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Abstract

We introduce a practical and improved version of laéyharmonic Local Sine
Transform(PHLST) calledPHLSTS After partitioning an input image into a set
of rectangular blocks, the original PHLST decomposes edmtktinto a polyhar-
monic component and a residual. Each polyharmonic compg@uves a poly-
harmonic equation with the boundary conditions that mateh/alues and normal
derivatives of even orders along the boundary of the coardipg block with
those of the original image block. Thanks to these boundamngitions, the resid-
ual component can be expanded into a Fourier sine serieswtiféicing the Gibbs
phenomenon, and its Fourier sine coef cients decay fakgen those of the origi-
nal block. Due to the dif culty of estimating normal derivas of higher orders,
however, only the harmonic case (i.e., Laplace's equatias)been implemented
to date, which was called Local Laplace Sine Transform (LL$Tthat case, the
Fourier sine coef cients of the residual decay in the or@¢kkk 3), wherek is
the frequency index vector. Unlike the original PHLST, PHIS®nly imposes the
boundary values and the rst order normal derivatives adthendary conditions,

which can be estimated using the information of neighbayuiimage blocks. In
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this paper, we derive a fast algorithm to compute a 5th dggogdarmonic func-
tion that satis es such boundary conditions. Although tleaffer sine coef cients
of the residual of PHLST5 possess the same decaying rate lasSih, by us-
ing additional information of rst order normal derivatifeom the boundary, the
blocking artifacts are largely suppressed in PHLST5 anddl&lual component
becomes much smaller than that of LLST. Therefore PHLSTYiges a better
approximation result. We shall also show numerical expenits that demonstrate
the superiority of PHLST5 over the original LLST in terms aktef ciency of

approximation.

keywords: local Fourier analysis, polyharmonic equation, discréte sransform,

image approximation.

1 Introduction

One of us (NS) recently introduced tRelyharmonic Local Sine Transfor(RHLST)
[18, 19] in an attempt to develop a local Fourier analysissymdhesis method without
encountering the infamous Gibbs phenomenon. The PHLSBdstalresolve several
problems occurring in the Local Trigonometric Transformm$T(s) of Coifman and
Meyer [7] and Malvar [14, 13], such as the overlapping wind@md the slopes of the
bell functions. PHLST rst segments a given function (oruinplata)f (x), x 2

RY supported on an open and bounded domaiimto a set of disjoint block§ ;g

such that
[J
= J .
i=1
Denote byf; the restriction of the functiofi to ;, i.e.,fj = —f, where —is
the characteristic function on the set,j = 1;2;  ;J. Then PHLST decomposes

eachf; into two components & = u; + v;. The components; andyv; are referred
to as thepolyharmonic componerand theresidual respectively. The polyharmonic

component is obtained by solving the followipglyharmonic equation

Mup=0 in j; M2N 1)



with a set of given boundary values and normal derivatives
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where = iz1 @:@% is the Laplace operator iR®. The natural numbem

is called the degree of polyharmonicity, agdis the order of the normal derivative.
These boundary conditions (2) enforce that the solutiointerpolates the function
values and the normal derivatives of orders:: :; ¢ 1 of the original signaf along
the boundary@ ;. The parametetp is normally set tdd, which means that; = f
on the boundan@ j, i.e., the Dirichlet boundary condition. If the blocks, j =
1;2; ;J, are all rectangles (of possibly different sizes), PHLSEge= 2", i.e.,
only normal derivatives ofven ordersare interplolated. It is not necessary to match
normal derivatives of odd orders when the blockss are rectangular domains. This
is because the Fourier sine series of the residuisl equivalent to the complex Fourier
series expansion of the extendgdafter odd re ection with respect to the boundary
@ j , hence the continuity of the normal derivatives of odd osdep to orde2m 1)
is automatically guaranteed. Recall thatfior= 1; 2, the equation (1) is usually called
Laplace's equation and the biharmonic equation, respagtivVe remark that in the
case of the domain 2 R being an interval (i.e., the spatial dimensior= 1), the
polyharmonic componeny; for m = 1 is simply a straight line connecting the two
boundary points of the intervalj ; while for m = 2, the polyharmonic component
u; is a cubic polynomial connecting the two boundary points.weler, when the
spatial dimension is higher (i.ed  2), the solution of the equation (1) with the
boundary conditions (2) is not a simple tensor product oélatgic polynomials in
general. Subtracting such fromf; gives us the residuaj = f; u; satisfying

@y

@«
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This implies that the values and the normal derivatives; ofanish on the boundary
@ j. Thus the Fourier sine expansion coef cients of the redidgadecay rapidly,

i.e., in the orde©(kkk 2™ 1), provided that there is no other intrinsic singularity in



the domain ;, wherek is the frequency index vector. In fact, we have the following

theorem.

Theorem 1.1.[19] Let ; be a bounded rectangular domain Re, and letf; 2

ist and are of bounded variation. Furthermore, gt = u; + v; be the PHLST
representation, i.e., the polyharmonic componepntis the solution of the polyhar-
monic equatior(1) of degreem satisfying the boundary conditiorf®) withg = 2",
"=0;L::5;m  1,andv; = f; u; is the residual component. Then, the Fourier

sine coef cienthy of the residual; is of orderO kkk 2m 1 forall k 6 0, where

norm ofk.

The proof of this theorem can be found in the paper [19]. Weeaththis way of
decomposing a functiof into a set of functiongf; = u; + v;jg’., the Polyhar-
monic Local Sine TransforfPHLST) with degree of polyharmonicityn. Note that
if we employ the complex Fourier series expansion or the iEosine expansion of
non-periodicf; by brute-force periodization, the decaying rate becomésafrorder
O kkk ' eveniff; 2 C®™( ;). If we use the Fourier cosine series expansiofy of
(as adopted in the JPEG standard), we can obtain a decayingfrarderO kkk 2 .
Thus the faster decay of the Fourier sine coef cients;oin PHLST allows us to dis-
tinguishintrinsic singularities in the data from the arti cial disconting$ created by
local windowing or periodization. It also enables us toliptet the frequency contents
of each block without being in uenced by the surroundingdide and without the edge
effect such as the Gibbs phenomenon. Moreover, as long asotinedary data are
stored and the normal derivatives at the boundary are &lajldne polyharmonic com-
ponents can be computed quickly by utilizing the FFT-basmaldce solver developed
by Averbuch, Braverman, Israeli, and Vozovoi [1, 4], whicle shall call the ABIV
method. Combining the fast solver ABIV with the quickly dgtay Fourier sine co-

ef cients of the residuals, the usefulness of PHLST to imagproximation when the



degree of polyharmonicityn = 1 was demonstrated in the papers [18, 19]. We remark
that to remove boundary artifacts, researchers in the élinage processing have
proposed several approaches, such as replication edgesiextewindowed extrapola-
tion, constant extension, re ection edge extension. A migerview can be found in
the reference [8].

Soon after developing PHLST, N. Saito and K. Yamatani exeritto thePolyhar-
monic Local Cosine Transfor®HLCT) [23]. The PHLCT allows the Fourier cosine
coef cients of the residual decay in the order kkk 2™ 2 Dby settingq =2 +1,

" =0;:::;m 1in the boundary conditions (2) and by introducing an appater
source term on the right hand side of the polyharmonic equdfi). In that work, an
ef cient algorithm was developed to improve the quality ofdges already severely
compressed by the popular JPEG standard, which is basedsorel& Cosine Trans-
form (DCT).

Finally, N. Saito introduced thBolyharmonic Local Fourier TransforPHLFT)
[19] by settingg = *," =0;:::;m 1in Eqg. (2) and by replacing the Fourier sine
series with the complex Fourier series in expandingiheomponents. With some
sacri ce of the decay rate of the expansion coef cients,, icf orderO kkk ™ 1!
instead of ordeO kkk 2™ 1 or of orderO kkk 2™ 2 | PHLFT allows one to
compute local Fourier magnitudes and phases without fatiegsibbs phenomenon.
PHLFT also can capture the important information of origatamuch better than
PHLST and PHLCT. Moreover, it is fully invertible and shoddd useful for various
Itering, analysis, and approximation purposes.

In all of the above transforms, however, we have only impletee and tested the
harmonic case, i.e., the degree of polyharmonioity= 1. In other words, in prac-
tice, we have only used Laplace's equation as the polyhaiereguation in (1) so
far. Consequently, we only demonstrated the decaying cdtB$1LST, PHLCT, and
PHLFT asO kkk 2 ,0 kkk 4 ,andO kkk 2 ,respectively. We call these trans-
forms with polyharmonicityn = 1 Laplace Local Sine Transform (LLST), Laplace

Local Cosine Transform (LLCT), and Laplace Local Fouriearisform (LLFT), re-



spectively. It is theoretically possible to solve the palghonic equation of higher
degree of polyharmonicity (i.em > 1). But in practice, images are discontinuous
almost everywhere and contain noises. The main dif cultjoiseliably estimate the
required normal derivatives of higher orders at the boundéeach block ;. If one
tries to use boundary derivatives of higher orders (e.gsdahestimated by a higher
degree polynomial t), then their values tend to be chadiijdauge. Consequently not
only the polyharmonic solution (i.e., thecomponent) becomes huge compared to the
original data, the residual componenis also with large energy. Although the Fourier
sine coef cients of the residual decay rapidly, it is virtually useless for the purpose
of approximation.Therefore, in practice we shall not only seek fast decayatg of
the Fourier sine coef cients of the residual but also a residuaV with a small energy
In this paper, we explore a different aspect of PHLST. Irsstafablindly seeking fast
decaying rate, we consider the polyharmonic equation aslad@chieve smooth ap-
proximation. Assuming the boundary derivatives are adelyastimated, it is clear
that the more information of boundary derivatives is ushd,lietter the prediction of
the original image from the component will be. If equally spaced samples are taken
from a smooth function, it is well known that a cubic splingpegximation always con-
verges to the original function faster than a piecewisedlirapproximation as the size
of the sampling mesh converges to zero. Similarly, we se@okvthich is a higher
order approximant than LLST in this paper. In practice, tlghér order PHLST can
be regarded as an improvement of LLST by reducing both bhackirtifacts and the
energy of the residual component. We also introduce a ped&tlgorithm to compute
PHLST with a 5th degree polyharmonic equation£ 5), yet constrained only by the
Dirichlet and Neumann conditions, i.e., by using ogdy= 0 andg, = 1 in Eq. (2).
Therefore, we shall name this methBHLST5 We believe that this is the limit of the
practicality in the line of PHLST of higher degree polyhamiaity.

In order to understand our method better, we also compaithibther polyharmonic-
related work. In particular we compare PHLST5, LLST with @p@ximation method

using radial basis functions [9, 10, 11, 17, 6, 20]. Radiaidfunctions are extremely



useful when interpolating scattered data, especially gifi siimensions. Le§ be the
set of distinct points ifRY, which are traditionally calledentersin radial basis func-
tion jargon, as radial basis functions are radially symioetoout the centers. The goal
is to approximate an unknown smooth functfothat is only given at those centers via
a set of real valueks, s 2 S. In order to approximate the unknown functibrwith
an approximant™, a univariate continuous function: R, ! R that is radialized by
composition with the Euclidean norm is chosen asrttial basis function Addition-
ally, the centers 2 S are used to shift the radial basis function and as collogatio
points. Therefore the standard radial function approximaave the form

X

fx)= & (kx sk); x 2 R%:
s2S

We remark that when the radial function is chosen as a maltigja, that is,
n="re
wherec is a positive parameter, the interpolation requirements
fis=fjs
for given datd js lead to a nonsingular interpolation matrix
A=1f (ks tK)Gsit2s

due to Micchelli [16].

The paper is organized as follows. Section 2 describes ttaéislef how to con-
struct our new transform, PHLST5. Section 3 shows the resdilbur numerical ex-
periments and demonstrates the improvements of PHLSTS5LW®T in terms of the
ef ciency of approximation. We also compare the performaon€ PHLSTS with that
of radial basis function transform. Finally, we concludéstbaper in Section 4 with
our discussion of some potential problems and our futurespldn Appendix A, we

review the ABIV method for readers' convenience.



2 Construction of PHLST5

In this section, we shall only deal with two-dimensional gea (i.e.d = 2), and focus
on the analysis of one image block for a particulaij . Therefore, for simplicity, we
shall drop the subscript that was used in many equations appeared in Introduction.

Furthermore, we shall assume (0 ;1)?, the unit square ifR?.

2.1 Dif culties in Solving a Biharmonic Equation

Letf (x;y), (x;y) 2 be agiven inputimage. If we view LLST to be an approximant
to match the intensity values on the boundary, then a nataglto improve LLST is

to consider a biharmonic equation

2u=0 (xy)2 (4)
with boundary condition
8
2 y = f xy)2 @
: (5)
> @u _ @f .
@ @ (xy)2 @

A solution of such a biharmonic system, compared with LLSTargntees that
the regularity of the solutiom across the boundary is one order higher. In addition,
a biharmonic solution has the minimum curvature propertyctviminimizes the os-
cillation impact from the boundary data [21]. Theoretigathne can even consider
polyharmonic equations of higher order (i.m,> 2) with given boundary data (i.e.,
f@f=@ \gf"zo 1). One should notice that the normal derivatives of variow®es on
the boundary must be estimated from the given original insageples. However, in
practice, the estimated values of normal deriva@e=@ with® 2are fragile and
inaccurate, especially when the original image containsaso Therefore, any method
requires normal derivatives of higher order ( 2) is impractical.

Even if we have accurate estimates of the required nomaltdes, solving this

biharmonic system (4), (5) is numerically dif cult. Thereeaquite a few methods to



numerically solve a biharmonic system. Some represestatigthods include the -
nite difference (FD) or FFT-based solver with the FD appmedion of the Laplace
operator [3]; a method that converts it to an integral equiedind iteratively solves the
resulting linear system [15]; and the spectral methodstasdhe Chebyshev or Leg-
endre polynomial expansions [2]. None of them are suitatMe@r problem though.
The FD-based methods have low accuracy in the computeds@uh general. More-
over, both the FD-based methods and the one using the teehofdntegral equations
are computationally expensive. The spectral methods ubm@hebyshev or Legen-
dre polynomial expansions require function values samptedpecial grids (i.e., the
Chebyshev or the Legendre nodes), which are usually nolaseifor our problem
because most digital images are sampled on regular redéaryids.

On the other hand, we wish to retain the avor of the ABIV mattjth, 4] as much
as possible. For solving Laplace's equation with the Digtboundary condition on a
rectangular domain, the ABIV method is ideal because: $)dbmputationally fast due
to its use of the FFT algorithm; 2) it is very accurate; 3) thalgtical solution provided
by the method allows us to interpolate at any point withindbenain. See Appendix
A for more about the ABIV method. Unfortunately, the bihamwequation (4) with

the boundary conditions (5) does not permit us to use the AB&thod directly.

2.2 Relaxing the Biharmonic System

Instead of directly solving the biharmonic system (4), {8,relax the polyharmonicity
(i.e.,m > 2) and propose the following polyharmonic system so as tg fattorporate

the ABIV method.

8

% Mu =0 (x;y) 2

3 u = f xy)2z@ (6)
2 @u_ ef .

Although we now lose the minimum curvature property, wd s@ve the regu-

larity improvement across the boundary. Note that the ayg& cannot be solved



uniquely because the boundary conditions make the probhelardetermined. Instead
of solving the system (6) directly, we shall explicitly ndmolyharmonic function that
satis es the equations in the system (6).

In order to have a proper choice wf, we shall decouple the system (6) into two
subsystems by representingin terms of its two components; andu, (i.e.,u =
u; + uy). The componentl; is the solution of Laplace's equation with the Dirichlet

boundary condition:

8

< 0 (xy)2

f (xy)2 @

which can be solved ef ciently by the ABIV method. The compoiu, takes care of

u

; (7)

uz

the rest: 8
g "u =0 (xy) 2
3 @us =0 of o (xy)2 @ (8)
T — = g= —  (xy)2@:

@ "o @
To nd the componenti, that satis es the system (8) with certain degree of polyhar-

monicity m, we follow a strategy similar to that used in the ABIV methddhe com-
ponentu, shall be represented as a linear combination of a set oftelyyimany poly-
harmonic functions. To this end, we nd a sequence of fumctidenoted by Gy g;_;

which have the following properties:
1.Gc=0 (xy)2@

2.85=0 (xy)2@nf(xy)jx=1g
Note: such a property will allow one to treat four edges of tbendary sepa-

rately.

3.f8% _ i, isabasis ot ?([0; 1]).

sinh(k x )

Sk ) which is used in the

Moreover, de ne the functiorhy (x;y) := sin(ky)

ABIV Laplace solver with the following properties:

1. h =0 (xy)2

10



2.hg=0 (xy)2@nf(xy)jx=1g
3. fhyjx=1 Oi-, is a basis ot 2([0; 1]).

A natural way to construct the functio® is to seek a formGy = hy (X; y)p(X;y),
wherep(X; y) is a polynomial. For the functionSy to satisfy the above three proper-
ties, we choose a polynomiplsuch that it vanishes on the bound@y. The simplest
choice isp(x;y) = x(x 1)y(y 1).Infact, by direct computation one can show that
the polyharmonicity o5y is equal to the summation of the polyharmonicityhgfand
the degree op(x;y) (i.e., ™) G, = 0). Hence, we conclude that the system (6)
with m =5 is a polyharmonic system that can be computed fast and daetutesing
the existing ABIV method.

Once we nd this polyharmonic component, the residugland its Fourier sine
series expansion are computed as usual. We shall referstodhi version of PHLST
asPHLSTS

In PHLSTS the Fourier sine coef cients of the residwathave the same decaying
rate as that of LLST, but the& norm of the residual of PHLSTS5 is smaller for smooth
images (see numerical experiments in Section 3). Howewesatisfy the boundary
conditions (5), there are plenty of other methods. In faetwill show that it is possible
to use scattered data interpolation methods such as a bedissl function to compute
the u component in our numerical experiment. However, it is cotaponally more

expensive.

2.3 An Algorithm to Compute PHLST5

Because the system (7) can be solved directly by the ABIV otstbur main task is
to nd a polyharmonic function that satis es the system (8Je propose the following

algorithm for this task.

11



Step 1: Decompose (8) witlm =5 into four independent subproblems.

8 8

3w =0 (xy) 2 % g x2(0:1)yy=0
uy) = 0 (xy)2@ ; ¢¥ = 0 x2Oiy=L

3 o _ N g 0 x=0;y2(0;1)

o 8 (9)

E su? = 0 (xy) 2 % 0 x2(0;1);y=0

: u? = o (xy)2@ ; g(2):§ 0 x2(@:1)y=1 :

= @f _ . _ g x=0;y2(0;1)
@ Y xy)2@ "0 x=1;y2(0;1)

o 8 (10)

% 50 = 0 (x;y) 2 % 0 x2(0;1);y=0

3 ud = o (xy)2@ ; g(3)=g g x2(O:1)y=1 :
@,(;)) (3) 0 x=0;y2(0;1)

. = . 2
@ g xy)2@ 0 x=1;y2(0;1)

o 8 (11)

% 5u(24) - 0 (X,y)2 % O XZ(Ovl)ry:O
uy) = 0 xy)2@ : go=_ ° *2Obiy=l

2 e _ . N % 0 x=0;y2(0;1)
@ Y xy)2@ g x=1;y2(0;1)

(12)

Step 2: Construct four sets of polyharmonic functions satisfyi@g-(12) respectively

as follows:
n inh(k @ y) O1
. n
G = fGuG= = x(x Dsinkx) yly DTG
n . 01
G, = szkgﬁzl = x(x 1)% yly Dsinky) k=1
n - 01
Gs = fGaxgio, = x(x 1)sin(kx) y(y 1)ssl?nhr$(kky)) k=1
n . 01
Gy = fGmG; = x(x 1)Ss|ri1r:1r$(kkx)) yly Dsinky) k=1
(13)

One can verify that each function i@; satis es the zero Dirichlet boundary

12



condition as required in (8) and its normal derivatives amg on three edges

except the one witg() de ned as in the equations (9)—(12).

Step 3: Compute the normal derivatives of the functions in eaclGseain the bound-

ary.
Py = fx(x 1)sin(kx)gi_; = fPw0i, x2(0;1);y=0
P, = fy(y 1)sin(ky)gi., = fPxgi,, x=0;y2(0;1) ”
Ps = fx(x 1)sin(kx)gi-; = fPagi; x2(0;1);y=1 -
P, = fy(y 1)sinky)gi, = fPagis, x=1;y2(0;1);

wherePj, is the normal derivative dbjx on an appropriate boundary depending
on the values of.
_ ] . .
Step 4: Expandg() = w,((')Pik =104, Wherewli'), k 2 N are real coef -

k=1
cients to be identi ed through this expansion.

Step 5: Setu, = _p P w,((i)Gik . This is a desired polyharmonic function with the
degree of p(l):lyl/rll(a:rlmonicitm =5.

In practice, if we discretize the imageat(xi;y;) = (i=N;j=N),i;j =0;1;:::;N

1;N, and view it as a matrix of sizgN +1) (N +1), then in Steps 2—4 above, one

should discard the rst and last entries on the boundary a®lNu 1 terms instead

of in nitely many terms. The overall computational cost iscat twice as that of the

ABIV method for solving Laplace's equation if we do not cotim cost for estimating

normal derivatives. We remark that in Step 4, we rst divithe boundary functions

g on (0;1) by the quadratic polynomiat(x 1) fori = 1;3 andy(y 1) for

i =2;4. Since the two endpoints of the interval are not includededivision, there

is no numerical blowup there. Then, we expand the resultsFourier sine series.

Sinceu, = 0 on the four boundary sides, one can easily seedgfiatire zeros at the

endpoints of each side, so that these functions are stiflldeifunctions to be expanded

into Fourier sine series even after dividedxx 1) ory(y 1).
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The algorithm by itself is now complete. We still need to dechow to compute
the normal derivativg on the boundary in the equations (9)—(12). If one takes a&clos
look at the ABIV Laplace solver, the solutian of (7) is given in an analytic form as
shown in Appendix A. We simply compute the normal derivatioétheu; component
from two sides of the boundary (between two blocks) by usisgnalytic form, and
take their averages. Those values will be fed to the alguorék our estimated normal
derivativesZ'.

We summarize some features of PHLST5 below:

Since the estimation of the values of the normal derivagveoimputed from the
u; component, there is no need to store them. This implies tHASF5 only

requires the same storage and information as LLST does.

The computational cost of the(= u; + uy) component in PHLSTS is just twice

as much as that of LLST.

Since additional information of the rst order normal dexfives are matched on

the grids, PHLST5 produces a globally smooth@omponent than LLST.

3 Numerical Experiments

In this section, we shall report the results of our numerggderiments and compare
the performance of PHLST5 with that of LLST and that of the moet using scattered
data approximation by radial basis functions.

3.1 Experiments with Synthetic Data

We set the domain= [0 ;1J°. The rstimage we have chosen is a smooth and at

functionf de ned by

f(xy) =sin(x +2y)e 3(x 02y 047,

14



We sample the image on the regular lattice wiit® 129grid points. Note that the
values of the rst order normal derivatives on the boundasgdiin PHLST5 can be
calculated analytically. Figure 1 shows the residuals ddTland PHLSTS5 in the spa-
tial domain. PHLSTS5 clearly outperforms LLST in terms of gige of the residual.
In fact, the residual componemntof PHLST5 has much smallé? norm than that of
LLST as we can see from Figure 1 (b) and (c). The ratigwdf, to kf k; is 0:1317in
PHLSTS5 while that of LLST i€9:4969 This implies that the polyharmonic compo-
nent in PHLST5 predicts and approximates the origfnaktter than that in LLST in
terms of the 2 norm.

Next, we examine a more oscillatory image,
f(x;y) = sin(20( x + 2y))e 3(x 02%+(y 0:4)%).

The image is sampled on a regular lattice wiil25 1025grid points. The PHLST5
algorithm is applied at different levels of segmentatias ttme. Denote byl the level

of dyadic splitting § = 0 means no splitting). We shall refer to the union of polyhar-
monic components and the union of residual components séglhented pieces as
andv respectively. In this experiment we do not use the analygiivdtive informa-
tion from the given formula of the image Rather, we apply the estimation method
described at the end of Section 2.3. The relatf@orm (i.e.,ﬂflﬂ.) is computed as
the error (abbreviated as Err in Figures 2 and 3). One carhsg¢éntthe coarser lev-
els @ =0;1), thev component (i.e., the union of the local residual pieces)ldBT

is smaller than that of PHLST5. However as we further segritenimage into local
pieces, PHLST5 outperforms LLST remarkably. This is beedliat PHLSTS includes
more information from the boundary. Consequently it presditbe original function
better. Figures 2 and 3 compare the convergenae amponents to our original

function as the level of splitting gets deeper.
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(a) Original (b) LLST residual (c) PHLSTS5 residual

Figure 1: Comparison of the residuals of LLST and PHLST5gisimooth data.

3.2 Experiments with Real Images

We now report our numerical experiments using real imagesh#Ve selected two re-
gions of the popular “Barbara” image for our experimentse@maround the face area
(smooth region) with the scarf (some oscillations). Theeotine is around the leg area
(very oscillatory). The size of both images 429 129pixels. We rst compute the,

the union of the local polyharmonic componenigyg), and expand the, the union of
the local residual componentg 6), into a Fourier sine series. Then we approximate
the residual with a few large Fourier sine coef cients and reconstrua driginal
image via the computed polyharmonic compongaind the approximated residual
The approximation gualities were then compared in PSNR feak Signal-to-Noise
Ratio) and MSSIM (Multiscale Structure SIMilarity) [22]. $6IM is an image sim-
ilarity index in the interval0; 1] that compares the difference between two images in
terms of luminance, contrast, and structure. The closerIM38& 1, the more similar
the compared two images are. The values of the rst order abdarivative are com-
puted using the method described in Section 2.3 again. liti@ddwe also compare
the results of LLST and PHLST5 with the componartomputed from the radial ba-
sis function transform (RDT) [9, 10, 11, 17, 6, 20]. In RDT, aleose the most often

applied radial basis function—a multiquadri¢x) = P jixji3 +1. The component
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Figure 2: Theu component of LLST in different levels of splitting.
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Figure 3: Theu component of PHLSTS5 in different levels of splitting.
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is calculated by the standard radial function approximant
X
u(x) = G (X i)
y.2S
whereS is the set of grid points (“centers” in radial basis functjargon) where we
sample ourimage data. The coef ciemfsare found by solving the linear system below
resulted from the collocation
P
yizsq xj y) = f(x); x;28; (15)
wheref (x;) is the gray level value of the image at the given sppt We note that
the componenti computed by RDT is a function i@* . In this experiment, we split
the image domain homogeneously idto 4 blocks (i.e.,32 32 pixels within each
block) and8 8blocks (i.e.,.16 16 pixels within each block). Figures 4 and 5 show
the u components from RDT, LLST and PHLST5 of the face image andreage
respectively. Figure 6 shows the quality difference meagilny PSNR and MSSIM.
Figure 7 shows the zoomed up version of Figure 6 of the fadeptre Barbara image.
Similarly Figures 8 and 9 are for the leg part of the Barbaragm

From these gures, we observe the following:
In the face image (smooth):

1. Theu component of PHLST5 shows a visual improvement over that of
LLST in the eye areas.

2. RDT performs the best, followed by PHLST5 and then LLST.

3. With further splitting the image domain, the measurenoentes (PSNR,
MSSIM) of RDT and PHLSTS5 are separated from that of LLST evemnen

In the leg image (textured):

1. RDT shows a signi cant advantage in terms of PSNR over LL8id
PHLSTS5. But three approaches are not signi cantly différenterms of
MSSIM.
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2. Further splitting the image domain bene ts RDT and PHL$T &rms of
PSNR.

One can see that RDT outperforms the other two methods inrbgtbns in terms
of PSNR. This is because RDT is a globally smooth interpmatin addition to match-
ing the boundary values of a single block, it matches the Bagnvalues of all the
blocks at once. On the other hand, eacbomponent in PHLSTS is local: it uses the
boundary values of each block and the averages of the deesaimong the neigh-
bouring blocks.

In order to see the visual quality of these approximatiores fuvther examine the
reconstruction quality of this Barbara face image. Figdi@sl15 show the reconstruc-
tions and the errors by using the top 1500 coef cients (L&41% of the total coef -
cients of the residual ) with 8 8 segmentation of th#29 129Barbara face image.
From these results it is clear that the quality of PHLSTS apipnation is better than
that of LLST approximation. The features from eyes, noserandth areas are more
obviously shown in the reconstruction error of LLST. In autdi, blocking artifacts

present in LLST are less noticeable in PHLSTS5.

4 Discussion

We have described a new, practical, and improved versiotHofST called PHLSTS
that uses a 5th degree polyharmonic function as the ploydr@immtomponent. The
values of the polyharmonic component and of the rst ordemmead derivative match
those of the original functiof on the boundary. The Fourier sine coef cients of the
residualv = f  u have the same decaying rate but much smaller energy comjmared
those of LLST. We have demonstrated the advantage of PHL8&H.4 ST using two
synthetic images in terms of the size of the residual. Ouesrgents on the real images
con rm that PHLSTS5 beats LLST at smooth regions. Similadytihe ABIV method,

our algorithm to compute the PHLSTS5 representation of antiipage is fast, accu-
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(@) Theu component of RDTb) Theu component of LLST(c) The u component of
(4 4 segmentation) (4 4 segmentation) PHLST5@ 4 segmentation)

(d) Theu component of RDTe) Theu component of LLST(f) The u component of
(8 8segmentation) (8 8segmentation) PHLST5 @8 8 segmentation)

Figure 4:u components from RDT, LLST and PHLST5 in the face area.

21



(@) Theu component of RDTb) Theu component of LLST(c) The u component of
(4 4 segmentation) (4 4 segmentation) PHLST5@ 4 segmentation)

(d) Theu component of RDTe) Theu component of LLST(f) The u component of
(8 8segmentation) (8 8segmentation) PHLST5 @8 8 segmentation)

Figure 5:u components from RDT, LLST and PHLST5 in the leg area.
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Figure 7: Zoom up version of Figure 6.
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Figure 10: The 1500 coef cient reconstruction from RDT.
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Figure 11: The 1500 coef cient reconstruction from LLST.
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Figure 12: The 1500 coef cient reconstruction from PHLSTS5.
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Figure 13: The error component from RDT.
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Figure 14: The error component from LLST.
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Figure 15: The error component from PHLSTS5.
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rate, and based on an analytic formula. Thus, this methodisanbe used for image
approximation and zooming without suffering from the Gilpbenomenon. However,
the current PHLSTS5 algorithm only works with rectangulandons. This is due to
our treatment of the boundary conditions (see Equationg12)). We also showed

a radial basis function transform (RDT) to compute theomponent. It provides a
globally smooth interpolation. Hence in smooth regionprédicts the original image
well and has a very small component. The computational cost of RDT, however, is
huge since it requires solving a full linear system (15).

The PHLST5 can also be viewed as the following approximapiablem. LetU

be the set of functions de ned by

U= u2C!(): °( ,uw=0; = [ ;

In other words, the séd consists of functions i€1() subject to that their restrictions
to each subdomain; are polyharmonic of degree 5. One can see immediatelytthat
is a subspace oE() . Now, given an imagé 2 L?() , let us decompose as

f = u+ vwhereu 2 U is an approximation t6. The PHLST5 algorithm provides a
way to nd suchu. It would be ideal if we could nd the least squares approxiom

u 2 Utof 2 L2() ,i.e.,u =argminyoy kf uk_2¢y . Suchu would, of course,
guarantee that the correspondingomponent, say is minimal in terms of energy.
Moreover, even if the original imagke contains noise, the resulting decomposition
f = u + v still makes good sense. Although our PHLST5S algorithm piesia
good and smooth approximatien2 U tof, ouru is not the least squares solution
unfortunately. Deriving a practical algorithm to computeels least squares solutions
has the rst priority in our research along this direction.

There are a few more issues still left open. First, the themleaspect of PHLSTS
is still open. This is not an easy task since we are using thel&jree polyharmonic
operator that is not well studied. At this point we only nuicalty demonstrated the
polyharmonicu component of PHLST5 converges to the original function miasier

than LLST if we further split the domain. We will set this toglso as our high priority
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research. Second, PHLST5 has been shown to improve LLSTadtemegions of an
image. It is necessary to come up with a criterion while 8plitan image so that we
can tell a priori where exactly PHLST5 should be applied.

Finally, due to the dif culty of estimating higher order deatives, we consider
PHLSTS5 as the practical limitation of implementing PHLSTtlwhigher degree poly-

harmonicity.
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A The Laplace Solver of Averbuch, Braverman, Israel
& Vozovoi

If the underlying domain and its subdomains;'s are rectangular regions iR,
which is the most practical case in numerical implementatiee can employ the Dis-
crete Sine Transform (DST) based on the FFT algorithm tadtggiompute both the
polyharmonic components and the Fourier sine series eigrensf the residual com-
ponents. In particular, we use the algorithm proposed bylAweh, Braverman, Israeli,
and Vozovoi [1, 4], which seems to us the most natural anctipedd.aplace/Poisson
equation solver on rectangular domains. The ABIV methodrsffnore accurate solu-
tions than those based on the nite difference (FD) appration of the Laplace oper-
ator followed by FFT [5, 12], which only gives solutions walcuracy of orde®(h?)
or O(h?) for the so-called 5-point or modi ed 9-point FD approximati respectively

(h is, of course, the size of the spacing distance of the samgiiid). Moreover, the
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computational cost of the ABIV algorithm is of ord&(N % logN ), whereN is the
number of grid points in each direction of a rectangular dom@his implies that the
ABIV method is a fast algorithm. To describe the ABIV methéet,us consider the

domain = (0 ;1)? and Laplace's equation with its boundary conditions givgn b

u = 0 (xy)2
u = 1 (xy)2[061] f y=0g
u = 5 (xy)2fx=0g [0;1] (16)
u = 3 (xy)2[61] f y=1g
u = 4 (xy)2fx=1g [01]

One simplest analytic solution can be sought as

Wcy) = Rt Wt L @hyil 0+ T B hOoy)t

=1 k=1 k=1
L he (v
- b he(y; x)
(7)
with

The functionhg (x; y) satis es:
1. he=0 (xy)2
2. hg(x;y) vanishes on three sides ofi.e.,onx =0;x =1 andy = 0.
3. fhe(x; 1)gi_, serves as a Fourier sine basis f([0; 1]).
4, flqii)g are Fourier sine coef cients of;.

A mental picture of (17) can be depicted as four independarhbnic ows coming
from each direction (see Figure 16).

However, in practice, ;'s are given as sampled data points on the boundary. The
in nite sum in (17) is replaced by the sum of the rbt terms. Those coef cients are
calculated via DST. Hence, how well the sum of the Kstterms approximate the true

function, from which the boundary data are sampled, wikkdily affect the accuracy
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Figure 16: Each in nite sumin (17) is represented as a ow.

of the solution. One should notice that Fourier sine expamisimost suitable (ef cient
N term approximation) for functions that vanish at two ends.

We next state the most practical version of the ABIV methadtidving the system
(16). Assume the continuity of the boundaries at four cariee., 1(0) = 2(0) =
A 2(1) = 3(0) = B; 3(1) = 4() = C; 4(0) = 1(1) = D). The ABIV

algorithm proceeds as follows:

1. Seek a polynomiafy(x;y) = agxy + axx + a1y + ag, such that:

p(0;0)= A p(0;1)=B p(L;1)=C p(1;0)=D.

36



2. Solve forw

w = 0 (xy)2

wo = 1 p (xy)2[01] f y=0g
w = 2 p (xy)2fx=0g [0;1] (18)
w o= 3 p (xy)2[01] f y=1g
w = 4 p (xy)2fx=1g [01]

Note: ; pvanishes at two ends. Hence tReterm approximation in (17) is

suitable forw.
3. Setu=p+ w.

For more complicated situations such as end value jumpsuatcfarners or solu-

tions with higher order accuracy, we refer the readers tio tiginal papers [1, 4].
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