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StructuringofProteinChannels

•RodMacKinnonwasco-awardedthe2003NobelPrizein

ChemistryforstructuringthePotassiumchannelin1998.

•Proteinswerecrystallized(allsharethesamespaceorientation).

•ClassicalX-rayComputationalTomography(CT).

•Afewotherproteinshadbeenstructuredsince.

•However,mostchannelscannotbecrystallized.

•Canaproteinbestructuredwithoutbeingcrystallized?
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CryoElectronMicroscopy

•CryoEM:ElectronMicroscopeimagingofproteins”freezed”in

liquidnitrogen.

•Thousandsofimages:everyimagecorrespondstoadifferent

proteinfrozeninadifferentspaceorientation.

•Orientationsarerandomandunknown.

•Highlyintenseelectronbeamdestroysproteinwhilebeing

imaged:asingleproteincanbeimagedonlyonce.

•Imagesareverynoisy(lowSNR)

•Imagesare100×100pixels.

4



ProjectionImages
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•TheprojectionimageisPg(x,y)=
∫

∞

−∞φg(x,y,z)dz.

•φ(r)istheelectricpotentialofthemolecule,φg(r)=φ(g
−1
r).
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ProjectionImages:ToyExample
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TheFourierprojection-slicetheorem

•θ∈S
2

beamingdirection,θ
⊥

orthogonalplane.

•The2DFToftheprojectionimageisthedoubleintegral

P̂θ(ξ)=

∫

θ
⊥

e
−ir·ξ

Pθ(r)dr.

•The3DFTofthemoleculeisthetripleintegral

φ̂(ξ)=

∫

R
3

e
−ir·ξ

φ(r)dr.

•SliceTheorem:P̂θ(η)=φ̂(η),η∈θ
⊥

.
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TheGeometryoftheslicetheorem

•EveryimageisagreatcircleoverS
2
.

•Anypairofimageshaveacommonline,or

•Anypairofgreatcirclesmeetattwoantipodalpoints.

8



ThreeDimensionalPuzzle

•Theradiallinesarethepuzzlepieces.

•Everyimageisacircularchainofpieces.

•Commonline:meetingpoint
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TheSpiderKernel:It’stheNetwork

•Kprojectionimages

•Lradiallines

•WebuildaweighteddirectedgraphG=(V,E,W).

•Theverticesaretheradiallines(|V|=KL)

V={(k,l):1≤k≤K,0≤l≤L−1}.

•Theheartofthealgorithmisthedefinitionofarrowsandweights

E={((k1,l1),(k2,l2)):(k1,l1)pointsto(k2,l2)}.

•WisasparseweightmatrixofsizeKL×KL

((k1,l1),(k2,l2))6∈E=⇒W(k1,l1),(k2,l2)=0.
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Weights

•Allweightsaretakenfromasingle(sparse)symmetriccircular

weightvectoroflengthL

w=(w0,w1,...,wL−1),

wl=w−l.

•Example:

w=(1,1,...,1)=1

rendersWtheadjacencymatrixofthegraph.
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Spiderfirstpairoflegs

•Bluevertex(k1,l1)istheheadofthespider

•Linkedvertices:(k1,l1+l),−d≤l≤d(sameimageradiallines)

•Weights:W(k1,l1),(k1,l1+l)=wl.
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Spider:remaininglegs

•(k1,l1)and(k2,l2)arecommonradiallinesofdifferentimages.

•Links:((k1,l1),(k2,l2+l))∈Efor−d≤l≤d.

•Weights:W(k1,l1),(k2,l2+l)=wl.
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CommunicatingSpiders
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Sparseweightmatrix

•Wissparse:itsnumberofnonzeroentriesisonly

|E|=(2d+1)[KL+2K(K−1)].

•ThereareKLspiderswithfirstpairlegsofsize2d+1.

•Thereare2
(

K
2

)

=K(K−1)intersectionpoints(withantipodals).

Everymeetingpointbelongstotwodifferentcirclessoitappears

intwodifferentspiders.

Ineveryspideritcontributestwolegsoftotallength2d+1.

•Algorithmislinearinnumberoflinesandintersectionpointsfor

d=O(1)(smallspiders).
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Averagingoperator

•RowsumsofWdependonthenumberofpairoflegsMk,l

∑

(k
′
,l
′
)∈V

W(k,l),(k
′
,l
′
)=Mk,l

d∑

l=−d

wl.

•Theoutdegreedk,lofthe(k,l)’thvertexis

dk,l=|{(k
′
,l

′
):((k,l),(k

′
,l

′
))∈E}|=Mk,l(2d+1).

•WenormalizetheweightmatrixWtohaveconstantrowsums

bydividingeachrowbyitsoutdegree:

•A=D
−1
W,withDdiagonalD(k,l),(k,l)=dk,l.

•TherowsumsofAareidenticalandequal

∑

(k
′
,l
′
)∈V

A(k,l),(k
′
,l
′
)=

1

2d+1

d∑

l=−d

wl,∀(k,l)∈V.
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Averagingoperator

•Aisaspiderweightedaveragingoperator

(Af)(k1,l1)=
∑

((k1,l1),(k2,l2))∈E

A(k1,l1),(k2,l2)f(k2,l2).

•Example:w=(1,1,...,1)=1

Aisrowstochastic,weightedaverage=non-weightedaverage

(Af)(k1,l1)=
1

dk,l

∑

((k1,l1),(k2,l2))∈E

f(k2,l2).

•WecallAthespiderkernel.
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Thespectrumofthespiderkernel

•AandWarenotsymmetric,theirspectrummaybecomplex.

•Ahasconstantrowsums:ψ0=1isatrivialeigenvector

(Aψ0)(k,l)=

(

1

2d+1

d∑

l=−d

wl

)

ψ0(k,l),∀(k,l)∈V.

•Example:w=(1,1,...,1)=1

Aisrowstochastic,λ0=1,remainingspectrum|λ|<1.

•Muchmorecanbesaidonthespectrum!
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SphericalHarmonics

•ThesphericalharmonicsY
m
laretheeigenfunctionsofthe

Laplacianonthesphere

∆S
2Y

m
l=−l(l+1)Y

m
l,l=0,1,2,...,m=−l,...,l.

•Funk-Hecke:Thesphericalharmonicsaretheeigenfunctionsof

anyintegraloperatorthatcommuteswithrotations:

(Kf)(β)=

∫

S
2

k(〈β,β
′
〉)f(β

′
)dSβ

′,

KY
m
l=λlY

m
l.

•Thespiderkernelcommuteswithrotationsonlyonaverage,so

sphericalharmonicsarenotguaranteed.

•Thethreelinearsphericalharmonicsareexacteigenfunctionsof

thespiderkernel.
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LinearEigenfunctions

•Linearfunctionsf(x,y,z)=a1x+a2y+a3zareeigenfunctions

•Thecenterofmassofeveryspiderisbeneaththespider’shead:

anypairofoppositelegsbalanceeachother–wissymmetric.
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Spiderkernelembeddingandalgorithm

•Findthecommonlinesforallpairsofimages.

•ConstructthespiderkernelmatrixA.

•ComputeeigenvectorsAψi=λiψi.

•Embedthedataintothethreelineareigenvectors(ψ1,ψ2,ψ3)

(k,l)7→(ψ1(k,l),ψ2(k,l),ψ3(k,l)).

•Revealsmoleculeorientationsuptorotationandreflection.

•Finalcosmetics:

PCAsameimageradiallinesandequallyspacethem.
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NumericalSpectrum
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Datavs.Embedding(only5circlesareshown)
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LinearEigenfunctions
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Angledifferencehistogram
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Spiderkerneladvantages

•Global:allradiallinesarelinkedtogether.

•Fast:linearindatasizeKLandintersectionpoints
(

K
2

)

.

•Averaging:allgeometricinformationisaveraged.

•Robust:errorsduetofalsedetectionsofcommonlinesare

smoothedout(canbeviewedasmatrixperturbation).

•Embeddingerrordecreaseslike1/
√
K.

•Optional:omituncertaincommonlines(fewerlegs).
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ToyExample

(a)original(b)reconstructed
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