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Abstract

Let � be a graph. The (unlabelled) con�guration spaceUCn � of n points on � is the spaceof

n-element subsetsof �. The n-strand braid group of �, denoted B n �, is the fundamental group of

UCn �.

We apply a discrete version of Morse theory to the spacesUCn �, for any n and any �, and

provide a clear description of the critical cells in every case. As a result, we can calculate a

presentation for the braid group of any tree, for any number of strands. We also give a simple

proof of a theorem due to Ghrist: the spaceUCn � strong deformation retracts onto a CW complex

of dimension at most k, where k is the number of vertices in � of degreeat least 3 (and k is thus

independent of n). We proceedto describe a presentation for the two-strand graph braid group

B2� for any graph �, called the Morse presentation.

We construct an embedding of any right-angled Artin group G(�) de�ned by a graph � into

a graph braid group. This is a converseto a theorem of Crisp and Wiest. The number of strands

required for the braid group is the chromatic number of �. This construction yields an example

of a hyperbolic surfacesubgroup embeddedin a planar graph braid group.

Using the discreteMorse theory applied to UCn �, we get a description of the cohomologyrings

H � (Bn T) where T is a tree by explicitly computing the cup product structure. These results are

usedto prove that BnT is a right-angled Artin group if and only if T is linear or n < 4. This gives

a large number of counterexamples to Ghrist's conjecture that braid groups of planar graphs are

right-angled Artin groups. We also prove that for n = 4 the cohomologyring of a tree braid group

is an exterior facealgebra.

We usethe partial description of cohomologyto reconstruct the tree T from a given four strand

tree braid group B4T up to homeomorphism. Thus tree braid groups B 4T and trees T (up to

homeomorphism) are in bijective correspondence. That such a bijection exists is not true for
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higher dimensional spaces,and is an artifact of the 1-dimensionality of trees. We usethis bijection

to solve a version of the isomorphism problem for tree braid groups with n = 4 strands.

Keywords: graph braid group, con�guration space,discrete Morse theory, right-angled Artin

group

Mathematics Subject Classi�cation (2000): Primary 20F65, 20F36;Secondary57Q05,05C25
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Chapter 1

In tro duction

We begin with a brief overview of and introduction to conceptsrelated to graph braid groups.

1.1 Classical Braid Groups

Considern unlabelledpoints on the open unit disk D 2. Fix a starting position for the n points, and

then let them continuously run around the disk without colliding. After a set amount of time, the

points are required to return to the initial position (as a set: each unlabelled point may return to

the initial position of any of the n points). If we imagine the disk progressingdownwards in space

as time progresses,the n points trace the n strands of a braid. Two braids are equivalent if one

can be continuously transformed into the other while still avoiding collisions. Under the operation

of concatenation, equivalenceclassesof braids form a group, called the braid group on n strands,

Bn .

The braid group Bn determinesa homomorphismBn ! Sn to the symmetric group on n letters

given by labelling the n points of a particular braid and seeinghow the n labelsare permuted after

following the braid. The kernel of this homomorphism consistsof all braids in which each point

returns to its own initial position. This kernel is called the pure braid group on n strands, PB n .

Braid groups, originally studied by Artin [4], are related to fundamental objects in topology.

They have a large body of literature concerning them, and have applications to numerous areas

of mathematics, including Riemannian geometry, hyperbolic geometry, physics, and mathematical

biology. For a more extensive referenceon classicalbraid groups, seefor instance [18].

Braid groups are examplesof mapping class groups, of fundamental importance in their own

right, and also well studied (see,for instance, [6]).
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Figure 1.1: An exampleof a 5 strand braid on D 2.

1.2 Con�guration Spaces

Let X be an arbitrary space. A labelled con�gur ation of n points or strands on X is an ordered

n-tuple of n distinct points in X . We use the term `labelled' becausewe may think of a given

labelled con�guration of n points on X as the set of points speci�ed on X , where each point is

labelledby its position in the n-tuple. In contrast, an unlabelled con�gur ation of n points or strands

on X is an unordered n-tuple of n distinct points in X .

Let CnX denote the set of all possiblelabelled con�gurations of n points on X . The set Cn X is

a space,called the labelled con�gur ation space of n strands on X . More rigorously, CnX is the open

subsetof the direct product � nX obtained by removing the diagonal, D iag := f (x1; : : : ; xn )jx i =

x j for somei 6= j g. The diagonal represents one point trying to passthrough another point. Let

UCnX denote the quotient of CnX by the action of the symmetric group permuting the points.

Equivalently, UCn X is the spaceof all possibleunlabelled con�gurations of n points on X . The

spaceUCnX is called the unlabelled con�gur ation space of n points on X .

Con�guration spacesprovide a theoretical framework in which to analyzemotions of real world

objects. For instance, con�guration spaceshave connections with motions of microscopic balls

of liquid on a nano-scaleelectronic circuit [29] and robot sensornetworks [2]. Generalizations of

the con�gurations de�ned here are very useful in mechanical engineering, to model all possible
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con�gurations of a mechanical arm, or to analyze the movement of robots on a factory 
o or (see,

for instance, [28]). See[29] for a discussionof some generalizationsof con�guration spacesand

their applications to recon�gurable systems.

Consider an n strand pure braid. The crosssection of this braid at somemoment in time is a

con�guration of the n distinct labelled points on the disk D 2. A braid is then a loop in the spaceof

all con�gurations. Braids are equivalent if the corresponding loops in CnD 2 are homotopic. Thus,

the pure braid group on n strands is the fundamental group of the con�guration spaceof n strands

on the disk: PBn = � 1CnD 2. Similarly, Bn = � 1UCnD 2. In general, for a spaceX , the pure braid

group PBnX of n strands on X is the fundamental group � 1Cn X of CnX , while the braid group

BnX of n strands on X is � 1UCnX .

For the purposesof this paper, we will deal almost exclusively with unlabelled con�guration

spacesand regular braid groupsasopposedto labelled con�guration spacesand pure braid groups.

1.3 Graph Braid Groups

An application of con�guration spacesgave the initial motivation for the topic of this thesis. As

mentioned above, con�guration spacesmay be usedto model the movements of Automated Guided

Vehicles (AGVs) about a factory 
o or [9], [28], [19], [20]. Consider n identical robots running

around, performing tasks, moving boxes,etc. Such robots have certain constraints placed on their

movement: they should not run into each other, and they must avoid obstaclesand walls. Often

in real world settings, such robots are restricted further, constrained to moving along tracks in the


o or or ceiling. Such systemsare currently in usein industry.

Let � be a graph representing the tracks of somefactory 
o or or ceiling. Then B n � precisely

models the possiblemotions of n robots in the factory. Thus, it is interesting to study thesebraid

groups on graphs, or graph braid groups.

Let � be a given �nite graph. As � is a graph, it is alsoa 1-dimensionalCW-complex, wherethe

interiors of edgesare the open 1-cells. This meansthat there is a product CW-complex structure

on � n �, wherean open k-cell consistsof an orderedcollection of exactly k edgesand n � k vertices
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Figure 1.2: An exampleof a 2 strand braid on a graph.

of �. Let D iag0 be the set of all open cells whoseclosureintersectsD iag. Thus

D iag0 = ff y1; : : : ; yngjyi is a cell in � ; and yi \ yj 6= ; for somei 6= j g:

De�nition 1.3.1. The labelled discretized con�gur ation space D n � of n strands on a �nite graph �

is the CW-complex � n � � D iag0. The unlabelled discretized con�gur ation space UD n � of n strands

on � is the quotient of Dn � given by permuting the factors of � n � via the action of Sn .

Under most circumstances, the unlabelled (respectively, labelled) con�guration spaceof � is

homotopy equivalent to UDn � (respectively, Dn �). Speci�cally:

Theorem 1.3.2. [2] For any n > 1 and any �nite graph � with at least n vertices, the labelled

(unlabelled) con�gur ation space of n points on � strong deformation retracts onto D n � (UDn � ) if

1. each path between distinct verticesof degree not equal to 2 passesthroughat least n � 1 edges;

and

2. each path from a vertex to itself that cannot be shrunk to a point in � passesthrough at least

n + 1 edges.
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A graph � satisfying the conditions of this theorem for a given n is called su�ciently subdivided

for this n. It is clear that every graph is homeomorphic to a su�cien tly subdivided graph, no

matter what n may be. Throughout the rest of this thesis, we work almost exclusively with the

spaceUDn � where � is su�cien tly subdivided for n. In particular, all of our graphs are �nite.

Various properties of graph braid groupshave beenestablishedby other authors. Ghrist showed

in [28] that the spacesCn � are K (PBn � ; 1)s, and that a K (PBn � ; 1) is homotopy equivalent to

a complex of dimension at most k, where k is the number of vertices in � of degreeat least 3.

In [2], Abrams went on to prove that the universal cover of the spaceD n � is a CAT(0) cubical

complex (for information on CAT(0) complexes,see[7]). Being a CAT(0) cubical complex is a

powerful and much studied geometric condition, from which one may derive useful algebraic and

geometric consequences.This implies, in particular, that graph braid groups have solvable word

and conjugacy problems [7].

In [28], Ghrist showed that Cn � strong deformation retracts onto a complex X of dimension at

most k, wherek is the number of verticeshaving degreeat least three in � (and thus is independent

of n). If � is a radial tree, i.e., if � is a tree having only one vertex of degreemore than 2, then

Cn � strong deformation retracts on a graph. By computing the Euler characteristic of this graph,

Ghrist computes the rank of the pure braid group on � as a free group. (Seealso [27], where the

Euler characteristic of any con�guration spaceof a simplicial complex is computed.)

1.4 Righ t-Angled Artin Groups

A graph is simple if it has no closededgepaths of lessthan 3 edges.

De�nition 1.4.1. Let � be a �nite simple graph. We examine a group A = G(�), called the

right-angled Artin group associated to �, de�ned with the following presentation: for each vertex

ai of �, there exists a corresponding generator for A, and two generatorsai and aj commute (for

i 6= j ) if and only if the vertices ai and aj are connectedby an edgein �. Equivalently, a right-

angled Artin group is a group which has a presentation where the only relators are commutators

of generators.

Right-angled Artin groupsare examplesof the more generalclassof groupscalled Artin groups,
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and are also related to Coxeter groups. The classicalbraid groups, originally studied by Artin, are

themselvesArtin groups(though they are not right-angled), which is oneof the many reasonsbraid

groups are so interesting. Like braid groups, right-angled Artin groups are well studied groups -

see,for example, [5], [14]. They are particularly useful as sourcesof subgroupswith complicated

and interesting homotopy and homology �niteness behavior - see,for instance, [41].

The relationship between graph braid groups and right-angled Artin groups has often been

speculated upon and explored. In 1998,Ghrist [28] conjectured that the pure braid group of any

graph is a right-angled Artin group. At the time, the only presentations for graph braid groups

known werefor radial trees(recall a radial tree hasat most onevertex of degreemore than 2) and a

limited number of other basicexamples. (Pure) braid groupson radial treesare indeedright-angled

Artin, as are all (non-pure) braid groups on linear trees [12] - i.e. trees such that all vertices of

degreemore than 2 lie on an embedded interval. However, in his thesis, Abrams [2] (seealso [3])

found a counterexample to this conjecture. Let K 5 be the complete graph on 5 vertices and K 3;3

be the complete bipartite graph with 3 vertices in each partition of the vertices. Abrams showed

that PB2K 5 and PB2K 3;3 (and henceB2K 5 and B2K 3;3) are themselveshyperbolic surfacegroups,

which cannot be right-angled Artin. Abrams then stated the revisedconjecture:

Conjecture 1.4.2. [2, 28] Ghrist's Conje ctur e. The (pure) braid group of any planar graph is

a right-angled Artin group.

Although Ghrist's conjecture was stated for pure graph braid groups, as this dissertation only

dealswith regular graph braid groups we will typically ignore the word pure.

Connolly and Doig [12] proved a partial positive result in the direction of Conjecture 1.4.2

- that braid groups on linear trees are right-angled Artin, where a tree is linear if there exists

an embedded interval containing all of the vertices of degreeat least 3. In general, though, it

appearsthat graph braid groupsare usually not right-angled Artin groups. Mautner [34] hasfound

examplesof graph braid groupson treesand on non-simply-connectedplanar graphswhich are not

right-angled Artin. In Chapter 5, it will be shown based on the work in [22] that braid groups

on trees are rarely right-angled Artin. Speci�cally , tree braid groups are right-angled Artin if and

only if the tree is linear or there are lessthan 4 strands.

A related line of inquiry askswhether there exist embeddingsbetweenright-angled Artin groups
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and graph braid groups. A positive result in this direction is due to Crisp and Wiest: for any �nite

graph � and any n, there exists a graph � such that B n � embedsin G(�). This implies that graph

braid groups are linear, bi-orderable, residually �nite, and residually nilp otent.

1.5 (Discrete) Morse Theory

Morse theory is a classical method in topology to determine the homotopy type of a manifold.

Morse theory looksonly at the `critical' points of a given smooth real-valued function on a manifold

and from this limited data determinesglobal topology. One may think of the smooth real-valued

function on a manifold as a height function, indicating how points on the manifold '
o w' into

neighboring points of lower height. The stationary points under this 
o w are critical. There are

a number of classical applications of Morse theory, including to the Gauss-Bonnet theorem, the

Poincar�e-Hopf index theorem, counting geodesicson a Riemann surface,and determination of the

topology of a Lie group [36].

In Chapter 2, we use Forman's discrete Morse theory [26] (see also [8]) in order to simplify

any complex UCn � within its homotopy type. Discrete Morse theory, just like regular Morse

theory, looks at `critical' cells under a `
o w' to analyze the homotopy type of a space,but discrete

Morse theory looks at CW-complexes instead of manifolds. We will formally de�ne conceptsof

discrete Morse theory in Chapter 2, but we give a quick overview here. Given a CW-complex

X and a `discrete gradient vector �eld' on X , Morse theory classi�es the cells of X as either

`critical', `collapsible', or `redundant'. `Critical' cellscorrespond to a cell in X which is \critical" to

homotopy, homology, and other homotopy invariants. The collection of critical cells in a complex

is usually much smaller than the original complex. Morse theory thus provides an e�cien t way for

computing various homotopy invariants as well as for reading o� presentations of B nX .

Morse theory can alsobeusedto compute the homologyand cohomologyof graph braid groups.

In [25], Farley showed that H i (UCnT) (equivalently, H i (Bn T), since UCn � is aspherical for any

graph � [2], [28]) is a free abelian group of computable rank (seeCorollary 5.1.3). In Chapter 5,

cohomologyis computed for tree braid groups.
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1.6 Main Results

This dissertation is organized into a number of chapters. We begin in Chapter 2 by intro ducing

discrete Morse theory in detail, and applying it to the situation of graph braid groups to simplify

con�guration spacesUCn � within their homotopy types. We use discrete gradient vector �elds

(seeDe�nition 2.1.1) as our fundamental tool for applying discrete Morse theory. Under a discrete

gradient vector �eld, a cell in a CW complex may be classi�ed as either redundant, collapsible,

or critic al. Morse theory tells us that the fundamental group of a spacehas a presentation whose

generatorscorrespond to critical 1-cellsand whoserelators correspond to boundary words of critical

2-cells(seeTheorem 2.2.4). When we apply discreteMorse theory to con�guration spacesa graph,

we de�ne a particular discrete gradient vector �eld W induced by a numbering of the vertices of

the graph. Our main result in Chapter 2 (Theorem 2.3.4) describes the classi�cation of critical

cells for the particular caseof graph braid groups. Chapter 2 is basedon the �rst portion of [23],

and wascowritten with Dan Farley. Farley's contributions to this portion of [23] weregreater than

the author's, and both of the above theoremsare due more to Farley.

Chapter 3 usesthe discrete Morse theory outlined in Chapter 2 to develop a number of results

about presentations of graph braid groups. We begin with somefairly immediate observations in

Section 3.1, including two theoremsgiving dimensionsof strong deformation retractions of UD n �

(seeTheorems3.1.3 and 3.1.4), as well as the following result:

Theorem 3.1.1. Let � be a �nite graph with the maximal tree T. If T 6= �, then assumethat the

endpoints of every edgeoutside of T have degree2 in �. Fix n � 1 and assumethat T is su�cien tly

subdivided for n. Let W be a discrete gradient vector �eld on UD n � as in Section 2.3. Let D be

the number of edgesoutside of T. Then the Morse presentation PW has

D +
X

v2 V (T )
degr ee(v)> 2

d(v)� 1X

i =2

��
n + d(v) � 2

n � 1

�
�

�
n + d(v) � i � 1

n � 1

��

generators.

(this implies the result of Ghrist, Corollary 3.1.2, which counted the number of generatorson

a radial tree.) These three theorems appear in Section 4 of [23], in a paper cowritten with Dan
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Farley. Thesetheoremsare due more to the author than to Farley.

Also in Chapter 3, we develop tools to analyze certain casesof graph braid groups to obtain

presentation theorems. In particular, we obtain presentation theorems for all tree braid groups

(Theorem 3.4.1) and all two strand graph braid groups (Theorem 3.4.2). Both theoremsinterpret

the Morse presentations for the corresponding graph braid groups by explicitly providing the nec-

essaryboundary words of critical 2-cells. The tree presentation theorem has been seento yield

`optimal' presentations ([25]; seeCorollary 5.1.4). Theorem 3.4.1 appeared in Section 5 of [23],

cowritten with Dan Farley, and is due more to the author than to Farley. Theorem 3.4.2 is from

the paper [21], cowritten with Dan Farley, and is also due more to the author than to Farley.

Chapter 4 exploresthe connection betweenright-angled Artin groups and graph braid groups

by analyzing the opposite direction of a result of Crisp and Wiest. Crisp and Wiest proved that

for any �nite graph � and any n, there exists a �nite graph � such that B n � embedsin G(�). We

prove:

Theorem 4.0.1. For every �nite graph � and any coloring C of � with n colors, there exists a

graph � such that the right-angled Artin group G(�) embedsinto the graph braid group B n �.

Theorem 4.0.1 implies, for instance, that for any �nite graph � there exists an embedding of

G(�) into the graph braid group Bn0 � for somegraph �, where n0 is the chromatic number of �

(seeCorollary 4.2.2). Applying Theorem 4.0.1 to a particular graph, we prove that:

Theorem 4.0.2. There exists a planar graph braid group which contains a hyperbolic surface

subgroup, with only n = 2 strands.

There were previously no known examples of hyperbolic surface subgroups in planar graph

braid groups. Chapter 4 is basedon the paper [38], and is entirely the work of the author.

In Chapter 5, we compute the cohomologyof tree braid groupsby explicitly computing the cup

product structure. Speci�cally , for a tree T we de�ne an equivalencerelation � on cells of UD nT

and a partial ordering � on equivalenceclasses[c] = f c0jc0 � cg of cells (seeSubsection5.2.1). For

any cell c, let � [c] : UDnT ! Z=2Z be the cellular cocycle satisfying:

� [c] (~c) = 1 if ~c � c

� [c] (~c) = 0 otherwise :

9



Then:

Theorem 5.2.4. Let n � 1, let T be a su�cien tly subdivided tree for n, and let W be a discrete

gradient vector �eld on UDnT as in Section 2.3. Consider H � (BnT; Z=2Z).

1. If c is a critical cell in UDnT, then there exists a cocycle classc� corresponding to c, and a

distinguished basis for H i (Bn T; Z=2Z) is

f c� jc a critical i -cellg:

2. Let c be a critical cell in UDnT. If [c] is the least upper bound of f [c1]; : : : ; [ci ]g, where

the [c1]; : : : ; [ci ] are distinct equivalence classesof 1-cells, then, without loss of generality,

c1; : : : ; ci are critical and

c�
1 [ : : : [ c�

i = c� :

3. If [c1]; : : : ; [ci ] are distinct equivalenceclassesof 1-cellshaving least upper bound [c], then

�
� [c1 ]

�
[ : : : [

�
� [ci ]

�
=

�
� [c]

�
:

If [c1]; : : : ; [ci ] have no upper bound, then the above cup product is 0.

Knowing the cup product structure for tree braid groupsallows us to solve Ghrist's Conjecture

- Conjecture 1.4.2 - at least in the tree case:

Theorem 5.3.11. Let T be a �nite tree. The tree braid group B nT is a right-angled Artin group

if and only if T is linear or n < 4.

Chapter 5 is basedon [22], cowritten with Dan Farley, and the results therein are more due to

Farley than to the author.

Finally, in Chapter 6, we state and solve a version of the isomorphism problem for four strand

tree braid groups:

Theorem 6.2.1. There exists an algorithm which, given two �nite presentations of groups which

areknown to describe four strand tree braid groups,decideswhether the two groupsare isomorphic.
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We do so by �rst showing in Lemma 6.1.1 that, for any �nite tree T, H � (B4Tmin ; Z=2Z) is an

exterior face algebra (seeSubsection5.3.1), and that the simplicial complex � de�ning the exterior

facealgebra structure is unique and 1-dimensional. Using this lemma, we prove:

Theorem 6.1.2. Two �nite trees are homeomorphicif and only if their 4 strand braid groups are

isomorphic.

It is this bijection which yields the solution to the isomorphism problem. Chapter 6 is based

on [39], and is entirely the work of the author.
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Chapter 2

Morse Theory

We begin by introducing the reader to discrete Morse theory. This chapter is devoted to analyzing

discrete Morse theory, the power of using discrete Morse theory, and how to apply discrete Morse

theory to graph braid groups. In Section 2.1, we give the de�nition of a discrete gradient vector

�eld, which is the weapon of choice in the discrete Morse theory arsenal. We also examinemonoid

presentations and rewriting systems. Using rewrite systems,we then look at the e�ect of discrete

Morse theory on group presentations.

The �nal section, Section 2.3, discussesdiscrete Morse theory in the context of graph braid

groups. We give a provide a construction of a discrete gradient vector �eld on UD n � for any

su�cien tly subdivided graph � and prove our construction works. We alsoshow an exampleof this

discrete gradient vector �eld on a tree.

This chapter is basedon work contained in [23]. The results of the paper [23] have beendivided

betweenthis chapter and Chapter 3, largely re
ecting a division betweenthe contributions of the

author and Dan Farley. The division of e�ort is very hard to de�ne, but the results of this chapter

are due more to Farley, while those of Chapter 3 are due more to the author.

2.1 Basic De�nitions

In this subsection,we collect somebasicde�nitions from [23] (seealso [8] and ([26], pages130-131),

which were the original sourcesfor theseideas).

Let X be a �nite CW complex. Let � be a p-cell in X which is a face of the q-cell � , where

q > p. Let B be a closedball of dimension q, and let h : B ! X be a characteristic map for � .

The cell � is a regular face of � if h : h� 1� ! � is a homeomorphism,and h� 1(� ) is a closedp-ball.

The complex X is regular if every face in X is a regular face.
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Let X be a �nite regular CW complex. Let K denote the set of open cells of X . Let K p be the

set of open p-cells of X . For open cells � and � in X , we write � < � if � 6= � and � � � , where �

is the closureof � , and � � � if � < � or � = � .

We will needto work with a special type of CW complex. From now on, every CW complex X

we considerwill have the following property: if � (p) and � (p+1) are open cells of X of dimensionsp

and p+ 1, respectively, and � (p) \ � (p+1) 6= ; , then � (p) < � (p+1) . The importanceof this assumption

will becomeapparent in Proposition 2.2.1.

A partial function from a set A to a set B is a function de�ned on a subsetof A, and having

B as its target. A discrete vector �eld W on X is a sequenceof partial functions W i : K i ! K i +1

such that:

1. Each Wi is injective;

2. if Wi (� ) = � , then � < � ;

3. im (Wi ) \ dom (Wi +1 ) = ; .

Let W be a discrete vector �eld on X . A W -path of dimension p is a sequenceof p-cells

� 0; � 1; : : : ; � r such that if W (� i ) is unde�ned, then � i +1 = � i ; otherwise � i +1 6= � i and � i +1 <

W (� i ). The W -path is closed if � r = � 0, and non-stationary if � 1 6= � 0.

De�nition 2.1.1. A discrete gradient vector �eld is a discrete vector �eld W such that W has no

non-stationary closedW -paths.

If W is a discrete gradient vector �eld, then a cell � 2 K is redundant if it is in the domain

of W , collapsible if it is in the image of W , and critic al otherwise. Note that any two of these

categoriesare mutually exclusive by condition (3) in the de�nition of discretevector �eld. The rank

of a cell c with respect to a discrete gradient vector �eld W is the length of the longest W -path

c = c1; : : : ; cr having the property that ci 6= cj if i 6= j . Critical and collapsiblecellsall have rank 1,

and redundant cellsare of rank at least 2. If c0 < W (c) and c 6= c0, then clearly r ank(c0) < r ank(c).

So far, we have introduced the conceptsand terminology of \discrete gradient vector �elds",

and not \discrete Morse functions". The two ideasare largely equivalent, in a sensethat is made
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precise in [26], pg. 131. In practice, we will always use discrete gradient vector �elds and never

any explicit discreteMorse functions. However, we will usethe conceptof a collapse in the context

of discrete Morse functions in Section 2.2. We take the de�nition from [11], pg. 14. If (X ; Y ) is a

�nite CW pair then X collapsesto Y by an elementary collapse - denoted X & e Y - if and only if

1. X = Y [ en� 1 [ en where en and en� 1 are open cells of dimension n and n � 1, respectively,

which are not in Y , and

2. there exists a ball pair (Qn ; Qn� 1) � (I n ; I n� 1) and a map � : Qn ! X such that

(a) � is a characteristic map for en

(b) � j Qn� 1 is a characteristic map for en� 1

(c) � (Pn� 1) � Y n� 1, where Pn� 1 �= cl(@Qn � Qn� 1).

We say that X collapsesto Y , and write X & Y, if Y may be obtained from X by a sequence

of elementary collapses. Note that if X collapsesto Y , then there exists a strong deformation

retraction X ! Y ; in particular, X and Y are homotopy equivalent.

2.1.1 Monoid Presentations and Rewrite Systems

An alphabet is simply a set �. The free monoid on �, denoted � � , is the collection of all pos-

itiv e words in the generators �, together with the empty word, endowed with the operation of

concatenation.

A monoid presentation, denoted h� j Ri , consistsof an alphabet � together with a collection

R of ordered pairs of elements in � � . An element of R should be regardedas an equality between

words in � � , but, in what follows, the order will matter.

A rewrite system is an oriented graph. The vertices of the graph are called objects and the

positive edgesare called moves. If v1 is the initial vertex of some positive edge and v2 is the

terminal vertex, then write v1 ! v2 (the name of the speci�c rewrite system will always be clear

from context). An object is called reduced if it is not the initial vertex of any positive edge(move).

The re
exiv e, transitiv e closureof ! is denoted _! .

A rewrite systemis called terminating if every sequencea1 ! a2 ! a3 ! : : : is �nite. A rewrite

systemis called con
uent if, whenever a _! b and a _! c, there is an object d such that b _! d and c _! d.
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A rewrite system is locally con
uent if when a ! b and a ! c, then there is d such that b _! d and

c _! d.

Lemma 2.1.2. [37] Every terminating locally con
uent rewrite systemis con
uent.

A rewrite system is called complete if it is both terminating and con
uent. For a complete

rewrite system, it is not di�cult to argue that every equivalenceclassof the equivalencerelation

generatedby ! has a unique reducedobject.

Every monoid presentation h� j Ri has a natural rewrite system, called a string rewriting

system, associated to it. The set of objects of this string rewriting system is the free monoid � � .

There is a move from w1 2 � � to w2 2 � � if w1 = ur 1v and w2 = ur 2v in � � , where u; v 2 � � ,

(r1; r2) 2 R.

2.2 Discrete Morse Theory and Group Presentations

Assume in this section that X is a �nite connectedCW complex with a discrete gradient vector

�eld W . Let X 0
n be the subcomplex of X consisting of the n-skeleton, but with the redundant

n-cells removed. Let X 00
n consist of the n-skeleton of X , but with the redundant and critical n-cells

removed. The following proposition was essentially proved by Brown ([8], pg. 140) in the caseof

semi-simplicial complexes.

Prop osition 2.2.1. Consider the following �ltr ation of X :

; = X 00
0 � X 0

0 � : : : � X 00
n � X 0

n � X 00
n+1 � : : : :

1. For any n, X 0
n is obtained from X 00

n by attaching mn n-cells to X 00
n along their boundaries,

where mn is the number of critic al n-cells of the discrete gradient vector �eld W .

2. For any n, X 00
n+1 & X 0

n .

Proof.

1. This is obvious.
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2. Let X
n
k be the subcomplex of X containing X n� 1 together with all n-cells of rank at most

k, and all (n + 1)-cells that are the imagesof such n-cells under the function W . Thus, for

example,X 0
n = X

n
1 .

We claim that X
n
i+1 & X

n
i , for i 2 N.

Let c be an open n-cell of rank exactly i + 1. SinceW is injective, W (c) cannot be the image

under W of a cell of rank lessthan or equal to i , and so it lies outside of X
n
i . If c \ X

n
i is

nonempty, it can only be becausethere is someopen collapsible (n + 1)-cell c0 such that c\ c0

is nonempty and c0 = W (c00), for someopen n-cell c00of rank lessthan or equal to i . Given

our standing assumption about the CW complex X (from Subsection2.1.1), we thus know

that c < c0. Now if c = c1; c2; c3; : : : ci +1 is a W -path without any repeatedcells (which exists

becauser ank(c) = i + 1) we have that c00; c1; c2; : : : ; ci +1 is alsoa W -path without repetitions,

sinceclearly c006= c1 and there are no non-stationary closedW -paths. This implies that the

rank of c00is at least i + 2, a contradiction. It follows that the �rst part of the de�nition of a

collapseis satis�ed for the pair (X
n
i+1 ; X

n
i+1 � (c [ W (c))).

Since c is a regular face of W (c), there is a characteristic map � : B n+1 ! X
n
i +1 for W (c)

such that � : � � 1(c) ! c is an homeomorphismand � � 1(c) is a closedball. It follows easily

that the secondpart of the de�nition of a collapseis satis�ed for the samepair.

Repeating this argument for every (n + 1)-cell of X
n
i+1 , we eventually concludethat X

n
i+1 &

X
n
i , sincethe individual collapsesare compatible.

It follows that X
n
k & X 0

n for any k 2 N. For k su�cien tly large, X
n
k consistsof the entire

n-skeleton, plus the collapsible n + 1-cells. That is, X 00
n+1 = X

n
k & X 0

n .

We collect a number of corollaries in the following proposition:

Prop osition 2.2.2.

1. The inclusion of X 0
n into X induces an isomorphism from � n� 1(X 0

n ) to � n� 1(X ).

2. If X has no critic al cells of dimension greater than k, then X & X 0
k .
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3. ([26], pg. 107) X is homotopy equivalent to a CW complex with mn cells of dimension n,

where mn is the number of critic al n-cells in X .

4. The subcomplex of X generated by the collapsibleand critic al edgesis connected.

5. The subcomplexof X generated by the collapsibleedgesand the 0-skeletonof X is a maximal

forest.

6. If there is only one critic al 0-cell, then the graph consisting of (the closures of) the collapsible

edgesis a maximal tree in X .

Proof.

1. Note that the map � n� 1(X 0
n ) ! � n� 1(X ) factors as

� n� 1(X 0
n ) ! � n� 1(X 00

n+1 ) ! � n� 1(X ):

The �rst map is an isomorphism, becauseX 00
n+1 & X 0

n . The secondmap is also an isomor-

phism, sinceX is obtained from X 00
n+1 by attaching cells of dimension greater than or equal

to n + 1, which have no e�ect on � n� 1.

2. We have the sequence

X 0
k � X 00

k+1 = X 0
k+1 � X 00

k+2 = X 0
k+2 � : : : :

Each complex in this sequencecollapsesonto the one before it (sometimes trivially , where

equality holds). Sincethe sequenceterminates at X , (2) is proved.

3. Follows easily from the previous proposition.

4. In fact, the subcomplex in question is X 0
1, and � 0(X 0

1) ! � 0(X ) is a bijection by (1). Since

X is connected,so is X 0
1.

5. SinceX 00
1 & X 0

0, X 00
1 each component of X 00

1 is contractible, and so X 00
1 is a forest. It is true

by de�nition that X 00
1 contains the whole 0-skeleton, so X 00

1 is also maximal.
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6. SinceX 00
1 & X 0

0, and X 0
0 is a singleton set, X 00

1 is connected. By (5), we know that X 00
1 is also

a maximal forest, so it must in fact be a maximal tree.

Choosea maximal tree T of X consisting of all of the collapsible edgesin X , and additional

critical edges,as needed.

De�ne a monoid presentation MP W;T as follows: Generators are oriented edgesin X , both

positive and negative, so that there are two oriented edgesfor each geometric edge in X . If e

denotesa particular oriented edge,let e denote the edgewith the opposite orientation.

A 
owed boundary word, or the boundary, of a 2-cell c is simply one of the possiblerelations

determined by an attaching map for c (cf. [42], pg. 139); if w1 and w2 are two 
o wed boundary

words for a cell c, then w1 can be obtained from w2 by the operations of taking inversesand cyclic

shifts.

There are several typesof relations.

1. For a given oriented edgee in T, introduce the relations (e;1) and (e; 1).

2. For any oriented edgee, introduce relations (ee; 1) and (ee;1).

3. For a collapsible 2-cell c, consider the (unique) geometric 1-cell e such that e = W � 1(c).

Supposethat a boundary word of c is ew. In this case,the word w contains no occurrence

of e or e, since the geometric edgecorresponding to e is a regular face of c. Intro duce the

relations (e;w) and (e;w).

Prop osition 2.2.3. The rewrite systemassociated to the monoid presentationMP W;T is complete.

Proof. If w ! w1 and w ! w2 correspond to disjoint applications of relations in MP W;T , that is,

if w = r s1tu1v, w1 = r s2tu1v, and w2 = r s1tu2v, where r , s1, s2, t , u1, u2, and v are words in the

free monoid on oriented edgesin X , and (s1; s2), (u1; u2) are relations in MP W;T , then w1 ! w3

and w2 ! w3, where w3 = r s2tu2v.

Thus we needonly considerthe casesin which the movesw ! w1 and w ! w2 are not disjoint.

Checking de�nitions, we seethat it is not possiblefor a move of the �rst type to overlap with a

move of the third type, sincethe left side of a relation of type 1 is a word of length one involving
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only an edge in T, and the left side of a relation of type 3 is another word of length one, but

involving a redundant edge,and redundant edgeslie outside of T. Similarly easyarguments show

that the movesw ! w1 and w ! w2 can only overlap if at least oneof thesemovesis of the second

type.

Suppose,without loss of generality, that w = teev and w1 = tv. If, say, w2 = tev, and thus

the move w ! w2 involves the application of a relation of type 1, then it must be that the edge

corresponding to e is in T, so that w2 ! w1. If w ! w2 involves the application of a relation of

type 3, say w2 = twev, then w2 ! twwv _! tv = w1.

The casein which both movesw ! w1 and w ! w2 involve relations of the secondtype is left

as an easyexercise.

Theorem 2.2.4. Let X be a �nite regular connected CW complex with a discrete gradient vector

�eld W . Then:

� 1(X ) �= h� j Ri ;

where � is the set of positive critic al 1-cells that aren't contained in T, and

R = f all 
owed boundary words of critic al 2-cellsg:

Proof. According to Proposition 2.2.2(1), � 1 (X 0
2) �= � 1(X ). The usual edge-path presentation of

the fundamental group (see[42], pg. 139) of X 0
2 says that

� 1
�
X 0

2

� �= hb� j bRi ;

where b� is the set of positively oriented 1-cells,and the relations bR are of three types: �rst, there

are the boundary words of critical 2-cells; second, there are the boundary words of collapsible

2-cells; third, there are words of length one corresponding to edgesin T.

Any collapsible 2-cell is necessarilyW (c) for someredundant 1-cell c. Choosec to have the

largest rank of all 1-cells. There is a boundary word of W (c) with the form cw, where w is a word

involving only occurrencesof 1-cells having smaller rank than c. In the presentation of � 1 (X 0
2),

replaceevery occurrenceof c or c other than the occurrencein W (c) with w or w, respectively. In

19



the new presentation, neither c nor c occurs in any relation except the boundary word of W (c),

where c or c appears, but not both. In fact, the operation of replacing c (respectively, c) with w

(respectively, w) can change only the relations of the �rst type, by (respectively) the assumption

about the rank of c and becausec is not collapsible. Thus we can remove the generator c from the

newpresentation for � 1 (X 0
2) alongwith the boundary word for W (c) to obtain another presentation

of the samegroup. Notice that the e�ect on the boundary words of the critical 2-cellshas beento

perform a sequenceof reductions of type 3.

One continuesin the sameway, inductiv ely removing redundant 1-cellsof the largest remaining

rank, until all of the redundant 1-cellshave beenremoved.

Next, remove the 1-cellsoccurring in T from the list of generators,along with the corresponding

relations (which are words of length one), and remove all occurrencesof the 1-cells of T from the

remaining relations. This procedure results in a presentation of the samegroup. The �nal result

after freely reducing is the presentation h� j Ri , since every alteration to the boundary words of

the critical 2-cellshasbeena move in the rewrite systemcorresponding to the monoid presentation

MP W;T , the remaining words are reducedmodulo MP W;T , and the remaining generatorsare the

positively oriented 1-cells lying outside of T.

De�nition 2.2.5. Let X and W be as in Theorem 2.2.4,where h� jRi is a presentation of � 1X as

in the theorem. If there is just one critical 0-cell, then the discrete gradient vector �eld completely

determines the maximal tree T, so there is just one such presentation (up to cyclic conjugation

of elements of R). In this case, the (unique) presentation PW := h� jRi is called the Morse

presentation of � 1X .

2.3 A Discrete Gradien t Vector Field on the Discretized

Con�guration Space UD n�

In this section, we de�ne a discrete gradient vector �eld W on UD n � for any arbitrary su�cien tly

subdivided graph �. Let � be such a graph. We begin by �xing somenotation and terminology.

The set of vertices of � will be denoted by V(�), and the degreeof a vertex v 2 V(�) is denoted

d(v). If a vertex v is such that d(v) � 3, v is called essential. Choosea maximal tree T in �. Edges
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outside of T are called deleted edges.

Pick a vertex � of valence1 in T to be the root of T. Choosean embedding of the tree T into

the plane. We de�ne an order � on the verticesof T (and, thus, on verticesof �) as follows. Begin

at the basepoint � and walk along the tree, following the leftmost branch at any given intersection.

When a vertex of degreeone is reached, proceedby backtracking along the only possible edge.

Consecutively number the vertices in the order in which they are �rst encountered, beginning by

assigningthe number 0 to the vertex � . Note that this numbering dependsonly on the choice of

� and the embedding of the tree in the plane. Let � (e) and � (e) denote the endpoints of a given

edgee of �. Without loss of generality, we orient each edgeto go from �(e) to � (e), and so that

� (e) > � (e). (Thus, if e � T the geodesicsegment [� (e); � ] in T must passthrough � (e).) Call � (e)

the initial vertex of e and � (e) the terminal vertex of e.

It will occasionally be useful to have another characterization of � . Let v be a vertex of � of

degreen in T. Number the edgesadjacent to v by 0; 1; 2; : : : ; n � 1, beginning by labelling the edge

contained in the arc [v; � ] with 0, and proceedingin clockwise order. The single direction from � is

numbered1. Each such number represents a direction from v. For any other vertex or edgec in T,

let g(v; c) be such that c and the edgeadjacent to v labelled g(v; c) both lie in the sameconnected

component of T � v. We say the cell c lies in the direction g(v; c) from v. We adopt the convention

that g(v; v) = 0. De�ne an operation ^ on vertices of T to take two vertices v1 and v2 and yield

the essential vertex of T which is the endpoint of the geodesic segment [� ; v1] \ [� ; v2] other than

� . Now order the vertices of T as follows. Let v1 and v2 be two vertices, and de�ne the vertex

v3 := v1 ^ v2. Then v1 � v2 if and only if v3 = v1, or v3 6= v1 and g(v3; v1) < g(v3; v2). Equivalently,

v1 < v2 if and only if there exists a vertex v3 such that g(v3; v1) < g(v3; v2).

For any vertex v, let e(v) denote the unique edgeadjacent to v and in direction 0 from v. The

following lemma is easyto prove:

Lemma 2.3.1 (Order Lemma). The ordering � on vertices of � is a linear order, with the

following additional properties:

(i) if v2 2 [� ; v1] then v2 � v1

(ii) if v 2 V (�) and e is an edge of T such that e(v) \ e = � (e) and v < �(e), then � (e) is an

essentialvertex and 0 < g(� (e); v) < g(� (e); � (e)) (and thus � (e) < v < �(e)).

21



Any ordering of the kind mentioned in the lemma may be realized by an embedding and a

choice of � , although we will not needto make useof this fact.
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Figure 2.1: The tree Tmin .
This is the tree Tmin , the unique tree (up to homeomorphism) with as few essential vertices as
possibleof assmall a degreeaspossiblesuch that the essential verticesdo not all lie on an embedded
interval. In this sense,Tmin is the `minimal nonlinear' tree. The tree Tmin shown is su�cien tly
subdivided for n = 4. Let vi denote the vertex with label i . The labelling of vertices induces a
linear order on vertices of the type described in Lemma 2.3.1. This linear ordering coincideswith
the ordering induced by the shown embedding of Tmin into the plane.

We use the order on the vertices to de�ne a discrete gradient vector �eld W on UD n �. We

begin with two de�nitions. Let c = f c1; : : : ; cn� 1; vg be a cell of UDn � where v is a vertex. The

vertex v is blocked with respect to c if v = � or f c1; : : : ; cn� 1; e(v)g is not a cell of UD n �, i.e.,

e(v) \ ci 6= ; for somei 2 f 1; : : : ; n � 1g. If e\ ci 6= ; , we say v is blocked by ci in c. Otherwise, v is

unblocked. Now let c = f c1; : : : ; cn� 1; eg, wheree is an edgein �. The edgee is not order-respecting

(with respect to c) if

1. there is a vertex v 2 c such that

(a) v is adjacent to � (e), and

(b) � (e) < v < �(e), or

2. e is a deleted edge.

Otherwise, the edgee is order-respecting with respect to c.

For example, consider the tree Tmin in Figure 2.1. For any vertex vi , let ei := e(vi ). For

instance, e19 connectsv19 to v9. In the 1-cell f v10; e19; v12; v16g, e19 is not order-respecting, since
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e10 \ e19 = v9 = � (e19). On the other hand, e19 is order-respecting in f e19; v20; v21; v22g. The edge

e10 is order-respecting in any cell of C4�. For further examples,seeExample 2.3.5.

Supposethat we are given a cell c = f c1; : : : ; cn g in UD n �. Number each edgeand vertex in c

as follows. A vertex of c is given the number from the clockwise traversal of T from � as in Figure

2.1. An edgee of c is given the number for � (e).

Note that an open cell in UDn � has the form f c1; : : : ; cng such that each ci is either a vertex

or the interior of an edgeand the closuresare mutually disjoint.

De�nition 2.3.2. We de�ne a partial function W on UD n � as follows. Let c be a cell of UDn �.

1. If an unblocked vertex is numberedsmaller than all order-respecting edgesin c (if any), then

W (c) is obtained from c by replacing the minimal unblocked vertex v 2 c with e(v), where

e(v) is the unique edge in T satisfying �(e(v)) = v. Note that e(v) is order-respecting in

W (c). (SeeFigure 2.2(b))

2. If an order-respecting edgeis numberedsmaller than all unblocked vertices in c (if any), then

c 2 im W , but c 62dom W . The cell W � 1(c) is obtained from c by replacing the minimal

order-respecting edgee with �(e). (SeeFigure 2.2(c))

3. If there are neither unblocked vertices nor order-respecting edgesin c, then W is unde-

�ned.(See Figure 2.2(a),(d))

Theorem 2.3.3. The partial function W is a discrete gradient vector �eld on UD n � .

Proof. That W is a discrete vector �eld follows from the de�nition and the observation that, for

a cell c = f c1; : : : ; cn� 1; vg, if W (c) = f c1; : : : ; cn� 1; e(v)g, then e(v) is an order-respecting edgein

W (c). For, supposethat e = e(v) is not an order-respecting edgein W (c). We know e � T, so it

must be that there is v0 2 W (c) such that e(v0) \ e = � (e) and v0 < �(e) = v. But if v0 2 W (c)

then v0 2 c, so sincev0 < v, W (c) should be f c1; : : : ; cn� 1; e(v0)g. Thus, no such v0 exists, and e is

indeed order-respecting in W (c).

It remains to seethat W is a discretegradient vector �eld - i.e. W hasno non-stationary closed

paths.
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Supposethat � 0; : : : ; � r = � 0 is a non-stationary closedW -path of dimension r > 1 such that

no repetitions occur among � 0, . . . , � r � 1. Since � r = � 0, by the de�nition of a W -path we must

have that each of � 0; : : : ; � r is in the domain of W .

The cell � i +1 is obtained from the cell W (� i ) by replacing someedgee in W (� i ) with one of

its endpoints. If it wereever the casethat e 62T, then e 62� j for any j � i , by the de�nition of W .

But e 2 � 0 = � r , so it must be that e 2 T.

Let n(e;i ) denote the number of cells of � in � i in the direction of g(� (e); � (e)) from � (e). By

the de�nition of W , n(e;0) � n(e;1) � � � � � n(e;r ). If it wereever the casethat e werereplacedby

� (e), then n(e;i + 1) = n(e;i ) + 1. But then n(e;0) > n(e;r ), contradicting the fact that � 0 = � r .

Thus, the cell � i +1 is obtained from the cell W (� i ) by replacing someedgee 2 T of W (� i ) with its

endpoint � (e).

Let m(� i ) denote the label of the vertex �(ei ), where ei is the minimal order-respecting edgein

� i , or 1 if there are no minimal order-respecting edgesin � i . Let vi denote the minimal unblocked

vertex of � i .

If � i has no order-respecting edges,then either m(� i +1 ) < m(� i ) = 1 or m(� i +1 ) = 1 . The

latter casecan only occur if � i +1 is obtained from W (� i ) by replacing e(vi ) with �(e(vi )) = vi - i.e.

� i +1 = � i . Sincethis can't happen, we have m(� i +1 ) < m(� i ).

If � i has order-respecting edges,let ei denote the minimal order-respecting edgeof � i . Since� i

is redundant, vi < �(ei ) and W (� i ) is obtained from � i by replacing vi with e(vi ). Since� i +1 6= � i ,

� i +1 is obtained from W (� i ) by replacing someedgee0 6= e(vi ) with �(e0). Since e(vi ) is order-

respecting in W (� i ), e(vi ) remains order-respecting in � i +1 . Thus, m(� i +1 ) � vi < m(� i ).

In either case,m(� i +1 ) < m(� i ), so m(� 0) < � � � < m(� r ) = m(� 0). This is a contradiction.

Thus no non-stationary closedW -paths exist.

The most important consequenceof this section and the last is the next theorem, the Classi-

�cation of Cells Theorem. This theorem and the tools developed in the next chapter will be our

main tools in the remaining chapters.

Theorem 2.3.4 (Classi�cation of Cells). Let c be a cell of UD n � .

1. If an unblocked vertex is numbered smaller than all order-respecting edgesin c (if any), then

c is redundant.
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2. If an order-respecting edgeis numbered smaller than all unblocked vertices in c (if any), then

c 2 im W , i.e., c is collapsible.

3. If there are neither unblocked vertices nor order-respecting edgesin c, then c is critic al.

Proof. This follows immediately from Theorem 2.3.3 and De�nition 2.3.2.

2.3.1 Examples and Notation: Visualizing Critical Cells of W

Using Theorem 2.3.4, it is not di�cult to visualize the critical cells of UD n �, for any n and any

�. If c is a critical cell in UDn �, then every vertex v in c is blocked, and every edgee in c has the

property that either: (i) e is a deleted edge,or (ii) � (e) is an essential vertex, and there is some

vertex v of c that is adjacent to � (e) satisfying � (e) < v < �(e).

Example 2.3.5. As before, let Tmin be the tree in Figure 2.1. Four di�eren t cells in UD 4Tmin are

shown in Figure 2.2.

�

(a)

1

4

3
�

2

(b)

1

4

3

2 �

(c)

1

4

3

2 �

(d)

Figure 2.2: Four di�eren t cells of UDnT.
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The cell in Sub�gure (a) is the 1-cell f e19; v10; v20; �g , by the numbering of Figure 2.1. As there

are no unblocked vertices and the only edgeis not order-respecting, this cell is critical.

In Sub�gures (b), (c), and (d), we have labelled the vertices and edgesof the given cells by the

numbers1, 2, 3, and 4, to make notation easier. Note that this is a di�eren t labelling than the one

implied by the numbering of Figure 2.1, as in Sub�gure (a).

In Sub�gure (b), vertex 1 is blocked by edge4, which is not order-respecting, while vertex 2 is

unblocked and edge3 is order-respecting. Since 2 is smaller than the initial vertex of 3, the cell

depicted is redundant. Applying the discrete gradient vector �eld, the image of this cell under W

is obtained by replacing vertex 2 with the unique edgein T having vertex 2 as its initial vertex. In

terms of the usual ordering, this is the edge[v14; v13].

In Sub�gure (c), the edge2 is order-respecting, while the edge4 is not order-respecting and

the vertices 1 and 3 are both blocked. This meansthe cell depicted is collapsible, with preimage

obtained by replacing the edge2 with its initial vertex.

The cell depicted in Sub�gure (d) is critical since vertices 1 and 2 are both blocked, and the

edges3 and 4 are not order-respecting.

It is convenient to introduce a notation for certain cells (critical cells among them) which

doesn't refer to a numbering of the vertices. The notation we introduce will also be \indep endent

of subdivision" in a sensewhich will be speci�ed.

De�nition 2.3.6 (Notation.). Let � be a graph with a maximal subtree T and basepoint � .

Supposethat T has beenembedded in the plane, so that there is a natural order on the vertices.

Assumethat the endpoint of each deleted edgehas degree1 in T.

Fix an alphabet A; B ; C; D ; : : : . Assign to each essential vertex of � a letter from the alphabet.

Let ~a = (a1; : : : ; ad(A)� 1) bea vector with d(A) � 1 entries, whereai 2 N[ f 0g for i = 1; : : : ; d(A) � 1.

We de�ne the following notation:

_A[~a]: Let _A[~a] denote the collection of vertices in � consisting of A itself together with ai vertices

arranged consecutively in the i th direction from A, so that every vertex in the collection is

blocked except for A.
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A[~a]: Let A[~a] denote the samecollection as does _A[~a], but excluding the vertex A itself.

Am [~a]: For any integer m such that 1 � m � d(A) � 1 and am 6= 0, let Am [~a] denote the same

collection of vertices as A[~a] but with the �rst vertex v in the direction m from A replaced

with the edgee(v).

k� : For any integer k � 0, let k� denote the collection of k verticesblocked at � - i.e. the vertices

� , 1, . . . , k � 1 (here, the vertex 0 is the vertex � ).

e: For any deleted edgee, the notation e, where e is not bolded, denotesthe edgee itself.

We say the collections represented by the �rst three notations lie over the essential vertex A.

We combine this notation additiv ely to represent cells in con�guration spacesof �, where the sum

of notation representing two collections denotes the union of those collections. Addition is only

well-de�ned if the two collectionsare disjoint. A sum of collections is said to lie over any essential

vertex over which either summand lies.

We make one exception to the rule for addition: we allow sumsof the form e+ k� , where e is

a deleted edgewith endpoint � . In this case,e+ k� denotesthe collection f e;v1; : : : ; vkg.

We end with one �nal de�nition:

e: For any deleted edgee, if we are looking at the con�guration spaceUD n � for n �xed, de�ne

the bolded notation e to denote e+ k� .

We give a number of examplesof this notation. Let Tmin be the tree in Figure 2.1. Let A = v3,

B = v9, C = v12, and D = v21. Then:

� The expression _B [(2; 1)] refers to the collection f v9; v10; v11; v19g.

� The expressionB [(2; 1)] refers to the collection f v10; v11; v19g.

� The expressionA2[(1; 2)] refersto the collection f v4; e7; v8g, and A1[(3; 0)] refersto f v6; v5; e4g.

� The expression3� refers to the collection f� ; v1; v2g.
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� The expressionB2[(1; 2)]+ 1� refersto the critical 1-cell cell shown in Figure 2.2(a). Similarly,

the cells shown in Figure 2.2 parts (c) and (d) are B 2[(1; 1)] + C1[(1; 1)] and B2[(1; 1)] +

C2[(1; 1)], respectively. We do not yet have notation to expressthe cell shown in Figure

2.2(b).

We must mention one last convention. The expressionB 1[(4; 0)] could refer either to the

con�guration f v13; v12; v11; e10g or f v16; v12; v11; e10g. It is clear that if we subdivide � further,

then this ambiguity disappears. Also, it is clear that, for a �xed n, subdivision can be used to

make the sum of any two collections involving n or fewer strands well-de�ned if the two collections

lie over disjoint sets of vertices. In arguments using our new notation, we extend the notion of

\su�cien tly subdivided for n" in such a way that all of our new notations are unambiguous for �

when they refer to collections of n or fewer strands. It is clearly possibleto do this.

Now our notation is \sub division invariant": if � is su�cien tly subdivided for n, and the

expressionAm [~a] + Bn [~b] + : : : + k� satis�es a1 + : : : + ad(A)� 1 + b1 + : : : + bd(B )� 1 + : : : + k � n,

then Am [~a] + Bn [~b] + : : : + k� speci�es a unique cell of UDn �, and does so no matter how many

times we subdivide.

Under the discretegradient vector �eld W , every con�guration spaceUD n � hasa unique critical

0-cell - namely, n� . The discrete gradient vector �eld W thus determines a presentation of B n �

which is unique up to the choicesof the boundary words of critical 2-cells in UD n �.

We record here a description of critical cells, in terms of the new notation:

Prop osition 2.3.7. Let � be a su�ciently subdivided graph, with a maximal subtree T and base-

point � . Suppose that T has been embedded in the plane, so that there is a natural order on the

vertices. Assumethat the endpoint of each deleted edgehas degree 1 in T. Consider the cell given

by the formal sum

A lA [~a] + B lB [~b] + : : : + e1 + e2 + : : : + k� ;

where each ei is a deleted edge. This cell is critic al if, for every X = A; B ; : : :, there exists j < l X

such that x j 6= 0, where x j is a the j th entry of ~x = (x1; : : : ; dd(X )� 1). Conversely, every critic al

cell can be described by such a sum.

If, for someessentialvertex X , x j = 0 for all j < lX , then the above cell is collapsible.
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Chapter 3

Presen tations of Graph Braid Groups

The goal of this chapter is to implement the techniques developed in Chapter 2 to obtain presen-

tations for graph braid groups. We begin in Section 3.1 with a number of results which follow

fairly directly from the tools of Chapter 2. This includes a count of the number of generatorsin

any Morse presentation, a calculation of the braid group of a radial tree, and two deformation

retraction theorems.

The next two sections,Sections3.2 and 3.3, apply discrete Morse theory to the special casesof

a tree braid group and a two strand graph braid group, respectively. Section3.4 collects the results

of these computations in the form of Theorems 3.4.1 and 3.4.2. Theorem 3.4.1 is optimal in the

senseof Corollary 5.1.4, as we will see. We end this chapter with examplesof both presentation

theorems.

This chapter is basedon work contained in the papers [23] and [21]. The results of the paper

[23] have been divided between this chapter and Chapter 2, largely re
ecting a division between

the contributions of the author and Dan Farley. The division of e�ort is very hard to de�ne, but

the results of Chapter 2 are due more to Farley, while those of this chapter are due more to the

author. The papers [22] and [21] were originally intended as a single paper. The contributions of

the author were much greater in [21] than in [22], as Chapter 5 describes. Similar to the divisions

between Chapters 2 and this chapter for [23], there is a rough division of contribution between

Chapter 5 and this chapter for [22] and [21]: the results of this chapter are due more to the author,

while the results of Chapter 5 are due more to Farley. It should also be mentioned that although

the original proofsof the results in Section3.3 and Theorem 3.4.2are do more to the author, Farley

initially formalized this work in a write-up.
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3.1 Observ ations on Presentations of Graph Braid Groups

We collect in this sectionvarious theoremswhich are easyobservations from the perspective of the

discrete Morse theory of Chapter 2. In particular, theseresults are mainly corollaries of Theorems

2.2.4 and 2.3.4.

Theorem 3.1.1. Let � be a graph with the maximal tree T. If T 6= � , then assumethat the

endpoints of every deleted edgeare not essentialin � . Assumethat T is su�ciently subdivided. Fix

n � 1. Let W be a discrete gradient vector �eld on UD n � as in Section 2.3. Let D be the number

of deleted edges. Then the Morse presentation PW has

D +
X

v2 V (T )
essential

d(v)� 1X

i =2

��
n + d(v) � 2

n � 1

�
�

�
n + d(v) � i � 1

n � 1

��

generators.

Proof. If c is a critical 1-cell, then c contains exactly one edgee, which must either be a deleted

edgeor there is somev in c such that e(v) \ e = � (e). In the latter case,� (e) is an essential vertex,

and 0 < g(� (e); v) < g(� (e); � (e)). It follows that 2 � g(� (e); � (e)) � d(� (e)) � 1.

Now let us count the critical 1-cells c. If the unique edgee in c is a deleted edge, then c is

uniquely determined by e, so there are exactly D critical 1-cellsof this description. If the edgee is

not a deleted edge,then � (e) is essential and 2 � g(� (e); � (e)) � d(� (e)) � 1. Note that sinceevery

vertex of c is necessarilyblocked, the critical cell c is determined by the numbers of vertices that

are in each of the d(� (e)) connectedcomponents of T � e. There are
� n+ d(� (e)) � 2

n� 1

�
ways to assign

n � 1 vertices to the d(� (e)) connectedcomponents of T � e. (This is the number of ways to assign

n � 1 indistinguishable balls to d(� (e)) distinguishable boxes.) Not every such assignment results

in a critical 1-cell, however. The condition that 0 < g(� (e); v) < g(� (e); � (e)), for somev 2 c, won't

be satis�ed if, for each v 2 c, either g(� (e); � (e)) � g(� (e); v) � d(� (e)) � 1 or g(� (e); v) = 0. There

are
� d(� (e))+ n� g(� (e);� (e)) � 1

n� 1

�
such \illegal" assignments. Subtracting thesefrom the total, we get

�
n + d(� (e)) � 2

n � 1

�
�

�
n + d(� (e)) � g(� (e); � (e)) � 1

n � 1

�

di�eren t critical 1-cells for a �xed edgee. Letting the edgee of c vary over all possibilities, we
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obtain the sum in the statement of the theorem.

Corollary 3.1.2. [28] If � is a radial tree - i.e. has exactly one essentialvertex, v - then B n � is

free of rank
d(v)� 1X

i =2

��
n + d(v) � 2

n � 1

�
�

�
n + d(v) � i � 1

n � 1

��
:

Proof. There are no critical cells of dimension greater than 1 by the classi�cation of critical cells,

sinceeach blocking edgemust be at its own essential vertex. Thus the Morse presentation PW has

no relations. By Theorem 3.1.1, the presentation PW has the given number of generators.

The following theorem is a somewhat strengthened version of a theorem by Ghrist [28]. The

dimensionboundsresemble thoseof Swiatkowski [43], wherethe homologicaldimensionof the braid

groups Bn � was estimated.

Theorem 3.1.3. Let � be a tree and c a critic al cell of UD n � . Let

k := min
nj n

2

k
; # f v 2 � 0 j v is essentialg

o
:

Then dim c � k: In particular, UDn � strong deformation retracts on

(UDn �) 0
k .

Proof. For every edgee in c, there is somevertex v in c such that e(v) \ e = � (e). If e1 and e2

are two edgesin c, and the vertices v1; v2 2 c satisfy e(vi ) \ ei = � (ei ), for i = 1; 2, then certainly

v1 6= v2, sincee1 \ e2 = ; . It follows that there are at least as many vertices as edgesin c. Since

the dimension of c is equal to the number of edgesin c, and the total number of cells in c is n, we

have that the dimension of c is lessthan or equal to n=2.

Since � (e) must be an essential vertex of � for each e in c, and the edgescontained in c must

be disjoint, we have that the dimension of c is bounded above by the number of essential vertices

of �.

The �nal statement now follows from Proposition 2.2.2(2).

The following result was proven independently for the tree caseby Carl Mautner, an REU

student working under Aaron Abrams [1].
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Theorem 3.1.4. Let � be a su�ciently subdivided graph, and let � (�) denotethe Euler character-

istic of � . Then UDn � strong deformation retracts onto a CW-complex of dimension at most k,

where

k := min
� �

n + 1 � � (�)
2

�
; # f v 2 � 0 j v is essentialg

�
:

Proof. Let T 0 be any maximal subtree for �. Let T be a maximal subtree of � constructed by

'moving' the deleted edgesof T 0 so that they neighbor essential vertices in �. In other words, for

every deletededgee 2 � � T 0, there are two essential verticesof � neareste; pick one,and construct

T by moving e to be adjacent to that vertex. Then T is connectedand is a maximal tree since

T0 is. The tree T induces a discrete gradient vector �eld W with the property that every edge

in a critical cell contains an essential vertex. Thus, the number of essential vertices bounds the

dimension of the cells of UDn � that are critical with respect to W .

Let D be the number of deleted edgeswith respect to T. Thus D = 1 � � (�). Sincea critical

subcon�guration involves either one strand on a deleted edgeor two strands about an essential

vertex, the dimension of any critical cell is also bounded by D + bn� D
2 c = bn+ D

2 c.

The theorem now follows from Proposition 2.2.2(2).

{*,1}

{*,2} {*,3}

{1,2} {1,3}

{2,3}

c c

c

c

*

1

2
3

Figure 3.1: The graph K 4 and a deformation retraction of C2K 4.
On the left, we have K 4 with the choice of maximal tree depicted. On the right, we have the
complex X 0

1 onto which C2K 4 deformation retracts. The critical 1-cellsare indicated with a lower
case\c"; the critical 0-cell is f� ; 1g.

Note that this bound is not sharp, as two deleted edgesfor T adjacent to the sameessential

vertex may not both be involved in a critical con�guration. The real thing to count (which varies
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by choiceof T) is the number of essential vertices in � which touch deletededges,not deletededges

themselves.

Example 3.1.5. Consider C2K 4, where K 4 is the complete graph on four vertices. We choosea

radial tree as our maximal tree. It is not di�cult to check that there are no critical 2-cellsin C2K 4

with respect to this choice of maximal tree, so the subcomplex X 0
1 � C2K 4 is a strong deformation

retract of C2K 4 (seeFigure 3.1).

3.2 Computations for n-strand Graph Braid Groups

We now apply the discrete Morse theory of Chapter 2 with the goal of computing presentations of

graph braid groups. We will use these computations in Section 3.4 to �nd presentations for tree

braid groups in particular.

Let v1 and v2 be vertices of the graph �. Let (v1; v2) = f u 2 V(�) j v1 < u < v2g; in other

words, (v1; v2) denotesthe set of vertices betweenv1 and v2 in the ordering on vertices.

The following lemma will be very useful in computing presentations of graph braid groups.

Lemma 3.2.1 (Redundan t 1-Cells Lemma). Let c be a redundant 1-cell in UD n � , where � is

an arbitrary �nite graph. Suppose that c = f c1; : : : ; cn� 2; v; eg, where v is the smallest unblocked

vertex of c and e is the unique edge of c. Let c0 := f c1; : : : ; cn� 2; � (e(v)) ; eg. If (� (e(v)) ; v) \

f c1; c2; : : : ; cn� 2; � (e); � (e)g = ; , then c _! c0.

Proof. If we apply W to c, we get the following 2-cell:

c

c� c�

c0

where the arrows indicate orientation, and we de�ne c� = f c1; : : : ; cn� 2; e(v); � (e)g and c� =

f c1; : : : ; cn� 2; e(v); � (e)g. It follows that c ! c� c0c� , where c� denotes the edge c� but with the

opposite orientation. We need to show that c� _! 1 and c� _! 1. This is equivalent to showing that

any W -path beginning with c� or c� cannot contain a critical cell.
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Consider the following condition on 1-cells ĉ of UD n �:

(1) If v is a vertex and v 2 ĉ, then v 62(� (ê); � (ê)), where ê � T is the unique edgeof ĉ.

We claim: �rst, that if a 1-cell ĉ satis�es (1), then so does any 1-cell in a W -path starting

with ĉ; second,that a 1-cell ĉ satisfying (1) cannot be critical. Sincec� and c� both satisfy (1) by

hypothesis, this will prove the lemma by induction on the rank of c� and c� .

We begin with the latter claim. Supposeĉ satis�es (1). If ĉ is critical, then there is v 2 ĉ such

that e(v) \ ê = � (ê), and 0 < g(� (ê); v) < g(� (ê); � (ê)). But then � (ê) < v < �(ê), a contradiction.

Now for the �rst claim. If ĉ is collapsible, then any W -path starting with ĉ consistsof ĉ alone.

We may thereforeassumethat ĉ is redundant. Sinceĉ is redundant, there is v 2 ĉ such that v < �(ê)

and v is unblocked. We may choosev to be the minimal vertex with this property. By assumption,

v < � (ê) as well. The two edgesin W (ĉ), namely e(v) and ê, therefore have the property that

� (e(v)) < �(e(v)) < � (ê) < �(ê). Moreover, there is no vertex in W (ĉ) \ (� (e(v)) ; � (e(v))), for a

minimal such vertex v0 would be an unblocked vertex in ĉ satisfying v0 < v, which is impossible.

The immediate successor̂c1 of ĉ in a W -path is obtained by replacing an edgeof W (ĉ) with either

its initial or terminal vertex. It thus follows that ĉ1 satis�es (1).

A word about notation: we will need to describe the boundaries of critical 2-cells in UD n �,

and these boundaries sometimesconsist of certain 1-cells which cannot be expressedin terms of

our notation. For instance, consider B 2[(1; 2)] + D2[(1; 1)] in relation to Figure 2.1. This is the

2-cell c = f v10; e19; v20; v22; e25g. The 1-cells forming the boundary are obtained by replacing the

edgesei 2 c, for i = 19 or 25, with �(ei ) or � (ei ). Thus one of the 1-cells on the boundary of

c is f v10; v9; v20; v22; e25g. Note that this con�guration isn't covered by our notation, since the

inessential vertex v20 is unblocked. Our notation cannot expressthe con�guration in Figure 2.2(b)

for similar reasions.

Rather than introduce more notation to deal with theseextra con�gurations, we introduce the

idea of a slide. A 1-cell c0 is obtained from c by a slide (or c slides to c0) if there is someunblocked

vertex v 2 c such that the endpoints, say v and v0, of e(v) are consecutive in the order on vertices,

and c0 is obtained from c by replacing v with v0. For example, f v10; v9; v19; v22; e25g (which is

_B [(1; 1)] + D2[(1; 1)]) is obtained from f v10; v9; v20; v22; e25g by a slide.
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If c slides to c0, then we may use them interchangeably in our calculations. For, let v0 =

� (e(v)). If c = f c1; : : : ; cn� 2; v; eg and c0 = f c1; : : : ; cn� 2; v0; eg then c and c0 are parallel sidesof

the square f c1; : : : ; cn� 2; e(v); eg, and the other sides are c� = f c1; : : : ; cn� 2; e(v); � (e)g and c� =

f c1; : : : ; cn� 2; e(v); � (e)g. It is clear that c� and c� both satisfy the condition (1) from Lemma

3.2.1, so c� _! 1 and c� _! 1. It then follows that the oriented edgesc and c0 both represent the same

element in the usual edge-path presentation of � 1(UDn �). In fact, more is true: if we add all

relations corresponding to slides (c;c0) to the monoid presentation MP W;T , the associated string

rewriting system is still complete, and has the same reduced objects. We leave the veri�cation

of this fact as an exercise. (Note that the squaref c1; : : : ; cn� 2; e(v); eg may be redundant, so the

proof is not entirely trivial.) In our calculations, we will useslideswithout further notice.

Let � m denote a vector such that the mth component is 1 and every other component is 0.

The length of � m will be clear from the context. If ~v is a vector having entries in the set of

non-negative integers, let ~v � 1 be the vector obtained from ~v by subtracting 1 from the �rst non-

zero entry. This last notation must be usedcarefully to avoid ambiguity { note for instance that

� 1 + (� 2 � 1) 6= (� 1 + � 2) � 1. If ~v is any vector, let j~vj denote the sum of the entries of ~v.

Lemma 3.2.2. Let A and B be essentialvertices of T, a maximal tree in � .

1. Suppose that A ^ B = C where C is an essential vertex distinct from both A and B . Let

g(C; A) = i and g(C; B ) = j , where i < j . Then

(a)
�

A[~a] + B l [~b] + p�
�

_!
�

B l [~b] + (p + j~aj)�
�

,

(b)
�

_A[~a] + B l [~b] + p�
�

_!
�

B l [~b] + (p + 1 + j~aj)�
�

,

(c)
�

Ak [~a] + B [~b] + p�
�

_! w1

�
Ak [~a] + (p + j~bj)�

�
w� 1

1 , and

(d)
�

Ak [~a] + _B [~b] + p�
�

_! w2

�
Ak [~a] + (1 + p + j~bj)�

�
w� 1

2 ,

where

w1 =
j~bj� 1Y

� =0

�
Cj [j~aj� i + (j~bj � � )� j ] + (p + � )�

�
;

and w2 is the sameas w1, but with j~bj + 1 in place of j~bj.

2. Suppose that A ^ B = A and g(A; B ) = i . Then
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(a)
�

Ak [~a] + B [~b] + p�
�

_!
�

Ak [~a + j~bj� i ] + p�
�

,

(b)
�

Ak [~a] + _B [~b] + p�
�

_!
�

Ak [~a + (1 + j~bj)� i ] + p�
�

,

(c)
�

A[~a] + B l [~b] + p�
�

_! w3

�
B l [~b] + (p + j~aj)�

�
w� 1

3 , and

(d)
�

_A[~a] + B l [~b] + p�
�

_!
�

A[~a] + B l [~b] + (p + 1)�
�

,

where

w3 =
j~aj� 1Y

� =0

�
A � [j~bj� i + (~a � � )] + (p + � )�

�
;

and � is the smallest coordinate of ~a � � that is non-zero.

Proof.

(1a) Under the given assumptions, the smallest vertex of the con�guration A[~a] may be moved

until it is blocked at � , by repeated applications of the Redundant 1-Cells Lemma, Lemma

3.2.1. That is,
�

A[~a] + B l [~b] + p�
�

_!
�

A[~a � 1] + B l [~b] + (p + 1)�
�

:

After repeated applications of the above identit y, we eventually arrive at the statement (a).

(1b) This is similar to (a).

(1c) We begin by applying the Redundant 1-CellsLemma, Lemma 3.2.1, to the smallest vertex of

the con�guration B [~b]. This smallest vertex can be moved freely, until it occupiesthe place

adjacent to C, and lying in the j th direction from C. That is,

�
Ak [~a] + B [~b] + p�

�
_!

�
Ak [~a] + B [~b� 1] + C[� j ] + p�

�
:

At this point, the Lemma 3.2.1no longer applies, sinceall of the vertices in the con�guration

Ak [~a] lie betweenC and the vertex (say v) which is adjacent to C and which lies in the j th

direction. We must therefore appeal to the de�nition of W :

36



A k [~a]+ B [~b� 1]+ C[� j ]+ p�

A [~a]+ B [~b� 1]+ Cj [� j ]+ p� _A [~a� � k ]+ B [~b� 1]+ Cj [� j ]+ p�

A k [~a]+ B [~b� 1]+ _C+ p�

The 2-cell depicted above is Ak [~a] + B [~b� 1] + Cj [� j ] + p� , the image under W of the 1-cell

Ak [~a] + B [~b � 1] + C[� j ] + p� (located at the top). (Note: the label of the \source" vertex

on the upper left can be computed by replacing each of the edgesin the 2-cell A k [~a] + B [~b�

1] + Cj [� j ] + p� with its initial vertex. The \sink" vertex on the bottom right is obtained

from the same2-cell by replacing each edgewith its terminal vertex. The other two vertices

are determined by replacing one of the edgeswith its initial vertex, and the other with its

terminal vertex. If we also specify the identit y of an edge, then the label of each edge is

uniquely determined.)

Now consider the edgeA[~a] + B [~b� 1] + Cj [� j ] + p� . Lemma 3.2.1 applies to the vertices in

the collection A[~a]. Thesemay move until they are blocked at C. Sincethere are j~aj vertices

in A[~a], and each lies in the direction i from C, we have

�
A[~a] + B [~b� 1] + Cj [� j ] + p�

�
_!

�
B [~b� 1] + Cj [� j + j~aj� i ] + p�

�
:

If we let the vertices in the con�guration B [~b� 1] move, then by Lemma 3.2.1, thesevertices

will 
o w until they are blocked at C. We get

�
B [~b� 1] + Cj [� j + j~aj� i ] + p�

�
_!

�
Cj [j~bj� j + j~aj� i ] + p�

�
:

This last edgeis critical. The edgeon the right side of the squarepictured above 
o ws to the

sameedge,by similar reasoning.

Finally, the edgeAk [~a] + B [~b� 1] + _C + p� 
o ws to Ak [~a] + B [~b� 1] + (p + 1)� by Lemma

37



3.2.1. It follows that

�
Ak [~a] + B [~b] + p�

�
_! w

�
Ak [~a] + B [~b� 1] + (p + 1)�

�
w� 1;

where w = (Cj [j~aj� i + j~bj� j ] + p� ). Part (c) now follows by repeatedly applying the above

identit y.

(1d) This is similar to (c).

(2a) In this case,the vertices in the con�guration B [~b], beginning with the smallest, can 
o w by

the Redundant 1-Cells Lemma, Lemma 3.2.1, until they are blocked at the essential vertex

A. Since the vertices in B [~b] lie in the direction i from A, when these vertices are blocked,

the resulting con�guration is Ak [~a + j~bj� i ] + p� . This proves(a).

(2b) This is similar to (a).

(2c) We begin by applying W to the con�guration A[~a]+ B l [~b]+ p� . The result is A � [~a]+ B l [~b]+ p� ,

where � is the smallest subscript for which a� is non-zero(here ~a = (a1; a2; : : : ; ad(A)� 1)):

A[~a]+ B l [~b]+ p�

A � [~a]+ B [~b]+ p� A � [~a]+ _B [~b� � l ]+ p�

_A [~a� 1]+ B l [~b]+ p�

Now it is either the casethat both of the vertical edgesare collapsible (if � � i ), or these

vertical edgesboth 
o w to
�

A � [~a + j~bj� i ] + p�
�

:

The bottom edge
o ws to
�

A[~a � 1] + B l [~b] + (p + 1)�
�

:
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Thus,
�

A[~a] + B l [~b] + p�
�


o ws to

w
�

A[~a � 1] + B l [~b] + (p + 1)�
�

w� 1;

where w =
�

A � [~a + j~bj� i ] + p�
�

if � > i , and w = 1 if � � i . The statement of 2(c) now

follows by repeated application of the above identit y.

(2d) This is straightforward.

3.3 Computations for 2-strand Graph Braid Groups

In this section, we focus our computations on 2-strand graph braid groups. For the 2-strand case,

we are able to obtain a presentation theorem for generalgraphs (seeTheorem 3.4.2).

Let � be an arbitrary graph. Let T be a maximal subtree of �, and assumethat � and T are

su�cien tly subdivided for n = 2 strands. In this case,su�cien t subdivision meansthat both �

and T are simplicial. Further assumethat all endpoints of deleted edgesare not essential in �.

We begin by analyzing critical cells in UD2�. Sincedim UD2� � 2, we needonly considercells of

dimension at most 2.

We already know that there is a unique critical 0-cell: 2� .

Supposethat c is a critical 2-cell.

By Proposition 2.3.7, a 2-cell c is critical if and only if it consistsof a pair of disjoint deleted

edges,say e1 and e2, in �: c = e1 + e2.

Now considera critical 1-cell c. As a 1-cell in UD 2�, c = f v; eg where v is a vertex of �, e is a

closededgeof �, and v \ e = ; . The vertex v must be blocked in c and the edgee must fail to be

order-respecting if c is to be critical. There are two casesto consider: either e is a deleted edgeor

e � T and � (e) < v < �(e).

In the former case,since e is a deleted edge, the endpoints of e are not essential in �. Since

v is blocked but v cannot be blocked at any essential vertex in �, v must be blocked at � . Thus,

c = e. The orientation on the 1-cell c = e is de�ned with the initial vertex of e being f v; � (e)g and

the terminal vertex being f v; � (e)g.
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Let A be an essential vertex in �, and let 0 < i < j < d(A) be two distinct nonzero integers.

The collection A j (� i + � j ) is called a corner , and we say such a corner occurs at A. To simplify

notation, let A i;j := A j (� i + � j ). The critical 1-cell is positively oriented, from f v; � (e)g to f v; � (e)g.

Consider the latter case. Recall the de�nition of direction from 2.3. Since � (e) < v < �(e), we

must have that 0 < g(� (e); v) < g(� (e); � (e)). Sincethere are at least three distinct directions from

� (e), we have that � (e) is essential. Since v is blocked in c, we have that e(v) \ e = � (e). Since

g(� (e); v) < g(� (e); � (e)), c is uniquely determined by the choice of the essential vertex � (e) and

the choice of two distinct nonzero directions from � (e) - namely, g(� (e); v) and g(� (e); � (e)). The

smaller of these two directions determines the location of v and the larger determines �(e), and

thus the edgee. The critical cell c is thus exactly the corner (� (e)) g(� (e);v);g(� (e);� (e)) .

We summarizethe results of this section so far in the following theorem:

Theorem 3.3.1. Let � be a graph with maximal subtree T such that:

1. Both � and T are simplicial.

2. the endpoints of each deleted edgeare not essential in � .

The critic al cells of UD2� are as follows:

1. The critic al 2-cells of UDn � correspond to pairs of disjoint deleted edges,

2. The critic al 1-cells of UDn � are either corners or of the form e = f e;vg where e is a deleted

edgeand v = � if � \ e = ; or v is the unique vertex of T adjacent to � if � \ e 6= ; .

3. There is only one critic al 0-cell, namely 2� .

We introduce someadditional notation, which will be useful in arguments involving corners.

Let v1 and v2 be vertices in T, v1 > v2, and let v3 := v1 ^ v2. If v3 is an essential vertex X 6= v1,

then X g(X ;v2 );g(X ;v1 ) is a corner. We write

[v1 ^ v2] = X g(X ;v2 );g(X ;v1 ) and [v2 ^ v1] = [v1 ^ v2]� 1:

If v3 is not an essential vertex or v3 = v1, then [v1 ^ v2] = 1.
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De�ne a linear order on corners, where we write A i;j < Bk;l if A < B in the linear order on

vertices, or A = B and (i; j ) < (k; l ) in the usual lexicographical order on N � N.

Recall the de�nition of _! from Section 2.1.1. Let v1 and v2 be vertices of the graph �. As in

Section3.2, let (v1; v2) = f u 2 V (�) j v1 < u < v2g. To compute presentations for the braid groups

B2�, we will needthe following lemma.

Lemma 3.3.2. Let � be a graph with maximal subtree T satisfying the hypothesesof Theorem

3.3.1. Let c = f e;vg be a 1-cell in UD 2� (possiblynot critic al), where e is a deleted edge.

1. If � (e) < �(e) < v, then c _! [v ^ �(e)] e [� (e) ^ v];

2. if � (e) < v < �(e), then c _! e [� (e) ^ v];

3. if v < � (e) < �(e), then c _! e.

Proof. We prove (1) only. The others follow similarly.

Let v� be the unique vertex of the critical 1-cell e = e + 1� (i.e. v � = � or, if � \ e 6= ; , v�

is the vertex of T adjacent to � . Let v = v0; v1; v2; v3; : : : ; vn = v� be the vertices lying along the

unique simple path in T from v to v� , listed in the order they are encountered. Because�(e) is

not essential in �, we leave it as an exerciseto verify that � (e) doesnot occur among the vertices

f v0; : : : ; vng.

Begin by performing a simple homotopy move to replacef e;vg with

f � (e); [v; v1]gf e;v1gf � (e); [v; v1]g� 1:

We apply W to f e;v1g and perform another simple homotopy move, to replacef e;v1g with

f � (e); [v1; v2]gf e;v2gf � (e); [v1; v2]g� 1:

Continuing in this way, we arrive at Figure 3.2, where f e;vg has beentransformed into

 
n� 1Y

i =0

f � (e); [vi ; vi +1 ]g

!

e

 
n� 1Y

i =0

f � (e); [vi ; vi +1 ]g

! � 1

:

The �nal step is to expressthe words labelling the vertical edge-pathsin terms of critical 1-cells.
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f � (e); [v0; v1]g

f � (e); [v1; v2]g

f � (e); [vn� 1; vn ]g

f �(e); [v1; v2]g

f �(e); [v0; v1]g

f �(e); [vn� 1; vn ]g
f e;vn� 1g

f e;vng

f e;v2g

f e;v!g

f e;v0g

...

Figure 3.2: The boundary of a critical cell in UD2� after rewriting.
This is the image of c = f e;vg under _! .

We begin with the vertical edgepath on the left. Note that v0 > v1 > v2 > v3 > : : : > vn .

Sincev0 > �(e) > vn and �(e) 62f v0; : : : ; vng, there is a unique index i such that vi > �(e) > vi +1 .

We claim that 0 < g(vi +1 ; � (e)) < g(vi +1 ; vi ). Consider the geodesics`1 = [�(e); � ] and `2 =

[vi ; � ] in T. Since�(e) 6= vi , `1 ( `2, `2 ( `1, or `1 [ `2 is a trip od (i.e., a homeomorphiccopy of the

graph K 1;3). We can rule out the possibility that `2 ( `1, since this would imply that vi < �(e).

We can similarly rule out the possibility that ` 1 ( `2, since this implies that `1 � [vi +1 ; � ], which

would meanthat � (e) � vi +1 . It follows that `1 [ `2 is a trip od; we let ~v denote the vertex of degree

3 in this trip od. It is clear that each of the geodesics[~v; � (e)], [~v; vi ], and [~v; � ] determine di�eren t

directions from ~v, sincethesegeodesicsare the legsof the trip od. If we reformulate this statement

slightly, using the fact that � (e) < vi , then we seethat

0 < g(~v; � (e)) < g(~v; vi ):

Finally, we observe that ~v = vi +1 , for otherwise vi and vi +1 lie in the same direction from ~v,
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which would imply by the above inequality that g(~v; � (e)) < g(~v; vi +1 ), contradicting the fact that

vi +1 < �(e). This proves the claim.

In the order on corners in �, � (e) comes before [vi ; vi +1 ], since �(e) < vi . There are two

possibilities: either � (e) is blocked in f � (e); [vi ; vi +1 ]g or it is unblocked. If � (e) is blocked, then it

must be that � (e) is adjacent to vi +1 , which implies that f � (e); [vi ; vi +1 ]g is critical. In this case,

f � (e); [vi ; vi +1 ]g is the critical 1-cell [v ^ �(e)], sincethe latter is positively oriented by the de�nition

in Subsection3.3. If � (e) is unblocked, let � (e) = w0 > w1 > w2 > : : : > wj = vi +1 be the list of all

vertices on the geodesic [� (e); vi +1 ], listed in the order they are encountered. We have that

f w0; [vi ; vi +1 ]g _! f w1; [vi ; vi +1 ]g _! : : : _! f wj � 1; [vi ; vi +1 ]g

by Lemma 3.2.1,sincethe verticesw0; w1; : : : ; wj � 1 are in the interval (vi +1 ; vi ). The last cell listed,

f wj � 1; [vi ; vi +1 ]g, is the critical 1-cell [vi ^ �(e)] = [v ^ �(e)].

Now we turn our attention to the other 1-cells in the vertical path on the left. There are two

cases:

1. vj > vj +1 > �(e) ( i:e: ; j < i ): In this case,the Redundant 1-Cells Lemma, Lemma 3.2.1,

allows us to move �(e) back to � , i.e.,

f � (e); [vj ; vj +1 ]g _!f� ; [vj ; vj +1 ]g:

The latter cell is collapsible, so f � (e); [vj ; vj +1 ]g _! 1.

2. � (e) > vj > vj +1 (i:e:; j > i ): The cell f � (e); [vj ; vj +1 ]g is easily seento be collapsible, so as

in the other case,f � (e); [vj ; vj +1 ]g _! 1.

The above reasoningproves that the entire left vertical edgepath, read from top to bottom,


o ws to [v ^ �(e)].

Similar reasoningshows that the right vertical edgepath (read from top to bottom) 
o ws to

[v ^ � (e)]. The only di�erence in this caseis that we must allow for the possibility that � (e) = � .

If this is so, the right vertical edgepath will consist entirely of collapsibleedges,and thus will 
o w

to 1. This agreeswith the statement of the lemma, since[� ^ v] = 1.
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Finally, if we read down the left side of Figure 3.2, acrossthe bottom, and up the right side,

we read the word [v ^ �(e)]e[� (e) ^ v], as claimed.

The proofs of (2) and (3) are similar. Simply usethe reasoningin part (1) above to argue that

one or the other of the vertical edgepaths 
o ws to the trivial word.

3.4 Presentations of Tree and Tw o Strand Braid Groups

In this section, we apply the computations of Sections 3.2 and 3.3 to obtain two presentation

theorems. The �rst theorem, Theorem 3.4.1, is for tree braid groups, and is an almost immediate

consequenceof Lemma 3.2.2. We will seein Chapter 5 (Corollary 5.1.4) that presentations derived

from Theorem 3.4.1 have the fewest number of relators and generatorspossible,and are therefore

`optimal' presentations. The secondtheorem, Theorem 3.4.2, is a presentation theorem for two

strand braid groups on generalgraphs.

Theorem 3.4.1. Let � be a su�ciently subdivided tree with a chosenbasepoint � . Suppose that

an embedding of � in the plane is given, so that there is an induced order on the vertices. Then

the braid group Bn � has a Morse presentation where the generators are the critic al 1-cells and the

relators consist of the reduced forms of the boundary words w(c) where c is any critic al 2-cell. For

c =
�

Ak [~a] + B l [~b] + p�
�

a critic al 2-cell, the reduced form of the boundary word is as follows:

1. If A ^ B = C with C 6= A; B , g(C; A) = i , g(C; B ) = j , and i < j , then a reduced form of the

boundary word for c is

h�
B l [~b] + (p + j~aj)�

�
; w1

�
Ak [~a] + (p + j~bj)�

�
w� 1

1

i
;

where w1 is as in the previous lemma.

2. If A ^ B = A, and g(A; B ) = i , then a reduced form of the boundary word for c is

�
w� 1

3

�
Ak [~a + j~bj� i ] + p�

�
w0

3;
�

B l [~b] + (p + j~aj)�
� � 1

�
;

where w3 is as in the previous lemma, and w0
3 is the sameas w3, but with ~a � � k in place of

~a and p + 1 in place of p.

44



Proof. It follows from Theorem 2.2.4 that B n � is generatedby the critical 1-cells, and that the

relations are the reducedforms of the boundary words of the critical 2-cells.

Consider the critical 2-cell
�

Ak [~a] + B l [~b] + p�
�

:

A[~a]+ B l [~b]+ p�

A k [~a]+ B [~b]+ p� A k [~a]+ _B [~b� � l ]+ p�

_A [~a� � k ]+ B l [~b]+ p�

The rest of the statement of the theorem follows by applying Lemma 3.2.2 to each side.

Theorem 3.4.2 ((The Morse presen tation of B 2� )). Let � be any graph. Choosea subdivision

and maximal tree T satisfying the hypothesesof Theorem 3.3.1. The two-strand braid group on �

has a Morse presentation P as follows.

The generators of P consist of

1. Corners X i;j , where X runs over all possibleessentialvertices, and i , j run over all possible

valuessatisfying 0 < i < j < d(X ), and

2. Critic al 1-cells ei , where ei runs over all deleted edgesin � .

The relations of P have the form

ei [� (ei ) ^ � (ej )]ej [� (ej ) ^ � (ei )]e� 1
i [� (ei ) ^ � (ej )]e� 1

j [� (ej ) ^ � (ei )];

where ei , ej run over all pairs of distinct deleted edgesin � .

Proof. Most of the theorem follows easily from the description of critical cells in Theorem 3.3.1

and from Theorem 2.2.4. All that remains to be shown is that the critical 2-cell determined by a

pair of deleted edgesf ei ; ej g determinesa relation of the required form.

Suppose f ei ; ej g is a pair of distinct deleted edges. There are various casesto consider,

corresponding to the various possible orderings of the set f � (ei ); � (ej ); � (ei ); � (ej )g. Note that

� (ei ) > � (ei ) and �(ej ) > � (ej ) by the orientation conventions of Section3.3, so one of � (ei ); � (ej ) is
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the largest of the four. Sincethe relator in the statement of the theorem is essentially unaltered if

i and j and are interchanged(to be precise,the relation is altered by taking the inverse,and then

a cyclic shift), we may assumethat � (ei ) is the largest element. It follows that there are 3 cases:i)

� (ei ) > �(ej ) > � (ej ); ii) � (ej ) > � (ei ) > � (ej ); iii) � (ej ) > � (ej ) > � (ei ). We consideronly the �rst

of theseand leave the others as exercisesfor the reader.

A boundary cycle for the critical 2-cell f ei ; ej g is:

f ei ; � (ej )gf � (ei ); ej gf ei ; � (ej )g� 1f � (ei ); ej g� 1:

We can apply Lemma 3.3.2(3) to conclude that f ei ; � (ej )g _! ei since �(ej ) < � (ei ) < �(ei ). Since

� (ej ) < �(ej ) < � (ei ), applying Lemma 3.3.2(1), we have that f � (ei ); ej g _! [� (ei ) ^ � (ej )]ej [� (ej ) ^

� (ei )]. Since � (ej ) < � (ei ) < �(ei ), we can apply Lemma 3.3.2(3) to concludethat f ei ; � (ej )g _! ei .

Finally, f � (ei ); ej g _! [� (ei ) ^ � (ej )]ej [� (ej ) ^ � (ei )]. After substituting these expressionsinto the

boundary cycle for f ei ; ej g (above), we get a relator of the desiredform.

3.4.1 Examples of Morse Presentations of Tree and Tw o Strand Braid Groups

Example 3.4.3. Considerthe exampleof B 4Tmin , whereTmin is the tree in Figure 2.1. Let A = v3,

B = v9, C = v12, and D = v21 be the essential vertices of Tmin . This tree is su�cien tly subdivided

for n = 4 strands as shown. By Theorem 2.3.4 the critical 1-cellsare:

(X 2[~v] + (4 � j~vj)� ) ;

where X is one of the essential vertices A, B , C, or D , and ~v is (1; 1), (1; 2), (1; 3), (2; 1), (2; 2), or

(3; 1). There are a total of 24 critical 1-cells. The critical 2-cellsall have the form

(X 2[(1; 1)] + Y2[(1; 1)]) ;

where X and Y are distinct essential vertices chosenfrom the set f A; B ; C; Dg. There are a total

of 6 critical 2-cells.

We now describe the resulting relations. Begin with the critical 2-cell (A 2[(1; 1)] + B2[(1; 1)]).
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The boundary word, by (2) of the previous theorem with i = k = l = 2 and p = 0, is

�
w� 1

3 (A2[(1; 3)]) w0
3; (B2[(1; 1)] + 2� )

�
:

The word w3 in the present caseis

1Y

� =0

(A � [(0; 2) + ((1; 1) � � )] + � � ) :

Computing, and using the fact that � is the �rst non-zeroentry of (1; 1) � � , we get

w3 = (A1[(1; 3)]) (A2[(0; 3)] + 1� ) = 1;

sincethe two cells in the above expressionare both collapsible. The word w0
3 in the present caseis

0Y

� =0

(A � [(0; 2) + ((1; 0) � � )] + (� + 1)� ) = (A1[(1; 2)] + 1� ) = 1;

sincethe given cell is also collapsible. Summarizing, we get

[(X 2[(1; 3)]) ; (Y2[(1; 1)] + 2� )] ;

where (X ; Y ) = (A; B ). A completely analogous computation shows that a boundary word

for the critical 2-cell (X 2[(1; 1)] + Y2[(1; 1)]) is given by the same expression, where (X ; Y ) 2

f (A; B ); (A; C); (A; D ); (B ; D )g.

Now considerthe critical 2-cell (B 2[(1; 1)] + C2[(1; 1)]). Part (2) of the previous theorem applies

again, with B playing the role of A in the theorem, C the role of B , i = 1, k = l = 2, and p = 0:

�
w� 1

3 (B2[(3; 1)]) w0
3; (C2[(1; 1)] + 2� )

�
:

In the present case,we get the following expressionfor w3:
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w3 =
1Y

� =0

(B � [(2; 0) + ((1; 1) � � )] + � � )

= (B1[(3; 1)]) (B2[(2; 1)] + 1� )

= (B2[(2; 1)] + 1� ) :

We get the following expressionfor w0
3:

w0
3 =

0Y

� =0

(B � [(2; 0) + ((1; 0) � � )] + (� + 1)� )

= (B1[(3; 0)] + 1� )

= 1:

We arrive at the following boundary word for (B 2[(1; 1)] + C2[(1; 1)]):

h
(B2[(2; 1)] + 1� ) � 1 (B2[(3; 1)]) ; (C2[(1; 1)] + 2� )

i
:

Finally, we consider the critical 2-cell (C2[(1; 1)] + D2[(1; 1)]). By part (1) of the previous

theorem, with C playing the role of A, D playing the role of B , and B playing the role of C, i = 1,

j = k = l = 2, and p = 0, a boundary word has the form

�
(D2[(1; 1)] + 2� ) ; w1 (C2[(1; 1)] + 2� ) w� 1

1

�
;

with

w1 =
1Y

� =0

(B2[(2; 2 � � )] + � � )

= (B2[(2; 2)]) (B2[(2; 1)] + 1� ) :

We summarizethesecalculations in Figure 3.3, which also illustrates useful notation for critical

1-cells(seeFigure 3.3).
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Figure 3.3: The relations of B4Tmin in shorthand notation.
Here we illustrate useful \chalkboard" notation for critical 1-cells. For example, the circled letter
C with a 1, a circled 1, and a 2 (reading in the clockwise direction from the upper left) represents
the element C2[(1; 1)] + 2� : the �rst entry in the upper left refers to the �rst entry of the vector
(1; 1), the entry in the upper right refers to the secondentry of (1; 1) , and the 2 on the bottom
refers to the number of vertices clusterednear � . The circled entry in the upper right indicates the
edgein the critical cell occurs in the 2nd direction from C.

Example 3.4.4. Consider the casein which � is a tree homeomorphic to the capital letter \H".

Let the basepoint � be the vertex on the bottom left, let A be the essential vertex on the left, and

let B be the essential vertex on the right.
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Figure 3.4: Part of the presentation for B 6H .

Recall the de�nition of a right-angled Artin group - De�nition 1.4.1. We claim that B n � is

right-angled Artin , for any n. No matter what n is, part (2) of Theorem 3.4.1 applies, and we

must compute the valuesof the words w3 and w0
3. In fact, we prove that both of thesewords will
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necessarilybe trivial. Consider

w3 =
j~aj� 1Y

� =0

�
A �

h
j~bj� i + (~a � � )

i
+ (p + � ) �

�
:

Here i = g(A; B ) = 2 and � is the subscript of the smallest non-zeroentry of (~a � � ). The crucial

observation is that � is (in the present case)also the smallest non-zeroentry of j~bj� i + (~a � � ), so,

by Proposition 2.3.7, no term in the above product is a critical edge(in fact, it is easyto seethat

each is collapsible). The trivialit y of w3 follows. Essentially the samereasoningholds for w0
3.

If n = 6, a routine but lengthy calculation shows that B n � is the free product of a free group

of rank 18 with the right-angled Artin group in Figure 3.4.

A �nitely presented group G is coherent if every �nitely generatedsubgroupof G is also�nitely

presentable.

Corollary 3.4.5. There are tree braid groupswhich are not coherent and which havean unsolvable

generalized word problem.

Proof. The copy of K 3;3 Figure 3.4 represents a subgroupisomorphic to F3 � F3, the direct product

of the free group of rank 3 with itself. SinceF3 � F3 is not coherent (see,for instance, citeBestv-

inaBrady) and has an unsolvable generalizedword problem [35], there are tree braid groups which

are not coherent and have an unsolvable generalizedword problem.

Example 3.4.6. Consider the two-strand braid group on the following graph � (which has been

correctly subdivided and given a suitable maximal tree):

The critical 1-cellsare:

A1;2; B1;2; B1;3; B2;3; C1;2; D1;2; E1;2; e1; e2; e3; e4:

There are 6(=
� 4

2

�
) critical 2-cells,corresponding to all possiblechoicesof unorderedpairs of deleted

edges.The relations are given in Figure 3.6.

Note a procedurefor labelling the edgesat the cornersof theserelations. Supposewe want to

label the slanted edgeconnectingthe initial vertex of e2 with the initial vertex of e4. First, connect

the vertices �(e2) and �(e4) by a geodesic in T. Second,�nd the smallest essential vertex along
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Figure 3.5: An examplegraph �.
In this graph, the deletededgese1, e2, e3, and e4 areshown; the maximal tree T is � n(e1[ e2[ e3[ e4).
For this graph, B2� is isomorphic to F5, where F5 is the free group on 5 generators.

this geodesic(B , in this case)and the two directions from B to the vertices �(e2) and �(e4) (2 and

3, respectively). This implies that the slanted edgeshould be labelled by the corner B 2;3 (as in

Figure 3.6). In describing the orientation of the edge,it will be useful to confusethe initial vertex

of e2 (respectively, e4) with �(e2) (respectively, � (e4)). The orientation of the slanted edgegoes

away from the larger vertex (which is identi�ed with �(e4), numbered 12) and toward the smaller

vertex (numbered 8). This procedure is of courseimplicit in Theorem 2.2.4, and all of the labels

and orientations of the cornerscan be obtained by using it.

We will sometimescall an octagonal relator of the form in Figure 3.6 a f ei ; ej g octagon if the

horizontal and vertical sidesare labelled by ei and ej .

We have the equalities:

(1) C1;2 = e� 1
2 B1;2e1A � 1

1;2e2A1;2e� 1
1 :

(2) B1;2 = e� 1
3 B1;3e1A � 1

1;2e3A1;2e� 1
1 :

(3) B1;3 = e4e1e� 1
4 A1;2e� 1

1 :

(4) D1;2 = e� 1
3 B2;3e2B � 1

1;3e3B1;2e� 1
2 :

(5) B2;3 = e4e2e� 1
4 B1;3e� 1

2 :

(6) E1;2 = e4e3e� 1
4 B2;3e� 1

3 :
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Figure 3.6: Critical 2-cellsof UD2�.
Theseare the imagesof critical 2-cellsof UD2� after applying Lemma 3.3.2, where � is the graph
in Figure 3.5. The boundary words of theseoctagonsare relators in the Morse presentation of B 2�.

We can eliminate relations (1), (4), and (6) and the generators C1;2, D1;2, E1;2 by Tietze

transformations. We can similarly eliminate (5) and B 2;3, (2) and B1;2, and (3) and B1;3 (in that

order), to arrive at the isomorphism

B2� �= he1; e2; e3; e4; A1;2i :

This example thus shows that the Morse presentation is not necessarilythe most economical

presentation of B2�.
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Chapter 4

Em beddings of Righ t-Angled Artin
Groups in Graph Braid Groups

Recall De�nition 1.4.1 of a right-angled Artin group. The relationship betweenright-angled Artin

groups and graph braid groups has beenthe causeof much research. In fact, Ghrist's Conjecture,

Conjecture 1.4.2, was the initial impetus for this work. One of the main results of this thesis is

the solution to Ghrist's Conjecture in the caseof tree braid groups in Chapter 4 (Section 5.3). A

related line of inquiry askswhether there exist embeddingsbetweenright-angled Artin groupsand

graph braid groups. A positive result in this direction is due to Crisp and Wiest: for any �nite

graph � and any n, there exists a graph � such that B n � embedsin G(�).

The goal of this chapter is to prove the opposite direction of Crisp and Wiest's theorem:

Theorem 4.0.1. For every �nite graph � and any coloring C of � with n colors, there exists a

graph � such that the right-angled Artin group G(�) embeds into the graph braid group B n � .

For example, letting C be the trivial coloring assigningto each vertex of � a di�eren t color, we

obtain an embedding of G(�) into Bn � for somegraph �, where n is the number of vertices of �.

At the other extreme, n can be as small as the chromatic number of �, by letting C be a coloring

realizing the chromatic number.

In Section4.2, we useTheorem 4.0.1 to obtain an explicit embedding of the right-angled Artin

group associated to the cycle of length 6, C6, into a two strand planar graph braid group. By a

result of Servatius, Droms, and Servatius [40], the group G(C6) itself contains an embeddedhyper-

bolic surfacesubgroup (where a hyperbolic surface group is the fundamental group of a compact

hyperbolic surfacewithout boundary). Thus, we prove as a corollary the following theorem:

Theorem 4.0.2. There exists a planar graph braid group which contains a hyperbolic surface

subgroup, with only n = 2 strands.
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There were previously no known examplesof hypberbolic surface subgroups in planar graph

braid groups.

This chapter hasonly two sections. In Section4.1, we de�ne the main tools of our construction,

�-halos. Section 4.2 then provesTheorems4.0.1 and 4.0.2.

This chapter is based on the paper [38], and is my own work. The proof presented here of

Proposition 4.2.1 was discovered by Dan Farley and is a re�nement of the original proof of the

author's. The current construction of the graph � in Section 4.1 was inadvertently suggestedby

Bert Weist and is a slight improvement over the original construction. REU student Go Fujita

recognized(also inadvertently) that the number of strands used in Proposition 4.2.1 corresponds

to a coloring of �.

4.1 Constructing � -Halos

A coloring C of a �nite simple graph � with n colors is a function from the verticesV � of � to the

�nite set S = f 1; : : : ; ng such that if two vertices v and w in � are neighbors then C(v) 6= C(w).

The elements of S are called colors. The color of a vertex is its image under C. The chromatic

number of � is the smallest number of colors neededto have a coloring of �.

An edgeloop in a CW-complex is a closedpath consisting of a sequenceof 1-cells in the space.

De�nition 4.1.1 (Halo). Let � be a �nite simple graph and let C be a coloring of � with n

colors f 1; : : : ; ng. A connectedgraph � is called a halo of �, or a � -halo, if for each vertex ai in �

(equivalently, for each generator in A) there exists a simple edgeloop 
 i in �, called an Artin loop

of �, such that:

� for each color c 2 f 1; : : : ; ng, there existsa vertex x c 2 � commonto all Artin loopsof vertices

colored c and to no other Artin loops.

� if ai and aj are not connectedby an edgein �, then the Artin loops 
 i and 
 j intersect in

exactly one vertex v. If C(ai ) = C(aj ) then v = xC(ai ) ; otherwise, v is on no other Artin

loop.

� if ai and aj are connectedby an edgein � (i.e. if ai and aj commute), then the Artin loops


 i and 
 j are disjoint.
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We call the point f x1; : : : ; xng 2 UCn � the Artin basepoint of �.

Although there is no clear canonical choice for a halo of an arbitrary �, when a particular

�-halo � is speci�ed we write � = �(�). That �-halos exist is clear; seefor exampleFigure 4.1.

(a) �

*

*

*

x3

x2

x1

(b) �

Figure 4.1: Constructing �-halos.
In 4.1(a), we have shown a possiblegraph � corresponding to someright-angled Artin group along
with a coloring of �. Then, in 4.1(b), we have shown a possible�-halo �(�), with the graph �
subimposedin gray.

Con vention 4.1.2. For any Artin basepoint of � = �(�), arbitrarily �x a direction in which to

traverseeach 
 i . Let c be the color of the vertex ai . We call the loop in UDn � from f x1; : : : ; xng

corresponding to the strand at xc making a single traversal of the Artin loop 
 i in the chosen

direction also by the name of the Artin loop 
 i .

The notion of a �-halo is similar in 
a vor to the proof of Theorem 10 of [13], though the notions

were discovered independently.

4.2 Embeddings and Corollaries

In [16], Droms proved that right-angled Artin groups have a rigidit y property: two graphs � and

� 0 are graph isomorphic if and only if the groups G(�) and G(� 0) are group isomorphic. Thus,

we may refer to a right-angled Artin group and the graph which de�nes it interchangeably.

Let � be a simple graph with corresponding right-angled Artin group A = G(�). For any

vertex v 2 �, let l ink (v) denote the full subgraph of � whosevertices are exactly those vertices
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adjacent to v in �, not including v itself. Let � � v denote the subgraph of � formed by deleting

the vertex v and any edgeadjacent to v. The group A has the structure of an HNN-extension [7]

with stable letter v, where the basegroup is G(� � v), the associated subgroup is G(l ink (v)), and

v conjugatesa given element of G(l ink (v)) to itself.

Britton's Lemma [33] tells us that if g0v� 1 g1v� 2 g2 : : : v� k gk = 1, where� i 2 f� 1g and gi 2 G(� �

v), then there must exist somei such that � i +1 = � � i and gi 2 G(l ink (v)). Thus, v� i gi v� i +1 = gi ,

and it must be that k is not minimal. We call v� i gi v� i +1 a v-pinch.

We now recall the embedding of Crisp and Wiest of graph braid groups into right-angled Artin

groups, given by Theorem 2 of [13]. Let � be a su�cien tly subdivided graph. Let � � be the

graph whosevertex set is the edgeset of �, and where two vertices e and e0 are connectedby an

edgeif and only if the closuresof e and e0 are disjoint in �. Let A � := G(� � ) be the associated

right-angled Artin group.

Crisp and Wiest prove their Theorem 2 by giving an embedding of UD n � into an Eilenberg-

MacLane complex for A � which is a locally CAT(0) cubed complex. We apply their argument on

the level of groups. In particular, let 
 be an edge loop of length k in UD n �. Each edgeof 


exactly corresponds to onestrand crossingone edgeof � while the other strands do not move. Let

e1; : : : ; ek be the edgesof � corresponding to each edgeof 
 given in order. Let w be the word in

the generatorsof A � given by e1 : : : ek . Let � : Bn � = � 1(� ; f x1; : : : ; xng) ! A � be de�ned by

mapping the homotopy classof 
 in � 1UDn � to the element represented by w in A � . Thus � is

the \forgetful" map, ignoring all of the strands in 
 except the strand crossingan edgein �. The

map � is the Crisp and Wiest embedding.

The following proposition implies Theorem 4.0.1.

Prop osition 4.2.1. Let � be a �nite graph and let C be a coloring of � using n colors f 1; : : : ; ng.

Let � = �(�) be a halo of � with Artin basepoint f x1; : : : ; xng, and let ai denote the vertices of �

for i = 1; : : : . Set A := G(�) . The map ai 7! 
 2
i (fol lowing Convention 4.1.2) induces an injective

homomorphism	 : G(�) ! Bn � .

We will seebelow that the squarein the de�nition of 	 is necessaryto obtain injectivit y.

Proof. If ai and aj commute then so do 	( ai ) and 	( aj ), as 
 i and 
 j are disjoint (Artin) loops

in � and the associated loops in UDn � involve distinct strands. Thus the map ai 7! 
 2
i induces
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a homomorphism 	 : G(�) ! Bn �. It only remains to prove that 	 is also injective. We do so

by showing that the composition map � � 	 from right-angled Artin groups to right-angled Artin

groups is injective.

Assumethat � � 	 is not injective. Fix a nontrivial element � in the kernel of � � 	 and let w

be a geodesic word representing � . Since � is nontrivial, w is non-empty, and w contains a letter

a (or its inverse) representing a generator in A. Then w has the form

w = w0a� 1 w1a� 2 w2 : : : a� k wk

where � i 2 f� 1g for i = 1; : : : ; k and each wi is a (possibly empty) word in the generatorsof A not

containing a or a� 1.

Let 
 be the Artin loop in � corresponding to a. Let p be the point on 
 which is in the Artin

basepoint f x1; : : : ; xng. Let e1e2 : : : em be the edgesof 
 traversedin order from p - i.e. e1e2 : : : em

is the image of 
 under �.

Let gi 2 A � be the image under � � 	 of the element in A represented by wi .

Consider A � as an HNN-extension with stable letter e1. Britton's lemma tells us that since

(� � 	)( w) = 1, there must exist an e1-pinch in the appropriate expansionof

g0(e1e2 : : : em )2� 1 g1 : : : (e1e2 : : : em )2� k gk :

For any e1-pinch of the form e� 1
1 gi e1, replacethe pinch with gi . Note each gi may be represented

without using any of e1; : : : ; em . Since 	 involves a square, not every occurrence of e1 may be

replaced in this way, so we know that there must still exist e1-pinches in the result. The only

possibleremaining e1-pinchesmust have one of the following forms:

1. e1e2 : : : em gi e� 1
m : : : e� 1

2 e� 1
1

2. e� 1
1 e� 1

m : : : e� 1
2 gi e2e3 : : : em e1:

We consider the �rst case;the secondcaseis dealt with in a similar way.

If e1e2 : : : em gi e� 1
m : : : e� 1

2 e� 1
1 is an e1-pinch, then by de�nition e2 : : : em gi e� 1

m : : : e� 1
2 = g0

i , where

g0
i 2 G(l ink (e1)). Thus, e2 : : : em gi e� 1

m : : : e� 1
2 (g0

i )
� 1 = 1. Since e2; em 62 l ink (e1), it follows
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that e2 : : : em gi e� 1
m : : : e� 1

2 is an e2-pinch in A � � e1 , by Britton's Lemma. Iterating, we seethat

ej : : : em gi e� 1
m : : : e� 1

j is an ej -pinch for each j = 1; : : : ; m.

In particular, we have proven that

e1 : : : em gi e� 1
m : : : e� 1

1 = gi :

Thus, (e1 : : : em )2gi (e� 1
m : : : e� 1

1 )2 = gi . But then

a� 1 w1a� 2 w2 : : : a� i � 1 wi � 1wi wi +1 a� i +2 wi +2 : : : a� k wk

is a word representing � which is shorter than w. As w was assumedto be a geodesic, this is a

contradiction. Thus no such � exists, and � � 	 is injective.

Note that if 	 is de�ned only by sending ai to 
 i instead of 
 2
i , injectivit y may not hold.

For instance, consider Figure 4.2. This is a possible graph � for the right-angled Artin group

ha;b;cj[a; c]i . If a 7! 
 a 7! ea;1ea;2ea;3ea;4, b 7! 
 b 7! eb;1eb;2eb;3eb;4, and c 7! 
 c 7! ec;1ec;2ec;3ec;4,

we leave it to the reader to verify that g = cbab� 1c� 1ba� 1b� 1 is not trivial but (� � 	)( g) is (it is

insightful to visualize exactly what is happening here in terms of braids on �).

ea;4

ea;3

ea;1

eb;2 eb;3

eb;4

ea;2

eb;1 ec;1

ec;2

ec;4

ec;3

x1 x2 x3


 1 
 2 
 3

Figure 4.2: An exampleshowing why 	 maps to squares.
Shown is a possiblegraph � for the right-angled Artin group A = ha;b;cj[a; c]i . The braid group
on 3 strands on � is such that if 	 is de�ned by sendingeach generator of A to the corresponding
Artin loop without squaring, then 	 is not injective.

Corollary 4.2.2. Let n0 be the chromatic number for � . Then there exists an embedding of G(�)

into the graph braid group Bn0 � for some� -halo � .

Proof. Let C0 be a coloring of � using exactly n0 colors. Let � be a �-halo for C0. The result
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then follows from Theorem 4.2.1.

Example 4.2.3. As an application of Corollary 4.2.2, considerthe right-angled Artin group A for

which � = C6, the cycle of length 6. Thus,

A = ha1; a2; a3; a4; a5; a6j[ai ; ai +1 ](i = 1; : : : ; 5); [a6; a1]i :

*

x2*

x1

Figure 4.3: A �-halo for C6.
This �gure shows (C6) in grey, with a coloring given by ai 7! 1 for i odd and ai 7! 2 for i even. A
possiblegraph � = �( C6) is shown.

Figure 4.3 shows C6 with a coloring using 2 colors and a possiblegraph �( C6). Theorem 4.0.1

tells us that we may embed G(C6) into Bn �( C6) where n = 2! Note that �( C6) is planar.

Recall that a hyperbolic surfacegroup is the fundamental group of a compact hyperbolic surface

without boundary. Servatius et al. [40] (seealso [30]) have shown that a right-angled Artin group

whosegraph has an achordal cycle of length at least 5 contains an embedded hyperbolic surface

subgroup. Since A embeds into B2�( C6), it follows that there is a hyperbolic surface subgroup

embeddedin B2�( C6).

Example 4.2.3 provesTheorem 4.0.2 via the following corollary:

Corollary 4.2.4. There exists a planar graph braid group - namely B 2�( C6) - which contains a

hyperbolic surface subgroup, with only n = 2 strands.
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It is known that hyperbolic surfacegroups can be subgroupsof graph braid groups. In fact, in

[3], Abrams and Ghrist proved that

Prop osition 4.2.5. The pure graph braid groupsPB 2K 3;3 and PB2K 5 are the fundamental groups

of closed orientable hyperbolic manifolds of genus4 and 6, respectively.

This proposition, combined with embedding results in [2], yields the existenceof hyperbolic

surface subgroups in almost every nonplanar graph braid group (the possible exceptions being

BnK 5 and BnK 3;3 for n � 3). No planar exampleswere previously known.

Of course,Corollary 4.2.4 relied on the observation that the graph �( C6) in the above example

was planar. It is not a priori true in general that a planar graph � gives rise to a planar �-halo.

However, the following corollary doeshold. Let � op be the graph with vertex set equal to � and

an edgeconnecting two vertices if and only if � doesnot have that edge.

Corollary 4.2.6. Let A = G(�) be a right-angled Artin group with associated graph � such that

� op has a �nite-sheeted planar covering. Then A embeds in some planar graph braid group B n �

for n � jV (�) j.

Proof. In Proposition 19 of [13], Crisp and Wiest showed that if � op has a �nite-sheeted planar

covering ~� op, then if ~� is the opposite graph of ~� op, there exists an injective homomorphism

j : G(�) ! G( ~�). As ~� is a cover of �, ~� may be colored with n � jV (�) j colors. We leave it to

the reader to verify that a planar opposite graph gives rise to a planar halo.

We end this chapter with a question. As mentioned, the notion of a �-halo is similar in 
a vor

to the proof of Theorem 10 of [13]. Although Crisp and Wiest deal with pure surfacebraid groups

instead of regular surfacebraid groups, is it possibleto apply the ideas presented here to reduce

the number of strands neededfor their embedding?
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Chapter 5

Cohomology of Tree braid Groups

In this chapter we get nearly complete information about the mod 2 cohomology rings of tree

braid groups. Our results allow us to prove that most tree braid groups are not right-angled Artin

groups (seeTheorem 5.3.11). Thus we produce a large number of counterexamplesto the version

of Conjecture 1.4.2 in which the word \pure" is omitted.

The argument is as follows. We �rst compute the cohomologyring of B 4Tmin , where Tmin is

the minimal nonlinear tree. Our calculation shows that B 4Tmin is not a right-angled Artin group,

sinceH � (B4Tmin ; Z=2Z) is not the exterior facering of a 
ag complex (seeSection5.3). If T is any

nonlinear tree and n � 4, we embed UC4Tmin into UCnT. By analyzing the kernel of the map on

cohomology, we can concludethat BnT is alsonot a right-angled Artin group, sinceits cohomology

ring also fails to be the exterior face ring of a 
ag complex.

Finally, we note that our description of the mod 2 cohomologyrings of tree braid groupsis likely

to have other applications. For instance, Michael Farber [19], [20] has de�ned an invariant TC(X )

of a topological spaceX , called the topological complexity of X , which is an integer measuringthe

complexity of motion-planning problems of systemshaving X as their con�guration space.Farber

establishescohomologicallower bounds for TC(X ) in [19].

This chapter is organizedas follows. In Section5.1 we give a brief description of discreteMorse

theory and its applications to computing homology. In Section5.2, we give a partial description of

the mod 2 cohomologyring of any tree braid group. In Section5.3, we usethe results of Section5.2

and a cohomologicalargument to determine which tree braid groupsare right-angled Artin groups.

This chapter is basedon the paper [22]. Originally, the papers [22] and [21] were united in a

single paper, with [21] containing more of my contributions. Most of the work for this chapter was

doneby Farley, with my input. All of Section5.1 was doneby Farley. Of the remaining sections,I

had varying levels of contribution, with the most input given for Subsection5.2.4 and Section 5.3.
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5.1 Discrete Morse Theory and Homology

In [24], Dan Farley has used the discrete Morse theory detailed in Chapter 2 to compute the

homology groupsof graph braid groups (seealso [26]). To discusscohomology, we will needa brief

description of his results.

Fix an oriented �nite regular CW complex X . Let C� (X ) be the cellular chain complex of X .

Each chain group Cn (X ) hasa distinguished basisconsistingof positively oriented n-cells,denoted

Bn (X ). De�ne a map cWn : Cn (X ) ! Cn+1 (X ) as follows:

cWn (c) = � W (c) if c is redundant;

cWn (c) = 0 otherwise.

Here the sign is chosen so that the oriented cell c occurs with the coe�cien t � 1 in @cWn (c)

if c is redundant. Extend linearly to a map cWn : Cn (X ) ! Cn+1 (X ). De�ne a chain map

f cW : C� (X ) ! C� (X ), called the discrete 
ow associated to cW , by setting f cW = 1 + @cW + cW@.

We usually omit the subscript and simply write f .

The discrete 
o w f has the following properties:

Lemma 5.1.1.

1. ([24], [26]) For any �nite chain c 2 C� (X ), there is somem 2 N suchthat f m (c) = f m+1 (c) =

: : :. It follows that there is a well-de�ned chain map f 1 : C� (X ) ! C� (X ).

2. ([24]; cf. [26]) If c is any cycle in C� (X ), then there is a unique f -invariant cycle that is

homologousto c, namely f 1 (c). Moreover, f 1 (c) is a linear combination of oriented critic al

cells and collapsiblecells (i.e., any redundant cell appears with a coe�cient of 0).

3. ([24]) If c is a collapsible cell, then f 1 (c) = 0. If c is critic al, then we have that f 1 (c) =

c + (collapsible cells). As a result, an f -invariant chain is determined by its critic al cells,

i.e., if c is an f -invariant chain and c = ccr it + ccoll , where ccr it is a linear combination of

62



critic al cells and ccoll is a linear combination of collapsiblecells, then

c = f 1 (c) = f 1 (ccr it ):

Properties (1)-(3) show that if a �nite regular CW complex X is endowed with a discrete

gradient vector �eld W , then the homology groupsof X are largely determined by the critical cells

of X . We now make this statement more precise. Fix a discrete gradient vector �eld W . For

i � 0, let M i (X ) denote the free abelian group on the set of positively oriented critical i -cells. Give

the collection of abelian groups M i (X ) (i � 0) the structure of a chain complex, called the Morse

complex, by identifying M i (X ) with Ci (X ) via the map f 1 . The boundary map ~@in the Morse

complex is de�ned by

~@(c) = � @f 1 (c) (c 2 M i (X )) ;

where � denotesprojection onto the factor of Ci � 1(X ) spannedby the critical i � 1 cells.

We have the following theorem:

Theorem 5.1.2. ([24], [26] ) The Morse complex
�

M n (X ); ~@n

�
and the cellular chain complex

(Cn (X ); @n ) have isomorphic integral homology groups, by an isomorphism which sendsa cycle c

from the Morse complex to f 1 (c).

Farley goeson to prove:

Theorem 5.1.3. ([25], Theorem 3.7 ) Let T be a tree. Fix an embedding of T in the plane, and

distinguish a basepoint � . Then the boundary maps in the Morse complex (M � (UDnT); ~@) are all

zero. In particular, H i (UDnT) is free abelian of rank equal to the number of critic al i -cells in

UDnT.

As a result of Theorem 5.1.3, we have the following corollary:

Corollary 5.1.4. Let T be a tree. For any n, any Morse presentation of B nT as in Theorem 3.4.1

has the fewestnumber of relators and generators possible.
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5.2 The Mo d 2 Cohomology Ring of UDnT

In this section, we give a partial description of the mod 2 cohomology ring of UD nT, where n

is an arbitrary natural number and T is an arbitrary tree. The method is to map UD nT to

a new complex \UDnT, which is a subcomplex of a high-dimensional torus. The induced map

q� : H � ( \UDnT) ! H � (UDnT) turns out to be surjective. This gives us an easyway to compute

the cup product: we take two cohomology classesin H � (UDnT), look at their preimagesunder

the map q� , cup these preimagesusing known facts about the cohomologyrings of subcomplexes

of torii, and then push the product back over into H � (UDnT).

The complex \UDnT can be described very simply: it is the result of identifying the opposite

sidesof all of the cubes in UDnT. Thus \UDnT consistsof a union of (potentially singular) torii,

one for each cell of UDnT.

It is by no meansclear, however, and false in general, that identifying all opposite facesin a

CAT(0) cubical complex will result in a subcomplex of a torus. For this reason, we give a very

careful (and somewhatabstract) proof that \UDnT has the properties we want.

5.2.1 An Equiv alence Relation on the Cells of UDnT

Let c, c0 be i -cells (0 � i � n) of UDnT. Let E(ĉ) denote the set of edgesof the i -cell ĉ. Assume

that c = f e1; : : : ; ei ; vi +1 ; : : : ; vng and c0 = f e0
1; : : : ; e0

i ; v0
i+1 ; : : : ; v0

n g, where E(c) = f e1; : : : ; ei g and

E(c0) = f e0
1; : : : ; e0

i g. Write c � c0 if

1. E(c) = E(c0), and

2. for any connectedcomponent C of T �
S

e2 E (c) e,

jC \ f vi +1 ; : : : ; vngj =
�
�C \

�
v0

i+1 ; : : : ; v0
n

	 �
� :

Let K be the set of open cells in UDnT, asin Section2.1. It is rather clear that � is an equivalence

relation on K . Let [c] denote the equivalenceclassof a cell c.

We de�ne a partial order � on the equivalenceclassesbasedon the partial order on cells,writing

[c] � [c1] if there exist representativ es ĉ 2 [c], ĉ1 2 [c1] such that ĉ � ĉ1. It is slightly nontrivial
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to verify that � is transitiv e on the equivalenceclasses.Supposethat [c1] � [c2] and [c2] � [c3].

There are representativ es ĉ1 2 [c1]; ĉ2; ~c2 2 [c2], and ~c3 2 [c3] such that ĉ1 � ĉ2 and ~c2 � ~c3. Since

ĉ2 � ~c2, it is possible,by moving the vertices of ĉ2 one at a time along edgesof T, and leaving all

edges�xed, to arrive at ~c2. Every vertex of ĉ2 is also a vertex of ĉ1; if a vertex of ĉ1 is also in ĉ2,

then move it as above. Call the result of doing these moves ~c1. Then ~c1 � ĉ1 and it is clear that

~c1 � ~c2 � ~c3, so transitivit y of � follows.

Lemma 5.2.1 (Prop erties of � and � ). Let � be any graph.

1. If c and c0 are i -cells of UDn � with E(c) = E(c0) and the equivalence classes[c]; [c0] have a

common upper bound [~c] with respect to � , then [c] = [c0].

2. Assume � is a tree. Let c1; : : : ; cj be 1-cells in UDn � from distinct equivalence classes. If

f [c1]; : : : ; [cj ]g has an upper bound with respect to � , then f [c1]; : : : ; [cj ]g has a least upper

bound with respect to � . Furthermore, if e1; : : : ; ej are edges of � satisfying ei 2 ci for

1 � i � j , then e1; : : : ; ej are distinct and pairwise disjoint.

3. Assume� is a tree. If ~c is a j -cell in UDn � , then there is a unique collection f [c1]; : : : ; [cj ]g

of equivalence classesof 1-cells such that [~c] is the least upper bound of f [c1]; : : : ; [cj ]g with

respect to � .

4. If c is a critic al cell in UDn � and [c0] � [c], then c0 � ĉ for somecritic al cell ĉ.

5. If c is a critic al cell in UDn � and c0 � c, then c0 = c or c0 is redundant.

Proof. (1) Let [~c] be an equivalence class of j -dimensional cells in UD n �, where ~c is the cell

f e1; : : : ; ej ; vj +1 ; : : : ; vng. It is enoughto show that, for any c with [c] � [~c], the equivalenceclass

[c] is uniquely determined by the collection f ei 1 ; : : : ; ei k g of all edgescommon to both ~c and c.

An arbitrary facec of ~c is determinedby selectinga subsetof the edgesf e1; : : : ; ej g and replacing

each edgeof this subsetby either its initial or its terminal vertex. By an argument similar to that

establishing the transitivit y of � , the equivalenceclassof c dependsneither on the representativ e

chosenfrom [~c] nor on the choice involved in replacing an edgewith one of its endpoints. Thus,

given ~c with [c] � [~c], [c] is uniquely determined by the edgesc has in common with ~c - i.e. [c] is

uniquely determined by E(c). This provespart (1).
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(2) Supposethat [c] is an upper bound for f [c1]; : : : ; [cj ]g where the [c1]; : : : ; [cj ] are all distinct.

For i 2 f 1; : : : ; j g, let ei be the unique edge in ci . Certainly, f e1; : : : ; ej g � c. Let c0 be a cell

given by replacing any extra edgese 2 c � f e1; : : : ; ej g with either � (e) or � (e). Then [ci ] � [c0] for

i 2 f 1; : : : ; j g, so[c0] is an upper bound for f [c1]; : : : ; [cj ]g. It follows that given any upper bound [c]

for f [c1]; : : : ; [cj ]g there exists another upper bound [c0] such that [c0] � [c] and E(c0) = f e1; : : : ; ej g.

To prove the �rst claim of part (2), it remains to be shown that there is only one upper bound

[c0] such that E(c0) = f e1; : : : ; ej g. Suppose that [c0] and [c00] are both such upper bounds for

f [c1]; : : : ; [cj ]g. Thus E(c0) = E(c00) = f e1; : : : ; ej g. Fix an integer i , 1 � i � j . Let C be a

connectedcomponent of T � ei , and assignto C the integer f ei (C) de�ned by:

f ei (C) =
�
# f cells of c0 contained in Cg

�

�
�
# f cells of c00contained in Cg

�
:

It must be that f ei (C) = 0 for every i and every component C of T � ei . For if not, then

for some i there exist distinct equivalenceclasses[c0
0]; [c00

0] of 1-cells with E(c0
0) = E(c00

0) = f ei g

such that [c0
0] � [c0] and [c00

0] � [c00]. But by part (1), we must have that [ci ] = [c0
0] since [c0] is a

common upper bound for [ci ] and [c0
0]. Similarly, [ci ] = [c00

0]. This meansthat [c0
0] = [c00

0], which is

a contradiction, so indeed f ei (C) = 0 for any i and any C.

If [c0] 6= [c00], then c0 and c00have a di�eren t number of cells in someconnectedcomponent of

T �
S

e2 E (c0) e. Fix a connectedcomponent C of T �
S

e2 E (c0) e. Let ei 1 ; : : : ; ei l be the edgesof

the collection f e1; : : : ; ej g that touch the component C. We analyze the connectedcomponents of

T �
S l

k=1 ei k . These connectedcomponents are either C itself, or touch exactly one of the edges

ei 1 ; : : : ; ei l . (Note: herewe have just usedthe fact that T is a tree for the �rst time.) If a connected

component C0 of T �
S l

k=1 ei k is not C itself, and touches only ei m , say, then it contains equal

numbersof cells from c0 and c00by the claim, sinceC0 is in fact a connectedcomponent of T � ei m .

(This again usesthe fact that T is a tree.) It follows by processof elimination that C contains equal

numbers of cells, necessarilyvertices, from both c0 and c00. Since C was an arbitrary connected

component of T �
S

e2 E (c0) e, it must be that [c0] = [c00].

We now prove the secondclaim. Supposethat [c1]; : : : ; [cj ] are distinct equivalenceclassesof
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1-cellshaving a commonupper bound [c]. Part (1) shows that ei 1 6= ei 2 for two distinct equivalence

classes[ci 1 ]; [ci 2 ] 2 f [c1]; : : : ; [cj ]g. If ei 1 2 ci 1 , ei 2 2 ci 2 , ei 1 \ ei 2 6= ; , then ei 1 ; ei 2 2 c, which is

impossiblesincec is a cell of UDnT and ei 1 \ ei 2 6= ; .

(3) Let S = f [c] j dim c = 1 and [c] � [~c]g. Part (1) implies that an element of S is uniquely

determined by a choice of edgefrom ~c. Thus jSj = j . The fact that [~c] is the least upper bound of

S follows from the description of the least upper bound in (2).

(4) If c is a critical cell of UDn � and [c1] � [c], then there is somerepresentativ e - say, c1 - of

the equivalenceclass[c1] such that c1 < c (exercise). Thus each edgein c1 is an edgein c, and each

vertex in c is a vertex in c1. It follows that no edgesin c1 are order-respecting. Now repeatedly

move each unblocked vertex of c1 toward � until it is blocked. This operation clearly preserves � ,

and the resulting cell is critical, having no unblocked vertices and no order-respecting edges.

(5) Supposec is critical and c1 � c. Suppose�rst that c1 has no order-respecting edges. If c1

has unblocked vertices, then it follows that c1 is redundant. If c1 has no unblocked vertices, then

it is critical by De�nition 2.3.2. In fact c1 = c in this case,sinceboth cells involve the sameedges,

the vertices in both are blocked, and each component of T �
S

e2 E (c) e contains the samenumber

of vertices from each of c1 and c.

Now supposethat c1 has order-respecting edges.Let e be the smallestsuch (recall that \small-

est" meansthat � (e) is minimal). Sincethe edgee is not order-respecting in c, there is somevertex

v 2 c adjacent to � (e) and satisfying

0 < g(� (e); v) < g(� (e); � (e)) :

Let C be the connected component of T �
S

e2 E (c) e touching � (e) and lying in the direction

g(� (e); v) from � (e). This component contains vertices of c and thus vertices of c1, sincec1 � c. If

C contains unblocked vertices of c1, then any such vertex v1 satis�es v1 < �(e), and so it follows

that c1 is redundant. If c contains only blocked vertices, then it follows that the vertex v is a vertex

of c1, whencethe edgee is not order-respecting in c1, a contradiction.
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5.2.2 The Complex \UDnT

De�ne a complex \UDnT as follows. For each equivalenceclass[c] of 1-cells in the set K of open

cells of UDnT, introducea copy of S1, denoted S1
[c]. Give S1

[c] a cell structure with one open 1-cell,

denoted e1
[c], and one 0-cell. Form the �nite product

Q
[c] S1

[c]. Since we are interested in giving

each cell an explicit characteristic map, we order the factors in the product as follows. Assign to

each equivalenceclass[c] of 1-cellsthe number N ([c]) of the vertex �(e), wheree is the unique edge

satisfying e 2 c. This numbering of equivalenceclassesis well-de�ned (though not one-to-one).

Arrange the factors of
Q

[c] S1
[c] so that if N ([c1]) < N ([c2]), then the factor S1

[c1] occursbeforeS1
[c2 ].

(This arrangement of factors is not unique.)

Since each 1-cell of this product corresponds naturally to an equivalenceclass[c] of 1-cells in

UDnT, each i -cell corresponds to a collection f [c1]; : : : ; [ci ]g of (distinct) equivalenceclassesof 1-

cells. We obtain the space \UDnT by throwing out an open i -cell f [c1]; : : : ; [ci ]g if f [c1]; : : : ; [ci ]g has

no upper bound. If f [c1]; : : : ; [ci ]g has an upper bound, then it hasa least upper bound [c], and we

label the corresponding i -cell by [c]. Note that, by Lemma 5.2.1(3), the equivalenceclasses[c] are

in one-to-onecorrespondencewith cells of \UDnT, and the dimension of the cell c of UDnT is the

sameas that of the cell labelled [c] in \UDnT.

If R is a �eld, then the exterior algebra ([32], pg. 217) on a set f v1; v2; : : : ; vn+1 g, denoted

� R [v1; : : : ; vn+1 ], is the R-vector spacehaving the products vi 1 vi 2 : : : vi j ( 0 � j � n; i 1 < i2 <

: : : < i j ) as a basis. The empty product is the multiplicativ e identit y. The multiplicativ e relations

are generatedby all relations of the following types: vi vj = � vj vi and v2
i = 0.

For any equivalenceclass[c] of j -cells, let �̂ [c] denote the j -cocycle satisfying �̂ [c]([c]) = 1 and

�̂ [c]([c0]) = 0 for all [c0] 6= [c].

Prop osition 5.2.2. The space \UDnT is a CW complex. The cohomology ring H �
�

\UDnT; Z=2Z
�

is isomorphic to

� Z=2Z
�
[c1]; : : : ; [ck ]

�
=I ;

where f [c1]; : : : ; [ck ]g is the collection of all equivalence classesof 1-cells in UD nT, and I is the

ideal generated by the set of all monomial terms [ci 1 ] : : : [ci m ] where f [ci 1 ]; : : : ; [ci m ]g has no upper

bound.
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The isomorphism sendsthe j -cocycle �̂ [c] to the product [ci 1 ][ci 2 ] : : : [ci j ], where f [ci 1 ]; : : : ; [ci j ]g

is the unique collection with least upper bound [c] as in Lemma 5.2.1(3).

The elements �̂ [c] form a basis for the cohomology as [c] rangesover all possible equivalence

classes.

Proof. To provethat \UDnT is a CW complex, it is enoughto show that if an opencell f [cj 1 ]; : : : ; [cj l ]g

is thrown out of the product
Q

[c] S1
[c], then so is any other open cell having this oneasa face. If the

cell f [cj 1 ]; : : : ; [cj l ]g is thrown out, this meansthat f [cj 1 ]; : : : ; [cj l ]g has no upper bound. Any cell

having f [cj 1 ]; : : : ; [cj l ]g as a facemust be labelled by a collection S of equivalenceclassesof 1-cells

satisfying f [cj 1 ]; : : : ; [cj l ]g � S. It follows easily that the collection S has no upper bound, so the

open cell labelled S is also thrown out of the product, as required.

The remaining statements follow easily from the description of \UDnT as a subcomplex of
Q

[c] S1
[c], and from the description in [32] (pg. 227) of the cohomologyrings of subcomplexesof the

torus.

5.2.3 A Map q : UDnT ! \UDnT and the Induced Map on Cohomology

For each edgee in the tree T, choosea characteristic map he : [0; 1] ! e, such that he(0) = �(e)

and he(1) = � (e). These maps induce characteristic maps on the cells of UD nT as follows. Let

c = f e1; : : : ; ei ; vi +1 ; : : : ; vn g be an i -cell of UDnT, and suppose without loss of generality that

� (e1) < �(e2) < : : : < �(ei ). De�ne the characteristic map hc : [0; 1]i ! c by

hc(t1; : : : ; t i ) = f he1 (t1); : : : ; hei (t i ); vi +1 ; : : : ; vng:

Note that hc(t1; : : : ; t i ) is an n-element subsetof T here, rather than an n-tuple of cells in T. The

map hc is a homeomorphism.

We now choosecharacteristic maps for the cells of \UDnT. Begin by choosing a characteristic

map h[c] : [0; 1] ! S1
[c] for each 1-cell e1

[c]. Supposethat [c] is the label of an i -dimensional cell

in \UDnT. Thus, [c] is the least upper bound of a collection f [c1]; : : : ; [ci ]g of distinct equivalence

classesof 1-cells. If e1; : : : ; ei are the unique edgessatisfying ej 2 cj (1 � j � i ), then e1; : : : ; ei are

pairwise disjoint by Lemma 5.2.1(2). In particular, the natural numbersN ([c1]); : : : ; N ([ci ]) are all
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di�eren t. We assume,without loss of generality, that N ([c1]) < : : : < N ([ci ]). The characteristic

map for the cell [c] in \UDnT is ĥ[c] : [0; 1]i ! ei
[c], de�ned by ĥ[c](t1; : : : ; t i ) = (h[c1 ](t1); : : : ; h[ci ](t i )),

where the value of ĥ[c](t1; : : : ; t i ) on each omitted factor [ĉ], where [ĉ] is an equivalenceclassof 1-

cells, is always assumedto be the unique vertex of S1
[ĉ].

Now we are ready to de�ne the map q : UDnT ! \UDnT. Consider the following diagram:

`
c2 K [0; 1](dim c)

`
c2 K hc

`
c2 K ĥ[c]

UDnT q \UDnT

Figure 5.1: De�ning the map q.

The vertical arrow is a quotient map, so, by a well-known principle (e.g., [17], Theorem 3.2 ),

there will exist a well-de�ned map q making the above diagram commute if
`

c2 K ĥ[c] is constant

on point inversesof
`

c2 K hc.

Prop osition 5.2.3. There is a well-de�ned map q : UD nT ! \UDnT making the above diagram

commute. The map q� : H �
�

\UDnT; Z=2Z
�

! H � (UDnT; Z=2Z) sends �̂ [c] to the cohomology

classof � [c] 2 C � (UDnT; Z=2Z), where � [c] is the cellular cocycle satisfying:

� [c] (~c) = 1 if ~c � c

� [c] (~c) = 0 otherwise :

Proof. We have to show that
`

c2 K ĥ[c] is constant on point inversesof
`

c2 K hc. For this, it is

su�cien t to show that ĥ[c0] � h� 1
c0 = ĥ[c] � h� 1

c jc0, where c0 is a codimension-oneface of c. We let c

be a j -dimensionalcell in UDnT, say c = f e1; : : : ; ej ; vj +1 ; : : : ; vng, where the edgesei are arranged

in order. Assume,without lossof generality, that c0 = f �(e1); e2; : : : ; ej ; vj +1 ; : : : ; vng.

Choosea point x 2 c0 (Here we really mean a point in c0, rather than just one of vj +1 ; : : : ; vn ).

Supposethat x = hc0(t1; : : : ; t j � 1), i.e., x = f � (e1); he2 (t1); : : : ; hej (t j � 1); vj +1 ; : : : ; vn g. Then:
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ĥ[c0] � h� 1
c0 (x) = ĥ[c0](t1; : : : ; t j � 1)

=
�

h[c0
1 ](t1); : : : ; h[cj � 1 ](t j � 1)

�
:

ĥ[c] � h� 1
c (x) = ĥ[c](0; t1; : : : ; t j � 1)

=
�

h[c1 ](0); h[c2 ](t1); : : : ; h[cj ](t j � 1)
�

=
�

h[c2 ](t1); : : : ; h[cj ](t j � 1)
�

:

For this last equality, recall that h[c1 ](0) is the vertex of S1
[c1], and we omit such factors for the sake

of simplicit y.

Now [c0
i ], by de�nition, is the unique equivalenceclassof 1-cells satisfying: (i) ei +1 2 c0

i , and

(ii) [c0
i ] � [c]. Note that [ci +1 ] has the sameproperties, so [c0

i ] = [ci +1 ]. It follows that the map q

exists.

The remaining statements about cohomology follow easily from the description of the map

q : UDnT ! \UDnT. The main point is that the interior of a cell c in UD nT is mapped home-

omorphically to the interior of [c], and thus the mod 2 mapping number of c with [c] is equal to

1.

By Lemma 5.1.1 and Theorem 5.1.3, we obtain explicit cycles in Ci (UDnT), the i th cellular

chain group of UDnT, by applying the map f 1 to any linear combination of critical i -cells. A

collection of representativ esfor a distinguished basisof the cellular i -dimensionalhomology is thus

f f 1 (c) j c is a critical i � cellg. We call this distinguished basis a Morse basis. For the sake of

simplicit y in notation, we expressa cellular homology classin H � (UDnT) as a linear combination
P

aj cj of critical cells cj , as opposedto f 1 (
P

aj cj ). For cj a critical i -cell, the cellular homology

classcj is called a Morse generator for H i (UDnT).

Identify H i (UDnT; Z=2Z) with H om(H i (UDnT); Z=2Z) by the universal coe�cien t isomor-

phism. Let c� denote the dual of a critical cell c.
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Theorem 5.2.4.

1. If c is a critic al cell in UDnT, then q� (�̂ [c]) = c� , and a distinguished basis for i -dimensional

cohomology is

f c� jc a critic al i -cellg:

2. Let c be a critic al cell in UDnT. If [c] is the least upper bound of f [c1]; : : : ; [ci ]g, where

the [c1]; : : : ; [ci ] are distinct equivalence classesof 1-cells, then, without loss of generality,

c1; : : : ; ci are critic al and

c�
1 [ : : : [ c�

i = c� :

3. If [c1]; : : : ; [ci ] are distinct equivalence classesof 1-cells having the least upper bound [c], then

�
� [c1 ]

�
[ : : : [

�
� [ci ]

�
=

�
� [c]

�
:

If [c1]; : : : ; [ci ] haveno upper bound, then the above cup product is 0.

As with homology, a distinguished basis from part (1) for cohomologyis called a Morse basis,

composedof elements called Morse generators.

Proof. (1) By Proposition 5.2.3, � [c] is a cocycle representativ e of q� (�̂ [c]), where� [c](~c) = 1 if ~c � c,

and � [c](~c) = 0 otherwise. Note that, by Lemma 5.2.1(5), the support of � [c] consistsof redundant

cells, and a single critical cell (c itself), but no collapsible cells.

We evaluate the cohomology classof � [c] on a basis for H i (UDnT) consisting of critical cells

c1; : : : ; cj . A given critical cell ck is (in our conventions) a homology class,represented by a cycle

of the form ck + (collapsible cells). Thus � [c](ck ) = 0, unlessc = ck , in which case� [c](ck ) = 1.

The statement of (1) follows.

(2) By Proposition 5.2.2, �̂ [c] = �̂ [c1 ] [ : : : [ �̂ [ci ] in H � ( \UDnT; Z=2Z). It follows from (1) and

the naturalit y of the cup product that c� = c�
1 [ : : : [ c�

i . The statement that c1; : : : ; ci may be

chosento be critical follows from Lemma 5.2.1(4).

(3) This is an easyconsequenceof Propositions 5.2.2 and 5.2.3.
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We will needsomenew notation for referring to cochains in a tree T:

De�nition 5.2.5 (Notation.). Let T be a tree embeddedin the plane with a basepoint � chosen.

Let A be a vertex of T. Let ~a = (a0; : : : ; ad(A)� 1) be a vector with d(A) nonnegative integer entries.

Let n = a0 + � � � + ad(A)� 1. We de�ne the following notation:

Ah~ai : Let Ah~ai denote the cochain which maps a cell c in UD nT to 1 if and only if for i =

0; : : : ; d(A) � 1 there are exactly ai elements of c in the direction i from A, where A is

consideredto be in the direction 0 from itself. If there is an edgee in c with � (e) = A, then

the 0-cochain maps c to 0.

Am h~ai : Let Am h~ai denote the cochain which maps a cell c in UDnT to 1 if and only if:

{ there is an edgein c in the direction m from A with endpoint A,

{ there are am elements of c in the direction m from A, including the edge of c with

endpoint A, and

{ for i = 0; : : : ; d(A) � 1, i 6= m, there are exactly ai elements of c in the direction i from

A, where A is consideredto be in the direction 0 from itself.

We allow this notation to be combined additiv ely, where a sum of cochains evaluates to 1 on a

cell c in UDnT if and only if each summandevaluatesto 1 on c. A cochain with exactly i summands

of the secondform is consideredan i -cochain, although by the above de�nition it may be evaluated

on an arbitrary cell of UDnT.

Let � 0 be a given cochain. A cloud C of � 0 is a maximal connectedsubtree of T for which, for

any c 2 UDnT in the support of � 0, no edgeof c is in C and somevertex of c is in C.

To compute coboundary � � 0 of an i -cochain � 0, we considerall � -equivalenceclassesof (i + 1)-

cells in UDnTmin . Let [c] be an equivalenceclassof (i + 1)-cells, and let c0 2 [c]. Then � � 0([c]) = 1

if and only if the sum of � 0 evaluated on the 2i +1 i -facesof c0 is 1 in Z=2Z. Thus, � � 0 is the sum

of all equivalenceclassesof (i + 1)-cells in the support of � � 0.
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5.2.4 A Computation of H � (UD4Tmin ; Z=2Z)

Let Tmin be the tree depicted in Figure 2.1. We compute the mod 2 cohomologyring of UD 4Tmin

as an application of the ideas of this section. The results will be used in the proof of Theorem

5.3.11.

To begin, we will need to compute the integral homology groups of UD 4Tmin . According to

Proposition 4.1 of [25], we have

H0(UD4Tmin ) �= Z ; H1(UD4Tmin ) �= Z24

H2(UD4Tmin ) �= Z6 ; Hn (UD4Tmin ) �= 0(n � 3):

Recall from Example 3.4.3 that, in UDnTmin , there are 24 critical 1-cells,6 critical 2-cells,and

no critical n-cells for n � 3. There is exactly 1 critical 0-cell.

To understand the multiplication in H � (UD4Tmin ; Z=2Z), it is clearly enough to understand

the product of any two elements c�
1 and c�

2 (where c1 and c2 are critical 1-cells) of the standard

dual basisfor H 1(UD4Tmin ; Z=2Z). Proposition 5.2.4(1) says that c�
1 =

�
� [c1 ]

�
and c�

2 =
�
� [c2 ]

�
, and

Proposition 5.2.4(3) says that
�
� [c1 ]

�
[

�
� [c2 ]

�
= 0 if c1 � c2, or if f [c1]; [c2]g has no upper bound.

We are therefore led to determine which equivalenceclasses[c] of 2-cells can be the upper bound

for a pair of distinct equivalenceclassesof 1-cells [c1] and [c2], where c1 and c2 are critical.

For this, it will be helpful to have a de�nition. If c is a j -cell in UD n �, and c0 is obtained from

c by replacing each member of somecollection f ei 1 ; : : : ; ei m g � E(c) of edgeswith either its initial

or its terminal vertex, then c0 is the result of breaking the edgesf ei 1 ; : : : ; ei m g in c. We note that

the choice of replacing a given edgeei l with � (ei l ) or � (ei l ) is made independently for each edge,

and thesechoicesdo not a�ect [c0]. In fact, by Lemma 5.2.1 (1), [c0] is completely determined by

its edges,since [c0] � [c]. Note also that c0 is a codimension-m face of c, and conversely if c0 is a

codimension-m face of c then c0 is obtained from c by breaking m edges.

Supposethat [c] is the least upper bound for two distinct equivalenceclasses[c1] and [c2], where

c1 and c2 are critical 1-cellsin UD4Tmin . For i = 1; 2, let ei be the unique edgein ci . (Note: this is

inconsistent with the convention that ek is such that � (ek ) = vk , but it shouldn't causeconfusion).

By Lemma 5.2.1(2), e1 and e2 are disjoint edges,and, by the description of critical cellsof UD 4Tmin
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in 3.4.3, f e1; e2g � f e7; e19; e16; e25g. Thus, if [c] is an upper bound for [c1] and [c2] wherec1 and c2

critical, we have: (i) the edgesof c, namely e1 and e2, are distinct elements of the above 4-element

set, and (ii) the cell resulting from breaking either of the edgese1; e2 in c must be equivalent to a

critical cell. Reformulating slightly, we get the following conditions, which must be satis�ed by c:

1. f e1; e2g � f e7; e19; e16; e25g.

2. If e7 2 c, then v4, v5, or v6 is in c.

3. If e16 2 c, then v13, v14, or v15 is in c.

4. If e25 2 c, then v22, v23, or v24 is in c.

5. If e19 2 c, then either e16 2 c or at least one element of f v10; : : : ; v18g is in c.

In light of (3), (5) may be replacedwith:

(5') If e19 2 c, then at least one element of f v10; : : : ; v18g is in c.

A total of 10 distinct equivalence classesof 2-cells have representativ es c satisfying (1)-(5).

Representativ es of theseclassesare:

(1) f e7; e19; v4; v10g (6) f e19; e16; v13; v14g

(2) f e7; e16; v4; v13g (7) f e19; e16; v13; v17g

(3) f e7; e25; v4; v22g (8) f e19; e16; v13; v10g

(4) f e16; e25; v13; v22g (9) f e19; e16; v13; v20g

(5) f e19; e25; v10; v22g (10) f e19; e16; v13; �g

The reasonis that a choice of edgese1, e2 from f e7; e16; e19; e25g completely determines[c], by

(1)-(5), unlessf e1; e2g = f e16; e19g. The �rst �v e edgeslisted above result from the �v e casesin

which f e1; e2g 6= f e16; e19g. If f e1; e2g = f e16; e19g, then one of the vertices of c must be v13, v14

or v15 (by (3)), but the other vertex may be chosenfrom any of the �v e remaining components of

Tmin � (e16 [ e19), and this accounts for the last �v e 2-cellsabove.

Figure 5.2 below depicts these10 equivalenceclasses[c] of 2-cellsas line segments whoseend-

points are the equivalenceclasses[c1]; [c2] of 1-cells(c1; c2 critical) satisfying [c1]; [c2] � [c].
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Figure 5.2: A preliminary picture of the relations in H � (UDnTmin ; Z=2Z).

The numbers on the edgesin Figure 5.2 refer to the numbering of 2-cellsabove. The symbols

labelling the vertices are notation for critical 1-cells introduced in Example 3.4.3, where A = v3,

B = v9, C = v12, and D = v21 are the essential vertices of Tmin .

It follows from what we've said so far that there are only 10 equivalenceclasses[c0] of 1-cells

such that: (1) [c0] contains a critical 1-cell, and (2) there is another distinct equivalence class

[c00], also containing a critical 1-cell, such that f [c0]; [c00]g has an upper bound. By Proposition

5.2.4(1) & (3), theseequivalenceclassescorrespond to the only elements of the standard basis for

H 1(UD4Tmin ; Z=2Z) which might have non-trivial cup products. In fact, checking labels of edges,

it is not di�cult to seethat cases(1)-(5) and (8) are all (distinct) critical cells,and thus correspond

to linearly independent elements of the standard basis for H 2(UD4Tmin ; Z=2Z). We now consider

the remaining edges.

Lemma 5.2.6. If c is one of the 2-cells (6), (7) or (9), then � [c] represents0 in cohomology.

Proof. Consider the following cochains:

� 0
6 = (v12)2h(1; 2; 1)i + (v9)h(1; 3; 0)i ;

� 0
7 = (v12)2h(2; 1; 1)i + (v9)h(1; 3; 0)i ;

� 0
9 = (v12)2h(2; 1; 1)i + (v9)h(0; 2; 2)i :
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Then � � 0
i is cohomologousto � [c], where c is the 2-cell (i) for i = 6; 7; 9. Thus, each of the cocycles

(6), (7), and (9) are in fact coboundaries,and represent 0 in cohomology.

Lemma 5.2.7. Let c1 be the cell labelled (8), and let c2 be the cell labelled (10). The cocycles� [c1 ]

and � [c2] are cohomologous in H 1(UD4Tmin ; Z=2Z).

Proof. Let � 0
8 be the 1-cochain (v12)2h(2; 1; 1)i + (v9)h(2; 2; 0)i . Then � (� 0

8) = � [c1 ] + � [c2 ].

We now interpret Figure 5.2 as a multiplication table for the cup product. If we let dashed

edgescorrespond to 0 products and perform an elementary row operation, we arrive at Figure 5.3:
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Figure 5.3: The cohomologyring H � (UDnTmin ; Z=2Z) as an exterior facealgebra.
Shown is a picture of the cohomologyring H � (UDnTmin ; Z=2Z). The solid edgesrepresent duals
of critical 2-cells; the vertices represent duals of critical 1-cells. Two vertices cup to the solid edge
connecting them, or to 0 if there is no such edge. We will seein the next section that this picture
characterizesH � (UDnTmin ; Z=2Z) as an exterior face algebra.

We thus arrive at a complete description of the multiplication in H � (UD4Tmin ; Z=2Z): an

18-dimensional subspaceW of H 1(UD4Tmin ; Z=2Z) annihilates all one-dimensionalcohomology

classes.This subspaceW is spannedby the duals of the 14 critical 1-cellsnot appearing in Figure

5.3, together with the four elements of H 1 (UDnT; Z=2Z) which touch only dashed lines. The

multiplication in the remaining 6-dimensionalsubspaceis described by the subgraph of Figure 5.3

consisting of six solid lines and the six vertices they connect: two basiselements cup to the label
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of the solid edgeconnecting them, or to 0 if there is no such edge.

This description of the multiplication in H �
�
UD4Tmin ; Z=2Z

�
suggeststhat it is an exterior

facealgebra, an idea we de�ne in the next section.

5.3 Coun terexamples to Ghrist's Conjecture

In this section, we provide a number of counterexamplesto Ghrist's Conjecture, Conjecture 1.4.2.

We begin by introducing the the conceptsof exterior face rings, 
ag complexes,and degreepre-

serving homomorphismsin the �rst two subsections.Then in the third subsection,we characterize

exactly when a tree braid group is a right-angled Artin group.

5.3.1 Exterior Face Rings

For a ring R, an exterior ring over R on a set f v1; v2; : : : ; vng, denoted � R [v1; : : : ; vn ], is the R-

vector spacehaving the products vi 1 vi 2 : : : vi j (0 � i 1 < i2 < : : : < i j � n) as a basis. The empty

product is the multiplicativ e identit y. The multiplicativ e relations are generatedby all relations of

the following types: vi vj = � vj vi and v2
i = 0.

Let K be a �nite simplicial complex with vertices f v1; : : : ; vng. For any commutativ e ring R

with identit y, the exterior face ring � R (K ) of K over R is the quotient of the ring R[v1; : : : ; vn ] of

polynomials in commuting variables, quotiented by the relations:

� vi vj = � vj vi for 0 < i; j � n,

� v2
i = 0 for 0 < i � n, and

� vi 1 : : : vi k = 0 whenever i 1 < � � � < i k and f vi 1 ; : : : ; vi k g is not a faceof K .

An exterior facering is an algebra, called an exterior face algebra, if R is a �eld. Exterior algebras

are examplesof exterior facealgebras: an exterior algebra on a set f v1; : : : ; vn g is an exterior face

algebra of the standard (n � 1) simplex over some�eld.

Example 5.3.1. The calculation of the previoussubsectionshowsthat the ring H � (UD4Tmin ; Z=2Z)

is isomorphic to � Z=2Z(K ), where K is the union of 18 isolated vertices with a graph isomorphic
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to the one in Figure 5.3 (2) consisting of the six solid edgeslabelled (1) - (5) and (8), and vertices

incident with them.

For our purposes,R will always be the �eld Z=2Z, so we suppressthe subscript R from now

on. For this �eld, �( K ) is a quotient of a polynomial ring:

�( K ) = � Z=2Z (K ) = (Z=2Z) [v1; : : : ; vn ] =I (K );

where I (K ) is the ideal of (Z=2Z) [v1; : : : ; vn ] generatedby the set

f v2
1; : : : ; v2

n g [

f vi 1 : : : vi k = 0ji 1 < � � � < i k and f vi 1 ; : : : ; vi k g is not a faceof K g:

In the Z=2Z case,Gubeladze[31] has shown that exterior face algebrasare in bijective corre-

spondencewith their de�ning simplicial complexes:

Theorem 5.3.2. ([31] ) Let K and K 0 be two �nite simplicial complexes. Then �( K ) and �( K 0)

are isomorphic as algebras if and only if K and K 0 are isomorphic as simplicial complexes.

This rigidit y allows us to speak of `the' simplicial complex de�ning an exterior facealgebra.

5.3.2 Flag Complexes and Degree Preserving Homomorphisms

A simplicial complex K is 
ag if, whenever a collection of vertices vi 1 ; : : : ; vi j 2 K pairwise span

edges,f vi 1 ; : : : ; vi j g is a simplex of K .

In caseK is a 
ag complex, there is a simple set of generatorsfor I (K ):

Lemma 5.3.3. If K is a 
ag complex, then

I (K ) =

�

v2
1; : : : ; v2

n

	
[ f vi 1 vi 2 j f vi 1 ; vi 2 g 62Sg

�
:

Proof. Let I 0(K ) denote the ideal on the right half of the equality in the lemma. We needto show

that I (K ) � I 0(K ), the reverseinclusion being obvious.
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Supposethat vi 1 : : : vi k satis�es f vi 1 ; : : : ; vi k g 62S. SinceK is a 
ag complex, there must exist

vj 1 ; vj 2 2 f vi 1 ; : : : ; vi k g such that f vj 1 ; vj 2 g 62S. It follows that vj 1 vj 2 2 I 0(K ). Now vj 1 vj 2 j

vi 1 : : : vi k , so vi 1 : : : vi k 2 I 0(K ). Thus, I (K ) � I 0(K ).

Example 5.3.4. Recall De�nition 1.4.1 of a right-angled Artin group. Let � be a simple graph

with associated right-angled Artin group G� . Charney and Davis [10] have described K (G� ; 1)

complexesfor all right-angled Artin groups. Begin with a torus
Q

S1, where the factors are in one-

to-one correspondencewith vertices in �. Assumethat each S1 is given the standard cellulation,

consisting of one 0-cell and one 1-cell. Their K (G� ; 1) spaceis obtained from this product by

throwing out an open i -cell if the i 1-cells in its factorization correspond to vertices v1; v2; : : : ; vi

which do not form a clique, i.e., if somepair of vertices vj 1 ; vj 2 2 f v1; : : : ; vi g do not span an edge

of �.

This description of K (G� ; 1), together with the description of the cohomologyrings of subcom-

plexesof a torus in [32] (pg. 227), implies

Prop osition 5.3.5. The cohomology ring H � (G� ; Z=2Z) is the exterior face ring �( K ), where K

is the unique 
ag complex having � as its 1-skeleton. In other words, K is the simplicial complex

whosen-simplices correspond to cliques in � having n + 1 members.

We can now give a simple principle which will allow us to �nd counterexamples to Ghrist's

Conjecture 1.4.2. A homomorphism � : R[x1; : : : ; x l ] ! R[y1; : : : ; ym ] between polynomial rings

is degree-preserving if it sendsany homogeneouspolynomial of degreek to another homogeneous

polynomial of degreek (or, equivalently, if it sendsany homogeneouspolynomial of degree1 to

another homogeneouspolynomial of degree1). More generally, if R1 and R2 are quotients of

polynomial rings by ideals generatedby homogeneouspolynomials, then � : R1 ! R2 is degree-

preserving if any equivalenceclassof homogeneouspolynomials is mapped to an equivalenceclass

of homogeneouspolynomials of the samedegree.

Prop osition 5.3.6. Let K be a 
ag complex, and let @� n be the boundary of the standard n-

simplex (n � 2). If � : �( K ) ! � (@� n ) is a degree-preserving surjection, then ker � cannot be

generated by homogeneous degree 1 and degree 2 elements.
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Proof. Let f v1; : : : ; vm g be the vertices of K . The hypothesesimply that � induces a linear sur-

jection from the space�( K )1 of homogeneousdegree1 elements of �( K ) to the space� (@� n )1

of homogeneousdegree1 elements of � (@� n ), which is (n + 1)� dimensional. Thus there is a

collection of n + 1 elements of the standard basis f v1; : : : ; vm g for �( K ) which map onto a basis

for the spaceof homogeneousdegree1 elements of � (@� n ). We can thus assume,without lossof

generality, that f � (v1) ; : : : ; � (vn+1 )g is a basis for � (@� n )1.

For i 2 f n + 2; : : : ; mg, let si denote the (unique) linear combination of v1; : : : ; vn+1 such that

� (si ) = � (vi ). Thus, each si + vi is an element of ker � . Sincethe set f si + vi j i 2 f n + 2; : : : ; mgg

is linearly independent, it must form a basisfor ker � \ �( K )1, sincethe dimensionof ker � \ �( K )1

is m � n � 1.

Now assumethat ker � is generatedby degree1 and degree2 elements. Supposethat ker � \

�( K )2 is spannedby t1; t2; : : : ; tk , where t i , for i 2 f 1; : : : ; kg, is a homogeneouselement of degree

2. It follows that

� : �( K )=hsn+2 + vn+2 ; : : : ; sm + vm ; t1; : : : tk i ! � (@� n )

is an isomorphism. Let � � (K ) be the quotient of �( K ) by the ideal I � (K ) = ĥt1; : : : ; t̂k i , where

t̂ j is the result of replacing vi with si (n + 2 � i � m) in t j . Note that I � (K ) is generatedby

homogeneouselements of degree2. It is easyto seethat the map

 : � � (K ) ! �( K )=hsn+2 + vn+2 ; : : : ; sm + vm ; t1; : : : tk i ;

sendingvi to vi for i 2 f 1; : : : ; n + 1g, is an isomorphism, which also preservesdegree.

Now we obtain a contradiction by counting the dimensionsof � � (K )2, � � (K )n+1 , � (@� n )2,

and � (@� n )n+1 as vector spaces.We have:

dim
�

� (@� n )2
�

=
n(n + 1)

2
; dim

�
� (@� n )n+1

�
= 0:

Either I � (K ) is the 0 ideal or it isn't. If it is, then

dim
�
� � (K )n+1 �

= 1;
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if it isn't, then

dim
�
� � (K )2�

<
n(n + 1)

2
:

In either case,we have a contradiction since � �  is a degree-preservingbijection and thus

preservesthe dimension in each degree.

Corollary 5.3.7. Let K 1 and K 2 be �nite simplicial complexes.

1. If � : �( K 1) ! �( K 2) is a degree-preserving surjection, K 1 is a 
ag complex, and ker � is

generated by homogeneous elementsof degrees one and two, then K 2 is also a 
ag complex.

2. If � : �( K 1) ! �( K 2) is a degree-preserving isomorphism, then K 1 is a 
ag complex if and

only if K 2 is.

Proof. (1) If K 2 is not 
ag, then for somen � 2, @� n is a full subcomplex of K 2, i.e., @� n is not

the boundary of an n-simplex in K 2. De�ne a map  : �( K 2) ! �( @� n ), sendinga given vertex v

to 0 if v 62@� n , and to itself otherwise. The map  is a degree-preservingsurjection whosekernel

is generatedby elements of degree1. It follows that  � � : �( K 1) ! �( @� n ) is a degree-preserving

surjection whosekernel is generatedby homogeneouselements of degrees1 and 2. This contradicts

Proposition 5.3.6.

(2) This is an easyconsequenceof (1).

Note that Gubeladze[31] has proven a strong generalization of Corollary 5.3.7(2): under the

given hypotheses,K 1 and K 2 are isomorphic.

Our experiencein computing H � (UDnT; Z=2Z) for various small examples,including the case

T = Tmin and n = 4, suggeststhe following conjecture:

Conjecture 5.3.8. The cohomology ring H � (UDnT; Z=2Z) is an exterior face algebra, for any

tree T and any n.

We note �nally that the conjectureseemsjust as likely to be true for arbitrary �elds, not simply

Z=2Z.

82



5.3.3 Whic h Tree Braid Groups Are Righ t-Angled Artin?

Recall De�nition 1.4.1 of a right-angled Artin group. In this subsection,we characterize exactly

which tree braid groups are right-angled Artin. Our goal is to prove Theorem 5.3.11,which states

that a tree braid group BnT is a right-angled Artin group exactly when either n < 4 or T is linear

(recall that a tree is linear if all of its essential vertices lie on an embeddedline segment).

Let Tmin be the minimal nonlinear tree described in Subsection5.2.4.

Lemma 5.3.9. Let n � 4. Let T be a nonlinear tree that is su�ciently subdivided for n. There is

a cellular embedding � of (a suitably subdivided) Tmin into T such that:

1. the image of Tmin is su�ciently subdivided for 4 strands;

2. there is a choice of basepoints � for Tmin and � for T such that � has degree 1 in Tmin , � has

degree 1 in T, and the geodesic segment [� ; � ] in T crossesexactly n � 4 edges,none of which

are edgesof Tmin .

Proof. Choosea collection C of essential vertices of T such that the elements of C all lie along an

embeddedarc, and such that C is a maximal set of essential verticeswith this property. Fix an arc

[v1; v2] in T such that C � [v1; v2], where v1 and v2 are essential. SinceT is a nonlinear tree, there

exists an essential vertex v3 62[v1; v2]. Consider the geodesic segment 
 connecting v3 to [v1; v2].

By maximalit y of C, 
 must meet [v1; v2] in another essential vertex v4 62f v1; v2g, for otherwise


 [ [v1; v2] is an arc containing C[ f v3g, which contradicts the maximalit y of C.

The Y-graph formed by the segments [v1; v4], [v2; v4], and [v3; v4] is su�cien tly subdivided for

4, since the tree T is su�cien tly subdivided for n and n � 4. For i = 1; 2; 3, add to the Y-graph

two additional embeddedline segments at vi , each consistingof exactly 3 edges,in such a way that

the spikes have no edgesin common with either each other or with the Y-graph. It is possibleto

do this becauseeach of the vertices v1, v2, and v3 are essential. The result of this proceduregives

a cellular embedding of Tmin into T, which satis�es (1).

To produce an embedding satisfying (2) as well, proceedas follows. Choosea vertex �̂ having

degree1 in Tmin . Find a maximal arc 
̂ in T with no edgesin common with the embedding of

Tmin , and with the embedding of �̂ as one of its endpoints. The other endpoint of 
̂ is � ; let � be
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Figure 5.4: Embedding Tmin in a tree T.
The larger tree T is su�cien tly subdivided for n = 6. The smaller tree (encircled) is a copy of Tmin .
This �gure shows the image of a critical 2-cell in UD 4Tmin under the map � : UD4Tmin ! UD6T.

the (unique) vertex lying on 
̂ , at distance n � 4 from � . Modify Tmin (if necessary)by adding in

the segment [� ; �̂ ].

Let n � 4, and let T be a nonlinear tree. The embedding � of the previous lemma in-

duces a map of con�guration spaces� : UD4Tmin ! UDnT, de�ned by � (f c1; c2; c3; c4g) =

f � (c1); � (c2); � (c3); � (c4)g [ f� ; v1; v2; : : : ; vn� 5g, where � ; v1; v2; : : : ; vn� 5 are the n � 4 vertices of T

closestto � (seeFigure 5.4).

Prop osition 5.3.10. We have:

1. The map � induces an injection � � : H �
�
UD4Tmin ; Z=2Z

�
! H � (UDnT; Z=2Z). The ho-

mology class corresponding to a given critic al cell c � UD 4Tmin goes to a homology class

corresponding to � (c) � UDnT. In particular, the imageof � � is a direct factor of H � (UDnT).

2. The induced map � � : H � (UDnT; Z=2Z) ! H � (UD4Tmin ; Z=2Z) sendsthe dual of a critic al

cell c to (� � 1(c)) � if c is in the image of � , or to 0 otherwise.

Proof. (1) Fix an embedding of T into the plane, and choosean embedding � : Tmin ! T as in

Lemma 5.3.9. We note that, due to the choicesof the embedding � : Tmin ! T and basepoints, the

map � : UD4Tmin ! UDnT sendscollapsiblecells to collapsiblecells, redundant cells to redundant

cells, and critical cells to critical cells.
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If c is an arbitrary critical cell of UD4Tmin , then a cycle representing the homology class

determined by c is f 1 (c), which has the form c + (collapsible cells). Since � preserves a cell's

type, it follows that the homology class � � (c) may be represented by a cycle of the form � (c) +

(collapsible cells), where � (c) is critical. By Lemma 5.1.1(2), the cycle � (c) + (collapsible cells) is

homologousto f 1 (� (c) + (collapsible cells)). By Lemma 5.1.1(3) and the fact that � (c) is critical,

f 1 (� (c) + collapsible cells) = � (c) + ((dif f erent) collapsible cells):

On the other hand, the homology classcorresponding to the critical cell � (c) is, by de�nition,

f 1 (� (c)), which consistsof � (c)+ (collapsible cells). Thus, using the fact from Lemma 5.1.1(3) that

an f -invariant chain is determined by its critical cells, we concludethat � � (c) = � (c), as required.

(2) This is an easyconsequenceof (1) and the naturalit y of the universalcoe�cien t isomorphism.

Theorem 5.3.11. The tree braid group B nT is a right-angled Artin group if and only if T is linear

or n < 4.

Proof. (( ) Connolly and Doig [12] showed that B nT is a right-angled Artin group if T is linear.

If n < 4 and T is a tree, then Theorem 4.3 of [23] shows that B nT is in fact a free group, since

UDnT strong deformation retracts on a graph. This provesone direction.

(Note that it is possibleto get a proof of Connolly and Doig's result as an application of the

ideas in [23]. SupposeT is a linear tree. Choosesomebasepoint � for T and an embedded arc `

containing � and all essential vertices of T; it is possibleto do this sinceT is linear. Now embed T

in R2 so that: (1) � is mapped to the origin; (2) ` is mapped to a segment on the positive y-axis,

and (3) the image of T is contained in f (x; y) 2 R2 j x � 0g. With this choice of embedding

and the induced order on the vertices of T, Theorem 5.3 of [23] gives a presentation of B nT as a

right-angled Artin group. The proof is left as an exercisefor the interested reader.)

() ) We prove the contrap ositive. Supposethat T is nonlinear, n � 4, and B nT is a right-

angled Artin group. Since UDnT is aspherical ( [2], [28]), UDnT is a K (BnT; 1). In particular,

by Proposition 5.3.5, the cohomologyring H � (UDnT; Z=2Z) is the exterior face algebra of a 
ag

complex.
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We choosean embedding � : UD4Tmin ! UDnT as in Lemma 5.3.9. By Proposition 5.3.10,

� � : H � (UDnT; Z=2Z) ! H � (UD4Tmin ; Z=2Z) is surjective, and it is necessarilydegree-preserving.

SinceH � (UD4Tmin ; Z=2Z) is the exterior face algebra of a complex that is not 
ag, we will arrive

at a contradiction to Corollary 5.3.7 if we can show that ker(� � ) is generated by homogeneous

elements of degreesoneand two. For this, it is su�cien t to show that if c is a critical cell in UD nT

of dimension at least 3, then c� is divisible by someelement c�
1 2 ker(� � ) of degreeone.

Let c be a critical cell in UDnT of dimension at least 3. There are two cases: either every

cell of c lies inside of (the embedded image of) Tmin [ [� ; � ], or somecell of c is not contained in

Tmin [ [� ; � ].

We �rst consider the casein which somevertex or edgex of T occurring in c is not contained

in Tmin [ [� ; � ]. Either x is an edgee or x is a blocked vertex. If x is a blocked vertex, then at the

largest essential vertex on the geodesic[x; � ] there must be a non-order-respecting edgee. In either

case,break all edgesof c other than e, and consider the resulting 1-cell c0. By Lemma 5.2.1(4), c0

is equivalent to a critical 1-cell ~c0, and the proof of Lemma 5.2.1(4) shows that ~c0 may be described

as simply the result of moving all vertices in c0 toward � until they are all blocked. If follows that

x occurs in ~c0. This implies that ~c0 is not in the image of � : UD4Tmin ! UDnT, since all cells

in this image consist of cells in Tmin . It now follows from Proposition 5.3.10(2) that ~c0� 2 ker(� � ).

But [c] is the least upper bound of its 1-dimensional lower bounds, so Proposition 5.2.4(2) implies

that ~c0� j c� , as required.

Finally, supposethat all vertices and edgesin c are contained in Tmin [ [� ; � ]. It follows from

the description of critical cells in Tmin that all of the edgesof c are elements of a certain 4-element

collection C. (Given the labels on the vertices of Tmin in Subsection5.2.4, this collection C would

be f e7; e19; e16; e25g, but due to changesin the subdivision and numbering the edgesin question

will be labelled di�eren tly in T.) Let A, B , C, D denote the essential vertices of Tmin , listed in

the order they are numbered, from least to greatest. The four elements of C, say eA , eB , eC , eD

are incident with A, B , C, and D, respectively. Since c has dimension at least 3 by assumption,

c contains at least 3 edges,and thesemust be chosenfrom f eA ; eB ; eC ; eD g. It follows that either

eA or eB is in c. Let c0 be the result of breaking all edgesin c except for eA (if eA 2 c) or eB ( if

eA 62c). Let ~c0 be the result of moving all vertices in c0 toward � until they are blocked. By Lemma
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5.2.1(4), ~c0 is critical.

We claim that, in ~c0, there are at least six cells clustered around A or B , if eA 2 c or eA 62c,

respectively. The reason is that there must be at least three edgesin c, all of which are greater

than or equal to eA or eB , respectively. As each edgemust be non-order-respecting, each of the

three edgesblocks at least one vertex. When all of these strands are moved towards � until they

are blocked, the result is at least six cells(coming from the, at least, three verticesand three edges)

blocked in ~c0 above A or B , respectively. This proves the claim.

It follows from this that ~c0 is not in the image of � : UD4Tmin ! UDnT, since any cell in

� (UD4Tmin ) will contain at most 4 cells from the tree Tmin . This implies that ( ~c0)� 2 ker(� � ). By

construction [~c0] � [c], and, since [c] is the least upper bound of its 1-dimensional lower bounds,

( ~c0)� j c� by Proposition 5.2.4(2).
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Chapter 6

Rigidit y of Four Strand Tree Braid
Groups

For any classof groups G, it is interesting to ask whether or not one can algorithmically decide

if two members G and G0 in G are isomorphic as groups. We call this question the isomorphism

problem for G.

Isomorphism problems are one of the fundamental topics of study for combinatorial and geo-

metric group theory. Isomorphism problems have beenstudied by Tietze, Dehn, and many others.

As an example of their importance, the graph isomorphism problem is for instance one of the

leading candidatesfor a problem in a complexity classlying betweenP and NP.

The purposeof this chapter is to implement an algorithm to solve the isomorphismproblem for

tree braid groups with n = 4 strands. That is, given two groups G and G0 which are both known

to be braid groups on trees using 4 strands, we �nd an algorithm to decidewhether or not G and

G0 are isomorphic.

This chapter relies heavily on results from the previous chapters. In particular, the reader

should refamiliarize themselveswith Theorems3.4.1(on tree braid group Morse presentations) and

5.2.4(on cohomologyMorse presentations), aswell as the de�nitions of corner (Section 3.3), � and

� (Section 5.2.1), and exterior face algebras(Section 5.3.1).

This chapter hastwo sections. In Section6.1, weprove that, at least for n = 4, given a tree braid

group BnT we may reconstruct the tree T up to homeomorphism. The solution to the isomorphism

problem for tree braid groupson n = 4 strands then follows in Section6.2. We end with comments

on generalizingthis result.

This chapter is basedon the paper [39], and is my own work.
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6.1 Four Strand Tree Braid Groups

In this section, we begin by describing the structure of cohomology groups of four strand tree

braid groups as exterior facealgebras. We then de�ne a tree T� corresponding to a 1-dimensional

simplicial complex �. We prove the rigidit y result in Theorem 6.1.2 by proving that, for a tree T,

if � is the 1-dimensional simplicial complex giving the exterior face algebra structure of H � B4T,

then T is homeomorphicto T� .

6.1.1 Exterior Face Algebras

Let Tmin be the `minimal' nonlinear tree: Tmin has exactly 4 essential vertices, each of degree3,

such that not all 4 essential vertices lie on an embeddedline segment. We saw in Section5.2.4 that

H � (B4Tmin ; Z=2Z) is in fact an exterior facealgebra. For 4 strand tree braid groups, this is in fact

the generalsituation:

Lemma 6.1.1. Let T be a tree. For n = 4, H � (B4T; Z=2Z) is an exterior face algebra. The

simplicial complex � de�ning the exterior face algebra structure is unique and 1-dimensional.

We continue to refer to � asa (1-dimensional) simplicial complex instead of a graph to di�eren-

tiate betweengraphs/graph braid groups and simplices/exterior face algebras. As our coe�cien ts

for cohomologyare always in Z=2Z, we suppressthis in the notation from now on.

Proof. By Theorems5.2.4 and 3.1.3, cohomologyis trivial in all dimensionsgreater than 2. Thus,

if H � (B4T) is an exterior face algebra corresponding to somesimplicial complex �, � must be at

most 1-dimensional. By Theorem 5.3.2, such a complex � is unique.

It remains to prove that H � (B4T) is an exterior face algebra. We �nd a complex � such that

the labels on edgesof � are linearly independent and H � (B4T) �= �(�). Fix an embedding of T

into the plane and specify a degree1 basepoint � for T. This embedding and choice of basepoint

speci�es a generating set for H i (B4T), by Theorem 5.2.4. A basis is the set of duals of all critical

i -cells.

Consider the 1-dimensional �nite simplicial complex � 0, de�ned as follows. Let the vertex set

of � 0 be identi�ed with the set f c� jc a critical 1-cellg. Two vertices c�
1 and c�

2 in � 0 are connected

by an edgee if and only if c�
1 [ c�

2 is nontrivial; in this case,label e by c�
1 [ c�

2.
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For n = 4, Theorem 5.2.4 tells us that the structure of � 0 is very controlled. Let c1 and c2

be critical 1-cells for which c�
1 [ c�

2 is nontrivial. Then [c1] and [c2] have a common least upper

bound [c] (by Theorem 5.2.4(3)). If there exists a critical cell in [c], then without lossof generality

assumeit is c. In this case,c� = c�
1 [ c�

2 (by Theorem 5.2.4(2)). By Lemma 5.2.1, knowing that [c]

is a common upper bound for [c1] and [c2], this decomposition of c� into c�
1 [ c�

2 is unique. Thus,

if there is always a critical cell in [c] for any c1 and c2, then the uniquenessof the decomposition

c� = c�
1 [ c�

2 tells us that the labels on edgesof � 0 would be linearly independent. It is then clear

by de�nition that � = � 0 would be such that H � (B4T) �= �(�) as desired.

However, it is not the casethat there is always a critical cell in [c]. If there is not a critical

cell in [c], then c�
1 [ c�

2 =
h
�̂ [c]

i
, where, as in Theorem 5.2.4, �̂ [c] is the cellular 2-cocycle such that

�̂ [c](c0) = 1 if c0 � c and 0 otherwise.

Supposethat c1 contains a corner lying over a vertex a1, and c2 contains a corner lying over a

vertex a2. Without loss of generality, assumea1 < a2 in the ordering on vertices. Let d1 < f 1 be

the directions which specify a corner in c1, and let d2 < f 2 be the directions which specify a corner

in c2.

Let � i be the vector such that the i th component is 1 and every other component is 0, with

dimension determined by context. As [c1] and [c2] have an upper bound, the cell c2 must have

the form (a2)f 2 (� d2 + � f 2 + � x ) + � for some x 2 f 0; : : : ; d(a2) � 1g, where if x = 0, then c2 =

(a2)f 2 (� d2 + � f 2 ) + 2� . Let d0 be the direction toward a2 from a1. If d0 6= d1, then for an upper

bound to [c1] and [c2] to exist we must have c1 = (a1)f 1 (� d1 + � f 1 + 2� d0), and x = 0 in the form

of c2. In this case,c1 and c2 have least upper bound (a1)f 1 (� d1 + � f 1 ) + (a2)f 2 (� d2 + � f 2 ), which is

critical. As we are consideringthe casewhen there is not a critical cell in [c], we know that d0 = d1.

As [c1] and [c2] have an upper bound, the cell c1 must have the form (a1)f 1 (2� d1 + � f 1 + � y)

for some y 2 f 0; : : : ; d(a1)g, where if y = 0, then c1 = (a1)f 1 (2� d1 + � f 1 ) + � . If y < f 1 and

y 6= 0; d1, then we could have chosen the direction y in place of the direction d1 for the corner

contained in c1. But then d0 = d1 6= y, so as before there would exist a critical cell in [c]. Thus,

y 2 f 0; d1; f 1; f 1 + 1; : : : ; d(a1)g.

Let e2 denote the edgein c2 lying over the vertex a2. Using the notation of De�nition 5.2.5, let

� 0 denote the 1-cochain (a2)(f 2 )h� 0 + � d2 + � f 2 + � x i + (a1)h2� d1 + � f 1 + � y i . Note that � 0 is always
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nontrivially supported, as if y 6= d1, then we must have x = 0 for [c1] and [c2] to have an upper

bound.

Wewish to examinethe coboundary of � 0- i.e. wewant to calculate the support of � � 0. Consider

a 2-cell c0. For � 0 to evaluate to 1 on any faceof c0, it must be that e2 2 c0. Let e0 denote the other

edgein c0. A face of c0 corresponds to breaking exactly one of the two edgesof c0. Sincee2 must

be in any facefor which � 0 is 1, the only possiblefaceswhich may be evaluated to 1 correspond to

replacing e0 with � (e0) or � (e0). As we want an odd number of facesof c0 to evaluate to 1 under � 0,

exactly oneof c0� f e0g+ f � (e0)g or c0� f e0g+ f � (e0)g must evaluate to 1 under � 0. This meansthat

e0 must have 1 endpoint within oneof the cloudsde�ning � 0 and oneendpoint outside of that cloud.

The function � 0 wasde�ned sothat e0 must be an edgewith endpoint a1. It is then straightforward

to examine all possibleequivalenceclassesof cells c0 with edgee0 at a1 to determine which are in

the sum composing � � 0.

We examine the possiblecases.

1. If y > f 1, then let c0
1 := (a1)y(2� d1 + � f 1 + � y). The coboundary of � 0 is

c�
1 [ c�

2 + (c0
1)� [ c2:

Thus,
h
�̂ [c]

i
is cohomologousto (c0

1)� [ c2.

2. If y = f 1, then the coboundary of � 0 is exactly c�
1 [ c�

2. Thus,
h
�̂ [c]

i
is cohomologousto 0 (for

example, seeLemma 5.2.6, case(9)).

3. If y = d1, then we must have that x 6= 0 sincethere is no critical cell in [c]. The coboundary

of � 0 is exactly c�
1 [ c�

2. Thus,
h
�̂ [c]

i
is cohomologousto 0 (for example,seeLemma 5.2.6, case

(6)).

4. If y = 0, the coboundary of � 0 is cohomologousto the sum

c�
1 [ c�

2 +
d(a1 )� 1X

i =1

((a1) i (2� d1 + � f 1 + � i )) � [ c�
2:

For 0 < i < f 1, the i th term in the sum is cohomologousto ((a1)f 1 (2� d1 + � f 1 + � i )) � [ c�
2), by

Case1. Note that this is the dual to the homologyclassof the critical 2-cell (a1)f 1 (� f 1 + � i ) +
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(a2)f 2 (� d2 + � f 2 ), by Theorem 5.2.4(2). For i = f 1, the i th term in the sum is cohomologous

to 0, by Case2. For f 1 < i � d(a1) � 1, we leave the i th term alone, but note that it is the

dual of the homology classof the critical 2-cell (a1) i (� f 1 + � i ) + (a2)f 2 (� d2 + � f 2 ), by Theorem

5.2.4(2).

Thus, if y = 0, then
h
�̂ [c]

i
is cohomologousto (c0

1)� [ c�
2, where:

c0
1 :=

f 1 � 1X

i =1

(a1)f 1 (2� d1 + � f 1 + � i )) +
d(a1 )� 1X

f 1+1

(a1) i (2� d1 + � f 1 + � i )) :

The above computations lead us to conclude that if y 2 f d1; f 1g, then there is no edgein � 0

connecting c�
1 and c�

2. If y = 0 or y > f 1, then the only cells c2 such that [c1] and [c2] have a

common upper bound [c] are of the form (a2)f 2 (2� 0 + � d2 + � f 2 ) for somevertex a2 in T in the

direction d1 from a1 and two directions 0 < d2 < f 2 from a2. This meansthat, if y = 0, there is

never a critical cell in [c]. We call the dual c�
1 to such a critical 1-cell c1 a non-critic al cupper.

By the above computation we have that c�
1 [ c�

2 + (c0
1)� [ c�

2 is cohomologousto 0 for any c2 for

which [c1] and [c2] have a common upper bound. For any c2 for which [c1] and [c2] do not have a

common upper bound, [c2] also does not have a common upper bound with any summand in c0
1,

except possibly in Case4 for the summand corresponding to i = d1. Let c3 := [(a1)f 1 (3� d1 + � f 1 )].

If [c2] and [c3] have a common upper bound [c0] where there is a critical cell in [c0], then [c2] and

[c1] must alsohave a commonupper bound. If [c2] and [c3] have a commonupper bound [c0] where

there is not a critical cell in [c0], then by the above computation �̂ [c0] = 0. Thus, (c0
1)� [ c�

2 = 0 for

any c2, whether or not [c1] and [c2] have a common upper bound.

We may perform Tietze transformations to rewrite the Morse basis for H � (B4T) by replacing

any non-critical cuppersc�
1 with the corresponding sumsc�

1 + (c0
1)� . Such a rewrite is consistent as

the only non-critical cupper in any sum c�
1 + (c0

1)� is c�
1 itself.

De�ne the 1-dimensionalsimplicial complex � to have the rewritten Morse basisas vertex set.

That is, let � be the complex whosevertex set is equal to the vertex set of � 0 - namely c�
1; : : : ; c�

k

- but with non-critical cuppers c�
1 replaced by the corresponding sums c�

1 + (c0
1)� . Connect two

vertices in � by edgesif and only if they cup nontrivially , and label the edgeby their cup product.

The above discussionshows that the vertices of � correspond to a basis for H 1(B4T) as they

92



are obtained from the original Morse basis by a consistent rewrite using Tietze transformations.

The edgesof � correspond to a basis for H 2(B4T), as each edgein � corresponds to a dual of

a critical 2-cell, all duals of critical 2-cells may be acquired in this way, and the duals of critical

2-cells form a basis for H 2(B4T). Thus, by construction, H � (B4T) �= �(�), and H � (B4T) is an

exterior face algebra.

We note herefor future referencethat any vertex in � with nontrivial neighborhood corresponds

to an original element of the Morse basisfor H � (B4T): any c�
1 + (c0

1)� for somenon-critical cupper

c�
1 always cups to 0, so the corresponding vertex of � is not the endpoint of any edgein �.

6.1.2 The Tree T�

Let � be an arbitrary 1-dimensionalsimplicial complex. For each vertex v 2 �, let N v denote the

neighborhood of v in �: the set of all vertices v0 2 � adjacent to v. Let � N denote the preorder

on vertices of � induced by neighborhood inclusions, i.e. v � N v0 if and only if Nv � Nv0.

The preorder � N inducesan equivalencerelation = N on vertices of �: if v � N v0 and v0 � N v,

we write v = N v0. Note that � N inducesa partial order on V(�) modulo equivalenceclassesunder

= N . We write the (= N )-equivalenceclassof v 2 V(�) as [v]. For an (= N )-equivalenceclass[v],

the children of [v] are those (= N )-equivalenceclasses[v0] such that ; 6= Nv0 ( Nv and there does

not exist a w such that Nv0 ( Nw ( Nv . A leaf is an (= N )-equivalenceclasswith no children.

We now de�ne a tree T� from the simplicial complex �. Let v0 be a vertex of � which is

maximal under � N . If Nv0 is empty, let j� j denote the number of verticesof �. De�ne the tree T�

to be a radial tree - i.e. a tree with only one essential vertex - whoseessential vertex a has degree

d(a) such that

j� j = 1 + (3d(a) � 7)
(d(a) + 2)!
(d(a) � 1)!

if such a number exists. If such a number doesnot exist, then T� is unde�ned.

Now assumethat Nv0 is nonempty. De�ne a labelledundirected graph H to be the neighborhood

heirarchy of [v0], as follows. For each distinct (= N )-equivalenceclass [v] such that N v 6= ; and

v � N v0, there exists a distinct vertex p[v] in H . From p[v], there exists an edgelabelled [v] to p[v0]

for each [v0] such that [v] is a child of [v0]. We also add an edgelabelled [v0] from p[v0 ] to a distinct
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vertex p� .

For each (= N )-equivalenceclass[v], we needa positive integer d0
[v] such that

�
d0

[v] � 1

2

�
= j[v]j:

If such a number doesn't exist, then d0
[v] is unde�ned. For each leaf [v], we needa positive integer

e[v] such that
�

e[v] � 1
2

�
= jNv j:

If such a number doesn't exist, then e[v] is unde�ned. Finally, for each non-leaf [v] we want to

de�ne a positive integer d[v] such that

d[v] = d0
[v0]

for each child [v0] of [v]. If there exists two children [v1] and [v2] of [v] such that d0
[v1 ] 6= d0

[v2 ], then

d[v] is unde�ned. Otherwise, de�ne d[v] := d0
[v0] where [v0] is any child of [v].

We construct a tree T� by `growing' T� from the graph H using the numbersd[v], e[v] and d0
[v0 ].

The tree T� is unde�ned if:

1. H is not a tree;

2. there exists p[v] in H such that d0
[v] is unde�ned;

3. there exists p[v] in H such that [v] is a leaf but e[v] is unde�ned;

4. there exists p[v] in H such that [v] is not a leaf but d[v] is unde�ned;

5. there exists p[v] in H such that [v] is not a leaf but [v] has more than d[v] � 1 children.

If we are not in one of the caseswhere T� is unde�ned, then T� is the tree H but with a number

of edgesadded for the purposeof increasing the degreesof the vertices p[v]. Each distinct added

edgeconnectsa vertex p[v] to a distinct vertex of degree1 in T� . We add edgesso that the degree

of p[v] in T� is exactly e[v] if [v] is a leaf, and d[v] if [v] is not a leaf. The degreeof d� is d0
[v0 ].

6.1.3 Rigidit y

We usethe tree T� to prove:
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Theorem 6.1.2. Two �nite trees are homeomorphic if and only if their 4 strand braid groups are

isomorphic.

Proof. Let Tr ees denote the set of all trees. Let B 4 be the map taking a tree T to its 4 strand

tree braid group B4T. By de�nition, B4 is well-de�ned and surjective onto its image. We prove

B4 is bijective by constructing a set inverse. Let 	 n : im B4 ! Tr eesbe given by 	 4(B4T) = T� ,

where � is the simplicial complex uniquely determined by H � B4T, as in Lemma 6.1.1. We claim

	 n is well-de�ned and that 	 4 � B4 is the identit y map. This would prove the desiredresult, as B 4

would thus be injective.

Let T be a tree. If T is radial with central vertex a, then by [28] or Theorem 3.1.1 we know

that H � (B4T) is free of rank 1 + (3d(a) � 7) (d(a)+2)!
(d(a)� 1)! . Thus, T is homeomorphicto T� , as desired.

Assumethat T is not radial. Fix an embedding of T in the plane, and pick a degree1 basepoint

� . By Chapter 3, this embedding inducesMorse presentations for B nT, H � BnT, and H � BnT. By

Lemma 6.1.1, H � BnT is an exterior face algebra given by some1-dimensional simplicial complex

�. By Theorem 5.3.2, the simplicial complex � is uniquely de�ned. SinceT is not radial, H 2(B4T)

is nontrivial, so � contains somevertex with nonempty neighborhood.

By the construction of � in the proof of Lemma 6.1.1, vertices of � are in bijective correspon-

dencewith Morse generators,and verticeswith nonempty neighborhoods are Morse generators. By

the characterization of cup products in Theorem 5.2.4, a Morse generator with nonempty neigh-

borhood is a choice of an essential vertex p in T, a corner at p, and a primary direction from p

towards at least oneother essential vertex in T. Two such Morse generatorscorrespond to an edge

in � if they cup nontrivially - i.e. if the two generatorshave distinct chosenessential vertices and

their primary directions point towards each other. Thus, an edgein � is speci�ed by a choice of

two distinct essential vertices in T and a choice of a corner at each.

Choose a vertex v0 in � as in the discussion preceding this theorem. Then the vertex v0

corresponds to a corner over a vertex q� in T with all cornersat vertices other than q� in a single

direction d from q� . This meansthat q� is adjacent to at most one other essential vertex, and v0

corresponds to somecorner over q� with primary direction d. Any Morse generator which cups

with the generator corresponding to v0 is then uniquely determined by a choice of essential vertex

q0 in T and a corner at q0. This implies any vertex u � N v in � corresponds to a choice of an
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essential vertex in T, a corner at that vertex, and a primary direction from that vertex away from

q� .

Any vertex v 2 [v0] corresponds to a distinct corner at q� . But the number of distinct corners

at q� is exactly
� d(q� )� 1

2

�
, whered(q� ) denotesthe degreeof q� . Thus, d0

v0
is de�ned and is exactly

d(q� ).

For the purposesof the next paragraphs, we consider [v0] a `child' of �,where the direction

from q� to q[v0 ] being the primary direction of v0.

Let [v] be a child of [u], with q[u] already labelling a vertex in T. Let q[v] denote the essential

vertex of T nearest to q[u] in the primary direction of u, and label the edgepath from q[u] to q[v]

by [v]. If [v] has no children, then jN v j is exactly the number of corners possibleat q[v]. As the

number of cornersat q[v] is given by
� q[v ] � 1

2

�
, we have that ev = d(q[v]).

If [v] has children, then a representativ e v0 of any child [v0] of [v] must represent a critical

1-cell lying over the vertex q[v] by the maximalit y condition for children. The primary direction

corresponding to v0 from q[v] must be away from q� and thus away from q[v0 ], for otherwise Nv 6�

Nv0 . Any other v00 2 [v0] must correspond to a distinct corner at q[v] with the same choice of

primary direction. Thus, the number of elements in [v0] is exactly the number of distinct corners

at q[v], so d[v] = d0
[v0] = d(q[v]) for any such v.

This processof labelling the verticesand someedgesof the tree T shows that the tree T� de�ned

by (	 4 � B4)(T) is homeomorphicto the tree T: a homeomorphismis induced by �xing a vertex v0

in � and then taking the vertex underlying a critical 1-cell c to the vertex labelled q[ĉ� ] where [c� ]

is a child of [ĉ� ]. This proves the desiredresult, as (	 � B 4)(T) = T up to homeomorphism.

The fact that one may reconstruct the tree T up to homeomorphismgiven a 4 strand braid

group B4T on T is an artifact of the 1-dimensionality of trees. Let k > 1 and consider,for instance,

the braid groups on a k-dimensionalball, and on a k-dimensionalball joined at a single point with

a line segment. On any number of strands, the two corresponding braid groups are isomorphic.

As an interesting immediate corollary, we have that:

Corollary 6.1.3. Let G = B4T be a four strand tree braid group on a tree T. Then G determines

the braid groups BnT for all n 2 Z.
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6.2 The Isomorphism Problem and Generalizations

Theorem 6.1.2 allows us to solve the isomorphism problem for 4 strand tree braid groups by

enumeration:

Theorem 6.2.1. There exists an algorithm which, given two �nite presentationsof groups which

are known to describe four strand tree braid groups, decideswhether the two groupsare isomorphic.

Proof. First, we extrapolate the trees T and T 0 from the groups B4T and B4T0, respectively. We

begin by extrapolating T from B4T.

Let the degree of a tree denote the sum of degreesof all essential vertices of the tree. Note

that the number of trees up to homeomorphismof any given degreeis �nite. Let the length of a

presentation for a group denote the sum of lengths of the de�ning relators in the presentation plus

the number of generators. Note that the number of distinct presentations for a group of any given

length is �nite. For any given homomorphism between two groups and any given presentations

of both, let the length of the homomorphism with respect to the presentations be the sum of the

lengths of the imagesof the generatorsof the �rst group under the homomorphism. Note that, for

�xed groups and presentations, the number of homomorphismsof a given length is �nite.

Enumerate all trees up to homeomorphismin order from lesserdegreeto greater. For a given

tree, enumerate all (reduced) presentations of the corresponding 4 strand tree braid groups in the

order from lesserlength to greater. For a given tree and a given presentation of the corresponding

4 strand tree braid group, enumerate all homomorphismsto B 4T in the order from lesserlength

to greater. Finally, enumerate all homomorphisms from 4 strand tree braid groups to B 4T by

diagonalization.

As we know that B4T is a 4 strand tree braid group, eventually in this enumeration there will

be an isomorphism. De�ne an algorithm to extrapolate the tree T (up to homeomorphism) from

the group B4T by running through the above enumeration and �nding the �rst isomorphism, and

outputting the corresponding tree T. Similarly, de�ne an algorithm to extract the tree T 0 (up to

homeomorphism)from B4T0.

Thus we have reducedthe problem to solving the homeomorphismproblem for trees. But there

exists an algorithm for solving this problem, so we are done.
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That we may solve the isomorphism problem for 4 strand tree braid groups begsthe question

as to whether we can solve the isomorphismproblem for higher strand tree braid groups. The main

tool in the 4 strand casewas reconstructing the tree T given a 4 strand tree braid group B 4T. An

essential aspect to this reconstruction was the `uniqueness'of de�ning complexesfor exterior face

algbebrasof Theorem 5.3.2. However, it is not at all obvious and may not be true in general that

the cohomologyrings of higher strand tree braid groups are exterior face rings.

There is somehope that the n = 5 strand casemay be solvable by the methods used in the

n = 4 strand case. The spaceUD5T is still a K (B5T; 1) space([2]) which is a cubical complex of

dimension at most 2 (Theorem 3.1.3; seealso [28]). This meansthat cohomology is trivial in all

dimensionsgreater than 2. In this restrictiv e setting, there may be someway of realizing H � (B5T)

as an exterior face algebra, and applying an analysissimilar to Theorem 6.1.2.

For more strands, the cohomology ring is often of a larger dimension. Seeing an exterior

face algebra structure on comohologymay be di�cult, but the author believes that somesort of

induction on the number of strands may still work. If, for instance,onecould extract a presentation

for H � (Bn� 2T) from H � (BnT) and the isomorphism problem was solvable for the n = 4 and n = 5

cases,then one could solve the isomorphism problem for n strand braid groups, n � 4.

We end with the following conjecture:

Conjecture 6.2.2. For any n � 4, there exists an algorithm which, given two n strand tree braid

groups BnT and BnT0, decides whether the two groups are isomorphic.
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Chapter 7

Future Directions

Problems related to graph braid groups, both theoretical and applied, abound. Currently, we have

some insight into how tree braid groups behave: we have a good presentation theorem, and we

are beginning to understand homology and cohomology. The largest conceptualhurdle with graph

braid groups is to generalizethe results for tree braid groups to general graphs. One can try to

push the results presented here farther. There are still the conceptual barriers of more than two

strands and braid groups on nonplanar graphs. The Morse presentation from Chapter 2 gets very

messyvery fast as the number of strands increaseon a generalgraph. Even with only two strands

there are numerousredundant generatorsand relators, as Example 3.4.6 demonstrates.

In the samevein, it would be nice to push the results of Chapter 6 to generalgraphs. Is there

a bijection between general graphs up to homeomorphism and graph braid groups with a given

number of strands? Although the bijection certainly doesnot exist for n = 2 strands, there is hope

that for n � 4 strands it will exist, when one considersthe maximal subtreesof a graph. Passing

from a graph braid group to the graph braid group of a maximal subtree is not well understood, so

studying such morphisms would be a �rst step. Also, is someversion of the isomorphism problem

solvable for generalgraph braid groups?

In the opposite direction, the results of Chapter 4 yield embeddings of right-angled Artin

groups and hyperbolic surface subgroupsonly into general graph braid groups, not to tree braid

groups. Some right-angled Artin groups are known to embed into tree braid groups (some tree

braid groups are right-angled Artin), but do all right-angled Artin groups embed into tree braid

groups? Similarly, we know hyperbolic surfacegroups embed in (nontree) graph braid groups, but

do any hyperbolic surfacegroups embed into tree braid groups?

Questionsabout graph braid groups not directly related to the results presented here include,

for example, describing the asymptotic behavior of graph braid groups. What can be said about
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the CAT (0) boundaries of graph braid groups? What kinds of coarsegeometric properties do

graph braid groups exhibit and what can the tell us about the quasiisometry types of the groups

themselves?

In a more applied direction, there are many problems which are related to graph braid groups.

Given a space,a motion planning algorithm is a continuous way of computing a path betweenany

two points. However, the only connectedspacesfor which a continuous motion planning algorithm

exists are contractible [19]. The topological complexity of a spaceX is how many open subsetsone

must use to cover X � X so that there exists a continuous motion plan from each subset into the

path spaceof X . Upper and lower boundsfor the topological complexity of graph braid groupsare

known [19]; however, the exact topological complexity is unknown in most cases.Also, although

topological complexity is sometimesknown, actual motion planning algorithms which realize the

topological complexity of graph braid groups and their descriptions as motions of points on the

graph would be useful.
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