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Abstract

In 2006, Saito and Remy proposed a new transform called Laplace Local Sine Trarsform (LLST) in
image processing as follows. Letf be a twice continuously di erentiable function on a domain . First
we approximate f by a harmonic function u such that the residual component v = f  u vanishes on the
boundary of . Next, we do the odd extension for v, and then do the periodic extension, i.e. we obtain
a periodic odd function v . Finally, we expand v into Fourier sine series. In this paper, we propose to
expand v into a periodic wavelet series with respect to a biorthonormal pe riodic wavelet basis with the
symmetric lter banks. We call this the Harmonic Wavelet Transform (HWT). HWT has an advantage over
both LLST and the conventional wavelet transforms. On one hand, it remo ves the boundary mismatches
as LLST does. On the other hand, the HWT coe cients re ect the loc al smoothness off in the interior
of . So the HWT algorithm approximates data more e ciently than LLST, p eriodic wavelet transform,
folded wavelet transform, and wavelets on interval. We demonstrate t he superiority of HWT over the other
transforms using several standard images.

Key words: Harmonic wavelet transform, Laplace local sine transform, biorthonormal wavelets, peri-
odic wavelets, folded wavelets, wavelets on interval, periodic wavelet coe cient, symmetry, odd extension.

1 Introduction

Wavelet analysis is an important tool in image processing. In order to @proximate or compress data, there
are two common wavelet algorithms: the periodic wavelet algorithm, and he folded wavelet algorithm. More
precisely, let an imagef be supported on a square 2 R?. In the periodic wavelet algorithm, one extendsf

to a periodic function f , and then expandsf into a periodic wavelet series using Daubechies wavelets [1] or
polyharmonic spline wavelets [9]. Sincé is discontinuous at the boundary points @ in general, the decay rate

of the corresponding periodic wavelet coe cients is very slow. Hence, in order to obtan a good approximation
of the image, we need many periodic wavelet coe cients. In the folded wavelet algathm, in order to avoid
the boundary mismatches caused by the brute-force periodization, one does an even extensiof f, and then
extends it to a periodic function f , and nally expands f into a periodic wavelet series with respect to a

biorthonormal periodic wavelet basis. Iff is smooth, thenf 2 lipl on R2. This makes the decay rate of the



corresponding wavelet coe cients faster than that in periodic wavelets algorithm. But, since %f and @@yf
are discontinuous at the boundary points, the decay rate of the periodic waveletoe cients is still relatively
low.

It is natural to ask how to ensure the continuity of derivatives of the periodized function across the
boundary. In 2006, Saito and Remy [8] presented a good method: the Laplace Localr® Transform (LLST)
that ensures the derivatives of the periodized functions are continuous across the bounda It decomposes an
imagef supported on a square into f = u+ v, whereu is a harmonic component satisfying Laplace's equation

u=0in and u= f on the boundary. After an odd extension, the residual componentv is periodized to
be v , i.e., v is a periodic odd function. If f is smooth, then gy 2 lip1; @@yv 2 lip1 on R%. We call this
method LLST decomposition. When one applies LLST to image approximation, one expands into Fourier
sine series.

In this paper, combining the LLST decomposition and the wavelet algorithm, we expad v into the
periodic wavelet series. More precisely, we propose the harmonic wavelet trafosm (HWT). In the HWT
algorithm, the rst step is the same as LLST, i.e., we decomposd = u+ v and obtain a periodic odd function
v . Next, we choose a pair of real-valued biorthonormal wavelets; € of L?(R) generated by the real-valued
even scaling functions'; 'e. Using a method of the tensor product and periodization, one gets a pair of
biorthonormal periodic wavelet bases. Finally, we expandv into the periodic wavelet series with respect to
this pair of biorthonormal periodic wavelet bases. Since@@Xv 2 lipl and @@yv 2 lip1 on R?, the decay rate
of the corresponding periodic wavelet coe cients is faster than that of the periodic wavelet algorithm or the
folded wavelet algorithm.

In general, the decay rate of the Fourier sine coe cients depends on global smoothness,hite that of
the periodic wavelet coe cients depends on local smoothness. Since the global smoothnese§ a function is

determined by its rough part, we need fewer periodic wavelet coe cients than the Fouriersine coe cients in

order to approximate the image with the same quality. Comparing the aboe several algorithms, the HWT



algorithm compresses data most e ciently among them.

In the HWT algorithm, we carefully study the symmetry of the periodic wavelet coe cients and show
where these coe cients vanish. From this, we see that in order to recover the image ectly, the number of
the e cient coe cients is just the same as the size of the sample points of f . So the HWT is not a redundant
transform.

Our HWT algorithm is quite di erent from polyharmonic wavelets proposed by Van De Ville et al. [9],
which are a kind of wavelet bases constructed by polyharmonic functions. The HWT ha a di erent strategy:
we approximate a target function by a harmonic function such that the residual patt vanishes on the boundary,
and then expand the residual part into wavelet series.

This paper is organized as follows. In Section 2, we recall the notions of bidmbnormal periodic wavelet
bases and the corresponding Mallat algorithm as well as the LLST algorithm. h Section 3, we present the
HWT algorithm and show that in the one-dimensional case, the periodic wavelet algaothm, the folded wavelet
algorithm, and the HWT algorithm generate periodic wavelet coe cients at the | evel m with the decay rates
o2 %), O 3Tm), and O(2 5Tm), respectively. When we use rst 2 periodic wavelet coe cients, the
obtained approximation error are o(1); O(2 M), and O(2 2M), respectively. In the two-dimensional case, the
decay rates of the corresponding periodic wavelet coe cients aré(2 ™), O(2 °™M),and O(2 ™), respectively.
When we use rst 22M periodic wavelet coe cients, the obtained approximation error are o(1); O(2 M), and
O(2 M), respectively. In Section 4, rst, we discuss one-dimensional discrete HWT and the symetry of
the sequences consisting of the corresponding periodic wavelet coe cients. From this, evprecisely show the
e cient number of the periodic wavelet coe cients in order to recover a signal perfectly. Second, we discuss two-
dimensional discrete HWT and the symmetry of the matrices of the corresponding peddic wavelet coe cients.
From this, we precisely show the e cient number of the periodic wavelet coe cients in order to recover an
image perfectly. In Section 5, we apply the HWT algorithm to approximate images and show that the HWT

algorithm approximates images better than the LLST algorithm, the periodic wavelet algorithm, and the folded



wavelet algorithm.
2 Preliminaries

We state the well-known notions [4, 7] of biorthonormal periodic wavelet baes. After that, we recall the

corresponding Mallat algorithms.

2.1 One-dimensional biorthonormal periodic wavelets

It is well-known that using the method of periodization, one can construct biorthonormal periodic wavelet bases
with the help of the biorthonormal wavelets [4, 7].

Let and © be a pair of compactly supported smooth biorthonormal wavelets ofL?(R) generated by
compactly supported smooth scaling functions' and'e. For m 2 Z; n 2 Z, we denote the function family

m Co . . . P .
Omn :=2729(2™ n). Its periodization (with period 1) is giy = Omn ( + 1). The families
12z

[
Pero=f'Perg f P& m22Z,; n=0;:::;2" 1g;

m;n

[
ef = feP'g fe: m2Z,; n=0;:::;2" 1g

are called a pair of biorthonormal periodic wavelet bases fot.? %; %

Letf 2L2 1;2 . Form2Z,; n2Z, we denote the periodic wavelet coe cients
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ch = fO R @dy dR, = f(0) Rn (Ddt: (2:1)
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Here the sequence»‘sc(r%;)n g andfdﬁ%;)n g are periodic sequences (with period 2) with respect to the index n, i.e.,

(1) 1

- . 1 _ .
Cm;n +2m Cm)n ' dgn)n +2m|] = d%)n (| 2 Z).

It is well known that

L R Xt
f=chh+ diP, eher (2:2)

m=0 n=0



in the spaceL?([ 3;3]). For M 2 Z, ,its 2" partial sum is

l\y( 1 25{ 1
S (f) = chp + dip), eper (2:3)

m=0 n=0

Let the space ¥, be the span off'el] gn=0:;2n 1. One can decompose the projection of in ¥, as

follows [7].
2% 1 2™t 1 2"t 1

' _ 1 y 1 . .
Pg (f)= ), eper = ) e L+ dY 1, & (2:4)

n=0 n=0 n=0
Now we assume that' and 'e are both compactly supported. Denote the coe cients of the lter banks

p_* P~
ac= 2 (e Kdt b= 2 (et Kyt (2:5)

R R

Without loss of generality, we assume that for someN 2 Z., ,
a = b =0 (jnj N): (2:6)

Mallat showed that the fast algorithm to compute periodic wavelet coe cients i s similar to the fast
algorithm of wavelet coe cients [7, Sec. 7.5.1]. Along Mallat's idea, one canobtain the following algorithm for
the one-dimensional periodic wavelet coe cients.

Proposition 2.1.  Let the lters ay; b be de ned in (2.5) and c%)n ; d%;)n be de ned in (2.3). De ne

8= an; By = b (N 21 Bz = 8y B = by (122): (2:7)

Thenfor2? 1 N, we have

X 1 X 1
1 1) . ) _ 1) . .
Cg)l;k = 8 2k Cg;r)1 ; dg)l;k = By 2k C\(];r)1 , k2z (2:8)
n=0 n=0

2.2 Two-dimensional biorthonormal periodic wavelets

Let and € be a pair of biorthonormal wavelets generated by the scaling functions and 'e. Take the tensor

products of; . Denote

Co(xy) =" (x) (Y)s 1(xy) =" (¥



2 y) = (%) (y); 3(xy) = (X) (y):

Similarly, taking the tensor products of 'e and €, we get'eo(X;y), €1(X;y), €(x;y), and €(x;y). Then f ¢

and f € g3 are a pair of biorthonormal wavelets generated by the scaling functions ¢ and ‘e, respectively.

The families
per v per [ er m
o=fog f P80 =1;2;3, m2Z;; n=(ng;ny); ny; np=0;:::;2 1g;
per per [ er m
e =feg g &8, ; =1;2,3;, m2Zs; n=(ng;Nn2); ny; np=0;:::;2 1g:

. . T 2
are called a pair of biorthonormal periodic wavelet bases fot.2 1

Letf 2 L? % 12 For = 1;2;3; m2 Z.; n2 Z2, we denote the periodic wavelet coe cients

12
Z 7 ZZ:
= fOGY) Gmn OGy)dxdy;  dD., = fOcy) Bmn (GY)dxdy: (2:9)

Here the sequencea%cﬁﬁ;)n g and fd(;zr%;n g are periodic sequences with respect ta, i.e.

2 _ . 2 _ .

Cr(‘n;)n +2m| = C%)n ’ d(;n)w;n +2m| = d(;zn)un I2 22 .
It is well known that

(2) xR x 1 ) er
f=cpot d%n 0, (2:10)
=1 m=0 nj;;n,=0
For M 2 Z,,its 2°M partial sum is
X M1 2% 1
2
SZZM (f ) = Cl())o + d(;2r7)1;n er;)r%r;n

=1 m=0 ny;n,=0
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in the spacel? $:3 ° ., wheren = (ng;ny).

Let the space¥, be the span off -egfgnm On=(n1:nz); n1;n,=0;:;2n 1. One can decompose the project of

in ¥, as follows.

2% 1 2"t 1 3 2"t 1
' _ 2 ' 2 . .
P9m (f ) = Cg)n eg;er;;n - C&n) 1n eg% 1n + d(;n)1 1;n e;;)rt;r 1n- (2-11)

ni; ny=0 ni; ny,=0 =1 ng;ny=0



From the Mallat algorithm of the one-dimensional periodic wavelet, one can ea$y conclude the following
Mallat algorithm for two-dimensional tensor product periodic wavelets.
Proposition 2.2. Let the Iters fa,g; fly,g be stated in (2.7) and the periodic wavelet coe cients

cﬁﬁ?n ; d(;zr%;n be stated in (2.9). Then forJ >N and k = (ky;k») 2 Z2, we have

2b 1
@) @ — P a a R .
J 1k n1 2ki “nz 2kz “Jngiing’
niy;ny=0
b1
.. () _ @) .
(i) diy 14 = 3, 2k B, 2k Conings
ni;n,=0
2p 1
(2) _ w  z —— 2 .
(i) dyj g4 = o Bh, 2k, @n, 2k, Conaongs
1,2
2p 1
: (2) — (2)
(V) dgj 14 = B, 2 Bh, 2k, Conans-
niy;nz=0

2.3 Laplace local sine transforms

First we consider the one-dimensional case. Letq = 0;% and the function f be de nedon ;andf 2 C?( ,).

We split the function f into two components
f(x) = u(x)+ v(x) on i:

The rst function u(x)=2 f % f (0) x + f(0) and the second function satis es

1
v(0)= v > =0:

After an odd extension, the second functionv is periodized to bev , i.e., v is a periodic odd function. Finally
we expandv into Fourier sine series.
Next, we consider the two-dimensional case. Let , := O;% % and the function f be de ned on > and

f 2 C2( ). We split the function f into two components
fOGy) = ulxy)+ vixyy) on 3

where u(x;y) is the harmonic function which satis es Laplace's equation u (x;y) = 0((x;y) 2 2) and

u(x;y) = f (x;y) on the boundary of ,. So the residual satis es

vix;y)=0 ((xy)2@2):



After an odd extension, the residual componentv is periodized to be v , i.e., v is a periodic odd function.

Finally we expand v into Fourier sine series.

3 Harmonic Wavelet Transform

Now we present a notion of theHarmonic Wavelet Transform (HWT). We show that for the HWT algorithm,
the decay rate of periodic wavelet coe cients is the faster than those generated byltie periodic wavelet transform

algorithm and the folded wavelet algorithm.

3.1 One-dimensional HWT algorithm

We assume thatf is de ned on O;% . Let

f(t)= u(t)+ v(t) t2 O;% ;

whereu(t) =2 f % f(0) t+ f(0) and the residual componentv(t) satis es v(0) = v % =0.
We do the odd extensionvyyq Of the residual componentv to 515 - We again do the 1-periodic
extension ofvyqgg, denoted by v . Finally, we expand v into the biorthonormal periodic wavelet series. We call
this process the one-dimensional HWT.
Now we examine the decay rates of the coe cients of various wavelet algorithmsri the one-dimensional
case.

() The 1D periodic wavelet algorithm. Let f 2 C2 %% . In the periodic wavelet algorithm, we

directly expand f into biorthonormal periodic wavelet series. Clearly, the coe cients

z5 Z Z

din = () Rn(@Odt= f () mo(Ddt=2% f () @7t nydt; (3:1)
R R

N

wheref is the 1-periodic extension off . Sincef 2 L! (R); 2 L(R), we have

z 4 Z

d¥, =0(@2%) j (@™ n)jdt=0@2 z) j (t njdt=0@2 z) j (t)jdt=0Q2 ?): (3:2)
R R R



(ii) The 1D folded wavelet algorithm. Let f 2 C? O;% . In the folded wavelet algorithm, we do an even

extension off

8
< f(t); t2 0% ;

feven (X) = .
Cf(t); t2 10
Then
11 1 1
feven(X) 2 C E; 5 and feyen > = feven 5
Again let f (t) be a 1-periodic extension off ¢yen(t), We have
Proposition 3.1.  The periodic wavelet coe cients of f satisfy
d¥, =0 2 * (3:3)
The partial sum S,u (f ) of the periodic wavelet expansion off satis es
kf Som (f )kLZ([ %’%]) =02M.: (34)

Proof. Sincef 2 C? 0;% , we havef 2 liplonR,i.e., thereis a constantK such that

f(t) f Zim Kt o (t2R):
, R
Sincef 2 lip1, (t)dt =0, and (3.1), we have
R
z z
d, = 2% f () @7t nydt = 2% f (1) f(zim) @t n)dt
R R
z . z
K2% t o | @Mt njdt=K2 % jt njj (t n)jdt
R R
z
= K2 % jt )jdt=0 2 %
R

So (3.3) holds.
By (2.2) and (2.3), we know that the di erence betweenf and the partial sum of its periodic wavelet
series
23{ 1
f o Swa(f)= d® ep

m=M n=0

9



is in the spaceL? %; % . Using the Parseval equality and (3.3), we get

K Son (f K2 P 2Pt ) 2_ P 2P1 ., 2
om ( )Lz([ L) < dnn = 0(1) 2 2
m=M n=0 m=M n=0
P

o1 22m=02M
m

So (3.4) holds. Proposition 3.1 is proved.

12

(iii) The 1D HWT algorithm. Letf 2 C2 0;% . Now we introduce the HWT algorithm.

(a) We rst decompose f on O;% as follows

f(x)= u(x)+ v(x) X 2 0;% ;

whereu(x)=2 f 1 f(0) x+f(0). Sov(0)=v % =0.

(b) We do the odd extension ofv, i.e., let

1 1
Vodd (1) = v(t) t2 0 > and Voad ( 1) = V(1) t2 0 >
SOVodd 53 = Vodd 3 = Vodd(0) = 0. Since ¥ (X X) = "°““X(X), letting x ! 0", we get (Vogq)® (0) =

(Vodd)? (0). Hence vogq (1) is di erentiable at t = 0.
(c) We do the 1-periodic extensionv of Voqq; i.€.,Vv is a 1l-periodic function andv (t) = Vogq(t) jtj % .

Furthermore, we easily proveg’—tv 2liplonR.

Proposition 3.2. Let v be stated as above, i.e.y isal periodic function and dst 2liplonR. Then

the periodic wavelet coe cients of v satisfy

5m

db =0 2 = (3:5)

The partial sum Sym +1 (v ) of the periodic wavelet expansion ofv satis es

kv SZM +1 (V )kLZ([ %1%]) =0 2 oM : (36)
R R
Proof. Since (t)dt=0and t (t)dt =0, we have
R R
z z N N
db =27 v (t) 2"t n)dt=2z v (t) v o vO o U om (Mt nydt:  (3:7)
R R

10



Again, since dst 2 lip1 on R, we know that there is a constantK such that for any to 2 R,

Vo) vO(to)i Kit toj  (t2R):

This implies that

Zt
V) vt vOto)(t to)i= (Vo) vO(to)dt K(t to)® (t2R):

to

Taking to = 5 in this formula, by (3.7) we have

z . z
d¥,  K2% ¢ o (3:8)
R

By the similar argument to (3.4), from (3.8) we now have

2 m m
i @™t n)jdt=K2 7 (3 (t)jdt=0 2 *F

R

kv SzM (V )kLZ([ %’%]) =0 2 M

So (3.6) holds. Proposition 3.2 is proved.

3.2 Two-dimensional HWT algorithm

We assume thatf is de ned on 0;% 2 Let
!
2

FOGy) = uly) + vixy)  (xy)2 0.5
where u(x;y) is a harmonic function and v(x;y) satis es v(x;y) = 0 for (x;y) 2 @ O;% 2 . We do the odd
i1 ? that is,

extensionvygq Of the residual componentyv to '3

Vodd (X;¥) = V(X y)  (Xy) 2 0:5

and

NI =
NI

Vodd ( X;¥) = Vodd (X; ¥Y) = Voad(X;y)  (X)Yy) 2

Finally, we expand v into a biorthonormal

Again we do the 1-periodic extension ofvyqq, denoted by v .

periodic wavelet series. We call this process the two-dimensional HWT.

11



Now we examine the decay rates of the coe cients of various wavelet algorithmsri the two-dimensional

case.

(i) The 2D periodic wavelet algorithm. Let f 2 C? %% % . Denote the 1-periodic extension off on

R? by f . By (2.9), the periodic wavelet coe cients are

ZZ
dBn = 06Y) e OGY)dxdy ( =1;2;3);
R R
So, for each , we have
ZZ
d(;zn)];n = 2m f (xy) (2™x ng; 2™y np)dxdy
R R
ZZ
= 0@2™ j (x niy np)jdxdy
R R
ZZ
= 0@2™ j (xy)jdxdy=0 2"
R R

(i) The 2D folded wavelet algorithm. Let f 2 C2 0:1 ? , we do an even extension to %;2 ?

1
. >3 »and

then we do a 1-periodic extension toR?, denoted by f,. Then f, 2 lip1 on R?.
Proposition 3.3.  Let f, be stated as above, i.e.f, is a 1 periodic function and f, 2 lip1 on R?. Then
the periodic wavelet coe cients of f, satisfy
d@. =0 22" : (3:9)
The partial sum S,:» of the periodic wavelet expansion off , satis es

kfo  Spem (f2)k =0 2M: (3:10)

S

R
Proof. Let z=(x;y). Sincef, 2 lip 1(R?) and (z)dz =0, we have
R

z Z
- n .
d(;2n)1;n = f2(2) 0 (2)dz= fa(z) f2 om mn (2)dz;
R2 R2
SO
z ] zz
%, =0@") z ] @"z mjdz=02™ i (2jdz=0 2 2m
R2 R2 RZ

12



So (3.9) holds.
By (2.10), we know that the di erence between f, and the partial sum of its periodic wavelet series

xX X X1 S
1E2 SZZM (f 2) = d(;zr%;n er;)l%r;n
=1 m=M n=0

is in the spaceL? %% 2 Using the Parseval equality, we have

5 XX 1! o 2
kfz SZZM (f 2)kL2 [ %;%]2 = d;m;n )
=1 m=M n;=0 n2=0
wheren = (ny;n,) 2 Z2. Again, by d%, = O 2 2™ | we have
5 b3
kfo  Spem (f2)k = 0(1) 2°2m=0 2 2M

Lz [ 3] .

So we get (3.10). Proposition 3.3 is proved.

(iii) The 2D HWT algorithm. We can easily prove that 1-periodic functionv satis es

@X(x,y) 2lipl and @y(x,y) 21lipl  (x5y) 2R : (3:11)

Proposition 3.4. Letv be stated as above, i.e.y is a1 periodic function and (3.11) holds. Then the
periodic wavelet coe cients of v satisfy

d?d. =02 ). (3:12)
The partial sum S,2m (v ) of the periodic wavelet expansion ofv satis es

kv Spm (v )k, =0 2°M . (3:13)

[ 53]

13



Proof. For z =(x;y) and zy = ( Xo;Yo), we have

& @v @v
V(2) V() Gizox xo0) Gh(zo)y Yo) = @Y gyXeivo) dx
ya}
@v @v
+ —(Xy) —(Xyo) dy
. @ @y (3:14)
ya}
f Sy Gixaive) dy

Yo

Ji+ Jo+ Js:

By (3.11), we get
jdi K(x x0)? Kijz z%
iJ2i  K(y yo)?> Kijz zof%

o . K K . _
i Kix Xeijy yoi o (X X0)2+ (Y Yo)® = iz 2%

Again, by (3.14),

V@) V() %Vx(zoxX Xo) %Vy(zoxy o) 3Kiz 2 (3:15)

By the de nition of (x; y) ( =1;2;3), we obtain that for =1;2;3,

Z Z Z
X (2)dz= 'y (z2)dz= (z)dz=0: (3:16)
R2 R2 R2
By (2.9) and (3.16), taking zo = (Xo;Yo) = o (N =(Nn1;n2)), we deduce that
A
d2, = 2" v () 2"z n)dz
R2
z n @v n n @v n n
- 1 2 oms -
= 2" v(z) v om @x 2 om @y y om 2mz n)dz:
R2
From this and (3.15), noticing that xo = 2+ and yo = 4%, we have
z N2 z
d@. 3K 2"z o i (2"z n)jdz 3K 23 jz?] (2)jdz=0 23 : (3:17)
RZ R2



So (3.12) holds.

By the similar argument to (3.10) above, from (3.7) we now have

kv Szm (v )k, =0 2°M

[ 53T
Proposition 3.4 is proved.

4 Discrete HWT

In this section, we will discuss the discrete HWT and study the symmetry property d the coe cients.

We always assume that and € be a pair of biorthonormal wavelets generated by the scaling functions
. 'e that are compactly supported real-valued even functions. We also assume that and € are real-valued
functions. Let the lters faxg and fbcg be de ned in (2.5) and let us assume the formula (2.6) holds. Since
' and 'e are symmetric att = 0, by the known result [4], we know that and € are symmetric att = % and
t= 1, respectively.
4.1 De nition of one-dimensional discrete HWT

Let f 2 C? O;% be a signal of the interval O;% . We are given the discretized version off sampled at

n ZJ 1.
27 n=0 *
Then xo = f(0) and X5 1 = f(%). Using the HWT decomposition, we get
1 1
f(t)y=2 f > f(O) t+fO)+ v(t)=2(x 1 Xg)t+ Xgo+ v(t) 0t =
n n
Y=V = =X, (X 1 xo)F Xo:

In particular, yp = y»s 1 =0.

15



1.1

Since the odd extensionvogg 0f vto  5;5 satises

Vo= V(O t2 0

J 1 . "
the sequencefy3®dg2_ ,, ., wherey3® := voqy 4 , satis es the conditions

odd — odd 2J 1

odd odd
n Yo

n 221! and yg¥l = ygd, = yodd  =0:

Let v be a 1-periodic extension ofvoqq. We de ne the sequencef z,gn2z:

Zy =V 2% (n22): (4:1)
So we obtain that forn 2 Z and | 2 Z,
Zn= Zn, Zns =2Zp and zy 1 =0: (4:2)
Hencefz,0,27 can be determined by 2 ' 1 dierent values z3; :::; zp0 1 ;.
4.2 The relationships between the coe cients in the HWT repr esentation

n o n 0
Let c%)n and d(n%;)n be periodic wavelet coe cients of v 2 L? %% . Taking J su ciently large, the

following formula holds [1].

X 1
' 1) .
v (1) c§) e ()

n=0
and
1) n ) i
cg;r)] V.ooy = (4:3)
By (2.4), we get
1 22yt 1 2%t 1
(1) roper — (1) aper 1 per
Cik €k = Cy 1k € 1kt d5” 1 & g
k=0 k=0 k=0
By Proposition 2.1, we know that
X 1 1
1 1 . .
X 1k = a, az and d 1k = By 2xZn; (4:4)
n=0 n=0

wherefa, g and fly, g are stated in (2.7).
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Proposition 4.1.  Letc)? ., = «(k=1;::5;22 2 1)andd? , = « (k=0;::

n 02.] 1

0 o o SO w0 e i g
n 0, 1 4

(i) dgl)l;k o =f o} it o2 q; 20 2 1 il 00.

We need a couple of lemmas.

Lemma 4.2. Let fa,gandfh,g be stated in (2.7). Then, for anyn 2 Z,

a,=a and b=b

1). Then

R -
Proof. Since'; ‘e are both real-valued even functions anda, = P 2 ' (t)ye(2t n)dt (by (2.5)), we have

R
b Z
an = 2 '(t)e@t+ n)dt
R
p z p z
= "2 "(te( 2a+ndt=" 2 ' (t)e2t n)dt= a:
R R
From this and (2.7), we get
a,=a, auy,,= a, (n22):
— pr ' H 1 - 1
By (25), by =" 2 (t)e(2t n)dt. Since 5 t = 5+t , we have
R
Z Z
by = P3 %+t 'e(2t + 1 n)dtzpi % t 'e(2t+1
R R
p p z
= "2 ()e( 2t+2 n)dt= 2 (t)e(@ 2+ n)dt
R R
= bpoa:

So we gethy., = by . By (2.7), we have

bun=b o jnj 2%

Again sinceb, ,,, = b,, we haveb,, , = b  forall n2 Z. So we get

bh=b , (n22):

17

n)dt

(4:5)

(4:6)



Lemma 4.3. The periodic wavelet coe cients fcﬁﬁ?n g and fd%;)n g satisfy the following relationships

1 1 , o _ o . :
Cg)l;k: 05)1;23 e d.(])l;k_ dg)l;ZJ 11k (k22): (4:7)

Proof. From (4.2) and (4.5), it follows by (4.4) that

@) 2P 1

CJ ;23 1k

a

n+2k 27 Zn

2p 1 )
Ay42kZ n = & n+2kZn
n= n= 2J+1

Again thanks to the periodicity of the fa,g and fz,g, we have

P =4 2p 1
& ne2kZn = & ni2kZn = & neakln T Ay 222
n= 2J+1 n=1 n=1
(4:8)
2p 1 2p 1
= & nepkZn T AxZo = & nypkin:
n=1 n=0
So we have
x 1 X 1
1 1
Cg)l;zj 1K < a n2kZn = a, 2kZn = Cg)l;ki (4:9)
n=0 n=0
On the other hand, by (4.4) and (4.6),
) 2p 1 2p 1
4w = o By xzn = By ek
(4:10)
2p 1 P
= B, ni2kZ n = By ns2kZn:
n= n= 2J+1
By the similar argument to (4.8), we have
X0 X 1
B4 n+2kZn = B4 n42kZn:
n= 2J+1 n=0
So we get
1
(1) — - (1) .
dy” 1 = by @ ok %0 = Ay 0 g i
n=0
Proof of Proposition 4.1. By the rst formula of (4.7), we get cgl) 103 2 = cgl) 100 27 1€,
1
1 2 =0: (4:11)
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Sincea, =a ,=a, ,andz, = z ,= 2Zy ,, by (4.4), we have

) _2p1 _ P
G0 T 8nZn = 85Zn
n=0 n=1
P 2p 1 )
= 8y 22 n = 8,z = Cj’ 1
n=1 n=0

Let ¥, = « (k=0;:::;2° 1 1) Then, by ¢} ., =0, and (4.9) and (4.11), we get

0=0; o 2=0; and = w1, k=1;:::;20 2 1:

i.e., (i) holds. Proposition 4.1 is proved.
From Proposition 4.1, we see that in order to recover the signal, we only nee@ ' 1 periodic wavelet
coe cients and two boundary values of the signalf , the number of the sampling pointsfx, g2 ' isjust2’ 1+1.

Sothe 1D HWT is not a redundant transform.

4.3 Two-dimensional discrete HWT

We will now discuss two-dimensional discrete HWT and study the symmetry property d the coe cients.
Let an imagef 2 C? 0;3 ? . For some larged, take the 20 1+1 ° sample points off

ni Ny

an;nz =f 27‘]’ 27‘]

Using the HWT decomposition, we get

fOGy) = u(xy)+ v(xiy)  (Xy) 2 O:% ;

whereu(x;y) is a harmonic function satisfying Laplace's equationu =0 and u = f on the boundary of 0; % 2,
We can e ciently and accurately compute u by using the Averbuch-Israeli-Vozovoi (AlV) method [2]. Let us

now discuss the residual component.
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1 2
Voad (i¥) = V(Xy)  (xy)2 0.5
and I
1172
Vodd (X;¥) = Voad( X;¥) = Vodd (X;  ¥) = Voad( X; Y); xy)2 i3
Denote zy,;n, = Vodd 5+: 5+ . Then
Znyn, = Z ongnz = Zng; np; = Zong; ony ni; nz=0; L 200 (4:12)
and
ZO;nz = an;o = Zy 1, = an;ZJ 1=2Z 2 1, = an; 21 1 =0:
Let v be a 1-periodic extension of/oqg to R%. Denote Zy,n, =V 2—}; 2—} . Then
Zoon, = Zngmgs  N1iNe=0; 1y 201
Z, 429n, = Znings Zy 0,429 = Znyngs (n122;n,22): (4:13)
For =1;23; m22Z;n22Z2 let cﬁﬁ?n .n, and d(;zn)];n ., be the periodic wavelet coe cients of v 2
2
L2 317 (see (2.9)).
Take J su ciently large such that
! Ny n
cuy 2) 2) . 1.N2, _ ) _ ChY-
v (X)) CS;,)1 efy, and CS;% v (Z—J,Z—J) = Zy,m,s N=(ngny):
ni;n,=0
Again, by (2.11), we have
2JX1 1 )@ 2JX1 1
N (2) ' (2) . .
v (xy) & wnain, eg?e; Linng T d:J Lngn, e‘;)ir Lngn,: (4:14)
niy;n,=0 =1 ni;n,=0
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Now we discuss the symmetry property of the coe cients

Lemma 4.2, (4.12), and (4.13), we can get

Proposition 4.4,

; (2) — 2 (2) _ (2) — 2 - A2 _
(I) CJ 1,29 1 kyjkp G 1k ka!? CJ 1;k1;29 1k G 1k k! CJ 1,29 2;k, G 1,0kz CJ 1;kg;20 27
(2) N
¢ 1:kp:0 =05
o (2) — (2) . (2) — (2 . (2) JER 3
(") dl;J 1;29 1 kyitk, T dl;J 1;ki;ka? dl;J 1k; 29 1k, 17 dl;J Likirkz? dl;J 1;29 2;k, — d1;J 1,0;k2
0;
(2) — () . () — () . () - 4@
(i) d735 120 1k, 1k = 923 Lkoker 920 1k 1ok = B2 Lkeker 925 1k 2= 935 kg0
0; and
: (2) — 2 . 2 — (2) .
(V) d37y o0 0k, 1k, = 950 tkeker B30 1w otk 17 95T Lkt
From Proposition 4.4, the symmetry of the matrix @ i Kyp ko =0:1::::20 1 1 s described
p Yy ry 3 Likiks
as follows:
0 1
0 0 0 0 0 0
0 11 120 2 1 0 120 2 1 11
0 23 2 1;1 21 2 1;29 2 1 0 21 2 1;29 2 1 21 2 1:1
0 0 0 0 0 0
O 23 2 1:1 21 2 1;2J 2 1 0 23 2 1;2J 2 1 23 2 1:1
0 11 120 2 1 0 22 1,29 2 1 2 2 11
where
2
k1k2—0§)1k1k2 ki, kp=1;::520 2 1

For kq; ko 2 Z, we have

21

G 1Kk,

()

and d%) 1k, k,- From Proposition 2.2,



Therefore, the matrix ¢} 14,4, + kiike =0;1;:::;2) 1 1, is determined by 27 2 1 ? values. Similarly,

we have

() the matrix  d) 4.4,  kiske=0;::5;22 1 1, is determined by 2 2 2° 2 1 values;

(i) the matrix  d) 14,4, »Kiike=0;:::;22 1 1, isdetermined by 2 2 2° 2 1 values; and
(iii) the matrix dgza 1k,k, o Kik2=0;:::;20 1 1, is determined by 27 * values.

Noticing that
2J2 12+2322J2 1+2322J2 1+22J 4 — 2Jl 12:

we know that in order to recover v , we only need 20 1 1 2 periodic wavelet coe cients. To obtain the
harmonic function u, we need 42 * 1 +4 boundary sample points of the imagef on @ O;% . Since
the number

P21 1%+44 2 1 +4= 2 141’
is exactly equal to the number of sampling points off , i.e., the 2D HWT is not redundant.

5 Image Approximation Experiments via HWT

We will examine the approximation performance of the 2D HWT algorithm. T he quality of approximation in

this paper is measured by PSNR (or peak signal-to-noise ratio) de ned as
PSNR :=20 log,, maxjf (x)j=RMSE ;
X2

where RMSE is the absolute'? error between the original and the approximation divided by the square root of
the total number of pixels in the original image. The unit of PSNR is decibel (dB).
5.1 Comparison with the periodic and folded wavelet algorit hms

To approximate an image sampled on a square by the 2D HWT algorithm, werst decompose the image into

the harmonic componentu and the residual v (see Fig. 1). The harmonic componentu is determined by the
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data at boundary of the square. Hence in order to approximateu, it su ces to approximate the data on the
boundary of the square. Since the boundary consists of four segments, we simply appbyne-dimensional LLST
on each segment. For the residual, we do an odd extension and a periodic extension (see Fig. 2) and expand
it into a periodic wavelet series with respect to a biorthonormal periodic wavelet basis with the symmetric lter
bank (see Fig. 3). Our image approximation and reconstruction strategy consts of the following steps: 1)
Retain the gray values of the four corner pixels of the image that are necessary toompute the 1D harmonic
component of each boundary segment of the square; 2) Select a certain number of the d@st coe cients in
terms of energy from the rest of the coe cients (both 1D and 2D); 3) Reconstruct u and v from these retained
coe cients using the AlV algorithm [2] and the Mallat algorithm, respectivel y; and 4) Compute u + v.

For approximation and reconstruction of the image by the periodic wavelet agorithm and the folded
wavelet algorithm, we simply retain a certain number of the largest coe cients in terms of energy from all the
coe cients and reconstruct the image from them.

First, we compare the performance of HWT with that of the periodic wavelet transform (PWT) and the
folded wavelet transform (FWT). We use the 9/7 biorthogonal Iter bank (see [7, Sec. 7.4] for the actual Iter
coe cients). The depths of decomposition J we test here areJ = 2;4;log,(N) for an image of sizeN  N.
The original image sizes we use are all dyadic, i.eN = 2", which are suitable for PWT and FWT. Hence, for
HWT, we duplicate the last column and row of each image to make it suitable ér HWT.

As for the images, we use the face part of Barbara image (with 128 128 pixels) as well as the standard
images \Bridge", \Truck", and \Moon surface", each of which consists of 256 256 pixels. Fig. 4 shows the
latter three images.

Fig. 5, 6, and 7 show the quality of approximations of these four images wherhie depth of decomposition
J is set to two, four, and maximum (seven for the Barbara face image and eighfor the other three images),
respectively. From these gures, the performance of HWT is consistently superioto that of PWT and FWT. For

J = 2, we observe that the big performance di erence between HWT and that of PWT and FWT particularly
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when the ratio f the retained coe cients is less than about 6%. This can be explained a follows. For any image
of sizeN N, if the depth of decomposition J is set to 2, then the number of low-pass wavelet coe cients
in PWT and FWT is N2=16, i.e., very large. Since the low-pass wavelet coe cients are not sparse, we need
many coe cients to approximate such an image well. In other words, we cannot e ciently approximate such
an image using a small number of coe cients ifJ is set to a small number such as 2. In factN 2=16 is 625% of
the original image sizeN 2, which agrees with our observation. On the other hand, HWT decomposes an image
into two components: the harmonic component and the residual. We can approximag the harmonic component
very well using a few 1D LLST coe cients. For the residual, we still have the sameproblem as PWT and FWT
if J =2. However, since the norm of the residual is much smaller than that of the orignal image thanks to the
removal of the harmonic component, the reconstruction error is kept small.

When J =4 or J is set to its maximum, the performance of HWT is about 02 0:5dB better than that
of PWT, and the 0:1 0:2dB better than that of FWT. In general, the smaller the number of the retained
coe cients, the clearer the performance di erence becomes. This is also due to the harmoni component in
HWT.

We now would like to show the reconstructed images because the PSNR plots do not telhe whole story.
Fig. 8, 9, and 10 show the reconstructed Barbara face images using top 5% coe ciestof PWT, FWT, and
HWT for J = 2;4;7, respectively. From these gures, we can see that the HWT algorithm is alsqerceptually
better than the PWT algorithm and the FWT algorithm, particularly for J = 2. We can also notice some
di erence around the frame boundary of the images. This is due to the use of LLST on thédoundary pixels in

HWT. Overall, for each algorithm, the di erence between J =4 and J =7 is not noticeable.

5.2 Comparison with LLST

We now compare the HWT algorithm with the LLST algorithm. In general, the decay rate of LLST coe cients
depends on global smoothness of the input data while that of HWT coe cients depends on locabmoothness.

Since the global smoothness of a function is determined by its rough part (even if thapart is localized), we
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need fewer HWT coe cients than LLST coe cients in order to reconstruct the data to the same quality. For
LLST, we divide the image into several blocks and do LLST on each block. The ge of block we use in our
experimentsis 9 9,17 17,33 33,65 65,129 129 for all the four images, and in addition, we use 257 257
block for the \Bridge", \Truck", and \Moon Surface" images. Note that the la rgest block size for each image
implies that LLST does not divide it into a set of smaller segments. We rst retain all the corner pixel values
of each block, select the certain number of coe cients with the largest energy amonall the coe cients (both
1D and 2D) not yet used, reconstruct an approximation from these coe cients, and nally evaluate its quality
of approximation. For HWT, the depth of decomposition is set to the maximum, and we also use the 9/7
biorthonormal Iter bank. We apply HWT on the whole image and retain the coe cient s with the largest
energy. Fig. 11 shows the quality of approximation by PSNR values when we reia 2%-20% of the original
coe cients. From this gure, we again observe that HWT consistently outperfor ms LLST regardless of the block
sizes. In particular, HWT's performance is signi cantly better (about 1dB) t han that of LLST for the \Bridge",
\Truck", and \Moon Surface" images while its performance on \Barbara face" i mage is closely followed by that
of LLST with 17 17 blocks, especially around the ratio of the number of the retained coe cients tothat of
the original coe cients ranges around 8% to 10%. We believe that this is due to theexistence of textures in
the Barbara face image. We also observe that the performance of LLST at a paidular ratio of the number of
the retained coe cients to that of the whole coe cient strongly depends on the block size. For example, for
heavy compression (i.e., the ratio is about 2% to 8%), the LLST with the lager block sizes perform better than
that with the smaller block sizes while the situation is opposite if one cana ord to keep a larger number of
coe cients (e.g., the ratio is larger than 10%). HWT does not require the user to choose any such block sizes,

which is one of the major advantage of HWT over LLST.

5.3 Comparison with wavelets on the interval

It is appropriate to compare HWT with wavelets on the interval (WOI) intr oduced by Cohen, Daubechies and

Vial [5] because WOI also tries to overcome boundary e ects. Compared to HWT, he periodic wavelets, and
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folded wavelets, however, the construction of WOI is quite complicated. Their staring point is Daubechies's
compactly supported scaling functions and wavelets. They rst construct scaling functionson the interval con-
sisting of three parts: the left edge scaling function, the interior scaling functia, and the right edge scaling
function. Then, they use these scaling functions on the interval to construct the correspondig wavelets also
consisting of three parts: the left edge wavelet, the interior wavelet, and the rjht edge wavelet. Although these
wavelets on the interval have high vanishing moments, we cannot apply its discret version to image approxima-
tion immediately. This is because their corresponding high pass Iter cannot map a snple polynomial sequence
to zero. So when one uses WOI to approximate images, one has to perform a pre Iteringpf preconditioning)
on the data rst; see [5] for the detail.

We now compare the performance of HWT with that of WOI. Since the harmonic componeh of HWT
takes care of linear parts on the boundary, in order to be a fair comparison vih HWT, we use WOI with two
vanishing moments. For HWT, we use Villasenor 5/3 lter bank [10], which also has two vanishing moments.
Fig. 12 shows the quality of approximation measured by PSNR values when we rain 1%  10% of the original
coe cients. The depth of decomposition for both HWT and WOlI is set to ve for the B arbara face image and
six for the other three images since these are the maximal depth of decompositidhat the WOI can take. From
this gure, we observe that that HWT again consistently outperforms WOI. Considering the implementation

complexity of WOI, HWT should be used if one wants to reduce the boundary e ects.

6 Conclusion

In this paper, we proposed the Harmonic Wavelet Transform (HWT) that is not a ected by the boundary of

input data. The idea of removing the boundary mismatches of input data originally proposed in LLST [8] is
quite important since the residual component after odd re ection and periodization, say, thev component, does
not contain any arti cial discontinuities caused by the boundary mismatches. Hence, the expansion coe cients

of v with respect to the periodic wavelet basis truly relect the local smoothness of amnput image. Moreover,
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HWT captures the intrinsic singularities in the interior of the domain more e ciently than LLST that uses the

Fourier sine series expansion fov . Also, the implementation of HWT is simpler than WOI because HWT does
not need any special boundary-dependent lIter banks. Finally, our image approximationexperiments using
four standard images demonstrated the superiority of HWT over LLST, PWT, FW T, and WOI. We also note
that the extension of HWT to a higher dimension is straightforward thanks to the e cient Laplace solver for

higher dimension [3].
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(a) Original (b) The u component (c) The v component

Figure 1. HWT decomposition of the Barbara face image. Each image is d@ayed using its full dynamic range.

Figure 2: The odd extension of the residual component.
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Figure 3: The periodic biorthonormal wavelet coe cients of the odd extension of the residual componentv
when the depth of decomposition is one.

(a) Bridge (b) Truck (c) Moon Surface

Figure 4: The three more standard images used in our experiments.
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Figure 5: Quality of approximation of the four standard images measured by BSNR values as a function of
the ratio of the number of the retained coe cients to the total number of the coe cien ts. The depth of
decomposition is set to two in each case.
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Figure 6: Quality of approximation of the four standard images measured by BSNR values as a function of
the ratio of the number of the retained coe cients to the total number of the coe cien ts. The depth of
decomposition is set to four in each case.

32



26

PSNR
PSNR

201 FWT 4
, ——HWT ———HwT
19 I I I I I I I I 19 I I I I I I I I
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Ratio of retained coefficients (%) Ratio of retained coefficients (%)
(a) Barbara face (b) Bridge

30 34

291 ~4

28} Tl E

27t i 1
o e x
z - z
o - ]
a e o

261 ot 4

<7
25F s 4
’
2
’ - - —-PWT
oal A FwT | |
’
’ —— HWT
/
23 I I I I I I I I 28 I I I I I I I I
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Ratio of retained coefficients (%) Ratio of retained coefficients (%)
(c) Truck (d) Moon Surface

Figure 7: Quality of approximation of the four standard images measured by BSNR values as a function of
the ratio of the number of the retained coe cients to the total number of the coe cien ts. The depth of
decomposition is set to the maximum in each case, i.e., seven for the Barbarade image and eight for the
others.
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(a) Original Image (b) PWT

(©) FWT (d) HWT

Figure 8: Approximations of the Barbara face image using the top 5% coe ciens when the depth of decom-
position is two. The PSNR values (in dB) of PWT, FWT, and HWT are 17 :6182, 175961, and 220776,
respectively.
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(a) Original Image (b) PWT

(©) FWT (d) HWT

Figure 9: Approximations of the Barbara face image using the top 5% coe ciens when the depth of decom-
position is four. The PSNR values (in dB) of PWT, FWT, and HWT are 22 :9791, 231484, and 232651,
respectively.
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(a) Original Image (b) PWT

(©) FWT (d) HWT

Figure 10: Approximations of the Barbara face image using the top 5% coe cierts when the depth of decom-
position is seven. The PSNR values (in dB) of PWT, FWT, and HWT are 22:9962, 231476, and 232688,
respectively.
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Figure 11: Quality of approximation of the four standard images measured byPSNR values as a function of the
ratio of the number of the retained coe cients to the total number of the coe cients . These gures compare
the performance of HWT with that of LLST with di erent block sizes. For HWT, the depth of decomposition
is set to its maximum level.
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Figure 12: Quality of approximation of the four standard images measured byPSNR values as a function of the
ratio of the number of the retained coe cients to the total number of the coe cients . These gures compare
the performance of HWT with that of WOI. For both HWT and WOI, the depth of decomp osition is set to its

maxim

um possible level.
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