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Abstract
In 2006, Saito and Remy presented a new algorithm called Laplacian local sine transform (LLST) in
image processing as follow. Letf be a twice continuously di erentiable function on a domain . First

we approximate f by a harmonic function u such that the residual component v = f  u vanishes on the
boundary of . Next, we do the odd extension for v, and then do the periodic extension, i.e. we obtain
a periodic odd function v . Finally, we expand v into Fourier sine series. In this paper, we propose to
expand v into a periodic wavelet series with respect to a biorthonorm al periodic wavelet basis with the
symmetric Iter bank. We call this algorithm the harmonic wa velet transform (HWT) algorithm. HWT
algorithm has an advantage over both the LLST algorithm and t he conventional wavelet algorithm. On one
hand, it removes the boundary mismatches as LLST. On the other hand, HWT coe cients re ect the local
smoothness off in the interior of . So HWT algorithm compresses data better than the LLST algorithm,
the periodic wavelet algorithm, and the folded wavelet algo rithm

Key words: harmonic wavelet transform, Laplacian local sine transfor m, biorthonormal wavelet,
periodic wavelet coe cient, symmetry, odd extension

1 Introduction

Wavelet analysis is an important tool in image processing. h order to compress data, there are two common
wavelet algorithms: the periodic wavelet algorithm, and the folded wavelet algorithm. More precisely, let an
imagef be supported on asquare 2 R?. In the periodic wavelet algorithm, one extendsf to a periodic function
f , and then expandsf into a periodic wavelet series by using Daubechies wavelefd] or polyharmonic spline
wavelets [8]. Since s discontinuous at the boundary points @ in general, the decay rate of the corresponding
periodic wavelet coe cients is very slow. Hence, in order toobtain a good approximation of the image, we need
many periodic wavelet coe cients. In the folded wavelet algorithm, in order to avoid the boundary mismatches
that is caused by the brute-force periodization, one does areven extension off , and then extends it to a

periodic function f , and nally expands f into a periodic wavelet series with respect to a biorthonornal
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periodic wavelet basis. Iff is smooth, thenf 2 lipl on R%. This makes the decay rate of the corresponding
wavelet coe cients faster than that in periodic wavelets algorithm. But, since g(f and @@yf are discontinuous
at the boundary points, the decay rate of the periodic wavelé coe cients is still relatively low.

It is natural to ask how to ensure the continuity of derivativ es of the periodized function across the
boundary. In 2006, Saito and Remy [4] presented a good methodhe Laplacian Local Sine Transform (LLST)
such that the derivatives of the periodized functions are catinuous across the boundary. It decomposes an
image f supported on a square into f = u+ v, whereu is a harmonic component satisfying the Laplace's
equation u =0in and u = f on the boundary. After an odd extension, the residual compoent v is
periodized to be v , i.e., v is a periodic odd function. If f is smooth, then @@Xv 2 lip1; @@yv 2 lipl on R2.
We call this method LLST decomposition. When one applies LLS to image approximation, one expandsv
into Fourier sine series.

In this paper, combining the LLST decomposition and the wavdet algorithm, we expand v into the
periodic wavelet series. More precisely, we propose the hawonic wavelet transform (HWT). In the HWT
algorithm, the rst step is the same as LLST, i.e., we decompsef = u+ v and obtain a periodic odd function
v . Next, we choose a pair of real-valued biorthonormal wavells ; € of L?(R) generated by the real-valued
even scaling functions'’; 'e. Using a method of the tensor product and periodization, onegets a pair of
biorthonormal periodic wavelet bases. Finally, we expandv into the periodic wavelet series with respect to this
pair of biorthonormal periodic wavelet bases. Since@@xv 2 lip1 and @@yv 2 lipl on R?, the decay rate of the
corresponding periodic wavelet coe cients is faster than that of the periodic wavelet algorithm or the folded
wavelet algorithm.

In general, the decay rate of the Fourier sine coe cients degnds on global smoothness, while that of
the periodic wavelet coe cients depends on local smoothnes. Since the global smoothness of a function is
determined by its rough part, we need fewer periodic waveletoe cients than the Fourier sine coe cients in

order to reconstruct the image. Comparing the above severadlgorithms, the HWT algorithm compresses data



most e ciently among them.

In the HWT algorithm, we carefully study the symmetry of the p eriodic wavelet coe cients and show
where these coe cients vanish. From this, we see that in orde to recover the image exactly, the number of
the e cient coe cients is just the same as the size of the sample points of f . So the HWT is not a redundant
transform.

Our HWT algorithm is di erent from Dimitri Van De Ville's pol yharmonic wavelets [8]. Polyharmonic
wavelets are a kind of wavelet bases constructed by polyharonic functions, while HWT is a new algorithm in
image processing. In the HWT algorithm, we approximate to a target function by a harmonic function such
that the residual part vanishes on the boundary, and then ex@nd the residual part into wavelet series.

This paper is organized as follows. In Section 2, we recall # notions of biorthonormal periodic wavelet
bases and the corresponding Mallat algorithm as well as LLSTalgorithm. In Section 3, we present the HWT al-
gorithm and show that in the one-dimensional case, the peridic wavelet algorithm, the folded wavelet algorithm,
and the HWT algorithm generate periodic wavelet coe cients at the level m with the decay rates O(2 7),
0(2 3Tm), and O(2 5Tm), respectively. When we use rst 2 periodic wavelet coe cients, the obtained approx-
imation error are o(1); O(2 M), and O(2 2M), respectively. In the two-dimensional case, the decay rats of
the corresponding periodic wavelet coe cients areO(2 ™), O(2 2™), and O(2 "), respectively. When we
use rst 22M periodic wavelet coe cients, the obtained approximation error are o(1); O(2 M), and O(2 M),
respectively. In Section 4, we discuss one-dimensional diete HWT and the symmetry of the sequences con-
sisting of the corresponding periodic wavelet coe cients. From this, we precisely show the e cient number of
the periodic wavelet coe cients in order to recover a signal perfectly. In Section 5, we discuss two-dimensional
discrete HWT and the symmetry of the matrices of the correspading periodic wavelet coe cients. From this,
we precisely show the e cient number of the periodic waveletcoe cients in order to recover an image perfectly.
In Section 6, we apply HWT algorithm to compress images and sbw that HWT algorithm compresses data

better than the LLST algorithm, the periodic wavelet algori thm, and the folded wavelet algorithm



2 Preliminaries

We state the well-known notions [2, 3] of biorthonormal perbdic wavelet bases. After that, we recall the

corresponding Mallat algorithms.

2.1 One-dimensional biorthonormal periodic wavelets

It is well-known that using the method of periodization, one can construct biorthonormal periodic wavelet bases
with the help of the biorthonormal wavelets. [2, 3]

Let and © be a pair of compactly supported smooth biorthonormal waveéts of L?(R) generated by
compactly supported smooth scaling functions' and'e. For m 2 Z; n 2 Z, we denote the function family

m o P -
Omn :=2729(2™ n). Its periodization is ghy, = Omn ( + 1). The families
12z

[
Pr=frPerg f P m2Z,; n=0;:52"  1g;

m;n
e per per [ eper m
1 =fePg f ; m2Zy;, n=0;:52 1g

m;n

are called a pair of biorthonormal periodic wavelet bases foL 2([0; 1]).

Let f 2 L?([ %; %]). For m2 Z,; n 2 Z, we denote the periodic wavelet coe cients

bas Va3

= fO R @d  dE, = f(0) B (Ddt (2:1)

(N[
[N

Here the sequencea%c%;)n g and fd%?n g are periodic sequences with respect ta, i.e.

1 _ . 1 _ .
CEn;)n +2m] = C%)n ’ dSn)n +2m| = d%)n (l 2 Z)-
It is well known that
o1
1
f=coot dSh e (2:2)
m=0 n=0

in the spaceL?([ 3;3]). For M 2 Z, ,its 2" partial sum is
WoL2R 1
Spu (f) = o + dii e (2:3)

m=0 n=0
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Let the space ¥, be the span off'efth On=0;:;2n 1. One can decompose the projection of in ¥, as

follows [3].
2% 1 2™t 1 ) 2™t 1 L
Pvm (f ) = Cs%)n Ieﬁ"le;a = CSn) 1n .eﬁqer 1;n + dEn) 1;n eﬁ]er 1;n: (2:4)
n=0 n=0 n=0

Now we assume that' and 'e are both compactly supported. Denote the coe cients of the Iter banks
z z

a = p§ "(t)e(2t  k)dt; by = 2 (t)e(2t k)dt: (2:5)
R R
Without loss of generality, we assume that for someN 2 Z. ,

a8 = b =0 (jnj N): (2:6)
Mallat showed that the fast algorithm to compute periodic wavelet coe cients is similar to the fast
algorithm of wavelet coe cients [3, p284]. Along Mallat's i dea, one can obtain the following algorithm for the

one-dimensional periodic wavelet coe cients.

Proposition 2.1.  Let the lters ay; b be de ned in (2.5) and cﬁ?n ; d%;)n be de ned in (2.3). Denote

a, = a; by = b (nj 201, 8,420 = @5 blps = b (N22): (2:7)

Thenfor2? 1 N, we have

(1) X ) ) X )
Gk T 8 ok s O3k = By ok Cons k22 (2:8)
n=0 n=0

2.2 Two-dimensional biorthonormal periodic wavelets

Let and € be a pair of biorthonormal wavelets generated by the scalindunctions ' and 'e. Take the tensor

products of; . Denote

C() (W)

() (y); 1(xy) :

“o(xy)

2(5y) = ()" (y); s(xy) = () (¥
Similarly, taking the tensor products of 'e and €, we get'ep(X;y), €i(X;y), &(Xx;y), and €(x;y). Then
f ¢ andf € g} are a pair of biorthonormal wavelets generated by the scalig functions ' o(x;y) and 'eg(x;y),

respectively.



The families

[
B =f8g f P =1;23 m2Z,; n=(nyny); ny; n2=0;:52" g,

[
er = fef®g fe . ; =1;23;, m2Zs; n=(ny;ny); ny; np=0;:52" g

are called a pair of biorthonormal periodic wavelet bases foL ?([ %; % 2).

Letf 2 L%( %;3]%). For =1;23; m2Z,; n2 Z? we denote the periodic wavelet coe cients

2
zZ 2z z z
Ch = F0GY) B OGy)dxdy;  dB = FOGy) Bmn (Gy)dxdy: (2:9)

i1 11
2 2 2 2

Here the sequencefscﬁﬁ?n g and fd(;zn)1;n g are recurrent sequences with respect ta, i.e.

2 _ 2 _ :
CEn;)n +2m] = C$721;)n ’ d(;rr)1;n +2m] = d(;zn)l;n (l 2 Zz)-
It is well known that
(2) ¥ R x 1 (2 er
f=coot dn S (2:10)
=1 m=0 ni;n2=0
For M 2 Z,,its 2°M partial sum is
)@ l\k 1 25{ 1
2
SZZM (f ) = CE)%) + d(;zrr)1;n er;)r%r;n
=1 m=0 ni;n2=0
in the spaceL?([ 3;311%), where n = (ny;ny).
Let the space®, be the span off '€}, On=(n.n,): ny:n,=0::2m 1. One can decompose the project of

in ¥, as follows.

2% 1 2™t 1 , ¥ 2"t o1 )
Pvm (f): Cg)n Ieg;er;;n = CEn) 1;nle(r;?r£1 1;n + d(;n)1 1n er;)r‘%r 1;n: (2:11)

ng; n2=0 nig; n2=0 =1 ng;n,=0

From the Mallat algorithm of the one-dimensional periodic wavelet, one can easily conclude the following
Mallat algorithm for two-dimensional tensor product perio dic wavelets.

Proposition 2.2. Let the Iters fa,g; fh,g be stated in (2.7) and the periodic wavelet coe cients

@, . d9.. be stated in (2.9). Then forJ >N and k = (Kky;kz) 2 Z2, we have

;mn



@ _ Pt @

(I) C.] 1k — anl 2k1 ang 2k» C.J;n 1;nz;
ni;n2=0
2p 1
r (2) _ P ™—— ) .
(ii) dl;J 1k = &y, o2k, bnz 22 Conyings
ny;n,=0
2p 1
Ly () _ T — 2 .
(“I) dZ;J 1k — Q']l 2k aﬂz 2k CJ;I"I 1;Nn2?
ni;n,=0
2p 1
; (2) — (2)
(v) d3y 14 = Bh, 2 Bh, 2k o,
ni;n2=0

2.3 Laplacian local sine transform

First we consider the one-dimensional case. Let; =[0; %] and the function f bedenedon 1 andf 2 C?( ,).

We split the function f into two components
f(x) = u(x)+ v(x) on i:
The rst function u(x) = 2(f (%) f (0))x + f (0) and the second function satis es
v(0) = v(:—zl) =0:

After an odd extension, the second functionv is periodized to bev , i.e., v is a periodic odd function. Finally
we expandv into Fourier sine series.
Next, we consider the two-dimensional case. Let , = [0; ]? and the function f be de ned on , and

f 2 C2( ). We split the function f into two components
fOGy) = uxy)+ vixyy) on 2

whereu(x;y) is the harmonic function which satis es the following Laplace's equation u(x;y) =0 ((x;y) 2 2)

and and u(x;y) = f (x;y) on the boundary of 5. So the residual satis es
vx;y)=0 ((xy)2 @ 2):

After an odd extension, the residual componentv is periodized to be v , i.e., v is a periodic odd function.

Finally we expand v into Fourier sine series.



3 Harmonic wavelet transforms

Now we present a notion of theHarmonic wavelet transforms(HWT). We show that for the HWT algorithm, the
decay rate of periodic wavelet coe cients is the faster thanthose generated by the periodic wavelet transform

algorithm and the folded wavelet algorithm.
3.1. One-dimensional HWT algorithm

We assume thatf is de ned on [0; 1]. Let
1
FO)=u@®+v(t) (t2103]):

where u(t) = 2(f (%) f (0))t + f (0) and the residual componentv(t) satis es v(0) = v(%) =0.

We do the odd extensionvygq Of the residual componentv to [ %; %]. We again do the 1-periodic extension

of Voqq, denoted byv . Finally, we expandv into the biorthonormal periodic wavelet series. We call this process

one-dimensional HWT.

Now we examine the decay rates of the coe cients of various weelet algorithms in the one-dimensional

case.

(i) Let f 2 C( %; %]). In the periodic wavelet algorithm, we directly expand f into biorthonormal

periodic wavelet series. Clearly, the coe cients

Vi z z

dih = f@®) Ba@dt= f (1) ma(Ddt=2% f () @7t n)dt (3:1)
R R

[N

wheref is the 1-periodic extension off . Sincef 2 L! (R); 2 L(R), we have
z z z
d¥, = 0@2%) j @™ n)jdt=0@2 *) j (t njdt=0@2 ¥) j (t)jdt=0QR *): (3:2)
R R R

(i) Let f 2 C2([0;1]). In the folded wavelet algorithm, we do an even extension bf

8
< f(t); t2[03]

feven (X) = .
f( 0 t2] Loy



Then

11 1 1
feven (X) 2 C[ E’E] and feven ( é): feven(i);

Again let f (t) be a 1-periodic extension off ¢yen (t), we have

Proposition 3.1.  The periodic wavelet coe cients of f satisfy

3m

d¥, = 0@ 7): (3:3)
The partial sums S,u (f ) of the periodic wavelet expansion off satisfy

kf  Spu(f )kog 1.1= 0@ M): (3:4)

1.1
2'2
Proof. Sincef 2 C?[0; %], we havef 2 lipl on R, i.e., there is a constantK such that
. n.. . n.
it G Kit o (t2R):

R
Sincef 2 lip1 and (t)dt =0, by (3.1), we have
R

WO = 0t e BT Mt = 2% Y Dy TomE ) dt
jdmin | j2z f (1) 2™t n)dtj=j2z f () f (5%) @™t n)dtj
R R

m R . . 3m R . .
K22 jt Sjj @™t n)jdt=K2 = jt nj (t n)jdt
R R

3m

am R . am
K2 %2 jt (t)jdt=02 =2):
R

So (3.3) holds.
By (2.2) and (2.3), we know that the deviation betweenf and the partial sum of its periodic wavelet

series
2% 1 _
f o Spa(f)= dn S
m=M n=0

in the spaceL?([ %; %]). Using the Parseval equality, by (3.3), we get

P 2p1 P 2p1
KE o Son(f )R 1y = jdin 17 = 0(2) 2 %)
' m=M n=0 m=M n=0
P
= 0(1) 2 2m = Q2 M);
m=M
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So (3.4) holds. Proposition 3.1 is proved.
(iii) Let f 2 C2([0; £]). Now we introduce HWT algorithm.

(&) We rst decompose f on [0; %] as follows
1
FO)=u()+ v(x) (x2[0;3);

whereu(x) =2(f(3) f(0))x + f (0). Sov(0) = v(3)=0.

(b) We do the odd extension ofv, i.e., let

Vodd (t) = v(t) (t 2 [0; %]) and  Vvou( t)= v(t) (t2][0; %])1

S0Voaa(3) = Voaa( 1) = Voga(0) = 0. Since Yol %) = Yo &) jetting x I 0, we get (Voaa)® (0) = ( Voaa)© (0)-

Hencevygq(t) is di erentiable at t = 0.

(c) We do the 1-periodic extensionv of vyqq; i.€.,Vv is a 1-periodic function andv (t) = Voqq(t) (jtj

Furthermore, we easily proved‘itv 2 lipl on R.

3.

Proposition 3.2. Let v be stated as above, i.e.y isal periodic function and dst 2 liplonR. Then

the periodic wavelet coe cients of v satisfy

5m
2

dd), = 0@ 7):

The partial sums S,v +1 (v ) of the periodic wavelet expansion ofv  satisfy

kv SzM +1 (V ) kLZ([ 1;1]): 0(2 oM ):

2'2

R R
Proof. Since (t)dt=0and t (t)dt =0, we have
R R
Y4 Y4

db, =2% v (@) @t mdt=2% v () v(zlm) vo(zlm)(t Zlm) @t n)dt:

R R

Again, since dst 2 lip 1 on R, we know that there is a constantK such that for any tp 2 R,

Vo) vO(to)i Kit toj  (t2R):

10

(3:5)

(3:6)

(3:7)



This implies that

Zt
v () v(t) vO(to)t to)j= (vot) vO(to)dt K(t to)? (t2R):
to
Taking to = 5 in this formula, by (3.7), we have
Z Z
jd® ) K2% zlm)zj @™t n)jdt= K2 %
R R

5m
2

t?j (t)jdt=0 2 (3:8)

Similar to the argument of (3.4), from (3.8), now we have

kv SzM (V ) kLZ([ ]): 0(2 oM ):

1.1
22

So (3.6) holds. Proposition 3.2 is proved.
3.2. Two-dimensional HWT algorithm

We assume thatf is de ned on [0; %]2. Let

fOay) = u(ay)+ voay) (6y) 2 [0 5P)

where u(x;y) is a harmonic function and v(x;y) satises v(x;y) = 0 (( x;y) 2 @[0; 3]?)). We do the odd

extensionvegq of the residual componentv to [ 3; 3]%, that is,

Voaa (1Y) = V6 y) (x:¥) 2 [0 51)

and
11,
Vodd( X;¥) = Voad(X; ¥) = Veaa(xy) ((6y)2[ i3I
We again do the 1-periodic extension of,4q, denoted byv . Finally, we expandv into a biorthonormal periodic
wavelet series. We call this process two-dimensional HWT.

Now we examine the decay rates of the coe cients of various weelet algorithms in the two-dimensional

case.

11



Let f 2 C?([ 1;1]?). Denote the 1-periodic extension off on R? by f . By (2.9), the periodic wavelet

coe cients
Z Z
dBn = 6Y) e (GY)dxdy ( =1;23):
R R
So, for each , we have
@ - _ omRR. . ,
jdémn j = j2 f (xy) (2™x ng; 2My  np)dxdyj

R R

RR, .
02 ™) | (x niy np)jdxdy
R R

RR. ,
0@ ™) J (xy)dxdy=0(2 ™):
R R

In the folded wavelet algorithm, let f 2 C?([0; %]2), we do an even extension to [ %; %]2, and then we do
a 1-periodic extension toR?, denoted by f,. Then f, 2 lipl on R?.

Proposition 3.3.  Let f, be stated as above, i.e.f, is a1 periodic function and f, 2 lip1 on R2. Then

the periodic wavelet coe cients of f, satisfy

d? =02 2): (3:9)
The partial sums S,2» of the periodic wavelet expansion off , satisfy
MY: (3:10)

kfz  Spem (F2) kpzq 1,112)= O(2

R
Proof. Let z=(x;y). From f, 2 lip1(R?) and (z)dz =0, we have

Z RZ n
@@ = 120 o @42= (20D fa(5r) ma (D2
R2 R2
SO
Z N Z Z
6%, 1= 0@™) jz ol @7z midz= 0@ ™) | (@idz= 0@ *):
R2 R2 R2

So (3.9) holds.

By (2.2) and (2.3), we know that the deviation between f, and the partial sum of its periodic wavelet

series
XX X X1
fo Sy (f2) = d?. . enn
=1 m=M n=0

12



in the spacelL ?([0; 1]?). Using the Parseval equality, we have

X3 X 2% 12% 1

kf, 812(22M) 2(f2) kEZ([O;l]Z): jd(; :

=1 m=M n;=0 n2=0

wheren = (nq;n,) 2 Z2 . Again, by d%., = O(2 2™), we have

R
kfa  Spm (f2) kf20.112)= O(1) 2 2M=0@2 M):

m=M

So we get (3.10). Proposition 3.3 is proved.

In the two-dimensional harmonic wavelet transform algorithm, we easily prove that 1-periodic functionv

satis es

@X(x,y) 2 lipl and @y(x,y) 2 1lipl ((x;y) 2 R9): (3:11)

Proposition 3.4. Let v be stated as above, i.e.y is a1 periodic function and (3.11) holds. Then the

periodic wavelet coe cients of v satisfy

d., =02 ®):
The partial sums S,2» (v ) of the periodic wavelet expansion ofv satisfy
kv SzzM (V ) kLZ([ %;%]2)= 0(2 oM ):

Proof. For z =(x;y) and zp = ( Xo; Yo), we have

v (z) Vv (20) %(Zo)(x Xo) %Vy(zo)(y Yo) = %(Xi)’o)
R

+ &)
Yo
R

+ G5 (X yo)

Yo

P Ji+ Jo+ Ja:

By (3.11), we get

i1 K(x x0)? Kijz zj%

13

(3:12)
(3:13)
@Y (x0:¥o) dx
Gy (xyo) dy
(3:14)

@x(xo:yo) dy



2] K(y YO)2 Kjz Zojzi

. . .. ) K K . .
93] Kjx  Xojjy  Yoj > (x X0)?+(Y Yo)? = 5lz Zo”

Again, by (3.14),

V(@) v (2) %Vx(zo)(x X0) %Vy(zo)(y )i Kijz zof (3:15)

By the de nition of (x; y) ( =1;2;3), we obtain that for =1;2;3,

Z Y4 Z
X (z2)dz= 'y (2)dz= (z)dz=0: (3:16)

R2 R? R2

By (2.9) and (3.16), taking zo = (Xo0;Yo) = =+ (N =(n1;n2)), we deduce that

R -
2™ v (z) (2mz n)dz
R2

d%n

2’"sz v(£L) @uhyx iy @Qvin D2 2"z n)dz:
. (2) () Gx(z)Xx @) GGy 3#%) ( )

From this and (3.15), noticing that xo = 4+ andyo = 5%, we have

z z
jd@.j 3K 2" jz Zlmjzj 2"z n)jdz 3K 23 jzj?j (2)jdz= 02 °M): (3:17)
R2 R2

So (3.12) holds.
Similar to the above argument of (3.10), from (3.7), now we hae
kv SzzM (V ) kLZ([ %;%]2)= 0(2 2V ):
Proposition 3.4 is proved.

4 One-dimensional discrete HWT

In this section, we will discuss the one-dimensional discte HWT and study the symmetry of the coe cients.
We always assume that and € be a pair of biorthonormal wavelets generated by the scalindunctions
'e that are the compactly supported real-valued even functiors. We also assume that and € are the real-

valued functions. Let the lters faxg and fb.g be de ned in (2.5) and let us assume the formula (2.6) holds.

14



Since' and 'e are symmetric att = 0, by the known result [2], we know that and € are symmetric att = %

andt= 3, respectively.
4.1 De nition of one-dimensional discrete HWT

Let f 2 C?([0; %]) be a signal of the interval [G, %]. We are given the discretized version off sampled at

n ~2° .

fz_Jgn:O '
n

Z_J) (n=0;::20 1

Xn = f(
Then xg = f(0) and x5 1 = f (%). Using the HWT decomposition, we get
1 1
f(t)y=2 f(i) f(O) t+f0)+ v(t)=2(x 1 Xot+Xxo+Vv(t) (0 t z):
So, forn=0;:5;2) 1,
n

n
Yn = V(Z—J): Xn (X211 XO)F Xo:

In particular, yg = y» 1 =0.

Since the odd extensionvegs of v to [ 3; 3] satis es

1
Voad() = v( 1) (t2[ 5:0l)
the sequencef y3%9g?’,," ;: y% := voqq(4}) satis es the conditions
gdd - yodnd ( 2J 1 n 2.] 1) and ygdd - ygddd1 - yOdsz .=0:

Let v be a l-periodic continuation ofvyqq. We de ne the sequencef z,gn2z:

Zh = v (2%) (n22): (4:1)
So we obtain that forn 2 Z and | 2 Z,
Zn= Zn, Zp+2s = 2Zn and zy 1 =0: (4:2)
Hencef z,0,22 can be determined by 2 1 1 dierent values z1; @3 Zp 1 1.
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4.2 The relationships between the coe cients in the HWT

Let fcf%;)n g and fd%?n g be periodic wavelet coe cients of v 2 L2([0; 1]). Take J su ciently large, the following

formula can hold [1].
1

. 1) .
v (1) Cin €5 (1)
n=0
and
1) . ny_ _. .
Shov (57) = z: (4:3)
By (2.4), we get
1() 2Jll() 2Jxll()
1) . per _ 1 . per 1 per .
CJ:k eJ;k - G 1k €, 1k + dJ 1k eJ Lk-
k=0 k=0 k=0
By Proposition 2.1, we know that
X 1 X 1
1 1
Cg)l;k = a, Zn and d.(])l;k = B, o2xzn; (4:4)
n=0 n=0

wherefa, g and f b, g are stated in (2.7).

Proposition 4.1.  Letc? ., = y(k=1;:52" 2 1)andd ., = « (k=0;:52" 2 1). Then

. J 1

Qi fcV w0 TR0 1y o2 0 w2 g G
.. 1 J o1

(if) de)l;kgﬁzo Y=oy moz 1 wo2oq i 00

We need several lemmas.

Lemma 4.2. Let fa,g and fh,g be stated in (2.7). Then, for anyn 2 Z,

a,=a and b=b

R -
Proof. Since'; 'e are both real-valued even functions anda, = P 2 ' (t)e(2t n)dt (by (2.5)), we have
R

p_R
n 2 ' (t)e(2t + n)dt
R

p_R p_R
2 "( el 2t+ndt="2 '(t)e(2t n)dt= a,:
R R

QD
1

From this and (2.7), we get
a,=a,, ay,.,= a, (n2 2): (4:5)
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_R
By (2.5), b, = P (H)e2t n)dt. Againsince (3 t)= (3 +t), we have
R

p—R 1 ' - p_R 1 '
2 (z+te@t+l n)dt= 2 (3 t)e@2t+1 n)dt
R R

h’] =

p_R p_R
= 2 (M)e( 2t+2 n)dt= 2 (t)e(2t 2+ n)dt
R

R

b n:
So we gethy+, = by . By (2.7),

b.|.+n = b.l. n (JnJ 2J l)
Again sinceb, ,,, = b,, we haveb,,, = b, , foralln2 Z. So we get
by=b , (n22): (4:6)

Lemma 4.3. The periodic wavelet coe cients fc%;)n g and fd%;)n g satisfy the following relationships

1 1 1 1
¢y = Cg)l;ZJlk; d 44 = dg)l;lelk (k2 2): (4:7)
Proof. From (4.2) and (4.5), it follows by (4.4) that
= = P z
3 120 1k A2k 2720
n=0
2p 1 P
= 8n+2kZ n = & n+z2kZn
n=0 n= 2J+1
Again thanks to the periodicity of the fa,g and f z,g, we have
P P 2p1
a nipkin = a iokZn = A ioZn t Ay 2Zy
n= 29 +1 n=1 n=1
(4:8)
2p 1 2p 1
= a n+2k2n+a2k20= a n+2an:
n=1 n=0
So we have
x 1 X 1
1 1
Cﬁ’w LT @ n+2kZn = ay 2xZn = Cg)l;k: (4:9)
n=0 n=0
On the other hand, by (4.4) and (4.6),
2p 1 b1
(1) — —
dy7 1 = by 2xZn = B, ne2kZn
n=0 n=0
(4:10)
2p 1 P
= bZ n+2kZ n = b2+n+2kzn:
n=0 n= 2341
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Similar to the argument of (4.8), we have

X0 X 1
B+ n+2kZn = B+ n+2kZn:
n= 29 1 n=0
So we get
1
(1) — — (1) .
dy” 1y = By 29 2 220 = Ay 1 0 g i
n=0
Proof of Proposition 4.1. By the rst formula of (4.7), we get ¢\’ .= ¢, . ie,
1
¢ 10 2 =0 (4:11)
Sincea, =a ,=a, ,andz,= zZ n= Zy p, by (4.4), we have
@) 2P 1 P
G0 T 8Zn = 83Zn
n=0 n=1
P 2P 1 @
= Ay 22 n = a,Zn = G5’ 1
n=1 n=0

So cgl) 1.0 = 0.

Let c{P 1w = k(k=0;:522 1 1). Then, by i 1.0 =0, and (4.9) and (4.11), we get
0=0; 5 2=0; and = w1 (k=1;:320 2 1)
i.e., (i) holds. Let dgl) 1k = k (k=055 2) 1 1). By the second formula of (4.7), we have
k= w1 gk (k=0;u320 2 1)

i.e., (i) holds. Proposition 4.1 is proved.
From Proposition 4.1, we see that in order to recover the sigal, we only need 2 ! 1 periodic wavelet
coe cients and two boundary values of the signalf , the number of the sampling pointsf x, ggJ "is just2? 1+1.

So the HWT algorithm is not a redundant transform.

5 Two-dimensional discrete HWT

In this section, we will discuss two-dimensional discrete MVT and study the symmetry of the coe cients.
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Let and € be a pair of biorthonormal wavelets generated by the scalindgunctions ' and 'e. We always
assume that'; ‘e are compactly supported real-valued even functions and; € are also real-valued functions.

Let the lters fakg and fhcg be stated in (2.5) and let us assume the formula (2.6) holds. &t ' o(X;y),

f  (xy)g®.; and'ep(x;y), f € (x;y)g3-; be the tensor products of’; and'e, , respectively. Then
er [ er m
frPg f PO, s =1;2,3;, m2Z;, n=(ng;ny); Ny, np=0;::;2 19
and
[
fePg et ; =1;2,3; m2Z;, n=(ng;ny); ny; np=0;::52" 1g

are a pair of biorthonormal bases forL ?([0; 1P).

Let an imagef 2 C2([0; 3]?). For some largeJ, take the (2 *+1)2 sample points off

ni N

5 o (n; np=0;:520 by:

Xnyn, = f
Using the HWT decomposition, we get

fOGy) = u(xy)+ vixy) ((xy) 2 [0; %]2):

where u(x;y) is a harmonic function satisfying the Laplace equation u =0 and u = f on the boundary of
[O; %]2. We can computeu by using ABIV method [6]. Below we begin to discuss the residal.
Let yn,:n, = V(5 5%). Then

Yon, = Yni:0 = Y20 10, = Yoo 1 =0 (ng; np=0;:520 1)

Let voaq be an odd extension ofv to [ 1;1]?, i.e.,

Voas (6Y) = V(1Y) (1Y) 2 [0, 51)

and

Vodd(X;¥Y) = Vodd( Xi¥) = Voad(X; ¥Y)= Voad( X; Y); (xy)2[ %;%12:

19



Denote zy,:n, = Vodd(5+; 5%). Then

— —_ —_ . _ . J 1 .
Znyn, = Zongn, = Zng; n, = Zong;on, (N1 N2=05 L 20 0) (5:1)
and
Zoin, = Zn,:0 = Zp 1, = an;zd 1=2Z 1, = an; 21 1 =0:
Let v be a 1-periodic continuation ofvygg to R?. Denote Zyn, =V (2—}; 2—}). Then
_ . . _ . P J 1.
an;nz - an;nz- ni; Ny = 01 1: [ 2 ’
Zy,429m, = Zngings Zy 0,429 = Znings n2z27;, ny2727: (5:2)
For

=1;2,3; m2Z; n2 72 let cﬁ?n .n, and d(;zn)];n ..n, be the periodic wavelet coe cients of v 2
L2([ %317 (see (2.9)).

Take J su ciently large such that

1
Con 2) 2) . Ny Nz, _ . _ Ch Y-
v (Xy) cg;r)] efy, and cg;,)1 v (2—J,2—J) = Zy,n,; N=(N1iny):
ni;n2=0
Again, by (2.11), we have
2JX1 1 )@ ZJXI 1
. 1 ) . per (2) per . .
v (X’y) G Liniing eO;J Lini;ng + d:J Ling;ng e:J Linyng* (5'3)
ni;n,=0 =1 ni;n,=0

Now we discuss the symmetry of the coe cientscgz) 1:k,:k, and d(? 1k,:k,- BY Using an argument similar

to Proposition 4.1, we obtain the following conclusion:

Let

ng)l;kl;kz: ok, (K ko=1;0520 20 1),

A2 Lk, = keke (ke=1;:520 2L ke=0;u20 20 1),

a7 ik, = kke (k=052 21 kp=15u520 20 1)
d(szg Lk, = ki (ki; ko =0;::520 2 1)
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Then

(i) the symmetry of the matrix ( ¢; 1:k,x,); Ki; ko =0;1:;20 1

0 0
1:1 1;29 2 1
23 2 11 23 2 1;29 2 1
0 0
23 2 11 23 2 1;29 2 1
1;1 1,29 2 1
this matrix is determined by (27 2 1)? values;

(ii) for the matrix ( d(lzg, 1ok, ) K1 ke =0;0520 1

1,0

23 2 1,0

23 2 1;0

1;0

this matrix is determined by 27 (27 2

1,20 2 1

222 123 2 1

0

23 2 1:29 2 1

127 2 1

1);

0 0

0 1,20 2 1
0 2J 2 1’2J 2 1
0 0

0 2002 1:23 2 1
0 222 120 2 1

1, we have

1,20 2 1

202 1.2 2 1

0

20 02 1:20 2 1

120 2 1

21

1 is described as follows:

0
0

1
1;1
29 2 151
23 2 151

23 2 11

1
1;0
23 2 1.0
0
29 2 10

1;0



(iii) for the matrix ( doy 1k,:k,); Ki; k2 =0;2527 1 1, we have

0 1
0 0;1 . 023 2 1 0 023 2 1 . 0:1
0 2 2 1.1 o 2002 1:20 2 1 0 202 1:20 2 1 202 11
0 202 1.1 . 2002 1.2 2 1 0 2002 1.2 2 1 . 20 2 11
0 0;1 313 020 2 1 0 020 2 1 e 0;1

this matrix is determined by 27 2(2° 2 1) values;

iv) for the matrix ( dz3 1k,k,); Ki; ko =0;:20 1 1, we have
(iv) 3 Lkike

0 1
0:0 o 0:29 2 1 0:20 2 1 ol 0;0
20 2 1.0 . 20 2 1:20 2 1 20 2 1:20 2 1 . 23 2 1.0
20 2 1.0 2 2 123 2 1 202 1:20 2 1 o 202 1.0
0;0 o 0:20 2 1 020 2 1 o 0:0

this matrix ds.; 1k, iS determined by 27 “ values.

Summarizing (i)-(iv), we know that these four matrices are determined by (20 2 1)?, 27 22} 2 1),

2 227 2 1),and (2’ ' 1), respectively. Noticing that
(2J 2 1)2+2J 1(2J 2 1)+22J 4=(2J 1 1)2:

From this and (5.3), we know that in order to recoverv , we only need (2 * 1) periodic wavelet coe cients.

To obtain the harmonic function u, we need 4(2 1 1)+4 boundary sample points of the imagef on @[0; 31?).
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Since the number

@ 1 1P+4@7 P 1+4a=(27 t+1)?
is just equal to the number of sampling points off , we know that the HWT algorithm is not redundant.

6 Image Approximation via HWT

We will examine the approximation performance of the HWT algorithm. The quality of approximation in this

paper is measured by PSNR (or peak signal-to-noise ratio)
PSNR :=20 log;;, maxjf (x)j=RMSE ;
X2

where RMSE is the absolute'? error between the original and the approximation divided by the square root of
the total number of pixels in the original image. The unit of PSNR is decibel (dB).

To approximate an image on a square by the HWT algorithm, we rst decompose the image into the
harmonic componentu and the residualv. The harmonic componentu is determined by the data at boundary
of the square. Hence in order to approximatau, it su ces to approximate the data on the boundary of the square.
Since the boundary consists of four segments, we simply appbne-dimensional LLST on each segment. For the
residual v, we do an odd extension and a periodic extension and expand ihto a periodic wavelet series with
respect to a biorthonormal periodic wavelet basis with the ymmetric Iter bank. Our image approximation and
reconstruction strategy consists of the following steps: lretain all the \DC" components on the four segments
of the square; 2) select a certain number of the largest coe @ents in energy from the rest of the coe cients
(both 1D and 2D); 3) reconstruct u and v from these retained coe cients using the AlV algorithm [6] and the
Mallat algorithm; and 4) compute u + v.

For approximation and reconstruction of the image by the peiodic wavelet algorithm and the folded
wavelet algorithm, we simply retain a certain number of the largest coe cients in energy from all the coe cients

and reconstruct the image from them.
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First, we compare the HWT algorithm with the periodic wavelet algorithm and the folded wavelet algo-
rithm. We use the face part of Barbara image and the 7/9 lter bank. The depths of decomposition we test are
two, four and seven. Since the size of the image is 128128, seven is the maximal depth of decomposition. Note
also that since the size of an original image is 128 128, which is suitable for the periodic wavelet algorithm
and the folded wavelet algorithm, we will repeat its last coumn and row to make it suitable for HWT.

Figures 1, 3 and 5 show the quality of approximations of Barbaa face image when the depth of decom-
position is set to two, four, and seven, respectively. Figues 2, 4 and 6 show reconstructed images using top
5% coe cients of the periodic wavelet, the folded wavelet, and the HWT when the depth of decomposition is
set to two, four, and seven, respectively. From these gureswe can see that the HWT algorithm is better
than the periodic wavelet algorithm and the folded wavelet dgorithm. This is because the decay rate of HWT
coe cients is faster than that of the periodic wavelet algorithm or the folded wavelet algorithm

We will compare the HWT algorithm with the LLST algorithm. In general, the decay rate of LLST
coe cients depends on global smoothness while that of HWT ce@ cients depends on local smoothness. Since
the global smoothness of a function is determined by its rouly part (even if that part is local), we need fewer
HWT coe cients than LLST coe cients in order to reconstruct the data. We use the same face part of Barbara
image for this comparison. For LLST, we divide the image intoseveral blocks and do LLST on each block.
The size of block is 9 9, 17 17, 33 33 or 65 65. We rst retain all the corner pixel values, select
the certain number of coe cients with the largest energy among all the coe cients not yet used, reconstruct
an approximation from these coe cients, and evaluate its quality of approximation. For HWT, the depth of
decomposition is set to seven and we also use the 7/9 lter ban We apply HWT on the whole image and
retain the coe cients with the largest energy. Figure 7 shows the quality of approximation of Barbara image
measured by PSNR values when we retain 2%-20% of the originabe cients. From this, we can see that HWT
is better than LLST.

We compare HWT with wavelet on the interval [7]. Since the polyharmonic component of HWT takes
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care of linear parts on the boundary, in order to be a fair comprison with HWT, we use wavelet on the interval
with two vanishing moments. For HWT, we use Villasenor 5/3 | ter bank. Figure 8 shows the quality of
approximation of Barbara image measured by PSNR values whemwe retain 1%-10% of the original coe cients.
The depth of decomposition is ve since this is the maximal dgth of decomposition for wavelet on the interval.
From this, we can see that HWT is better than wavelet on the interval. This is because the harmonic component
of HWT not only removes boundary e ects, but also approximates the original well.

Finally, we will use some other images to do more numerical geriments. These images "Bridge", "Build-
ing", "Truck", and "Moon surface" are shown in Fig. 9. The siz e of all four images is 256 256. The numerical

results are shown in Fig. 10-21.
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Fig.1. Quality of approximation of the Barbara face image mesured by PSNR values when the depth of

decomposition is two.
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Original Image Periodic Wavelet

Folded Wavelet

Fig.2. Approximations of the Barbara image using the top 5% ©e cients when the depth of decomposition is
two.The PSNR values of periodic wavelet, folded Wavelet andHWT are 17.6182, 17.5961 and 22.0776

respectively.
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Fig.3. Quality of approximation of the Barbara face image mesured by PSNR values when the depth of

decomposition is four.
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original Periodic Wavelet

Fig.4. Approximations of the Barbara image using the top 5% ©e cients when the depth of decomposition is
four.The PSNR values of periodic wavelet, folded wavelet ad HWT are 22.9791, 23.1484 and 23.2651

respectively.
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Fig.5. Quality of approximation of the Barbara face image measured by PSNR values when the depth of

decomposition is seven (maximal depth).
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original Periodic Wavelet

Fig.6. Approximations of the Barbara image using the top 5% ©e cients when the depth of decomposition is
seven. The PSNR values of periodic wavelet, folded waveletral HWT are 22.9962, 23.1476 and 23.2688

respectively.
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Fig.7. Quality of approximation of the Barbara face image mesured by PSNR values when we use LLST
algorithm and HWT algorithm. For LLST, we divide the image in to several blocks and do LLST on each

block. The size of blockis 9 9,17 17,33 33 or 65 65. For HWT, the depth of decomposition is seven.
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Fig.8. Quality of approximation of the Barbara face image measured by PSNR values using wavelet on the

interval and HWT.
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Fig.9. Four 256 256 images.
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Fig.10. Quality of approximation of the Bridge image measued by PSNR values when the depth of

decomposition is two.
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Fig.11. Quality of approximation of the Bridge image measued by PSNR values when the depth of

decomposition is four.
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Fig.12. Quality of approximation of the Bridge image measued by PSNR values when the depth of

decomposition is eight (maximal depth).
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Fig.13. Quality of approximation of the Building image measured by PSNR values when the depth of

decomposition is two.
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Fig.14. Quality of approximation of the Building image measured by PSNR values when the depth of
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decomposition is four.
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Fig.15. Quality of approximation of the Building image measured by PSNR values when the depth of

decomposition is eight (maximal depth).
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Fig.16. Quality of approximation of the truck image measured by PSNR values when the depth of

decomposition is two.
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Fig.17. Quality of approximation of the truck image measured by PSNR values when the depth of

decomposition is four.
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Fig.18. Quality of approximation of the truck image measured by PSNR values when the depth of

decomposition is eight (maximal depth).
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Fig.19. Quality of approximation of the moon surface image neasured by PSNR values when the depth of

decomposition is two.
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Fig.20. Quality of approximation of the moon surface image neasured by PSNR values when the depth of
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Fig.21. Quality of approximation of the moon surface image neasured by PSNR values when the depth of

decomposition is eight (maximal depth).
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