here,the vertex 0 is the vertex ).

e: For any deleted edgee, the notation e, where e is not bolded, denotesthe edgee itself.

We sa& the collections represened by the rst three notations lie over the essetial vertex A.
We combine this notation additively to represen cellsin con guration spacesof , wherethe sum
of notation represening two collections denotesthe union of those collections. Addition is only
well-de ned if the two collections are disjoint. A sum of collectionsis said to lie over any essetal
vertex over which either summand lies.

We make one exception to the rule for addition: we allow sumsof the form e+ k , wheree is
a deleted edgewith endpoint . In this case,e+ k denotesthe collection fe;vy;:::;vkg.

We end with one nal de nition:

e: For any deleted edgee, if we are looking at the con guration spaceUD" for n xed, de ne

the bolded notation e to denotee+ k .

We give a number of examplesof this notation. Let T, bethe treein Figure 2.1. Let A = vg,

B = vg, C = vip, and D = vy;. Then:

The expressionB][(2; 1)] refersto the collection fvg; vig; V11; V190.
The expressionB[(2; 1)] refersto the collection fvig; vi1; V190.
The expressionA[(1; 2)] refersto the collectionfvy; e7; vsg, and A1[(3; 0)] refersto f vg; vs; €40.

The expression3 refersto the collection f ;vj; vag.
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The expressionB[(1;2)]+ 1 refersto the critical 1-cellcell shown in Figure 2.2(a). Similarly,
the cells shavn in Figure 2.2 parts (c) and (d) are B,[(1;1)] + C1[(1;1)] and B,[(1;1)] +
C,[(1; 1)], respectively. We do not yet have notation to expressthe cell shovn in Figure

2.2(b).

We must mertion one last corvention. The expressionB[(4;0)] could refer either to the
con guration fvis;Vvio;Vi1; €100 Or fvig; Vio; Vi1, €100. It is clear that if we subdivide further,
then this ambiguity disappears. Also, it is clear that, for a xed n, subdivision can be used to
make the sum of any two collectionsinvolving n or fewer strands well-de ned if the two collections
lie over disjoint sets of vertices. In argumerts using our new notation, we extend the notion of
\su cien tly subdivided for n" in such a way that all of our new notations are unambiguous for
when they refer to collections of n or fewer strands. It is clearly possibleto do this.

Now our notation is \subdivision invariant”: if is sucien tly subdivided for n, and the
expressionAnp[a] + Bp[b] + ::i+ k satisesay+ @i+ aga) 1t b+ i+ bgey) 1+ i+ kN,
then An[a]+ B[O+ :::+ k species a unique cell of UD" , and does so no matter how many
times we subdivide.

Under the discretegradiernt vector eld W, every con guration spaceUD" hasa unique critical
O-cell - namely, n . The discrete gradient vector eld W thus determines a presenation of B,
which is unique up to the choicesof the boundary words of critical 2-cellsin UD" .

We record here a description of critical cells, in terms of the new notation:

Prop osition 2.3.7. Let be a suciently suldivided graph, with a maximal subtree T and base-
point . Supmsethat T has been emleddel in the plane, so that there is a natural order on the
vertices. Assumethat the endmint of each deletael edge hasdegree 1 in T. Consider the cell given
by the formal sum

AL+ B[+ i+ e+ex+ itk

where each g is a deletal edge. This cell is critical if, for every X = A;B;:::, there exists| < Ix

cell can be descrilked by sucha sum.

If, for someessentialvertex X, xj = 0 for all j < Ix, then the above cell is collapsible.
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Chapter 3

Presentations of Graph Braid Groups

The goal of this chapter is to implemert the techniques developed in Chapter 2 to obtain presen-
tations for graph braid groups. We begin in Section 3.1 with a number of results which follow
fairly directly from the tools of Chapter 2. This includes a count of the number of generatorsin
any Morse presenation, a calculation of the braid group of a radial tree, and two deformation
retraction theorems.

The next two sections,Sections3.2 and 3.3, apply discrete Morse theory to the special casesof
a tree braid group and a two strand graph braid group, respectively. Section 3.4 collectsthe results
of these computations in the form of Theorems3.4.1 and 3.4.2. Theorem 3.4.1is optimal in the
senseof Corollary 5.1.4, as we will see. We end this chapter with examplesof both presenation
theorems.

This chapter is basedon work corntained in the papers [23] and [21]. The results of the paper
[23] have beendivided betweenthis chapter and Chapter 2, largely re ecting a division between
the cortributions of the author and Dan Farley. The division of e ort is very hard to de ne, but
the results of Chapter 2 are due more to Farley, while those of this chapter are due more to the
author. The papers[22] and [21] were originally intended as a single paper. The cortributions of
the author were much greater in [21] than in [22], as Chapter 5 describes. Similar to the divisions
between Chapters 2 and this chapter for [23], there is a rough division of contribution between
Chapter 5 and this chapter for [22] and [21]: the results of this chapter are due more to the author,
while the results of Chapter 5 are due more to Farley. It should also be mentioned that although
the original proofs of the results in Section3.3and Theorem 3.4.2are do more to the author, Farley

initially formalized this work in a write-up.
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3.1 Observations on Presentations of Graph Braid Groups

We collect in this section various theoremswhich are easyobsenations from the perspective of the
discrete Morse theory of Chapter 2. In particular, theseresults are mainly corollaries of Theorems

2.2.4and 2.3.4.

Theorem 3.1.1. Let be a graph with the maximal tree T. If T 6 , then assumethat the
endmints of every deletal edgeare not essentialin . Assumethat T is su ciently suldivided. Fix
n 1. LetW be a discrete gradient vector eld on UD" asin Section 2.3. Let D be the numker

of deletal edges. Then the Morse presentation Py has

X Y hidv) 2 n+dv) i1

D +
n 1 n 1

v2V (T) i=2
essential

genentors.

Proof. If cis a critical 1-cell, then c contains exactly one edgee, which must either be a deleted
edgeor there is somev in ¢ suc that e(v)\ e= (€). In the latter case, (€) is an essetfial vertex,
and0< g( (e);v) < g( (e); (e). It followsthat 2 g( (e); (¢)) d( (¢)) 1.

Now let us count the critical 1-cellsc. If the unique edgee in c is a deleted edge,then c is
uniquely determined by e, sothere are exactly D critical 1-cellsof this description. If the edgee is
not a deleted edge,then (e) isessetial and2 g( (e); (€)) d( (e)) 1. Note that sinceewvery
vertex of ¢ is necessarilyblocked, the critical cell c is determined by the numbers of vertices that
are in ead of the d( (e)) connectedcomponerts of T e. There are "* % (9) 2 \ays to assign
n 1 verticesto the d( (e)) connectedcomponerts of T e. (This is the number of ways to assign
n 1 indistinguishable balls to d( (e)) distinguishable boxes.) Not every sud assignmen results
in a critical 1-cell, howewer. The condition that 0< g( (e);v) < g( (e); (e)), for somev 2 c, won't
be satis ed if, for eah v 2 ¢, either g( (e); (¢)) g( (e);v) d( (¢)) 2lorg( (e);v) = 0. There

are 0 @rn o0 (@) 1 gy \illegal" assignmets. Subtracting thesefrom the total, we get

n+d( (g) 2 n+d( () gl (e): () 1
n 1 n 1

di erent critical 1-cellsfor a xed edgee. Letting the edgee of c vary over all possibilities, we
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obtain the sum in the statemert of the theorem. O

Corollary 3.1.2. [28] If is a radial tree - i.e. has exactly one essentialvertex, v - then B, is

free of rank
W hedw) 2 n+dw) i1
i n 1 n 1
Proof. There are no critical cells of dimension greater than 1 by the classi cation of critical cells,
sinceead blocking edgemust be at its own essefial vertex. Thusthe Morse presernation Py has

no relations. By Theorem 3.1.1, the presenation Py hasthe given number of generators. O

The following theorem is a somewhat strengthened version of a theorem by Ghrist [28]. The
dimensionboundsresenble those of Swiatkowski [43], wherethe homologicaldimensionof the braid

groups B, was estimated.

Theorem 3.1.3. Let beatree andc a critical cell of UD" . Let

nj -k o]

k := min #fv2 Ojvis essential

N S

Then dimc k: In particular, UD" strong deformation retracts on

(UD") §.

Proof. For every edgee in ¢, there is somevertex v in ¢ such that e(v)\ e= (e). If e; and &
are two edgesin c, and the verticesvi;v, 2 ¢ satisfy e(vi)\ g = (g), for i = 1;2, then certainly
vi1 6 vy, sincee; \ e = ;. It follows that there are at least as many vertices as edgesin c. Since
the dimension of ¢ is equal to the number of edgesin ¢, and the total number of cellsin cis n, we
have that the dimension of c is lessthan or equalto n=2.

Since (e) must be an essetial vertex of for ead e in ¢, and the edgescontained in ¢ must
be disjoint, we have that the dimension of ¢ is bounded above by the number of essetial vertices
of .

The nal statemert now follows from Proposition 2.2.2(2). O

The following result was proven independertly for the tree caseby Carl Mautner, an REU

student working under Aaron Abrams [1].
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Theorem 3.1.4. Let beasuciently suldivided graph,andlet () denotethe Euler character-
istic of . Then UD" strong deformation retracts onto a CW-complex of dimension at most k,

where
n+1 )

K:= mi
min 5

#fv2 Ojvis essential

Proof. Let T? be any maximal subtree for . Let T be a maximal subtree of constructed by
'moving' the deleted edgesof T? sothat they neighbor essetial verticesin . In other words, for
ewvery deletededgee 2 TO there are two essetial verticesof neareste; pick one,and construct
T by moving e to be adjacent to that vertex. Then T is connectedand is a maximal tree since
TOis. The tree T induces a discrete gradiert vector eld W with the property that every edge
in a critical cell contains an essetial vertex. Thus, the number of essehal vertices bounds the
dimension of the cellsof UD" that are critical with respectto W.
Let D be the number of deleted edgeswith respectto T. ThusD = 1 (). Sincea critical
subcon guration involves either one strand on a deleted edgeor two strands about an essetial

vertex, the dimension of any critical cell is also boundedby D + b?-2c = b™Pc.

The theorem now follows from Proposition 2.2.2(2). O

{1}

{2,3}

Figure 3.1: The graph K 4 and a deformation retraction of C?K 4.
On the left, we have K4 with the choice of maximal tree depicted. On the right, we have the
complex X 9 onto which C?K 4 deformation retracts. The critical 1-cellsare indicated with a lower
case\c"; the critical O-cellisf ;1g.

Note that this bound is not sharp, as two deleted edgesfor T adjacernt to the sameessetial

vertex may not both beinvolved in a critical con guration. The real thing to count (which varies
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by choiceof T) is the number of essetial verticesin  which touch deletededges,not deletededges

themselhes.

Example 3.1.5. Consider C?K 4, where K 4 is the complete graph on four vertices. We choosea
radial tree asour maximal tree. It is not di cult to ched that there are no critical 2-cellsin C?K 4
with respect to this choice of maximal tree, sothe subcomplexX C?K 4 is a strong deformation

retract of C?K 4 (seeFigure 3.1).

3.2 Computations for n-strand Graph Braid Groups

We now apply the discrete Morse theory of Chapter 2 with the goal of computing presenations of
graph braid groups. We will usethese computations in Section3.4to nd presenations for tree
braid groupsin particular.

Let v, and v, be vertices of the graph . Let (vq;v2) = fu 2 V() jvi < u < vog; in other
words, (v1;Vv2) denotesthe set of vertices betweenvy and v, in the ordering on vertices.

The following lemma will be very usefulin computing presenations of graph braid groups.

Lemma 3.2.1 (Redundan t 1-Cells Lemma). Letc be aredundant 1-cell in UD" , where is

an arbitrary nite graph. Supmsethat ¢ = fcy;:::;¢h 2;V; €9, wher v is the smallest unblacked
vertex of ¢ and e is the unique edge of c. Let c®:= fcy;:::¢h 2; (e(v));eg. If ( (&(v));Vv) \
fericoriinicn 2; (€); (€)g=;, thencl_c@

Proof. If we apply W to c, we get the following 2-cell:

0

where the arrows indicate orientation, and we dene ¢ = fcg;:::;¢ch 2;€(Vv); (6)g and ¢ =

opposite orientation. We needto shawv that ¢! 1 and c ! 1. This is equivalent to shawing that

any W -path beginningwith ¢ or ¢ cannot contain a critical cell.
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Consider the following condition on 1-cells¢ of UD" :
(1) If visavertexandv 2 ¢, then v 62 (&); (&), whereé T is the unique edgeof €.

We claim: rst, that if a 1-cell ¢ satis es (1), then so does any 1l-cell in a W -path starting
with ¢; second,that a 1-cell ¢ satisfying (1) cannot be critical. Sincec and ¢ both satisfy (1) by
hypothesis, this will prove the lemma by induction on the rank of ¢ and c .

We begin with the latter claim. Suppose¢ satis es (1). If ¢ is critical, then thereisv 2 € such
that e(v)\ &= (&), and0< g( (&);Vv) < g( (&); (&). But then (& < v< (&), acontradiction.

Now for the rst claim. If ¢ is collapsible,then any W -path starting with ¢ consistsof ¢ alone.
We may therefore assumethat €is redundant. Since¢ isredundarnt, thereisv 2 ¢suchthat v< (&)
and v is unblocked. We may choosev to be the minimal vertex with this property. By assumption,
v < (&) aswell. The two edgesin W (€), namely e(v) and &, therefore have the property that

(e(v)) < (e(v)) < (& < (&). Moreover, there is no vertex in W(&) \ ( (e(v)); (e(v))), for a
minimal suc vertex v° would be an unblocked vertex in ¢ satisfying v°< v, which is impossible.
The immediate successog; of ¢ in a W -path is obtained by replacing an edgeof W (€¢) with either

its initial or terminal vertex. It thus follows that ¢; satis es (1). O

A word about notation: we will needto describe the boundaries of critical 2-cellsin UD"
and these boundaries sometimesconsist of certain 1-cells which cannot be expressedin terms of
our notation. For instance, consider B>[(1;2)] + D2[(1;1)] in relation to Figure 2.1. This is the
2-cell c = fvyp;e19; Vo0; Voo, €59. The 1-cellsforming the boundary are obtained by replacing the
edgese 2 ¢, for i = 19 or 25, with (g) or (g). Thus one of the 1-cells on the boundary of
c is fvig; Vg, Voo; V2o; €259. Note that this con guration isn't covered by our notation, since the
inessetial vertex vyq is unblocked. Our notation cannot expressthe con guration in Figure 2.2(b)
for similar reasions.

Rather than intro duce more notation to deal with theseextra con gurations, we intro duce the
idea of a slide. A 1-cell c®is obtained from c by a slide (or c slidesto c9 if there is someunblocked
vertex v 2 ¢ sud that the endpoints, say v and v, of e(v) are consecutiwe in the order on vertices,
and c? is obtained from ¢ by replacing v with v® For example, fvig;Vo; V1o; V22; €59 (Which is

B[(1;1)]+ D2[(1;1)]) is obtained from fviq; vg; Vag; V22; €250 by a slide.
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If ¢ slidesto c® then we may use them interchangeably in our calculations. For, let v0 =

(e(v)). If c= fepp:iiicn 2;viegand c®= foy;:i:;cn 2:v®eg then c and c are parallel sides of
the squarefcy;:::;ch 2;e(v);eg, and the other sidesarec = fcp;:::;¢cy 2;€(Vv); (g andc =
fcy ;e 25e(v); (e)g. It is clear that ¢ and ¢ both satisfy the condition (1) from Lemma

3.2.1,soc! landc ! 1. It then follows that the oriented edgesc and c® both represert the same
elemen in the usual edge-path presenation of 1(UD"). In fact, more is true: if we add all
relations corresponding to slides (c;c% to the monoid preseration MP .1, the assaiated string

rewriting system is still complete, and has the samereduced objects. We leave the veri cation

proof is not entirely trivial.) In our calculations, we will useslideswithout further notice.

Let , denote a vector such that the mth componert is 1 and ewvery other componert is 0.
The length of ., will be clear from the corntext. If ¥ is a vector having erniries in the set of
non-negative integers, let ¥ 1 be the vector obtained from ¥ by subtracting 1 from the rst non-
zeroentry. This last notation must be used carefully to avoid ambiguity { note for instance that

1+ (2 1)6 (1+ 2 1. If visany vector, let j¥j denote the sum of the entries of w.
Lemma 3.2.2. Let A and B be essentialverticesof T, a maximal tree in

1. Supmsethat A B = C wher C is an essential vertex distinct from both A and B. Let

g(C;A)=iandg(C;B) = j, wheri<j. Then

(@ Afg]+Bibl+p !'_ B[+ (p+ja)
(b) Ala]+BiB+p !'_ B+ (p+ 1+ jg) |,
(©) Axlal+ B[+ p !_wi Agal+ (p+jb) w,' and

(d) Axlel+ B+ p !'_wy Agla]+ (1+p+t) w,,

where
i1
wy = Cilay i+ (g )jl+(p+ )
=0

and w is the sameas wj, but with jij + 1 in place of ji.
2. Supmsethat A~ B = A andg(A;B) = i. Then
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(@ Axfal+B[b+p ! Ada+ g il+p ,
(b) Afal+ BH+p !_ Acfa+ (1+jB)il+p ,

(c) Afal+BiH+p !_ws BB+ (p+js) ws*, and

(d) A+ B|+p !_ Ala]+ Bi[f+ (p+1) ,
where o
g 1
w3 = Afgi+@ )+ (p+ ) ;
=0
and is the smallest coordinate of a that is non-zero.
Proof.

(1a) Under the given assumptions, the smallest vertex of the con guration A[a] may be moved
until it is blocked at , by repeated applications of the Redundart 1-Cells Lemma, Lemma
3.2.1. That is,

Ale]+ Bil+p ! Ala 1]+ B+ (p+ 1)

After repeated applications of the above identity, we eventually arrive at the statemert (a).
(1b) This is similar to (a).

(1c) We beginby applying the Redundart 1-CellsLemma, Lemma 3.2.1,to the smallestvertex of
the con guration B[B]. This smallestvertex can be moved freely, until it occupiesthe place

adjacent to C, and lying in the jth direction from C. That is,

Ale]+ BB+ p ! Agal+ B[b 1]+ C[;]+p

At this point, the Lemma 3.2.1no longer applies, sinceall of the verticesin the con guration
Ax[a] lie betweenC and the vertex (say v) which is adjacert to C and which liesin the jth

direction. We must therefore appeal to the de nition of W:
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Aglal+B[d 1]+C[j]+p

Alal+B[B 1+Ci[j]+p Ala (J+B[b 1+ Cj[jl+p

Ag[a]+B[b 1]+ C+p

The 2-cell depicted above is Ag[a]+ B[® 1]+ Cj[ j]+ p , the image under W of the 1-cell
A¢la]+ B[b 1]+ C[;]+ p (located at the top). (Note: the label of the \source" vertex
on the upper left can be computed by replacing ead of the edgesin the 2-cell Ac[a] + B[D

1]+ Ci[ ;] + p with its initial vertex. The \sink" vertex on the bottom right is obtained
from the same2-cell by replacing ead edgewith its terminal vertex. The other two vertices
are determined by replacing one of the edgeswith its initial vertex, and the other with its
terminal vertex. If we also specify the identity of an edge,then the label of ead edgeis

uniquely determined.)

Now considerthe edgeA[a]+ B[b 1]+ Cj[ j]+ p . Lemma 3.2.1appliesto the verticesin
the collection A[a]. Thesemay move until they are blocked at C. Sincethere are jaj vertices

in A[a], and ead liesin the direction i from C, we have

Ala]+ B[b 1]+ C[;]+p !_ BDd 1+ G[;+jaji]+p

If we let the verticesin the con guration B[B 1] move, then by Lemma 3.2.1, thesevertices

will ow until they are blocked at C. We get

B 1]+ Ci[j+jail+p !'_ Co;+jaJ+p

This last edgeis critical. The edgeon the right side of the squarepictured above o wsto the

sameedge,by similar reasoning.

Finally, the edgeAg[a] + B[ 1]+ C+ p owsto A[a]+ B[d 1]+ (p+ 1) by Lemma
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3.2.1. It follows that
Aclel + B+ p !_w Ayfe]+ B[b 1]+ (p+ 1) w '
wherew = (Cj[jaj i + jbj j]+ p ). Part (c) now follows by repeatedly applying the above
identit y.
(1d) This is similar to (c).

(2a) In this case,the verticesin the con guration B[H], beginning with the smallest, can ow by
the Redundart 1-Cells Lemma, Lemma 3.2.1, until they are blocked at the essetial vertex
A. Sincethe verticesin B[f] lie in the direction i from A, when these vertices are blocked,

the resulting con guration is Ag[a+ j§ ;]+ p . This proves(a).
(2b) This is similar to (a).
(2c) We beginby applying W to the con guration Afa]+ B [0+ p . TheresultisA [a]+ B[+ p ,

where is the smallest subscript for which a is non-zero(herea = (ai;az;:::;aqa) 1))

Ala]+ B [0+ p

A [a]+ B[O+ p A [a]+Bb (J+p

Ala 1]+ B, [b+ p
Now it is either the casethat both of the vertical edgesare collapsible (if i), or these

vertical edgesboth ow to

Ala+jbil+p

The bottom edge ows to

Ala 1]+ Bid+ (p+ 1)
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Thus, A[a]+ Bi[jj+ p owsto
w Afa 1]+ B[+ (p+1) w

wherew = A [a+jfi]+p if >i,andw= 1if i. The statemert of 2(c) now

follows by repeated application of the above identit y.

(2d) This is straightforward.

3.3 Computations for 2-strand Graph Braid Groups

In this section, we focus our computations on 2-strand graph braid groups. For the 2-strand case,
we are able to obtain a presenation theorem for generalgraphs (seeTheorem 3.4.2).

Let bean arbitrary graph. Let T be a maximal subtree of , and assumethat and T are
su cien tly subdivided for n = 2 strands. In this case,su cien t subdivision meansthat both
and T are simplicial. Further assumethat all endpoints of deleted edgesare not essetial in .
We begin by analyzing critical cellsin UD?. Sincedim UD? 2, we needonly considercells of
dimension at most 2.

We already know that there is a unique critical O-cell: 2 .

Supposethat cis a critical 2-cell.

By Proposition 2.3.7,a 2-cell c is critical if and only if it consistsof a pair of disjoint deleted
edgesssay e and ey, in : c= e+ &.

Now considera critical 1-cellc. As a 1-cellin UD?, c= fv;eg wherev is a vertex of , eisa
closededgeof , andv\ e= ;. The vertex v must be blocked in ¢ and the edgee must fail to be
order-respecting if cis to be critical. There are two casesto consider: either e is a deleted edgeor
e Tand (e <v< (e).

In the former case,since e is a deleted edge, the endpoints of e are not essetial in . Since
v is blocked but v cannot be blocked at any essetial vertex in , v must be blocked at . Thus,
c = e. The orientation on the 1-cellc= e is de ned with the initial vertex of e beingfv; (e)g and

the terminal vertex beingfv; (€)g.
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Let A be an essetial vertexin , andlet 0< i < j < d(A) betwo distinct nonzerointegers.
The collection Aj( ; + ) is called a corner, and we sa sud a corner occurs at A. To simplify
notation, let Aj; := Aj( i+ ). The critical 1-cellis positively oriented, from fv; (e)gto fv; (e€)g.

Consider the latter case. Recall the de nition of direction from 2.3. Since (e) < v< (e), we
must have that 0< g( (e);Vv) < g( (e); (e)). Sincethere are at least three distinct directions from

(e), we have that (e) is essetial. Sincev is blocked in ¢, we have that e(v)\ e= (e). Since
a( (e);v) < a( (e); (e), cis uniquely determined by the choice of the essetial vertex (e) and
the choice of two distinct nonzerodirections from (e) - namely, g( (e);v) and g( (e); (e)). The
smaller of these two directions determines the location of v and the larger determines (e), and
thus the edgee. The critical cell c is thus exactly the corner ( (€)) g( (e):v):9( (e): (e)) -

We summarizethe results of this sectionso far in the following theorem:
Theorem 3.3.1. Let be a graph with maximal subtree T suchthat:

1. Both and T are simplicial.

2. the endmints of each deletal edge are not essentialin
The critical cells of UD? are as follows:

1. The critical 2-cells of UD" corresmnd to pairs of disjoint deletal edges,

2. The critical 1-cells of UD" are either corners or of the form e = fe;vg whe e is a deletal

edgeandv= if \ e=; orvistheuniquevertexof T adjacentto if \ e6 ;.
3. There is only one critical O-cell, namely 2 .

We introduce some additional notation, which will be useful in argumerts involving corners.
Let v4 and vo be verticesin T, vi > vp, and let vz := v~ vo. If v3 is an essetial vertex X 6 v,

then X gxv,):gx:v,) IS @ corner. We write
V1% Vo] = Xgxwaygexvyy  and  [Va A va] = [vi vl &

If v3 is not an essetial vertex or vz = vy, then [vy ~ vo] = 1.
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De ne a linear order on corners, where we write Ajj < By, if A < B in the linear order on
vertices,or A = B and (i; j) < (k;1) in the usual lexicographicalorder on N N.

Recall the de nition of ! _ from Section2.1.1. Let v; and v, be vertices of the graph . As in
Section3.2,let (v1;v2) = fu2 V() jvi < u< vpg. Tocompute presenations for the braid groups

B, , we will needthe following lemma.

Lemma 3.3.2. Let be a graph with maximal subtree T satisfying the hypothesesof Theorem

3.3.1. Letc= fe;vg be a 1-cell in UD? (possibly not critic al), where e is a deletal edge.
1.If (&< (e)<v,thencl_[v™ (e)]e[ (e) " v];
2. if (e <v< (e),thenc e[ (e " v];
3. ifv<s (e)< (e), thenc _e.

Proof. We prove (1) only. The others follow similarly.

Let v be the unique vertex of the critical 1-celle= e+ 1 (i.e. v = or, if \'e6 ;,v
is the vertex of T adjacert to . Let v = vg;V1;Vo;Vs;:::;Vyh = V be the vertices lying along the
unique simple path in T from v to v , listed in the order they are encountered. Because (€) is

not essetial in , we leave it as an exerciseto verify that (€) doesnot occur amongthe vertices

Begin by performing a simple homotopy move to replacef e;vg with

f (e);[v;valofe;vagf (e);[v;vilg *:

We apply W to fe;vig and perform another simple homotopy move, to replacef e;v;g with

f (e); [va; valafe;vogf (6);[va;valg

Continuing in this way, we arrive at Figure 3.2, wheref e;vg has beentransformed into

y 1 ! y 1 !
f (e);[vi;vi+1lg e f (e);[vi;vi+11g
i=0 i=0

1

The nal stepis to expressthe words labelling the vertical edge-pathsin terms of critical 1-cells.
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fe;vog

f (€);[vo;va]g
f  [Vo;
fevig (€); [vo; V19
f (€);[vi; V2] . ]
e); [vi; V2]g
fe;vog v
fe;vn 10
f (€);[Va 1,Vnlg . ]
€):1Vn 1:VnlQ
fevng

Figure 3.2: The boundary of a critical cellin UD? after rewriting.
This is the image of c = fe;vg under! .

We begin with the vertical edge path on the left. Note that vo > v > vy > vz > i > v,.

We claim that 0 < g(vi+1; (€) < g(vi+1;Vi). Considerthe geadesics™y = [(e); ] and "5 =
[vi; 1inT. Since () 6 vij, 1 ( "2, 2( "1,0r 1[ 2isatrip od (i.e., a homeomorphiccopy of the
graph K1.3). We can rule out the possibility that ", ("1, sincethis would imply that v; < (e).
We can similarly rule out the possibility that "1 ( "2, sincethis implies that "1 [vj+1; ], which
would meanthat (€) vj+1. It followsthat “;[ *, is atrip od; we let v denotethe vertex of degree
3 in this trip od. It is clear that ead of the geddesics[¥;, (€)], [v Vvi], and [v; ] determine dierent
directions from v, sincethesegealesicsare the legsof the trip od. If we reformulate this statemert

slightly, using the fact that (e) < v;, then we seethat

0< g(w () < g(vvi):

Finally, we obsere that v = vj4;, for otherwise v; and vi.; lie in the same direction from w,
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which would imply by the above inequality that g(wv; (€)) < g(w; Vvi+1), contradicting the fact that
Vi+1 < (€). This provesthe claim.

In the order on cornersin , (€) comesbefore [vi;Vj+1], since (e) < vj. There are two
possibilities: either (e) is blocked in f (e);[vi;Vj+1]g or it is unblocked. If (e) is blocked, then it
must be that (e) is adjacert to vj+1, which implies that f (e);[v;; Vvi+1]g is critical. In this case,
f (e);[vi;vi+1]gis the critical 1-cell[v® (€)], sincethe latter is positively oriented by the de nition
in Subsection3.3. If (e) is unblocked, let () = wg > wy > wp > 111> W, = vj4+1 bethe list of all

vertices on the gedesic|[ (e); vi+1 ], listed in the order they are encourtered. We have that

fwo; [Visvier 100 _fwy; [visvier 19l oot _fwy 15 [visvier 0

fw; 1;[Vi;Vi+1]g, is the critical 1-cell[vi * (e)] = [v" (€)].
Now we turn our attention to the other 1-cellsin the vertical path on the left. There are two

cases:

1.vj > vjs1 > (€) (i:er ;] < i) In this case,the Redundarnt 1-Cells Lemma, Lemma 3.2.1,

allows usto move (e) bak to , i.e.,

f(e);lv:vj«lat [viivj+1lo

The latter cell is collapsible,sof (€);[v;j;Vj+1]9'_1.

2. (e) > v > v+ (iie;; J > i) The cell f (€);[vj;vj+1]9 is easily seento be collapsible, so as

in the other case,f (€);[vj;Vj+1]9!_1.

The above reasoning provesthat the ertire left vertical edgepath, read from top to bottom,
owsto [v® (e)].

Similar reasoningshaows that the right vertical edgepath (read from top to bottom) owsto
[v™ (e)]. The only dierence in this caseis that we must allow for the possibility that (e) =
If this is so, the right vertical edgepath will consistertirely of collapsible edges,and thuswill ow

to 1. This agreeswith the statemert of the lemma, since[ " v] = 1.
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Finally, if we read down the left side of Figure 3.2, acrossthe bottom, and up the right side,
we read the word [v" (€)]e[ (e) " v], asclaimed.
The proofs of (2) and (3) are similar. Simply usethe reasoningin part (1) above to argue that

one or the other of the vertical edgepaths ows to the trivial word. O

3.4 Presentations of Tree and Two Strand Braid Groups

In this section, we apply the computations of Sections 3.2 and 3.3 to obtain two presenation
theorems. The rst theorem, Theorem 3.4.1, is for tree braid groups, and is an almost immediate
consequencef Lemma 3.2.2. We will seein Chapter 5 (Corollary 5.1.4)that preserations derived
from Theorem 3.4.1 have the fewest number of relators and generatorspossible,and are therefore
“optimal’ preserations. The secondtheorem, Theorem 3.4.2, is a preseration theorem for two

strand braid groups on generalgraphs.

Theorem 3.4.1. Let be a suciently suldivided tree with a chosenbasewint . Suppse that
an emledding of in the plane is given, so that there is an induced order on the vertices. Then
the braid group B, hasa Morse presentation where the geneators are the critical 1-cells and the
relators consist of the reducad forms of the boundary words w(c) wher c is any critical 2-cell. For

c= Aglal+ B[+ p acritical 2-cell, the reduced form of the boundary word is as follows:

1L.IFfANB=CwithC6 A;B,g(C;A)=1,9(C;B)=j, andi < j, then a reduced form of the

boundary word for c is

h i
Bibl+ (p+j&i) w1 Acla]+ (p+jb) wy'

where w; is asin the previouslemma.
2. If A*B = A, and g(A; B) = i, then a reducad form of the boundary word for c is
1
wyl Agfa+ b il+p wE B+ (p+ jai) :

where wj is asin the previouslemma, and wg is the sameasws, but witha | in place of

aandp+ 1in place of p.
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Proof. It follows from Theorem 2.2.4 that B,, is generatedby the critical 1-cells, and that the
relations are the reducedforms of the boundary words of the critical 2-cells.

Consider the critical 2-cell Ag[a]+ B[+ p

Ala]+ B [0+ p

A[a]+ B[b]+p Alal+B[b (]+p

Ala  ]+B[b]+p

The rest of the statemert of the theorem follows by applying Lemma 3.2.2to ead side. O

Theorem 3.4.2 ((The Morse presentation of B, )). Let beany graph. Choosea suldivision
and maximal tree T satisfying the hypothesesof Theorem 3.3.1. The two-strand braid group on
has a Morse presentation P as follows.

The geneators of P consist of

1. Corners Xj; , where X runs over all possibleessentialvertices, and i, j run over all possible

valuessatisfying0< i < j < d(X), and
2. Critical 1-cells e;, where g runs over all deletal edgesin

The relations of P havethe form
el (&)™ (g)el (8)" (e)le [ (&)™ (g)e [ (g)" (&)

wheee €, g run over all pairs of distinct deletel edgesin

Proof. Most of the theorem follows easily from the description of critical cellsin Theorem 3.3.1
and from Theorem 2.2.4. All that remainsto be shown is that the critical 2-cell determined by a
pair of deleted edgesf &;; g g determinesa relation of the required form.

Suppose fe;gg is a pair of distinct deleted edges. There are various casesto consider,
corresponding to the various possible orderings of the set f (ej); (g); (&); (g)g. Note that

(e)> (&) and (g)> (g) by the orientation corvertions of Section3.3,sooneof (&), (g) is
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the largest of the four. Sincethe relator in the statemert of the theorem is essetially unaltered if
i andj and are interchanged (to be precise,the relation is altered by taking the inverse,and then
a cyclic shift), we may assumethat (g) is the largest elemert. It follows that there are 3 cases:i)

(&)> (g)> (g)i) (g)> (&)> (g) ii) (g)> (g)> (&). Weconsideronly the rst
of theseand leave the others as exercisesior the reader.

A boundary cycle for the critical 2-cellfej; g g is:

fe; (g)df (e);gdfe; (g)g 'f (a);gg b

We can apply Lemma 3.3.2(3) to concludethat fe;; (e)g!_ei since (g) < (&) < (&). Since
(g) < (g) < (&), applying Lemma 3.3.2(1), we have that f (ei);gg!_[ (&)™ (g)lg[ ()"
(e)]. Since (g)< (&)< (e), wecanapply Lemma 3.3.2(3) to concludethat fe;; (g)g!_e;.

Finally, f (&);g9'_[(e) ™ (g)le[ ()™ (&)]. After substituting these expressionsinto the

boundary cycle for fe;; g g (above), we get a relator of the desiredform. O

3.4.1 Examples of Morse Presentations of Tree and Two Strand Braid Groups

Example 3.4.3. Considerthe exampleof B 4Tnin , Wwhere T, isthe treein Figure 2.1. Let A = vg,
B = vg, C = vi, and D = vy; bethe essetial verticesof T, . This tree is su cien tly subdivided

for n = 4 strands as showvn. By Theorem 2.3.4the critical 1-cellsare:

(Xalv]+ (4 jv)) );

where X is one of the essetial verticesA, B, C, or D, and v is (1;1), (1;2), (1;3), (2;1), (2;2), or

(3;1). There are a total of 24 critical 1-cells. The critical 2-cellsall have the form

(X2l ]+ Yo[(1; 1)]);

where X and Y are distinct essetial vertices chosenfrom the setfA; B;C;Dg. There are a total
of 6 critical 2-cells.

We now describe the resulting relations. Begin with the critical 2-cell (A[(1;1)] + B>[(1; 1)]).
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The boundary word, by (2) of the previoustheoremwith i = k=1=2andp= 0, is

wy (AL 3 WE; (Ba[(1; 1))+ 2 ) -

The word w3 in the presen caseis

YL
(A [0:2)+ ((1;1) I+ )
=0

Computing, and using the fact that isthe rst non-zeroenry of (1;1) , We get
w3 = (A1[(1;3)]) (A2[(0;3)]+ 1) = 1
sincethe two cellsin the above expressionare both collapsible. The word w9 in the presen caseis

(A [0;2)+ ((1;00 I+ ( +1))=(A1L2)]+1)=1
=0

sincethe given cell is also collapsible. Summarizing, we get

[(X2[(1;3)]) ; (Y2[(L; D] + 2 )];

where (X;Y) = (A;B). A completely analogous computation shows that a boundary word
for the critical 2-cell (X2[(1;1)] + Y2[(1;1)]) is given by the same expression, where (X;Y) 2
f(A;B); (A; C);(A;D);(B;D)g.

Now considerthe critical 2-cell (B2[(1;1)] + C»[(1;1)]). Part (2) of the previoustheorem applies

again, with B playing the role of A in the theorem, C theroleof B,i= 1, k=1=2,andp= 0:

wa L (Bo[(3; ) WE; (Co[(L; 1)) + 2 )

In the presen case,we get the following expressionfor ws:
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Vi
(B [0+ (1;1) )+ )

=0
(Ba[(3;1)]) (B2[(2;1)] + 1)

(B2[(Z; )]+ 1):

W3

We get the following expressionfor wgz

Yo

[=)
1

(B [(2,0)+ ((1;0) )]+ ( +1))
=0
= (B1[(3;0)]+ 1)

1

We arrive at the following boundary word for (Bo[(1; 1)] + Co[(1; 1)]):
h i
(B2l D]+ 1) *(B2AG ) (Cal(L; D]+ 2)

Finally, we consider the critical 2-cell (C,[(1;1)] + D»[(1;1)]). By part (1) of the previous
theorem, with C playing the role of A, D playing the role of B, and B playing the role of C, i = 1,

j =k=1=2,and p= 0, a boundary word hasthe form
(D2[(L; 1]+ 2 ) swa (Col(L 1]+ 2 )wy b
with

i
wp = (B2f(2;2 )]+ )
=0

(B2[(2;2)]) (B2[(2;1)] + 1)

We summarizethesecalculationsin Figure 3.3, which alsoillustrates useful notation for critical

1-cells(seeFigure 3.3).
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A C A D
0 2 0 2
GreeT

Figure 3.3: The relations of B4 Tmin in shorthand notation.
Here we illustrate useful\chalkboard" notation for critical 1-cells. For example, the circled letter
C with a 1, acircled 1, and a 2 (reading in the clockwise direction from the upper left) represerts
the elemen Cy[(1;1)]+ 2 : the rst entry in the upper left refersto the rst ertry of the vector
(1;1), the entry in the upper right refersto the secondertry of (1;1) , and the 2 on the bottom
refersto the number of vertices clusterednear . The circled ertry in the upper right indicates the
edgein the critical cell occursin the 2nd direction from C.

Example 3.4.4. Considerthe casein which is a tree homeomorphicto the capital letter \H".
Let the basemint be the vertex on the bottom left, let A be the essetial vertex on the left, and

let B be the essetial vertex on the right.

Figure 3.4: Part of the presenation for BgH .

Recall the de nition of a right-angled Artin group - De nition 1.4.1. We claim that B, is
right-angled Artin , for any n. No matter what n is, part (2) of Theorem 3.4.1 applies, and we

must compute the valuesof the words w3 and wd. In fact, we prove that both of these words will

49



necessarilybe trivial. Consider

8 1 h i
W3 = A Bi+t@ ) +(p+ )
=0

Herei = g(A; B) = 2and s the subscript of the smallestnon-zeroentry of (a ). The crucial
obsenation is that is (in the presern case)alsothe smallestnon-zeroertry of jij i + (& ), so,
by Proposition 2.3.7,no term in the above product is a critical edge(in fact, it is easyto seethat
ead is collapsible). The trivialit y of w3 follows. Essettially the samereasoningholds for w§.

If n = 6, a routine but lengthy calculation shavs that B, is the free product of a free group

of rank 18 with the right-angled Artin group in Figure 3.4.

A nitely preserned group G is coherent if every nitely generatedsubgroupof G is also nitely

preserable.

Corollary 3.4.5. There are tree braid groupswhich are not coherent and which havean unsolvable

geneanlized word problem.

Proof. The copy of K 3.3 Figure 3.4 represens a subgroupisomorphicto F3 Fgz, the direct product
of the free group of rank 3 with itself. SinceF3 F3 is not coheren (see,for instance, citeBestv-
inaBrady) and has an unsolvable generalizedword problem [35], there are tree braid groups which

are not coherert and have an unsolvable generalizedword problem. O

Example 3.4.6. Considerthe two-strand braid group on the following graph  (which has been
correctly subdivided and given a suitable maximal tree):

The critical 1-cellsare:
A1.2;B12;B1:3;B23;C12; D12, Eq0; €1; €2; €3; €4!

There are 6(= ‘2‘ ) critical 2-cells,corresponding to all possiblechoicesof unorderedpairs of deleted
edges.The relations are given in Figure 3.6.

Note a procedurefor labelling the edgesat the cornersof theserelations. Supposewe want to
label the slanted edgeconnectingthe initial vertex of e, with the initial vertex of e4. First, connect

the vertices (e;) and (e;) by a gedaesicin T. Second, nd the smallest essetial vertex along
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Figure 3.5: An examplegraph .
In this graph, the deletededgese:, &, €3, and g4 are shown; the maximal tree T is n(ei[ e[ e[ &4).
For this graph, B, is isomorphicto Fs, where F5 is the free group on 5 generators.

this geadesic (B, in this case)and the two directions from B to the vertices (e,) and (&) (2 and
3, respectively). This implies that the slarnted edgeshould be labelled by the corner B3 (as in
Figure 3.6). In describing the orientation of the edge,it will be usefulto confusethe initial vertex
of e, (respectively, e4) with (&) (respectively, (es)). The orientation of the slanted edge goes
away from the larger vertex (which is identied with (e4), numbered 12) and toward the smaller
vertex (numbered 8). This procedureis of courseimplicit in Theorem 2.2.4, and all of the labels
and orientations of the cornerscan be obtained by usingit.

We will sometimescall an octagonal relator of the form in Figure 3.6 a f e;; g; g octagon if the
horizontal and vertical sidesare labelled by e; and g;.

We have the equalities:

(1)Ciz = €,'B12e1A 3€2A10€; ™
(2)Biz = e3'BrzeiA;jesAie
(3)B1z = eqere,tArse
(4)D1, = e;'ByzeB jesBige,
(5)Ba2s = eqee,'Bize,h:
(6)E12 = eqe3e,'Bosey™h:
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€3

Figure 3.6: Critical 2-cellsof UD? .
Theseare the imagesof critical 2-cellsof UD? after applying Lemma 3.3.2, where is the graph
in Figure 3.5. The boundary words of theseoctagonsare relators in the Morse presenation of B .

We can eliminate relations (1), (4), and (6) and the generators Ci1.2, D12, E12 by Tietze
transformations. We can similarly eliminate (5) and B3, (2) and B1.2, and (3) and B3 (in that

order), to arrive at the isomorphism

By = hej;ez ez esApi:

This example thus shaws that the Morse presenation is not necessarilythe most economical

presenration of B .
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Chapter 4

Embeddings of Right-Angled Artin
Groups in Graph Braid Groups

Recall De nition 1.4.1of a right-angled Artin group. The relationship betweenright-angled Artin
groups and graph braid groups has beenthe causeof much researt. In fact, Ghrist's Conjecture,
Conjecture 1.4.2, was the initial impetus for this work. One of the main results of this thesis is
the solution to Ghrist's Conjecture in the caseof tree braid groupsin Chapter 4 (Section 5.3). A
related line of inquiry askswhether there exist embeddingsbetweenright-angled Artin groupsand
graph braid groups. A positive result in this direction is due to Crisp and Wiest: for any nite
graph and any n, there existsa graph  such that B, embedsin G().

The goal of this chapter is to prove the opposite direction of Crisp and Wiest's theorem:

Theorem 4.0.1. For every nite graph and any coloring C of  with n colors, there exists a

graph suchthat the right-angled Artin group G() emtleds into the graph braid group B, .

For example,letting C be the trivial coloring assigningto ead vertex of adierent color, we
obtain an embedding of G() into B, for somegraph , wheren is the number of vertices of .
At the other extreme, n can be as small asthe chromatic number of , by letting C be a coloring
realizing the chromatic number.

In Section4.2, we use Theorem 4.0.1to obtain an explicit embedding of the right-angled Artin
group assaiated to the cycle of length 6, Cg, into a two strand planar graph braid group. By a
result of Senatius, Droms, and Senatius [40], the group G(Cg) itself contains an embeddedhyper-
bolic surface subgroup (where a hyperbolic surface group is the fundamertal group of a compact

hyperbolic surfacewithout boundary). Thus, we prove as a corollary the following theorem:

Theorem 4.0.2. There exists a planar graph braid group which contains a hyperholic surface

sulgroup, with only n = 2 strands.
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There were previously no known examplesof hypberbolic surface subgroupsin planar graph
braid groups.

This chapter hasonly two sections. In Section4.1, we de ne the main tools of our construction,
-halos. Section4.2 then proves Theorems4.0.1and 4.0.2.

This chapter is basedon the paper [38], and is my own work. The proof presened here of
Proposition 4.2.1 was discovered by Dan Farley and is a re nement of the original proof of the
author's. The current construction of the graph in Section 4.1 was inadvertently suggestedby
Bert Weist and is a slight improvemert over the original construction. REU student Go Fujita
recognized(also inadvertently) that the number of strands usedin Proposition 4.2.1 corresponds

to a coloring of .

4.1 Constructing -Halos

A coloring C of a nite simplegraph with n colorsis a function from the verticesV of to the
nite setS = f1;:::;ng sud that if two verticesv and w in  are neighbors then C(v) 6 C(w).
The elemerts of S are called colors. The color of a vertex is its image under C. The chromatic
numkbker of is the smallest number of colors neededto have a coloring of .

An edgeloop in a CW-complex is a closedpath consisting of a sequenceof 1-cellsin the space.

De nition 4.1.1 (Halo). Let bea nite simple graph and let C be a coloring of  with n
colorsf1;:::;ng. A connectedgraph iscalledahaloof , ora -halo, if for eat vertex a; in
(equivalertly, for eah generatorin A) there exists a simple edgeloop ; in , called an Artin loop

of , sud that:

for eadh colorc 2 f1;:::;ng, there existsavertex x. 2 commonto all Artin loopsof vertices

colored c and to no other Artin loops.

if & and @ are not connectedby an edgein , then the Artin loops ; and ; intersectin
exactly one vertex v. If C(aj) = C(a) then v = Xc(4); Otherwise, v is on no other Artin

loop.

if & and a; are connectedby an edgein  (i.e. if a; and a commute), then the Artin loops

i and ; are disjoint.

54



We call the point fx3;:::;Xx,g2 UC" the Artin basemwint of .

Although there is no clear canonical choice for a halo of an arbitrary , when a particular

-halo is specied wewrite = (). That -halos existis clear; seefor example Figure 4.1.

X3

(a) (b)

Figure 4.1: Constructing -halos.
In 4.1(a), we have shovn a possiblegraph  corresponding to someright-angled Artin group along
with a coloring of . Then, in 4.1(b), we have showvn a possible -halo (), with the graph
subimposedin gray.

Convention 4.1.2. For any Artin basemint of = (), arbitrarily x a direction in which to
traverseeah . Let ¢ be the color of the vertex a;. We call the loop in UD" from fXy;:::;Xng
corresponding to the strand at X making a single traversal of the Artin loop ; in the chosen

direction also by the name of the Artin loop ;.

The notion of a -halo is similar in avor to the proof of Theorem 10 of [13], though the notions

were discovered independertly .

4.2 Embeddings and Corollaries

In [16], Droms proved that right-angled Artin groups have a rigidity property: two graphs and

0 are graph isomorphic if and only if the groups G() and G( 9 are group isomorphic. Thus,
we may refer to a right-angled Artin group and the graph which de nes it interchangeably

Let be a simple graph with corresponding right-angled Artin group A = G(). For any

vertex v 2 , let link (v) denote the full subgraphof whosevertices are exactly those vertices
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adjacert to vin , notincluding v itself. Let v denote the subgraphof formed by deleting
the vertex v and any edgeadjacert to v. The group A hasthe structure of an HNN-extension [7]
with stable letter v, wherethe basegroup is G( v), the assaiated subgroupis G(link (v)), and
v conjugatesa given elemer of G(link (v)) to itself.

Britton's Lemma[33] tells usthat if gov 1g1v 20 :::v kg = 1,where ;2 f l1lgandg 2 G(

v), then there must exist somei such that i+, = ; and g 2 G(link(v)). Thus,vigv i = g,
and it must be that k is not minimal. We call v igv i+t a v-pinch.

We now recall the embedding of Crisp and Wiest of graph braid groupsinto right-angled Artin
groups, given by Theorem 2 of [13]. Let be a sucien tly subdivided graph. Let be the
graph whosevertex set is the edgeset of , and where two vertices e and e are connectedby an
edgeif and only if the closuresof e and e® are disjoint in . Let A := G( ) bethe asswiated
right-angled Artin group.

Crisp and Wiest prove their Theorem 2 by giving an embedding of UD" into an Eilenberg-
MacLane complex for A which is a locally CAT(0) cubed complex. We apply their argumert on
the level of groups. In particular, let be an edgeloop of length k in UD" . Each edge of
exactly correspondsto onestrand crossingone edgeof while the other strands do not move. Let
€1;:::;6e bethe edgesof corresponding to eah edgeof givenin order. Let w be the word in
the generatorsof A givenby e;:::e. Let B, = 1( ;fXg;:::;xp0) ! A bedened by
mapping the homotopy classof in UD" to the elemer represetted by win A . Thus s
the \forgetful" map, ignoring all of the strandsin  exceptthe strand crossingan edgein . The
map is the Crisp and Wiest embedding.

The following proposition implies Theorem 4.0.1.

Prop osition 4.2.1. Let bea nite graphandlet C be a coloring of usingn colorsf1;:::;ng.

Let = () beahaloof with Artin basemint fx1;:::;Xng, and let a denotethe vertices of
fori=1;:::. SetA:= G() . Themapa; 7! |2 (following Convention 4.1.2) induces an injective
homomorphism :G() ! B, .

We will seebelow that the squarein the de nition of is necessaryto obtain injectivit .

Proof. If a and & commute then sodo ( aj) and ( &), as j and ; are disjoint (Artin) loops

in and the assaiated loopsin UD" involve distinct strands. Thus the map a; 7! |2 induces
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a homomorphism :G() ! B,. It only remainsto prove that is alsoinjective. We do so
by shawing that the composition map from right-angled Artin groupsto right-angled Artin
groupsis injective.

Assumethat is not injective. Fix a nontrivial elemert in the kernel of and let w
be a geadesicword represerting . Since is nontrivial, w is non-empty, and w cortains a letter

a (or its inverse)represening a generatorin A. Then w hasthe form

W = Wpa 'wia 2wy i a kwy

cortaining aor a 1.

Let bethe Artin loopin corresponding to a. Let p be the point on  which is in the Artin
basemint fx1;:::;Xn0. Let e165::: ey bethe edgesof traversedin order from p-i.e. e1&:::€en
is the imageof under .

Let g 2 A bethe imageunder of the elemen in A represened by w;.

Consider A as an HNN-extension with stable letter e;. Britton's lemma tells us that since

( )( w) = 1, there must exist an e;-pinch in the appropriate expansionof
(€165 €m)? tan i (@161 8n)? Ok

For any e;-pinch of the form e, 1g ey, replacethe pinch with g. Note eath g may be represeried
without using any of e;;:::;em. Since involves a square, not every occurrence of e; may be
replaced in this way, so we know that there must still exist e;-pinchesin the result. The only

possibleremaining e;-pinches must have one of the following forms:
1. e emgentiiie, tet
2. e, teyt e lgeesiienen:

We considerthe rst case;the secondcaseis dealt with in a similar way.
If e162:::emgient: e, e ! is an e-pinch, then by de nition e;:::emge,t:::e,* = g’ where

o® 2 G(link (e1)). Thus, ex:::emgient:iie, (g9 1 = 1. Since ex;em 62link (1), it follows
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1

that ez:::emgieml:::e2 is an ex-pinch in A ¢, by Britton's Lemma. Iterating, we seethat

In particular, we have proven that

1... 1 .
el lem0Gie, 16T = G

Thus, (e1:::em)?gi(ent:::e,1)? = g. But then
alwia’cwo:iiral Wi (WiWis1a 2 Wiso llia kwy

is a word represening  which is shorter than w. As w was assumedto be a gedlesic, this is a

contradiction. Thusno sudh exists, and is injective. O

Note that if is dened only by sendinga; to ; instead of 2, injectivity may not hold.
For instance, consider Figure 4.2. This is a possiblegraph for the right-angled Artin group
ha;b;gjla;cli. If a7! 5 7! €31€2,2€2:3€a4, D7! 1 7! €n1€p2€03604, AND C 7! ¢ 7! €1€c:2€6c:3€c:4,
we leave it to the readerto verify that g = cbab 'c 'ba b ! is not trivial but (  )( g) is (it is

insightful to visualize exactly what is happening here in terms of braids on ).

Figure 4.2: An exampleshaving why  mapsto squares.
Shown is a possiblegraph  for the right-angled Artin group A = ha;b;cj[a;c]i. The braid group
on 3 strandson is such that if is de ned by sendingead generatorof A to the corresponding
Artin loop without squaring, then is not injective.

Corollary 4.2.2. Let ng be the chromatic number for . Then there existsan emtedding of G()

into the graph braid group B,,, for some -halo

Proof. Let Cy be a coloring of  using exactly ng colors. Let bea -halo for Cy. The result
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then follows from Theorem 4.2.1. O

Example 4.2.3. As an application of Corollary 4.2.2, considerthe right-angled Artin group A for
which = Cg, the cycle of length 6. Thus,

X2

Figure 4.3: A -halo for Ce.

This gure shaws (Cg) in grey, with a coloring given by a; 7! 1 for i odd and a; 7! 2 for i even. A
possiblegraph = ( Cg) is shawn.

Figure 4.3 shows Cg with a coloring using 2 colorsand a possiblegraph ( Cg). Theorem 4.0.1
tells us that we may embed G(Cg) into B, ( Cg) wheren = 2! Note that ( Cg) is planar.

Recallthat a hyperbolic surfacegroup is the fundamental group of a compacthyperbolic surface
without boundary. Senatius et al. [40] (seealso[30]) have shown that a right-angled Artin group
whosegraph has an achordal cycle of length at least 5 contains an embedded hyperbolic surface
subgroup. Since A enbedsinto B, ( Cg), it follows that there is a hyperbolic surface subgroup

embeddedin B, ( Cg).
Example 4.2.3 proves Theorem 4.0.2 via the following corollary:

Corollary 4.2.4. There exists a planar graph braid group - namely B, ( Cg) - which contains a

hypertolic surface sulgroup, with only n = 2 strands.
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It is known that hyperbolic surfacegroups can be subgroupsof graph braid groups. In fact, in

[3], Abrams and Ghrist proved that

Prop osition 4.2.5. The pure graph braid groupsP B 2K 3.3 and P B ;K 5 are the fundamental groups

of closal orientable hyperbolic manifolds of genus4 and 6, resgectively.

This proposition, combined with embedding results in [2], yields the existenceof hyperbolic
surface subgroups in almost every nonplanar graph braid group (the possible exceptions being
BnKs and B,Kgz3 for n  3). No planar exampleswere previously known.

Of course,Corollary 4.2.4relied on the obsenation that the graph ( Cg) in the above example
was planar. It is not a priori true in generalthat a planar graph  givesrise to a planar -halo.
However, the following corollary doeshold. Let °P be the graph with vertex setequalto  and

an edgeconnecting two verticesif and only if  doesnot have that edge.

Corollary 4.2.6. Let A = G() be aright-angled Artin group with assaiated graph  such that
% has a nite-sheetead planar covering. Then A emleds in some planar graph braid group B,

forn V() j.

Proof. In Proposition 19 of [13], Crisp and Wiest shaved that if ©°P hasa nite-sheeted planar
covering ~°P, then if ~ is the opposite graph of ~°P, there exists an injective homomorphism
j:G() ' G() As T isacoverof , T may becoloredwith n jV() j colors. We leave it to

the readerto verify that a planar opposite graph givesrise to a planar halo. O

We end this chapter with a question. As mertioned, the notion of a -halo is similar in avor
to the proof of Theorem 10 of [13]. Although Crisp and Wiest deal with pure surfacebraid groups
instead of regular surface braid groups, is it possibleto apply the ideas preseried here to reduce

the number of strands neededfor their embedding?
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Chapter 5

Cohomology of Tree braid Groups

In this chapter we get nearly complete information about the mod 2 cohomology rings of tree
braid groups. Our results allow usto prove that most tree braid groups are not right-angled Artin
groups (seeTheorem 5.3.11). Thus we produce a large number of courterexamplesto the version
of Conjecture 1.4.2in which the word \pure" is omitted.

The argumert is as follows. We rst compute the cohomologyring of B 4Tin , Where Thin IS
the minimal nonlinear tree. Our calculation shows that B4Tmin is not a right-angled Artin group,
sinceH (B4Tmin ; Z=22Z) is not the exterior facering of a ag complex (seeSection5.3). If T is any
nonlinear tree and n 4, we embed UC*Tin into UC'T. By analyzing the kernel of the map on
cohomology we can concludethat B, T is alsonot a right-angled Artin group, sinceits cohomology
ring alsofails to be the exterior facering of a ag complex.

Finally, we note that our description of the mod 2 cohomologyrings of tree braid groupsis likely
to have other applications. For instance, Michael Farber [19], [20] hasde ned an invariant TC(X)
of a topological spaceX, called the topological complexity of X, which is an integer measuringthe
complexity of motion-planning problems of systemshaving X astheir con guration space.Farber
establishescohomologicallower bounds for TC(X) in [19].

This chapter is organizedasfollows. In Section5.1 we give a brief description of discrete Morse
theory and its applications to computing homology In Section5.2, we give a partial description of
the mod 2 cohomologyring of any tree braid group. In Section5.3, we usethe results of Section5.2
and a cohomologicalargumert to determine which tree braid groups are right-angled Artin groups.

This chapter is basedon the paper [22]. Originally, the papers [22] and [21] were united in a
single paper, with [21] cortaining more of my cortributions. Most of the work for this chapter was
doneby Farley, with my input. All of Section5.1 was done by Farley. Of the remaining sections,|

had varying levels of cortribution, with the most input given for Subsection5.2.4 and Section5.3.
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5.1 Discrete Morse Theory and Homology

In [24], Dan Farley has used the discrete Morse theory detailed in Chapter 2 to compute the
homology groups of graph braid groups (seealso[26]). To discusscohomology we will needa brief
description of his results.

Fix an oriented nite regular CW complex X . Let C (X) be the cellular chain complex of X .
Each chain group C,(X) hasa distinguished basisconsisting of positively oriented n-cells, denoted

Bnh(X). Dene amap W, : Ch(X)! Cph+1(X) asfollows:

Wh(c) =  W(c) if cis redundant;

Wh () 0 otherwise.

Here the sign is chosenso that the oriented cell ¢ occurs with the coecient 1 in @, (c)
if ¢ is redundant. Extend linearly to a map W, : C,(X) ! Cph+1(X). Dene a chain map
fo 1 C (X)! C (X), called the discrete ow assaiated to W, by setting fg = 1+ @ + W@
We usually omit the subscript and simply write f .

The discrete ow f hasthe following properties:

Lemma 5.1.1.

1. ([24], [26]) For any nite chainc2 C (X), thereis somem 2 N suchthat f ™(c) = f ™*1(¢) =

.. It follows that there is a well-de ned chain mapf?! :C (X)! C (X).

2. ([24]; cf. [26]) If cis any cyclein C (X), then there is a unique f -invariant cycle that is
homolayousto ¢, namelyf ! (c). Moreover, f 1 (c) is a linear combination of oriented critic al

cells and collapsible cells (i.e., any redundant cell appears with a coe cient of 0).

3. ([24)]) If cis a collapsible cell, then f 1 (c) = 0. If cis critical, then we havethat f * (c) =
c+ (collapsible cells). As a result, an f -invariant chain is determined by its critical cells,

i.e., if cis an f -invariant chain and ¢ = C¢rit + Ceon, Whemr Cit iS a linear combination of
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critical cells and c.y is a linear combination of collapsible cells, then

c=f*(c)=f" (corit):

Properties (1)-(3) show that if a nite regular CW complex X is endonved with a discrete
gradient vector eld W, then the homology groupsof X are largely determined by the critical cells
of X. We now make this statemert more precise. Fix a discrete gradient vector eld W. For
i 0,let Mj(X) denotethe free abelian group on the set of positively oriented critical i-cells. Give
the collection of abelian groupsM;(X) (i  0) the structure of a chain complex, called the Morse
complex, by identifying M;(X) with C;i(X) via the map f ! . The boundary map @in the Morse
complexis de ned by

@)= @' (9 (c2Mi(X));

where denotesprojection onto the factor of C; 1(X) spannedby the critical i 1 cells.

We have the following theorem:

Theorem 5.1.2. ([24], [26]) The Morse complex M,(X);@ and the cellular chain complex
(Ch(X); @) haveisomorphic integral homolay groups, by an isomorphism which sendsa cycle ¢

from the Morse complexto f 1 (c). O
Farley goeson to prove:

Theorem 5.1.3. ([25], Theorem 3.7 ) Let T be a tree. Fix an emtedding of T in the plane, and
distinguish a basewint . Then the boundary mapsin the Morse complex(M (UD"T); @ are all
zew. In particular, H;(UD"T) is free akelian of rank equal to the numkber of critical i-cells in

ubD"T. O
As a result of Theorem 5.1.3, we have the following corollary:

Corollary 5.1.4. LetT beatree. For any n, any Morse presentationof B, T asin Theorem 3.4.1

has the fewestnumkber of relators and geneators possible. O
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5.2 The Mod 2 Cohomology Ring of UD"T

In this section, we give a partial description of the mod 2 cohomologyring of UD"T, where n
is an arbitrary natural number and T is an arbitrary tree. The method is to map UD"T to
a new complex YD"T, which is a subcomplex of a high-dimensional torus. The induced map
g :H (UD"T)! H (UD"T) turns out to be surjective. This givesus an easyway to compute
the cup product: we take two cohomology classesin H (UD"T), look at their preimagesunder
the map g, cup these preimagesusing known facts about the cohomologyrings of subcomplexes
of torii, and then push the product back over into H (UD"T).

The complex YD"T can be described very simply: it is the result of identifying the opposite
sidesof all of the cubesin UD"T. Thus UD"T consistsof a union of (potentially singular) torii,
one for eat cell of UD"T.

It is by no meansclear, howewer, and false in general, that identifying all opposite facesin a
CAT(0) cubical complex will result in a subcomplex of a torus. For this reason, we give a very

careful (and somewhatabstract) proof that YDNT has the properties we want.

5.2.1 An Equiv alence Relation on the Cells of UD"T

Let c, Pbei-cells(0 i n)of UD"T. Let E(€) denote the set of edgesof the i-cell &. Assume

1. E(c) = E(cY, and

S
2. for any connectedcomponert C of T e2E(c) &

JC\ fvisr;iiiivagi= C\ Vo Ve
Let K bethe setof opencellsin UD"T, asin Section2.1. It is rather clearthat is an equivalence
relation on K. Let [c] denote the equivalenceclassof a cell c.
We de ne apartial order onthe equivalenceclassedasedon the partial order on cells, writing

[c] [ci] if there exist represenatives € 2 [c], €1 2 [c1] such that €  €;. It is slightly nontrivial
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to verify that is transitiv e on the equivalenceclasses. Supposethat [c1] [c2] and [c2]  [cs].
There are represetiatives€; 2 [c1]; ;6 2 [cp], and €3 2 [c3] such that ¢, € and e, €3. Since
¢ e, it is possible,by moving the vertices of €, one at a time along edgesof T, and leaving all
edges xed, to arrive at €. Every vertex of &, is also a vertex of €;; if a vertex of €; is alsoin €,
then move it as above. Call the result of doing thesemovese;. Then e ¢, and it is clear that

€1 € €3, sotransitivity of follows.
Lemma 5.2.1 (Prop erties of and ). Let be any graph.

1. If c and c?are i-cells of UD" with E(c) = E(c) and the equivalene classes[c]; [c] have a

common upper bound [€] with resgct to  , then [c] = [c.

1 i j,theneq;:::;¢g aredistinct and pairwise disjoint.

3. Assume s atree. If eisaj-cell in UD" , then there is a unique collection f[c1];:::;[c]g
of equivalene classesof 1-cells suchthat [¢] is the least upper bound of f[c(];:::;[c]g with
respect to

4. If cis acritical cell in UD" and[cY [c], thenc® ¢ for somecritical cell .
5. If cis acritical cell in UD"™ andc® ¢, thenc®= c or ®is redundant.

Proof. (1) Let [¢] be an equivalence class of j-dimensional cells in UD", where € is the cell

ead edgeof this subsetby either its initial or its terminal vertex. By an argumert similar to that
establishing the transitivit y of , the equivalenceclassof ¢ dependsneither on the represettativ e
chosenfrom [€] nor on the choice involved in replacing an edgewith one of its endpoints. Thus,
given e with [c] [€], [c] is uniquely determined by the edgesc hasin commonwith € - i.e. [c] is

uniquely determined by E(c). This provespart (1).

65



Fori 2 f1;:::;jg, let & be the unique edgein ¢;. Certainly, fe;;:::;g9 c. Let c® be a cell
given by replacing any extra edgese2 ¢ fey;:::; g with either (e) or (e). Then [ci] [ for
i 2f1;:::;j0, so[cY is an upper bound for f[ci];:::; [ci]g. It followsthat givenany upper bound [c]

connectedcomponert of T g, and assignto C the integer f ¢ (C) de ned by:

fe(C) = #fcellsof c®cortained in Cg

# f cells of c®°cortained in Cg :

It must be that f¢ (C) = O for every i and every componert C of T g. For if not, then
for somei there exist distinct equivalence classes[c]]; [c3] of 1-cellswith E(c)) = E(c]) = feg
such that [c]] [c] and [} [c°}. But by part (1), we must have that [¢] = [c§] since[c] is a
common upper bound for [¢i] and [c3]. Similarly, [¢] = [c]}. This meansthat [c3] = [c}, which is
a cortradiction, soindeedf¢ (C) = 0 for any i and any C.

If [ 6 [c°], then c® and c®°have a di erent number of cells in someconnectedcomponert of

S S
T e2E () & Fix a connectedcomponert C of T 2E(c9) & Let e,;:::;6, bethe edgesof
the collection fey;:::; g g that touch the componert C. We analyzethe connectedcomponerts of
S

T k=1 €. Theseconnectedcomponerts are either C itself, or touch exactly one of the edges
&,;:::;6,. (Note: herewe have just usedthe fact that T is atree for the rst time.) If a connected
componert C%of T SLzl &, is not C itself, and touchesonly g, sa, then it cortains equal
numbers of cells from c®and c®by the claim, sinceCPis in fact a connectedcomponert of T e, .
(This againusesthe fact that T is atree.) It follows by processof elimination that C contains equal

numbers of cells, necessarilyvertices, from both c®and c°© Since C was an arbitrary connected

S : 0
componert of T e2E(c9 & it must be that [ = [},
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1-cellshaving a commonupper bound [c]. Part (1) showvsthat e;, & &, for two distinct equivalence

impossiblesincec is a cell of UD"T and g, \ &, 6 ;.

(8) Let S=f[c]jdimc= 1and[c] [€]g. Part (1) implies that an elemen of S is uniquely
determined by a choice of edgefrom & Thus|Sj = j. The fact that [¢] is the least upper bound of
S follows from the description of the least upper bound in (2).

(4) If cis acritical cellof UD" and[c;] [c], then there is somerepresenativ e - say, ¢; - of
the equivalenceclass|c:] such that c; < c (exercise). Thus eah edgein c; is an edgein ¢, and eah
vertex in c is a vertex in c;. It follows that no edgesin c; are order-respecting. Now repeatedly
move ead unblocked vertex of ¢; toward until it is blocked. This operation clearly presenes ,
and the resulting cell is critical, having no unblocked vertices and no order-respecting edges.

(5) Supposec is critical and ¢c; ¢ Suppose rst that ¢; has no order-respecting edges. If ¢;
has unblocked vertices, then it follows that c; is redundant. If c¢; has no unblocked vertices, then
it is critical by De nition 2.3.2.In fact c; = cin this case,sinceboth cellsinvolve the sameedges,
the vertices in both are blocked, and ead componert of T Se2E(C) e contains the samenumber
of vertices from eadt of ¢; and c.

Now supposethat c; hasorder-respecting edges.Let e be the smallestsud (recall that \small-
est" meansthat (€) is minimal). Sincethe edgee is not order-respecting in c, there is somevertex

v 2 c adjacert to (e) and satisfying

0< g( (e);v) < gl (e); (e):

Let C be the connected componert of T SeZE(C)e touching (e) and lying in the direction
g( (e);v) from (e). This componert contains vertices of ¢ and thus vertices of ¢4, sincec; c. If
C contains unblocked vertices of cq, then any such vertex v, satises vi < (€), and soit follows
that c; is redundart. If ¢ contains only blocked vertices, then it follows that the vertex v is a vertex

of ¢;, whencethe edgee is not order-respecting in c¢;, a contradiction. O
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5.2.2 The Complex WUD"T

De ne a complex YD"T as follows. For ead equivalenceclass[c] of 1-cellsin the set K of open

cellsof UD"T, introduce a copy of S?, denoted St,. Give S}, a cell structure with one open 1-cell,

[e]" [c]
denoted e[lc], and one O-cell. Form the nite product [ S[lc]. Since we are interested in giving
ead cell an explicit characteristic map, we order the factors in the product as follows. Assign to
ead equivalenceclass[c] of 1-cellsthe number N ([c]) of the vertex (€), wheree is the unique edge
satisfying e 2 c¢. This numbering of equivalence classesis well-de ned (though not one-to-one).
Arrange the factors of Q[C] S[lc] sothat if N ([c1]) < N ([c2]), then the factor S[lcl] occurs before S[1c21-

(This arrangemern of factors is not unique.)

Sinceead 1-cell of this product corresponds naturally to an equivalenceclass|c] of 1-cellsin

label the corresponding i-cell by [c]. Note that, by Lemma 5.2.1(3), the equivalenceclassedc] are
in one-to-onecorrespondencewith cells of l\JD”T, and the dimension of the cell c of UD"T is the

sameasthat of the cell labelled [c] in YD"T.

R[V1; 1115 Vne1 ], is the R-vector spacehaving the products vi,vi, ::ivi, (0 ] n,ip < is<
.11 < ij) asabasis. The empty product is the multiplicativ e identity. The multiplicativ e relations
are generatedby all relations of the following types: viv; = v;v; and vi2 = 0.

For any equivalenceclass]c] of j -cells, let ’\[c] denote the j -cocycle satisfying A[C]([c]) = 1and

"(q([cY) = 0 for all [I 6 [d].

Prop osition 5.2.2. The space UD"T is a CW complex. The cohomolay ring H YD"T;Zz=27

is isomorphic to

wheee f[c1];:::;[ck]g is the collection of all equivalen@ classesof 1-cells in UD"T, and | is the
ideal geneated by the set of all monomial terms [c;,]:::[ci,,] wher f[c,];:::;[c,, ]9 has no upper
bound.
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is the unique collection with least upper bound [c] asin Lemma5.2.1(3).
The elements ’\[c] form a hasis for the cohomolay as [c] rangesover all possible equivalene

classes.

is thrown out of the product Q [ S[lcl, then sois any other open cell having this oneasaface. If the

satisfying f[c,];:::;[g,]Jg S. It follows easily that the collection S has no upper bound, so the
open cell labelled S is also thrown out of the product, as required.

The remaining statemerts follow easily from the description of YD"T as a subcomplex of

Q «
[ ey’

torus. O

and from the description in [32] (pg. 227) of the cohomologyrings of subcomplexesof the

52.3 A Map q:UD"T! UD"T and the Induced Map on Cohomology

For eat edgee in the tree T, choosea characteristic map he : [0;1] ! e, such that he(0) = (€)

and he(1) = (e). These maps induce characteristic maps on the cells of UD"T as follows. Let

map h¢ is a homeomorphism.
We now choose characteristic maps for the cells of YUD"T. Begin by choosing a characteristic

map hyg : [0;1] ! S[1C] for ead 1-cell e[lcl. Supposethat [c] is the label of an i-dimensional cell
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di erent. We assume,without loss of generality, that N ([c1]) < ::: < N([¢]). The characteristic

map for the cell[c] in UD"T isfiyy : [0;1] | €, de ned by fiyg(ta;:::5ti) = (hiy(ta); 5 hg(ti)),

cells, is always assumedto be the unique vertex of S[lc].

Now we are ready to de ne the map q: UD"T ! UD"T. Considerthe following diagram:

oK [0; 1](dim c?

. fi
c2K '[c]
c2K hCJ \

UD"T - - g~ ~UD"T
Figure 5.1: De ning the map q.

The vertical arrow is a quotient map, so, by a well-known principle (e.g., [17], Theorem 3.2),
there will exist a well-de ned map g making the above diagram commute if ﬁ[c] is constart

on point inversesof  , hec.

Prop osition 5.2.3. There is a well-de ned map q: UD"T ! UD"T making the atove diagram
commute. The mapg : H UD"T;Z=2Z ! H (UD"T;Z=2Z) sends |y to the cohomolay

classof 2 C (UD"T;Z=2Z), where [ is the cellular cocycle satisfying:

(=1 if € ¢

(€ =0 otherwise :

Proof. We have to shaw that ﬁ[c] is constart on point inversesof . hc. For this, it is

sucien t to show that fiq he' = fig he?jeo, where is a codimension-oneface of c. We let ¢

beaj-dimensionalcellin UD"T, say c= fer;:::;6;Vj+1;:::; Va0, Wherethe edgese; are arranged
in order. Assume,without lossof generality, that c®= f (e1);e;:::;€ Vi+1,::1;Vn0
Choosea point x 2 c® (Here we really meana point in c®, rather than just one of Vj+1;::5,Vn)
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For this last equality, recall that hy,;(0) is the vertex of S[lcl], and we omit suc factors for the sake
of simplicity.

Now [c7], by de nition, is the unique equivalenceclassof 1-cells satisfying: (i) e+ 2 <, and
(i) [l [c]. Note that [ci+1] hasthe sameproperties, so[c”] = [¢i+1]. It follows that the map q
exists.

The remaining statemerts about cohomology follow easily from the description of the map
q:UD"T ! UD"T. The main point is that the interior of a cell c in UD"T is mapped home-
omorphically to the interior of [c], and thus the mod 2 mapping number of ¢ with [c] is equal to

1. O

By Lemma 5.1.1 and Theorem 5.1.3, we obtain explicit cyclesin C;j(UD"T), the ith cellular
chain group of UD"T, by applying the map f1 to any linear combination of critical i-cells. A
collection of represettativ esfor a distinguished basisof the cellular i-dimensionalhomology is thus
ffl(c)jcisacritical i cellg. We call this distinguished basis a Morse basis. For the sake of
simplicity in notation, we expressa cellular homology classin H (UD"T) asa linear conmbination

aj g of critical cellscj, asopposedto f ! (P 8, ¢ ). For ¢ acritical i-cell, the cellular homology
classg; is called a Morse geneator for H;j(UD"T).

Identify H'(UD"T;Z=2Z) with Hom(H;(UD"T); Z=2Z) by the universal coe cien t isomor-

phism. Let ¢ denotethe dual of a critical cell c.
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Theorem 5.2.4.

1. If cis acritical cell in UD"T, thenq (’\[C]) = ¢, and a distinguished hasis for i-dimensional
cohomolayy is

fc jc a critical i-cellg:

el [0 @1 5 @

As with homology a distinguished basisfrom part (1) for cohomologyis called a Morse hasis,

composedof elemerts called Morse geneators.

Proof. (1) By Proposition 5.2.3, [ is a cocycle represettativ e of q ('\[C]), where [g(€) = life ¢,
and [g(€) = 0 otherwise. Note that, by Lemma 5.2.1(5), the support of (g consistsof redundant
cells, and a single critical cell (c itself), but no collapsible cells.

We ewaluate the cohomologyclassof [ on a basisfor Hj(UD"T) consisting of critical cells

of the form ¢, + (collapsible cells). Thus [g(c) = O, unlessc = c, in which case [g(c) = 1.
The statemert of (1) follows.

(2) By Proposition 5.2.2, “ig = “e;y[ [ "oy in H (UDNT;Z=22). It follows from (1) and
the naturality of the cup product that ¢ = ¢, [ :::[ ¢ . The statemert that c;;:::;¢ may be
chosento be critical follows from Lemma 5.2.1(4).

(3) This is an easyconsequencef Propositions 5.2.2and 5.2.3. O
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We will need somenew notation for referring to cochainsin atree T:

De nition  5.2.5 (Notation.). Let T beatree embeddedin the plane with a basemint chosen.

Let n= ag+ + aga) 1- We de ne the following notation:

Ahai: Let Ahai denote the cochain which maps a cell ¢ in UD"T to 1 if and only if for i =
0;:::;d(A) 1 there are exactly aj elemers of ¢ in the direction i from A, where A is
consideredto be in the direction 0 from itself. If there is an edgee in c with (e) = A, then

the 0-cochain mapsc to 0.
Anhai: Let Ay hai denotethe cochain which mapsa cell cin UD"T to 1if and only if:

{ there is an edgein cin the direction m from A with endpoint A,

{ there are a, elemens of ¢ in the direction m from A, including the edge of ¢ with

endpoint A, and

{ fori=0;:::;d(A) 1,i 6 m, there are exactly a; elemers of c in the direction i from

A, where A is consideredto be in the direction 0 from itself.

We allow this notation to be combined additiv ely, where a sum of cochains evaluatesto 1 on a
cellcin UD"T if and only if each summandevaluatesto 1 onc. A cochain with exactly i summands
of the secondform is consideredan i-cochain, although by the above de nition it may be evaluated
on an arbitrary cell of UD"T.

Let Obea given cochain. A cloud C of ©is a maximal connectedsubtree of T for which, for

any c2 UD"T in the support of © no edgeof cisin C and somevertex of cisin C.

To compute coboundary % of ani-cochain © we considerall -equivalenceclassesf (i + 1)-
cellsin UD"Tmin . Let [c] be an equivalenceclassof (i + 1)-cells,and let c°2 [c]. Then {[c]) = 1
if and only if the sum of ©ewaluated on the 2*1 i-facesof cis 1 in Z=2Z. Thus, Cis the sum

of all equivalenceclassesof (i + 1)-cellsin the support of ©
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5.2.4 A Computation of H (UD*T, ; Z=22)

Let Tmin be the tree depicted in Figure 2.1. We compute the mod 2 cohomologyring of UD *Tmin
as an application of the ideas of this section. The results will be usedin the proof of Theorem
5.3.11.

To begin, we will needto compute the integral homology groups of UD*Tin . According to

Proposition 4.1 of [25], we have

HO(UD4Tmin) =7Z ; Hl(UD4Tmin) = z*

Ho(UD*Tmin) = 2% ; Ha(UD*Tmin) = O(n  3):

Recall from Example 3.4.3that, in UD"Tyin , there are 24 critical 1-cells, 6 critical 2-cells,and
no critical n-cellsfor n 3. There is exactly 1 critical O-cell.

To understand the multiplication in H (UD*Tpmin ; Z=22), it is clearly enoughto understand
the product of any two elemers c; and ¢, (where c; and c, are critical 1-cells) of the standard
dual basisfor H}(UD*Tnin ; Z=2Z). Proposition 5.2.4(1)saysthat ¢, = ;) andc, = [, , and
Proposition 5.2.4(3) ssysthat [c; [ [, = 0if et ¢, or if f[c]; [c2]g has no upper bound.
We are therefore led to determine which equivalenceclassedc] of 2-cellscan be the upper bound

for a pair of distinct equivalenceclassesof 1-cells[ci] and [c;], where c; and ¢, are critical.

For this, it will be helpful to have a de nition. If cisaj-cellin UD", and c®is obtained from

or its terminal vertex, then c®is the result of breaking the edgesfe;,;:::;€e, gin c. We note that
the choice of replacing a given edgee;, with (e;,) or (&,) is made independerily for ead edge,
and these choicesdo not a ect [cY. In fact, by Lemma 5.2.1 (1), [cY is completely determined by
its edges,since[c] [c]. Note alsothat c?is a codimensionim face of ¢, and corverselyif c?is a
codimensionm face of ¢ then c®is obtained from ¢ by breaking m edges.

Supposethat [c] is the leastupper bound for two distinct equivalenceclassedci] and [c;], where
c; and ¢, are critical 1-cellsin UD*Tmin . Fori = 1;2, let ¢ bethe unique edgein ¢;. (Note: this is
inconsistert with the convertion that ey is suc that (ex) = vk, but it shouldn't causeconfusion).

By Lemma5.2.1(2), e; and e, are disjoint edges,and, by the description of critical cellsof UD *Tmin
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in 3.4.3,fe;;exog fey; erg; €16, €259. Thus, if [c] is an upper bound for [c1] and [c;] wherec; and ¢
critical, we have: (i) the edgesof ¢, namely e; and &, are distinct elemerns of the above 4-elemen
set, and (ii) the cell resulting from breaking either of the edgese1; e, in ¢ must be equivalert to a

critical cell. Reformulating slightly, we get the following conditions, which must be satis ed by c:
1. feri;exg  ferieno; er6; €250
2. If 7 2 ¢, then vy, vs, Or vg is in C.
3. If e16 2 ¢, then vi3, V14, Or vi5isin c.

4. If ex5 2 ¢, then vy, Vo3, Or Vo4 IS in C.

A total of 10 distinct equivalence classesof 2-cells have represettativ es ¢ satisfying (1)-(5).

Represetativ es of these classesare:

(1) fez; e19;Va; VioQ (6) feqo;er6; Vi3; V149
(2) fes; eis; Va; V1g (7) feqo;e16;V13; V170
(3) fer; exs;Va; V220 (8) feig;e16;Va3; V100

(4) fes; €25;V13; V220 (9) feqo;er6; Vi3; Vood

(5) feiq; e5;V10; V220 (10) feqo; €16;V13; O

The reasonis that a choice of edgese;, e from f e7; eig; €19; €259 completely determines|c|, by
(2)-(5), unlessfer;e,g = fes;€109. The rst v e edgeslisted above result from the v e casesin
which fej;e,g 6 feg; e100. If fey;e0g = feig; €109, then one of the vertices of ¢ must be vi3, via
or vi5 (by (3)), but the other vertex may be chosenfrom any of the v e remaining componerts of
Tmin (e16[ €19), and this accourts for the last v e 2-cellsabove.

Figure 5.2 below depicts these 10 equivalenceclassedc| of 2-cellsas line segmeis whoseend-

points are the equivalenceclassedc;];[co] of 1-cells(cy; co critical) satisfying [c1];[c2]  [c].
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Figure 5.2: A preliminary picture of the relationsin H (UD"Tpin ; Z=2Z).

The numbers on the edgesin Figure 5.2 refer to the numbering of 2-cellsabove. The symbols
labelling the vertices are notation for critical 1-cellsintroduced in Example 3.4.3, where A = vg,
B = vg, C = vip, and D = vy; are the essetial vertices of Tmin .

It follows from what we've said so far that there are only 10 equivalenceclasses[cq of 1-cells
such that: (1) [c9 cortains a critical 1-cell, and (2) there is another distinct equivalence class
[c%}, also cortaining a critical 1-cell, such that f[cq;[c°§g has an upper bound. By Proposition
5.2.4(1) & (3), these equivalenceclassescorrespond to the only elemeris of the standard basisfor
H1(UD*Tmin ; Z=2Z) which might have non-trivial cup products. In fact, cheding labels of edges,
it isnot di cult to seethat caseg1)-(5) and (8) are all (distinct) critical cells,and thus correspond
to linearly independert elemernts of the standard basisfor H2(UD*Tin ; Z=2Z). We now consider

the remaining edges.

Lemma 5.2.6. If cis one of the 2-cells (6), (7) or (9), then [g representsO in cohomolay.
Proof. Considerthe following cochains:

(V12)2h(1;2;1)i + (vo)N(1;3;0)i;

(vi2)2h(2; 1; 1)i + (vo)h(1;3;0)i;
(V12)2h(2; 1, 1)i + (vo)N(0; 2; 2)i:

©Oo ~NO oo
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Then iois cohomologousto (¢}, wherec is the 2-cell (i) for i = 6;7;9. Thus, ead of the cocycles

(6), (7), and (9) are in fact coboundaries,and represert 0 in cohomology O

Lemma 5.2.7. Let c; be the cell lakelled (8), and let ¢, be the cell lakelled (10). The cocycles [

and [, are cohomolgousin H(UD*Tmn ; Z=22).
Proof. Let gbethe 1-cochain (v12)2h(2; 1;1)i + (vo)h(2;2;0)i. Then ( g) = et el H

We now interpret Figure 5.2 as a multiplication table for the cup product. If we let dashed

edgescorrespond to 0 products and perform an elemertary row operation, we arrive at Figure 5.3:

Figure 5.3: The cohomologyring H (UD"Tnin ; Z=2Z) as an exterior face algebra.
Shawn is a picture of the cohomologyring H (UD"Tnmin ;Z=2Z). The solid edgesrepresent duals
of critical 2-cells;the verticesrepresen duals of critical 1-cells. Two vertices cup to the solid edge
connecting them, or to O if there is no such edge. We will seein the next sectionthat this picture
characterizesH (UD"Tnin ; Z=2Z) as an exterior face algebra.

We thus arrive at a complete description of the multiplication in H (UD*Tmin ;Z=2Z): an
18-dimensional subspaceW of H1(UD*Tmi, ; Z=2Z) annihilates all one-dimensionalcohomology
classes.This subspaceW is spannedby the duals of the 14 critical 1-cellsnot appearing in Figure
5.3, together with the four elemers of H(UD"T;Z=2Z) which touch only dashedlines. The
multiplication in the remaining 6-dimensional subspaceis described by the subgraph of Figure 5.3

consisting of six solid lines and the six vertices they connect: two basis elemens cup to the label
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of the solid edgeconnectingthem, or to O if there is no such edge.
This description of the multiplication in H UD*Tmin ;Z=2Z suggeststhat it is an exterior

face algebra, an idea we de ne in the next section.

5.3 Counterexamples to Ghrist's Conjecture

In this section, we provide a number of counterexamplesto Ghrist's Conjecture, Conjecture 1.4.2.
We begin by introducing the the conceptsof exterior facerings, ag complexes,and degreepre-
serving homomorphismsin the rst two subsections.Then in the third subsection,we characterize

exactly when a tree braid group is a right-angled Artin group.

5.3.1 Exterior Face Rings

vector spacehaving the products v, v, :::vj, (0 i3 <iz<:::<ij n)asabasis. The empty

product is the multiplicativ e identity. The multiplicativ e relations are generatedby all relations of

the following types:viv; = vjv; and vZ = 0.
Let K be a nite simplicial complex with verticesfvy;:::;vag. For any commutative ring R
with identit y, the exterior face ring r(K) of K over R is the quotient of the ring R[v1;:::;vn] of

polynomials in commuting variables, quotiented by the relations:

vivi = vy forO<i;j n,
v2=0for0<i n,and
Vi, ::1Vj, = Owheneweri; < <igxandfvy;:::;vi gisnot afaceof K.

algebraof the standard (n 1) simplex over some eld.

Example 5.3.1. The calculation of the previoussubsectionshowsthat the ring H (UD*Tpmin ; Z=22)

is isomorphicto  7,-,7(K), where K is the union of 18 isolated vertices with a graph isomorphic

78



to the onein Figure 5.3 (2) consisting of the six solid edgeslabelled (1) - (5) and (8), and vertices

incident with them.

For our purposes,R will always be the eld Z=2Z, so we suppressthe subscript R from now

on. For this eld, ( K) is a quotient of a polynomial ring:

fvg; iiovigl

fvi,ioivg, = Qjig < < i andfvi;:::;vi gisnot afaceof Kg:

In the Z=2Z case,Gubeladze[31] has shavn that exterior face algebrasare in bijective corre-

spondencewith their de ning simplicial complexes:

Theorem 5.3.2. ([31]) Let K and K °be two nite simplicial complexes.Then ( K) and ( K9

are isomorphic as algebas if and only if K and K © are isomorphic as simplicial complexes.

This rigidit y allows us to speak of “the' simplicial complex de ning an exterior face algebra.

5.3.2 Flag Complexes and Degree Preserving Homomorphisms

In caseK is a ag complex, there is a simple set of generatorsfor | (K ):

Lemma 5.3.3. If K is a ag complex, then

L(K) = vZ::v2 [ fv,vi, jfvig;vi,g625g :

Proof. Let | {K) denotethe ideal on the right half of the equality in the lemma. We needto show

that 1 (K) 19K), the reverseinclusion being obvious.
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Vip 11IVi, SOV, tiivi, 2 1K), Thus, I(K)  19K). O

Example 5.3.4. Recall De nition 1.4.1 of a right-angled Artin group. Let be a simple graph
with assaiated right-angled Artin group G . Charney and Davis [10] have described K (G ;1)
complexesfor all right-angled Artin groups. Begin with a torus Q S!, wherethe factors are in one-
to-one correspondencewith verticesin . Assumethat ead S? is given the standard cellulation,

consisting of one 0-cell and one 1-cell. Their K (G ;1) spaceis obtained from this product by

throwing out an openi-cell if the i 1-cellsin its factorization correspond to verticesvi;vo;:::;Vi
which do not form a clique, i.e., if somepair of verticesv;,;vj, 2 fvy;:::;vig do not spanan edge
of .

This description of K (G ; 1), together with the description of the cohomologyrings of subcom-

plexesof a torus in [32] (pg. 227), implies

Prop osition 5.3.5. The cohomolay ring H (G ;Z=2Z) is the exterior face ring ( K), where K
is the unique ag complex having asits 1-skeleton. In other words, K is the simplicial complex

whosen-simplices correspnd to cliquesin  having n + 1 memters. O

We can now give a simple principle which will allow us to nd counterexamplesto Ghrist's
Conjecture 1.4.2. A homomorphism : R[xy1;:::;X] ! Rly1;:::;¥m] between polynomial rings
is degree-preserving if it sendsany homogeneougpolynomial of degreek to another homogeneous
polynomial of degreek (or, equivalently, if it sendsany homogeneouspolynomial of degreel to
another homogeneouspolynomial of degreel). More generally if R; and R, are quotients of
polynomial rings by ideals generatedby homogeneouspolynomials, then : R; ! Ry is dagree-
preserving if any equivalenceclassof homogeneougolynomials is mapped to an equivalenceclass

of homogeneougolynomials of the samedegree.

Prop osition 5.3.6. Let K be a ag complex, and let @ " be the boundary of the standad n-
simplex(n 2). If : (K)! (@ ") is a degree-preserving surjection, then ker cannot be

geneated by homaenaus degree 1 and degree 2 elements.
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Proof. Let fvi;:::;vmg be the vertices of K. The hypothesesimply that inducesa linear sur-
jection from the space ( K)! of homogeneousdegreel elements of ( K) to the space (@ r‘)1

of homogeneousdegreel elemerts of (@ "), which is (n + 1) dimensional. Thus there is a

for the spaceof homogeneoudlegreel elemens of (@ "). We can thus assume,without loss of

generality, that f (v1);:::; (vh+1)0is abasisfor (@ n)1.

(si) = (vj). Thus,eadt s;+ v; is an elemen of ker . Sincethe setfsj+ viji2fn+ 2;:::;mgg
is linearly independen, it must form a basisfor ker \ ( K)?1, sincethe dimensionofker \ ( K)?!
ism n 1.

Now assumethat ker is generatedby degreel and degree2 elemeris. Supposethat ker \

is an isomorphism. Let  (K) be the quotient of ( K) by the ideal | (K) = Hy;:::;fki, where
f‘j is the result of replacing v; with s; (n+ 2 i m)int;. Note that | (K) is generatedby

homogeneouslemers of degree?2. It is easyto seethat the map

(K)! (K)=hsn+2 + Vn+2;:00:Sm + Vit ooty

Now we obtain a cortradiction by courting the dimensionsof  (K)?, (K)"1, (@ ”)2,

and (@ ™" asvector spaces.We have:

n(n+ 1)

: nn+l _ A.
> dm (@ ") =0

dim (@ ")? =
Either I (K) isthe Oideal or it isn't. If it is, then

dm  (K)" = 1;
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if it isn't, then

. nin+ 1
dm (K)? < nin+1).
2
In either case,we have a cortradiction since is a degree-preservingbijection and thus
presenesthe dimensionin eat degree. O

Corollary 5.3.7. Let K1 and K, be nite simplicial complexes.

1.If : (K ! (Ky)is a degree-preserving surjection, K1 is a ag complex, and ker is

geneated by homagen@us elementsof degrees one and two, then K, is alsoa ag complex.

2. If (K ! (Ky)is adgree-preservingisomorphism, then K, is a ag complexif and

only if Ky is.

Proof. (1) If K, is not ag, then for somen 2, @ " is a full subcomplexof K, i.e., @ " is not
the boundary of an n-simplexin K,. Dene amap : ( Ky)! ( @ "), sendinga given vertex v
to 0if v62@ ", and to itself otherwise. The map is a degree-preservingsurjection whosekernel
is generatedby elemerts of degreel. It follows that (K ! (@ ")isadegree-preserving
surjection whosekernel is generatedby homogeneouslemerts of degreesl and 2. This contradicts
Proposition 5.3.6.

(2) This is an easyconsequencef (1). O

Note that Gubeladze[31] has proven a strong generalization of Corollary 5.3.7(2): under the
given hypotheses,K 1 and K, are isomorphic.
Our experiencein computing H (UD"T;Z=2Z) for various small examples,including the case

T = Tmin and n = 4, suggeststhe following conjecture:

Conjecture 5.3.8. The cohomolay ring H (UD"T;Z=2Z) is an exterior face algeba, for any

tree T and any n.

We note nally that the conjecture seemgust aslikely to betrue for arbitrary elds, not simply

72=27.
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5.3.3 Whic h Tree Braid Groups Are Right-Angled Artin?

Recall De nition 1.4.1 of a right-angled Artin group. In this subsection,we characterize exactly
which tree braid groups are right-angled Artin. Our goal is to prove Theorem 5.3.11,which states
that atree braid group B, T is a right-angled Artin group exactly when either n < 4 or T is linear
(recall that atree is linear if all of its essetial verticeslie on an embeddedline segmet).

Let Tmin bethe minimal nonlinear tree described in Subsection5.2.4.

Lemma 5.3.9. Letn 4. LetT be anonlinear tree that is su ciently suldivided for n. There is

a cellular emkedding of (a suitably suldivided) Trnin into T suchthat:
1. the image of Ty is su ciently suldivided for 4 strands;

2. there is a choice of basewints ~ for Tmin and for T suchthat ~ hasderee 1in Tnin, has
dggree 1in T, and the geodesicsegment[ ;7] in T crossesexactlyn 4 edges,none of which

are edgesof Tmin .

Proof. Choosea collection C of essetial verticesof T sud that the elemens of C all lie along an
embeddedarc, and sud that Cis a maximal set of essetial verticeswith this property. Fix an arc
[vi;v2] iIn T such that C  [v1;Vv2], wherev; and v, are essetial. SinceT is a nonlinear tree, there
exists an essetial vertex vz 62]vy;Vv2]. Considerthe gealesicsegmen  connecting vz to [v1; Vva].
By maximality of C, must meet [v1; V] in another essetial vertex v4 62f vi;Vv»q, for otherwise
[ [vi;Vv2] is an arc containing C[ fvsg, which contradicts the maximality of C.

The Y -graph formed by the segmets [v1;Va4], [V2;Va], and [v3; V4] is su cien tly subdivided for
4, sincethe tree T is su cien tly subdivided for n and n 4. For i = 1;2;3, add to the Y -graph
two additional embeddedline segmetms at v;, ead consistingof exactly 3 edges,in such a way that
the spikes have no edgesin common with either ead other or with the Y -graph. It is possibleto
do this becauseead of the vertices vy, vy, and vs are essetial. The result of this proceduregives
a cellular embedding of Tr,in into T, which satis es (1).

To produce an enmbedding satisfying (2) as well, proceedas follows. Choosea vertex ™ having
degreel in Tyin . Find a maximal arc * in T with no edgesin common with the embedding of

Tmin ,» and with the embedding of * as one of its endpoints. The other endpoint of ~ is ; let ~ be
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Figure 5.4: Embedding T, in atreeT.
The largertree T is su cien tly subdivided for n = 6. The smallertree (encircled) is a copy of Tmin -
This gure shaws the image of a critical 2-cellin UD*Tmi, underthe map :UD*Tmin ! UDS®T.

the (unique) vertex lying on #, at distancen 4 from . Modify Tmin (if necessary)oy adding in

the segmen [; "] O

Let n 4, and let T be a nonlinear tree. The embedding of the previous lemma in-
duces a map of con guration spaces : UD*Tmin ! UD"T, dened by (fcy;cr;C3;cag) =
f (c1); (c); (c3); (ca)g[ f ;vi;vo;iii;vnh 50, Where ;vi;Vo;:::;Vy s arethen 4verticesof T

closestto (seeFigure 5.4).
Prop osition 5.3.10. We have:

1. The map induces an injection H UD*Tmin;Z=2Z ! H (UD"T;Z=2Z). The ho-
mology class correspnding to a given critical cell ¢~ UD*Tnin gces to a homolayy class

correspndingto (¢) UD"T. In particular, theimageof is adirect factor of H (UD"T).

2. The induced map :H (UD"T;Z=2Z)! H (UD*Tmin;Z=2Z) sendsthe dual of a critic al

cell cto ( (c)) if cisin theimageof , or to O otherwise.

Proof. (1) Fix an embedding of T into the plane, and choosean enbedding : Tmin ! T asin
Lemma 5.3.9. We note that, dueto the choicesof the embedding : Tmin ! T and basemints, the
map :UD*Tmin ! UD"T sendscollapsible cellsto collapsible cells, redundart cellsto redundart

cells, and critical cellsto critical cells.

84



If ¢ is an arbitrary critical cell of UD*Tmin, then a cycle represening the homology class
determined by c is f 1 (c), which has the form c+ (collapsible cells). Since presenesa cell's
type, it follows that the homology class (c) may be represened by a cycle of the form (c) +
(collapsible cells), where (c) is critical. By Lemma5.1.1(2), the cycle (c) + (collapsible cells) is

homologousto f 1 ( (c) + (collapsible cells)). By Lemma5.1.1(3) and the fact that (c) is critical,

f1 ( (c) + collapsible cells) = (c) + ((dif f erent) collapsible cells):

On the other hand, the homology classcorresponding to the critical cell (c) is, by de nition,
f1 ( (), which consistsof (c)+ (collapsible cells). Thus, usingthe fact from Lemma5.1.1(3) that
an f -invariant chain is determined by its critical cells, we concludethat (c) = (c), asrequired.

(2) This is an easyconsequence®f (1) and the naturalit y of the universalcoe cien t isomorphism.

O

Theorem 5.3.11. The tree braid group B, T is a right-angled Artin group if and only if T is linear

or n< 4.

Proof. (( ) Connolly and Doig [12] shaoved that B, T is a right-angled Artin group if T is linear.
If n< 4and T is a tree, then Theorem 4.3 of [23] shawvs that B, T is in fact a free group, since
UD"T strong deformation retracts on a graph. This provesone direction.

(Note that it is possibleto get a proof of Connolly and Doig's result as an application of the
ideasin [23]. SupposeT is a linear tree. Choosesomebasemint for T and an embeddedarc *
containing and all essetial verticesof T; it is possibleto do this sinceT is linear. Now embed T
in R? sothat: (1) is mappedto the origin; (2) " is mapped to a segmem on the positive y-axis,
and (3) the image of T is contained in f(x;y) 2 R?2j x 0g. With this choice of embedding
and the induced order on the vertices of T, Theorem 5.3 of [23] givesa presenation of BT asa
right-angled Artin group. The proof is left as an exercisefor the interested reader.)

() ) We prove the contrapositive. Supposethat T is nonlinear, n 4, and B, T is a right-
angled Artin group. Since UD"T is aspherical ( [2], [28]), UD"T is a K(BxT;1). In particular,
by Proposition 5.3.5, the cohomologyring H (UD"T;Z=2Z) is the exterior face algebra of a ag

complex.
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We choosean embedding : UD*Tmin ! UD"T asin Lemma 5.3.9. By Proposition 5.3.10,

‘H (UD"T;Z=2Z)! H (UD*Tmin ;Z=2Z7) is surjective, and it is necessarilydegree-preserving.
SinceH (UD*Tmin ; Z=27) is the exterior face algebra of a complex that is not ag, we will arrive
at a cortradiction to Corollary 5.3.7 if we can shav that ker( ) is generated by homogeneous
elemeris of degreesone and two. For this, it is su cien t to show that if ¢ is a critical cellin UD"T
of dimensionat least 3, then c is divisible by someelemert ¢, 2 ker( ) of degreeone.

Let c be a critical cell in UD"T of dimension at least 3. There are two cases: either ewery
cell of c lies inside of (the embeddedimage of) Tmin [ [ ;7], or somecell of ¢ is not contained in
Tmin [ [57]

We rst considerthe casein which somevertex or edgex of T occurring in c is not contained
in Tmin [ [ ;7] Either x is an edgee or x is a blocked vertex. If x is a blocked vertex, then at the
largest essetial vertex on the geaesic[x; ] there must be a non-order-respecting edgee. In either
case,break all edgesof ¢ other than e, and considerthe resulting 1-cell c®. By Lemma 5.2.1(4), c°
is equivalert to a critical 1-cell €% and the proof of Lemma 5.2.1(4) shows that @ may be described
as simply the result of moving all verticesin c®toward until they are all blocked. If follows that
x occurs in & This implies that & is not in the image of : UD*Tmin ! UD"T, sinceall cells
in this image consist of cellsin Tin . It now follows from Proposition 5.3.10(2)that & 2 ker( ).
But [c] is the least upper bound of its 1-dimensionallower bounds, so Proposition 5.2.4(2) implies
that & j ¢, asrequired.

Finally, supposethat all vertices and edgesin ¢ are contained in Tnin [ [ ;7). It follows from
the description of critical cellsin T, that all of the edgesof ¢ are elemerts of a certain 4-elemen
collection C. (Given the labels on the vertices of Thin in Subsection5.2.4, this collection C would
be fes; e19; €16; €250, but due to changesin the subdivision and numbering the edgesin question
will be labelled dierently in T.) Let A, B, C, D denote the essetial vertices of Tyin , listed in
the order they are numbered, from least to greatest. The four elemerns of C, say ea, €5, €c, €
are incident with A, B, C, and D, respectively. Sincec has dimension at least 3 by assumption,
c cortains at least 3 edges,and thesemust be chosenfrom fea;es;ec;epg. It follows that either
ea Or eg isin c. Let c® be the result of breaking all edgesin ¢ exceptfor ea (if ea 2 ¢) or eg ( if

ea 6X). Let @bethe result of moving all verticesin c®toward until they are blocked. By Lemma
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5.2.1(4), @is critical.

We claim that, in @ there are at least six cells clustered around A or B, if ea 2 c or ex 62c,
respectively. The reasonis that there must be at least three edgesin c, all of which are greater
than or equalto ey or eg, respectively. As eat edgemust be non-order-resgecting, eat of the
three edgesblocks at least one vertex. When all of these strands are moved towards until they
are blocked, the result is at least six cells(coming from the, at least, three verticesand three edges)
blocked in & above A or B, respectively. This provesthe claim.

It follows from this that & is not in the image of : UD*Tmin ! UD"T, sinceany cell in

(UD*Tmin ) Will cortain at most 4 cells from the tree Tmin . This implies that (¢® 2 ker( ). By
construction []  [c], and, since[c] is the least upper bound of its 1-dimensional lower bounds,

(6® jc by Proposition 5.2.4(2). O
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Chapter 6

Rigidit y of Four Strand Tree Braid
Groups

For any classof groups G, it is interesting to ask whether or not one can algorithmically decide
if two members G and G in G are isomorphic as groups. We call this question the isomorphism
problem for G.

Isomorphism problems are one of the fundamental topics of study for combinatorial and geo-
metric group theory. Isomorphism problems have beenstudied by Tietze, Dehn, and many others.
As an example of their importance, the graph isomorphism problem is for instance one of the
leading candidatesfor a problem in a complexity classlying betweenP and NP.

The purposeof this chapter is to implement an algorithm to solve the isomorphism problem for
tree braid groupswith n = 4 strands. That is, given two groups G and G°which are both known
to be braid groupson trees using 4 strands, we nd an algorithm to decidewhether or not G and
GO are isomorphic.

This chapter relies heavily on results from the previous chapters. In particular, the reader
should refamiliarize themselheswith Theorems3.4.1(on tree braid group Morse preseriations) and
5.2.4(on cohomologyMorse presenations), aswell asthe de nitions of corner (Section3.3), and

(Section 5.2.1), and exterior face algebras(Section 5.3.1).

This chapter hastwo sections. In Section6.1, we provethat, at leastfor n = 4, givenatree braid
group B, T we may reconstruct the tree T up to homeomorphism. The solution to the isomorphism
problem for tree braid groupson n = 4 strands then follows in Section6.2. We end with commerts
on generalizingthis result.

This chapter is basedon the paper [39], and is my own work.
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6.1 Four Strand Tree Braid Groups

In this section, we begin by describing the structure of cohomology groups of four strand tree
braid groups as exterior face algebras. We then de ne atree T corresponding to a 1-dimensional
simplicial complex . We prove the rigidity result in Theorem 6.1.2 by proving that, for atree T,
if is the 1-dimensional simplicial complex giving the exterior face algebra structure of H By4T,

then T is homeomorphicto T .

6.1.1 Exterior Face Algebras

Let Tmin be the “'minimal' nonlinear tree: Thin has exactly 4 essetial vertices, eat of degree3,
such that not all 4 essetial verticeslie on an embeddedline segmen We saw in Section5.2.4that
H (B4Tmin ; Z=22Z) is in fact an exterior facealgebra. For 4 strand tree braid groups, this is in fact

the generalsituation:

Lemma 6.1.1. Let T be atree. For n = 4, H (B4T;Z=2Z) is an exterior face algeba. The

simplicial complex de ning the exterior face algeba structure is unique and 1-dimensional.

We cortinueto referto  asa (1-dimensional) simplicial complexinstead of a graph to di eren-
tiate betweengraphs/graph braid groups and simplices/exterior face algebras. As our coe cien ts

for cohomologyare always in Z=2Z, we suppressthis in the notation from now on.

Proof. By Theorems5.2.4and 3.1.3, cohomologyis trivial in all dimensionsgreater than 2. Thus,
if H (B4T) is an exterior face algebra corresponding to somesimplicial complex , must be at
most 1-dimensional. By Theorem 5.3.2, such a complex is unique.

It remainsto prove that H (B4T) is an exterior face algebra. We nd a complex sud that
the labels on edgesof are linearly independert and H (B4T) = (). Fix an enmbeddingof T
into the plane and specify a degreel basemint for T. This embedding and choice of basemint
speci es a generating setfor H'(B4T), by Theorem 5.2.4. A basisis the set of duals of all critical
i-cells.

Consider the 1-dimensional nite simplicial complex © de ned asfollows. Let the vertex set
of %beidentied with the setfc jc a critical 1-cellg. Two verticesc, and ¢, in  °are connected

by an edgee if and only if ¢, [ ¢, is nontrivial; in this case,label e by ¢, [ c,.
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For n = 4, Theorem 5.2.4 tells us that the structure of Cis very controlled. Let ¢; and ¢,
be critical 1-cellsfor which c; [ ¢, is nontrivial. Then [c;] and [c2] have a common least upper
bound [c] (by Theorem 5.2.4(3)). If there exists a critical cell in [c], then without lossof generality
assumeit is c. In this case,c = ¢;[ ¢, (by Theorem5.2.4(2)). By Lemma 5.2.1, knowing that [c]
is a common upper bound for [c1] and [c;], this decomposition of ¢ into ¢; [ ¢, is unique. Thus,
if there is always a critical cell in [c] for any c; and ¢y, then the uniquenessof the decomposition
c = ¢ [ ¢, tells usthat the labels on edgesof °would be linearly independert. It is then clear
by de nition that = Owould be suc that H (B4T) = () asdesired.

Howewer, it is not the casethat there is always a critical cell in [c]. If there is not a critical
cellin [d], then ¢, [ ¢, = '\[C]I , where, asin Theorem 5.2.4, " is the cellular 2-cacycle such that
"g(c9 = 1if © cand 0 otherwise.

Supposethat c¢; cortains a corner lying over a vertex a;, and ¢, contains a corner lying over a
vertex ap. Without lossof generality, assumea; < a, in the ordering on vertices. Let di < f; be
the directions which specify a cornerin c;, and let d, < f, bethe directions which specify a corner
in C.

Let ; be the vector suc that the ith componert is 1 and ewvery other componert is 0, with
dimension determined by cortext. As [c;1] and [c;] have an upper bound, the cell c, must have
the form (az),( 4, + 1, + x)+ for somex 2 f0;:::;d(az) 1g, whereif x = 0, then ¢ =
(@)f,( d, + 1,) + 2 . Let d°be the direction toward a, from a;. If d°6 dj, then for an upper
bound to [c;] and [cz] to exist we must have ¢1 = (a1)f,( g, + f, + 2 q0), and x = 0 in the form
of cz. In this case,c; and c; have least upper bound (a1)s,( o, + ;) + (&2)5,( 4, + ¢,), Which is
critical. As we are consideringthe casewhen there is not a critical cell in [c], we know that d°= d;.

As [c1] and [c] have an upper bound, the cell c; must have the form (ai), (2 4, + ¢, + )
for somey 2 f0;:::;d(a1)g, whereif y = 0, then ¢; = (a1);,(2 4, + ,)+ . Ify < fq1 and
y 6 0;d1, then we could have chosenthe direction y in place of the direction d; for the corner

cortained in ¢;. But then d°= d; 6 y, so as before there would exist a critical cell in [c]. Thus,

Let e, denotethe edgein ¢, lying over the vertex a,. Using the notation of De nition 5.2.5, let

denotethe 1-cachain (az)¢s,)h o+ o, + ,+ xi + (@)2 g, + , + yi. Note that Ois always
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nontrivially supported, asif y 6 d;, then we must have x = 0 for [c1] and [c;] to have an upper
bound.

We wish to examinethe coboundary of 9-i.e. wewant to calculatethe support of ° Consider
a2-cellc® For Cto evaluate to 1 on any faceof c it must bethat e; 2 . Let €°denotethe other
edgein c® A faceof c correspondsto breaking exactly one of the two edgesof c® Sincee, must
bein any facefor which Cis 1, the only possiblefaceswhich may be evaluated to 1 correspond to
replacing e with (€9 or (&Y. As we want an odd number of facesof c°to evaluate to 1 under °©,
exactly oneof ® felg+f (9gorc® fely+ f (€9g must evaluate to 1 under ° This meansthat
e’ must have 1 endpoint within oneof the cloudsde ning %and oneendpoint outside of that cloud.
The function °wasde ned sothat e®must be an edgewith endpoint a;. It is then straightforward
to examine all possibleequivalenceclassesof cells c® with edgee® at a; to determine which are in
the sum composing  °.

We examinethe possiblecases.

1. If y> fq, thenlet ¢ := (a1)y(2 o, + f, + y). The coboundary of Cis

ol G+ (&) [ o

h i
Thus, ’\[c] is cohomologousto (c?) [ cp.
h i
2. If y = f4, then the coboundary of Cis exactly ¢, [ c,. Thus, ’\[c] is cohomologousto 0O (for

example, seeLemma 5.2.6, case(9)).

3. If y = dy, then we must have ﬁhat_x 6 0 sincethere is no critical cellin [c]. The coboundary
[

of Cis exactly ¢, [ . Thus, ’\[C] is cohomologougto 0 (for example,seeLemma5’.2.6, case
(6))-

4. If y = 0, the coboundary of °is cohomologousto the sum

dig) 1
[ e+ ()i g, + 1.+ ) [ &

i=1
For 0< i < fq, the i term in the sum is cohomologousto (A1), 2 g, + .+ i) [ ©), by
Casel. Note that this is the dual to the homology classof the critical 2-cell (a1)s,( ¢, + i)+
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(@2)f,( d, + £,), by Theorem 5.2.4(2). For i = f1, the i term in the sum is cohomologous
to 0, by Case2. Forf1<i d(a)) 1, we leavethe it term alone, but note that it is the
dual of the homology classof the critical 2-cell (a1)i( t, + i)+ (a2)t,( a0, + ,), by Theorem
5.2.4(2).

h i
Thus, if y = 0, then ’\[C] is cohomologousto (c?) [ c,, where:

fx 1 d(%) 1

Q= (@), (2 g, + £, + i)+ ()i g+ .+ §)):
i=1 fi+l

The above computations lead us to concludethat if y 2 fdq;f1g, then there is no edgein  ©

connectingc; and c,. If y = Oory > fq, then the only cells c; sudh that [c;] and [c;] have a
common upper bound [c] are of the form (a2)¢,(2 0+ 4, + f,) fOr somevertex a, in T in the
direction d; from a; and two directions 0 < d, < f, from a,. This meansthat, if y = 0, there is
never a critical cell in [c]. We call the dual ¢, to sud a critical 1-cell c; a non-critical cupper.

By the above computation we have that ¢; [ ¢, + (c9) [ ¢, is cohomologousto O for any c, for
which [c1] and [c;] have a common upper bound. For any ¢, for which [c;] and [c;] do not have a
common upper bound, [c,] also does not have a common upper bound with any summand in c9,
except possibly in Case4 for the summand corresponding to i = di. Let ¢z := [(a1)f,(3 4, + 1,)]-
If [c,] and [c3] have a common upper bound [c9 where there is a critical cell in [¢9, then [c,] and
[c1] must also have a commonupper bound. If [c2] and [c3] have a commonupper bound [c where
there is not a critical cell in [c9, then by the above computation “cq = 0. Thus, (c}) [ ¢, = 0 for
any c¢,, whether or not [c;] and [c;] have a common upper bound.

We may perform Tietze transformations to rewrite the Morse basisfor H (B4T) by replacing
any non-critical cuppersc,; with the corresponding sumsc; + (c9) . Such a rewrite is consistert as
the only non-critical cupper in any sumc, + (¢§) is ¢ itself.

De ne the 1-dimensionalsimplicial complex to have the rewritten Morse basisas vertex set.
That is, let  bethe complex whosevertex setis equal to the vertex set of 0. namely c;;:::;C,
- but with non-critical cuppers c, replaced by the corresponding sumsc,; + () . Connect two
verticesin by edgesif and only if they cup nontrivially , and label the edgeby their cup product.

The above discussionshaws that the vertices of  correspond to a basisfor H 1(B4T) asthey
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are obtained from the original Morse basis by a consistert rewrite using Tietze transformations.
The edgesof  correspond to a basis for H2(B4T), as eah edgein  corresponds to a dual of
a critical 2-cell, all duals of critical 2-cellsmay be acquired in this way, and the duals of critical
2-cellsform a basisfor H?(B4T). Thus, by construction, H (B4T) = (), andH (B4T) is an

exterior face algebra. O

We note herefor future referencethat any vertexin  with nontrivial neighborhood corresponds
to an original elemer of the Morse basisfor H (B4T): any ¢; + (c?) for somenon-critical cupper

¢, always cupsto 0, sothe corresponding vertex of  is not the endpoint of any edgein .

6.1.2 The Tree T

Let bean arbitrary 1-dimensionalsimplicial complex. For eah vertexv2 , let N, denotethe

neightorhood of v in : the set of all verticesv®2  adjacert to v. Let denote the preorder

N
on verticesof  induced by neighborhood inclusions,i.e. v, VCif and only if Ny, Nyo.
The preorder  inducesan equivalencerelation =, on verticesof : ifv  vlandv® | v,

vC Note that inducesa partial orderon V() modulo equivalenceclassesunder

we write v = N

=, - We write the (=, )-equivalenceclassof v 2 V() as|[v]. For an (= )-equivalenceclass[v],
the children of [v] are those (= , )-equivalenceclassesv] sud that ; 6 Nyo ( N, and there does
not exist a w such that Nyo ( Ny ( Ny. A leaf is an (=  )-equivalenceclasswith no children.

We now dene atree T from the simplicial complex . Let vo be a vertex of  which is
maximal under . If Ny, is empty, let j j denotethe number of verticesof . De ne the tree T
to be aradial tree - i.e. a tree with only one essetial vertex - whoseessetial vertex a has degree
d(a) suc that

(d(a) + 2)!

j =1+ (3d(a) 7)m

if sudh a number exists. If sucdh a number doesnot exist, then T is unde ned.

Now assumethat N, is nonempty. De ne alabelled undirected graph H to bethe neightorhood
heirarchy of [vp], as follows. For ead distinct (=, )-equivalenceclass[v] such that N, 6 ; and
%

v Vo, there exists a distinct vertex py,; in H. From pyy;, there exists an edgelabelled [v] to pq

for ead [V such that [v] is a child of [v9. We also add an edgelabelled [vo] from Prvo] to a distinct
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vertex p .

For ead (= )-equivalenceclass[v], we needa positive integer d?v] suc that

0
diyy

, =M

If such a number doesn't exist, then dE’V] is unde ned. For ead leaf [v], we needa positive integer

€] sud that
e 1 _ .
"]2 = JNyj:

If such a number doesn't exist, then ey, is unde ned. Finally, for eac non-leaf [v] we want to
de ne a positive integer dy,; suc that

_ 40
d[v} - d[vﬂ]

for eat child [v9 of [v]. If there exists two children [v{] and [v»] of [v] such that d?vl] 6 dfvz], then
dy; is unde ned. Otherwise, de ne dj; := d?vﬂ] where [v] is any child of [v].
We construct atree T by "growing’ T from the graph H using the numbersd,, €,; and df’VO].

The tree T is unde ned if:
1. H is not atree;
2. there exists py; in H sud that d?v] is unde ned;
3. there exists p,; in H sudh that [v] is a leaf but ey is unde ned;
4. there exists p,; in H sudh that [v] is not a leaf but d,; is unde ned;
5. there exists py,; in H such that [v] is not a leaf but [v] has more than dp,; 1 children.

If we are not in one of the caseswhereT is unde ned, then T is the tree H but with a number
of edgesadded for the purposeof increasingthe degreesof the vertices py,;. Each distinct added
edgeconnectsa vertex pyy; to a distinct vertex of degreelin T . We add edgessothat the degree

of ppy in T is exactly gy if [v] is a leaf, and dyy; if [v] is not a leaf. The degreeof d is d?VO].

6.1.3 Rigidit y
We usethe tree T to prove:
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Theorem 6.1.2. Two nite treesare homeomorphic if and only if their 4 strand braid groups are

isomorphic.

Proof. Let Treesdenote the set of all trees. Let B4 be the map taking a tree T to its 4 strand
tree braid group B4T. By de nition, B4 is well-de ned and surjective onto its image. We prove
B4 is bijective by constructing a setinverse.Let ,:im B4! Treesbegivenby 4(B4T)=T ,
where is the simplicial complex uniquely determined by H B4T, asin Lemma 6.1.1. We claim
n iswell-de ned andthat 4 By is the identity map. This would prove the desiredresult, asB4
would thus be injective.
Let T beatree. If T is radial with certral vertex a, then by [28] or Theorem 3.1.1 we know

that H (B4T) is free of rank 1+ (3d(a)  7){G&*2. Thus, T is homeomorphicto T , as desired.

Assumethat T is not radial. Fix an embedding of T in the plane, and pick a degreel basemint
. By Chapter 3, this enbedding induces Morse presenations for B,T,H B,T,and H B,T. By
Lemma6.1.1,H B,T is an exterior face algebra given by some 1-dimensional simplicial complex

By Theorem5.3.2,the simplicial complex is uniquely de ned. SinceT is not radial, H 2(B4T)
is nontrivial, so  cortains somevertex with nonempty neighborhood.

By the construction of in the proof of Lemma6.1.1, verticesof are in bijective correspon-
dencewith Morse generators,and verticeswith nonempty neighborhoods are Morse generators. By
the characterization of cup products in Theorem 5.2.4, a Morse generator with nonempty neigh-
borhood is a choice of an essetial vertex p in T, a corner at p, and a primary direction from p
towards at least one other essetial vertex in T. Two such Morse generatorscorrespond to an edge
in if they cup nontrivially - i.e. if the two generatorshave distinct chosenessetial vertices and
their primary directions point towards ead other. Thus, an edgein is speci ed by a choice of
two distinct essetial verticesin T and a choice of a corner at ead.

Choose a vertex vg in as in the discussion preceding this theorem. Then the vertex vg
correspondsto a corner over avertex g in T with all cornersat vertices other than g in a single
direction d from g . This meansthat q is adjacert to at most one other essetial vertex, and vg
corresponds to somecorner over g with primary direction d. Any Morse generator which cups
with the generator corresponding to vq is then uniquely determined by a choice of essetial vertex

o®in T and a corner at ¢®. This implies any vertex u , v in  correspondsto a choice of an
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essetial vertex in T, a corner at that vertex, and a primary direction from that vertex away from
q .

Any vertex v 2 [vg] correspondsto a distinct cornerat q . But the number of distinct corners
at q isexactly d( 2) 1 whered(q ) denotesthe degreeofq . Thus,d\‘f0 is de ned and is exactly
d(q ).

For the purposesof the next paragraphs, we consider [vg] a “dild' of ,where the direction
from q to ¢, beingthe primary direction of vo.

Let [v] be a child of [u], with gy, already labelling a vertex in T. Let g, denote the essetial
vertex of T nearestto g, in the primary direction of u, and label the edgepath from gy to gy
by [v]. If [v] has no children, then jN,j is exactly the number of corners possibleat qp;. As the
number of cornersat q; is given by q[V12 1 wehavethat e, = d(opyp)-

If [v] has children, then a represetative v° of any child [v9 of [v] must represen a critical
1-cell lying over the vertex qy; by the maximality condition for children. The primary direction
corresponding to v° from ) Must be away from g and thus away from ¢, for otherwise N, 6
Ny,. Any other v9°2 [vq must correspond to a distinct corner at gy With the same choice of
primary direction. Thus, the number of elemerts in [v] is exactly the number of distinct corners
at g, sody; = d?v(,] = d(qy;) for any suc v.

This processof labelling the verticesand someedgesof the tree T showsthat the tree T de ned
by ( 4 B4)(T) is homeomorphicto the tree T: a homeomorphismis induced by xing a vertex vg
in  and then taking the vertex underlying a critical 1-cellc to the vertex labelled gy ; where [c ]

is a child of [¢ ]. This provesthe desiredresult, as ( B4)(T) = T up to homeomorphism. O

The fact that one may reconstruct the tree T up to homeomorphismgiven a 4 strand braid
group B4T on T is an artifact of the 1-dimensionality of trees. Let k > 1 and consider,for instance,
the braid groupson a k-dimensional ball, and on a k-dimensionalball joined at a single point with
a line segmen On any number of strands, the two corresponding braid groups are isomorphic.

As an interesting immediate corollary, we have that:

Corollary 6.1.3. Let G = B4T be a four strand tree braid group on a tree T. Then G determines

the braid groupsB,T for all n 2 Z.
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6.2 The Isomorphism Problem and Generalizations

Theorem 6.1.2 allows us to solve the isomorphism problem for 4 strand tree braid groups by

enumeration:

Theorem 6.2.1. There exists an algorithm which, given two nite presentations of groups which

are known to descrike four strand tree braid groups, decides whetherthe two groupsare isomorphic.

Proof. First, we extrapolate the trees T and T°from the groups B4T and B4T? respectively. We
begin by extrapolating T from B4T.

Let the degree of a tree denote the sum of degreesof all essetial vertices of the tree. Note
that the number of trees up to homeomorphismof any given degreeis nite. Let the length of a
preseration for a group denote the sum of lengths of the de ning relators in the presenation plus
the number of generators. Note that the number of distinct presenations for a group of any given
length is nite. For any given homomorphism betweentwo groups and any given presenations
of both, let the length of the homomorphism with respect to the presenations be the sum of the
lengths of the imagesof the generatorsof the rst group under the homomorphism. Note that, for
xed groupsand presenations, the number of homomorphismsof a given length is nite.

Enumerate all trees up to homeomorphismin order from lesserdegreeto greater. For a given
tree, enumerate all (reduced) presenations of the corresponding 4 strand tree braid groupsin the
order from lesserlength to greater. For a given tree and a given preseration of the corresponding
4 strand tree braid group, enumerate all homomorphismsto B4T in the order from lesserlength
to greater. Finally, erumerate all homomorphismsfrom 4 strand tree braid groupsto B4T by
diagonalization.

As we know that B4T is a 4 strand tree braid group, evertually in this enumeration there will
be an isomorphism. De ne an algorithm to extrapolate the tree T (up to homeomorphism)from
the group B4T by running through the above enumeration and nding the rst isomorphism, and
outputting the corresponding tree T. Similarly, de ne an algorithm to extract the tree T° (up to
homeomorphism)from B4TC

Thus we have reducedthe problem to solving the homeomorphismproblem for trees. But there

exists an algorithm for solving this problem, so we are done. O
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That we may solve the isomorphism problem for 4 strand tree braid groups begsthe question
asto whether we can solve the isomorphismproblem for higher strand tree braid groups. The main
tool in the 4 strand casewas reconstructing the tree T given a 4 strand tree braid group B4T. An
essetial aspect to this reconstruction was the “uniqueness'of de ning complexesfor exterior face
algbebras of Theorem 5.3.2. Howeer, it is not at all obvious and may not be true in generalthat
the cohomologyrings of higher strand tree braid groups are exterior facerings.

There is somehope that the n = 5 strand casemay be solvable by the methods usedin the
n = 4 strand case. The spaceUD®T is still a K (BsT; 1) space([2]) which is a cubical complex of
dimension at most 2 (Theorem 3.1.3; seealso [28]). This meansthat cohomologyis trivial in all
dimensionsgreater than 2. In this restrictiv e setting, there may be someway of realizingH (BsT)
as an exterior face algebra, and applying an analysis similar to Theorem 6.1.2.

For more strands, the cohomology ring is often of a larger dimension. Seeingan exterior
face algebra structure on comohologymay be di cult, but the author believesthat somesort of
induction on the number of strands may still work. If, for instance,onecould extract a presenation
forH (B, »T) fromH (B,T) and the isomorphism problem was solvable for then = 4andn =5
casesthen one could solve the isomorphism problem for n strand braid groups,n 4.

We end with the following conjecture:

Conjecture 6.2.2. For any n 4, there exists an algorithm which, given two n strand tree braid

groups B, T and B,, T decides whether the two groups are isomorphic.
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Chapter 7

Future Directions

Problemsrelated to graph braid groups, both theoretical and applied, abound. Currently, we have
someinsight into how tree braid groups behave: we have a good presenation theorem, and we
are beginning to understand homology and cohomology The largest conceptual hurdle with graph
braid groupsis to generalizethe results for tree braid groupsto generalgraphs. One can try to
push the results presernied here farther. There are still the conceptual barriers of more than two
strands and braid groups on nonplanar graphs. The Morse presenation from Chapter 2 getsvery
messyvery fast asthe number of strands increaseon a generalgraph. Even with only two strands
there are numerousredundant generatorsand relators, as Example 3.4.6 demonstrates.

In the samevein, it would be nice to push the results of Chapter 6 to generalgraphs. Is there
a bijection between general graphs up to homeomorphismand graph braid groups with a given
number of strands? Although the bijection certainly doesnot exist for n = 2 strands, there is hope
that for n 4 strands it will exist, when one considersthe maximal subtreesof a graph. Passing
from a graph braid group to the graph braid group of a maximal subtreeis not well understood, so
studying such morphismswould be a rst step. Also, is someversion of the isomorphism problem
solvable for generalgraph braid groups?

In the opposite direction, the results of Chapter 4 yield embeddings of right-angled Artin
groups and hyperbolic surface subgroupsonly into general graph braid groups, not to tree braid
groups. Some right-angled Artin groups are known to enbed into tree braid groups (some tree
braid groups are right-angled Artin), but do all right-angled Artin groups embed into tree braid
groups? Similarly, we know hyperbolic surfacegroups embed in (nontree) graph braid groups, but
do any hyperbolic surfacegroups embed into tree braid groups?

Questions about graph braid groups not directly related to the results presenied here include,

for example, describing the asymptotic behavior of graph braid groups. What can be said about
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the CAT (0) boundaries of graph braid groups? What kinds of coarse geometric properties do
graph braid groups exhibit and what can the tell us about the quasiisometry types of the groups
themseles?

In a more applied direction, there are many problemswhich are related to graph braid groups.
Given a space,a motion planning algorithm is a cortinuous way of computing a path betweenany
two points. Howevwer, the only connectedspacesfor which a cortin uous motion planning algorithm
exists are contractible [19]. The topological complexity of a spaceX is how many open subsetsone
must useto cover X X sothat there exists a cortinuous motion plan from ead subsetinto the
path spaceof X . Upper and lower boundsfor the topological complexity of graph braid groupsare
known [19]; howewer, the exact topological complexity is unknown in most cases. Also, although
topological complexity is sometimesknown, actual motion planning algorithms which realize the
topological complexity of graph braid groups and their descriptions as motions of points on the

graph would be useful.
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Morse presenation, 20
of a tree braid group, 44
of a two strand graph braid group, 45

neighborhood, 93
neighborhood heirarchy, 93

order
on cells, 13
on corners,41
on equivalenceclassesof cells, 64
on vertices, 21
order-respecting edge, 22

partial function, 13

radial tree, 5
rank (of a cell), 13
redundart cell, 13
for a graph braid group, 24
regular, 12
regular face, 12
rewrite system, 14
right-angled Artin group, 5, 53{60

slide, 34
su cien tly subdivided, 5

terminal vertex, 21
Tmin ) 22

W-path, 13



