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Abstract

We propose an algorithm that combines existing technignes novel way to
do classification of datasets consisting of high-dimeraidata (e.g., sets of sig-
nals or images). Furthermore, our algorithm sets up a framefor application
of the Earth Mover’s Distance (EMD) [1, 2] as a discriminargaaure between
datasets. We show how to prepare a compact representatiaignature— for
each dataset so that computation of EMD between datasebeadome efficiently.
This signature-construction step requires the tasks oédgion reduction, auto-
matic determination of the data’s intrinsic dimensionaliut-of-sample extension,
and point clustering. We will show how to apply some existingthods (which
include Laplacian eigenmaps [3, 4, 5], diffusion maps frawmk [6, 7, 8], and
elongatedK -means [9]) to perform these tasks successfully. We witl plovide
two examples of applications of our proposed algorithm.

Key words: diffusion maps, Laplacian eigenmaps, principal compoaeatysis,
Earth Mover’s Distance, Hausdorff distance

1. Introduction

Many problems in pattern recognition require comparisdwben sets instead
of points. For example, in a visual speech recognition gobltwo or more clips
of recorded video are compared for similar patterns. Tylyieavideo clip consists
of a sequence of images. We can view an image as a point anca ¢ligp as a
set of points in the image space. Thus, comparing two vidies & the same as
comparing two sets of points in the image space. For a secardm@e, consider
the task of identifying an object on the ocean floor given aoebnar waveforms

*Corresponding author
Email addressedlieu@math.ucdavis.edu (Linh Lieu),
saito@math.ucdavis.edu (Naoki Saito)

Preprint submitted to Signal Processing July 8, 2009



reflected from the object. This requires comparing the setaseforms reflected
from the unknown object to those reflected from known objetien the unknown
object is identified when a match is made.

In this paper, we propose an algorithm that utilizes existiechniques in a
novel way to solve classification problems where the dateesponding to an ob-
ject consist of a set of points in a high dimensional space.important idea in
our proposed algorithm is the application of the Earth Mav@istance (EMD) as
a discriminant measure of sets to the classification prohlém[1, 2], the authors
have successfully applied EMD to do image retrieval fromrallates. However, to
the best of our knowledge, application of EMD to classificatof objects charac-
terized by sets of signals has not been proposed by othesrauth

Our proposed method consists of two main stages. The firge st@nstructs
for each dataset a compact representation caldrature— a high-dimensional
histogram — that carries all important features of the ddtakhis can be achieved
by utilizing either diffusion maps [6, 7] or Laplacian eigeaps [3, 4, 5] for di-
mension reduction and trEongatedK -means algorithm [9] for automatic deter-
mination of the data’s intrinsic dimensionality and poihtstering. Each signature
is then consisted of the cluster centers in the reduced diovensional) space, and
each center is associated with a weight. The second stagiesapMD to compare
the signature of each unlabeled dataset to the signatutks t#beled datasets and
then classify by the smallest EMD value.

The very first task in our proposed algorithm is to perform elision reduc-
tion on the data. This is necessary because modern tecle®lofjen generate
data of extremely high dimension. For example, a sizdlx 128 gray-scale im-
age has dimensiol6384. High dimensionality makes data analysis inefficient and
inaccurate. Fortunately, the data that we encounter ofiea low intrinsic dimen-
sionality. For example, consider the set ofratk n gray-scale images taken of an
object under fixed lighting by a moving camera. Thisis a stbkR™ possessing
the natural structure of a low-dimensional manifold wighdtimensionality defined
by the degrees of freedom of the camera [4]. In short, it isrofiossible to find a
low-dimensional representation of the data.

Many nonlinear methods for dimension reduction have beepgsed (see
[10, 11, 12] for some examples). Unlike the classical meshguth as Principal
Component Analysis (PCA) and Multidimensional Scalingplireear methods in
general offer the advantage of preserving local geometilevethieving dimen-
sion reduction. Giving the example of a moving camera in thegraph above
for motivation, M. Belkin and P. Niyogi [3, 4, 5] were amongetfirst group of
scientists who proposed a nonlinear dimension reductigorghm that explicitly
considers the manifold structure that may very well be therisic geometry of
the data. They proposed usihgplacian eigenmap@_E) constructed from gener-
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alized eigenvectors of the (unnormalized) graph Lapladigimed on a weighted
graph constructed from the data to embed the data pointsiftde-dimensional
space that preserves the local geometry in the data.

In the case when the data arise from non-uniform samplingaduaifold, em-
bedding via a Laplacian eigenmap may result in distortiothefmanifold embed-
ded into the reduced space (see [7] for examples). Semgitiviampling densities
may be a serious drawback in certain cases. For this reasdd, Goifman and
S. Lafon [6, 7] proposed a density-invariant normalizatiérihe weights on the
graph before computing the graph Laplacian. This would ielitte sensitivity to
sampling densities of the Laplacian eigenmaps. Furthesnibe authors defined
diffusion mapdgrom the eigenvalues and eigenvectors of the diffusionatpelde-
fined in Eq. (2) below) and provided an intuitive interpragatof how point clus-
tering in a diffusion coordinate system is linked to a Markamdom walk on the
weighted graph (see also [13]).

Although Laplacian eigenmaps and diffusion maps are retlateey do have
their distinctive differences. However, we shall not ddiwe detailed comparison
between them (interested readers are referred to [6, 7By Phesent to us a nice
way to prepare the data for appropriate and efficient apicaof EMD. This
preparation step requires clustering of the (embedded}poi the reduced space
to form a signature for each dataset. To do this, we proposgpty an existing
algorithm called the elongateld-means algorithm [9]. As we briefly mentioned
above, the elongated-means algorithm allows us to simultaneously determine the
intrinsic dimensionality of the data and the clusters onp®within the reduced
space. It falls directly under the framework of the Laplacéagenmaps and the
diffusion maps. In our proposed method, the elongdtedheans algorithm is
the connecting bridge between Laplacian eigenmaps orsitiffumaps and Earth
Mover’s Distance.

We will present two examples of application for our proposdgbrithm in
Section 5. One example involves classification of undemwaitgects from sonar
data provided to us by the Naval Surface Warfare Center,Rar@ity (NSWC-
PC), FL. Such classification problems are of high interesiSWC-PC. Another
example of application is a small lip-reading experimentimch we try to identify
the word spoken from a sequence of images extracted fromea iip. No audio
is involved. We will also apply PCA for dimension reductian eur numerical
experiments. However, in this case we will have to make aca&eéd guess of the
number of significant principal components based on theydettne eigenvalues
of the covariance matrix.

Finally, we note that utilizing diffusion maps for dimensiceduction and the
out-of-sample extension scheme (the GHME scheme discus&smttion. 3.3 be-
low) is also part of the Lafon-Keller-Coifman (LKC) methodoposed in [8] for
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datasets matching problems similar to the ones in our ceradidn. Their algo-
rithm uses diffusion maps to embed the data into a reducemspad then use the
Hausdorff distance (HD) to measure the difference betwbkerpbint sets in the
reduced space. One important difference between our pedpagorithm and the
LKC method is using EMD instead of HD. Moreover, our proposerhod sets up
a framework for application of EMD to classification of dattss(datasets match-
ing). The techniques we employ in the signature-conswudtage is not limited
to the framework of the diffusion maps. Furthermore, thesadizge that EMD has
over HD is robustness to outliers. As we shall see in Sectibaldw, HD is very
sensitive to outliers. In contrast, the EMD between the aligres measures the
differences between the distributions of points withintbduced space. Therefore
itis less affected by outliers and hence yields more retiabsults.

2. Earth Mover’sDistance

The definition of the Earth Mover’'s Distance (EMD) is basedtloa solution to
a discreteoptimal mass transportation problenEMD represents the minimum
cost of moving earth (or sand) from some source locationdl tapfiholes at some
sink locations. In other words, given any two probabilitgtdbutions, one of
them can be viewed as a distribution of earth and the othestdhdition of holes,
then the EMD between the two distributions is the minimumt aégearranging
the mass in one distribution to obtain the other. In the comtiis setting, this
problem is known as thBlonge-Kantorovich optimal mass transferoblem and
has been well studied over the past 100 years (see [21] fertadiictory reading
on the problem). The importance here is that EMD can be apphieneasure the
discrepancy between two multidimensional distributions.

In the discrete setting, the optimal mass transfer problkembe formulated as
a linear optimization problem as follows [1, 2]. Suppose \@eecha source (earth)
distributionP = {(py, wp,), - , (P, wp, )} and a sink (hole) distributio® =
{(qy,wq,),- -+, (q,,wq,)} inahigh-dimensional spad’. In this setting,” and
Q are calledsignaturesand can be viewed as two distributions of feature vectors
representing two objectd? is a signature of one object that consistsiotlusters
in R*, wherep, is the center of théth cluster andw,, is the proportion of the
object’s feature vectors that belongs to tkiecluster. Similarly,Q is a signature
of another object that consists wfclusters with the cluster center and the weight
pairs(qj,wq].),j =1,...,n.

Suppose the cost of moving one unit of mass frpto q; is c(p;, q;), and
fi; denotes the amount of mass flow frginto ;. Then, the transportation cost is



defined as:
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COST(P,Q, F) c(p;» ;) fij»

i=1 j=1

where F 2 [fij] € R™*™. The optimal mass transfer problem seeks the flow
F* that transfers the maximum allowable amount of earth to fiilthe holes with
minimum total transportation cost, i.e.,

F* = arg %1612 COSTP,Q, F),

whereF € § ¢ R™*™ means tha¥' must satisfy the following constraints:
(i) fi; >0, foralli,j;
(i) Y27, fij < wp,,foralll <i<m;

(iii) S, fij < wq,, forall 1 < j < n; and

(v) >3, Z?:l fij = min (Z:’il Wp, 5 Z?:I wqj> .

The constraint (i) ensures that one can only move earth ffdm(Q), not vice versa;
(i) that the amount of earth moved frofis no more than the sum of the weights
wp,; (iii) that the amount of earth received @tis no more than the sum of the
weightquj; and (iv) that the maximum allowable amount of earth is moved

Once the optimal flonF™ from P to Q is found, EMD is then defined as the
total cost normalized by the total flow:

EMD(P, Q) 2 COSTP,Q, F*) _ 3% 2 5= ¢(pi: 4;)]5 )
’ 221 Z?:l ff} 27;1 Z?:I fi?

Notice that the normalization factor is the total weighttué smaller signature
due to the constraint (iv). This hormalization ensuresshaller signatures are not
favored in the case when two signatures have differentwegahts. Furthermore,
EMD is symmetric, i.e., EMDP, Q) = EMD(Q, P) for any two distributions”
andqQ.

3. Diffusion Mapsand L aplacian Eigenmaps

In this section, we review the construction of diffusion rmamd Laplacian
eigenmaps on the data and the properties that allow us tevechieaningful di-
mensionality reduction. We will also review an algorithnoposed in [8] for ex-
tension of these embedding maps from the training data teettelata.
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3.1. Diffusion maps and diffusion distances

Diffusion maps are constructed from the eigenvectors ofvanegying operator
—thediffusion operator We assume that the given déta= {x;,--- ,xn} lieina
space having a natural dissimilarity meastiteat gives a sense of affinity between
any two data points. This is a reasonable assumption to nmageactice. For
example, ifX is a database of image patches of $i2& 32, then the image patches
can be viewed as points &'°?4, andé may be the’? norm onR'%%4, Or, if X lies
on a submanifold iR™, then§ may be the usual Euclidean distance. Following
the work of Coifman and Lafon [6, 7], we construct the diffusbperator onX as
follows. View the data pointg1, - - - , v as nodes of a weighted symmetric graph,
commonly referred to asimilarity graph. Any two nodes; andx; are connected
by an edge with weighi. (z;, ;) 2 e~(¢(@:)/9° = > 0. The weight function
w, gives the notion of local geometry 6. That is, it defines the notion of a local
neighborhood at each poimte X via the affinity betweer: and other points, and
the value of the parameterspecifies the size of this neighborhood. Moreover, as
explained in [4], when the datas&t approximately lies on a submanifold, using
the weightsw. on the graph corresponds to an approximation of the heagkem
the submanifold.

Applying the so-called graph-Laplacian normalizationutoyields thediffu-
sion kernel

A we(wa y)
k‘(a:,y) - dg(m) ) (2)
whered, (x) 2 >_yex W=(z,y). The corresponding diffusion operator is
Af(x) 2 Kz, y)f(y). 3)
yeX

The kernelk is non-negative and row-stochastic (i..,c x k(z,y) = 1 for
allz € X). Hence, it can be viewed as a transition matrix of a Mark@cpss on
X. The operatord is an averaging operator, since it is positivity-preseg\ire.,

Af > 0 for any f > 0) and preserves constant functions. We can interpret the
action of the operatod as ‘diffusion’ of information throughout the graph, and
the Markov chain dictates the directions of fast and slowrimfation propagation.

An important idea in the diffusion framework is to take largewers of the op-
eratorA. Fort > 0, raising the operatad to a powert is equivalent to running the
Markov process forward by timi which can be interpreted as letting information
diffuse for a period of time. The information propagates more easily and quickly
among the regions of high affinity than those of low affinityhi§'is essentially
how we can capture the local geometry of the data.



Let £ denotes the kernel of the operatét — thetth power of the operator
A. (Note thatk® (x,y) represents the probability of transition framto y in ¢
steps.) The graph is connected by construction, therefre-a+oo the Markov
process approaches a unigue stationary distributide], i.e, for anyx,y € X,

Jm K (@, y) = do(y).

In practice we always work in the discrete setting, theefge may view the
operatord as a matrix whose rows are indexedagnd columns are indexed lpyy
Then the stationary distributiap, = [¢o(x1),. .., do(xN)] is the left eigenvector
of A corresponding to the top eigenvallig.e.,¢py A = ¢,. It can be easily derived
from equations (2) and (3) and the symmetrygfthat

d.(x)
ZZEX di(z) .

With this, thediffusion distanceD;(x, y) between any two data poinisand
y at thetth time step is given by

po(x) =

Dy, ) 2 |[H0 @, ) - KOGy, )|

-5

zeX )

2 1
L2(X,35)

k:( Nz, z) — k¢ )(y,z))2 @)

This is simply the weighted? distance betweeh®) (z, -) andk(®)(y, -). We ob-
served earlier thdt(t)(a:, z) is the probability of transition fromx to z in ¢ steps.
Therefore it is easy to see that the diffusion distance batweandy measures
the difference in how much connected or how strong in affitiigse two nodes are
to the rest of the graph at time (or step)in its definition, the diffusion distance
D (x,y) takes into account all incidences relatimgandy. Consequently, it is
robust to noise perturbations and hence a great tool foaetittig the underlying
geometry in the dataséf, especially wherX is a low dimensional manifold lying
in a high-dimensional space.

The diffusion distance is directly related to the eigengaland eigenvectors
of the matrixA. In practice, we approximat®,(-,-) by using eigenvalues and
eigenvectors ofd. To see this, let us first do some preprocessing: conjugate th
kernelk with /¢, to obtain the symmetric kernel

2 Voo(@) k(z,y)

ws(m> y) ]
de(x)\/d=(y)

0o(y) (5)
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Let A be the operator witk as its kernel, i.e.,

23 ka,y)f(y). (6)

yeX

It shares the same spectrum dsand eigenvectors aofl can be obtained from
those ofA via conjugation by/¢g. Supposd \,} are the eigenvalues (withy| >

|A1] > ---) and the corresponding eigenvectorsﬁ)hre{@}, then the left and
right eigenvectors ofl corresponding o areg, = ¢y - \/do andwy, = ¢y /+/bo,
respectively.

The advantage of the operatgris that it is symmetric, positive semi-definite,
and compact. Hence it has a discrete, non-increasing, egatine spectra\, =

1> A > Xy >--- >0, and the orthonormal eigenvecto{ézg} form a basis for

L?(X) (the eigenvector corresponding to top eigenvalye= 1 is 50 = /o).
The kernelk has spectral decomposition

Y) =Y Xoi(@)i(y)

7>0
Hence,
z,y) = Ai(x)d;(y)
7>0
and
KO, y) =Y M, (y). (7)
j>0

Now, {¢,} and{vy} are biorthogonal (i.e)_ . x ¢j(2z)¥¢(z) = J;,, Where
4,0 is the Kronecker delta), and

be(x) = do(x)e().
Thus,

Z 9;(2)¢e(2) e ¢e Z bi(2 »

zeX zeX

That is,{¢,} is an orthonormal basis ih?(X, 1/¢g). Therefore, for fixede, the
formula (7) can be interpreted as the expansion of the fondti?) (z,-) in this
basis, and the expansion coefficients @J\?wj x)}. Consequently, the formula
(4) for the diffusion distance reduces to

=30 () — vy(y))*. ()

j=1



Note thaty);(x) = @-(a:)/g%(w). In other words, the proper diffusion distance can
be obtained by the eigenanalysis of the symmetrized opeﬁawith the kernel
k instead of the original averaging operatérwith the transition kernek. The
summation in (8) starts at index= 1 because), = 1.

In practice, we approximate the diffusion distance forn{8leby the following
consideration. Since the eigenvalue’s are non-increasing, the diffusion distance
can be approximated to a relative accuracy 0 specified by the user by

s(T,t)
Di(m,y)” ~ > A () — v5(y))°, 9)
j=1
where
s(7,t) 2 arg max{|\;|" > 7|\1|'}. (10)
jeN

From this, thediffusion mags defined as

T
Ui — ()‘ﬁwl(m)v )\51/)2(%), T )\Z(T7t)¢s(7',t)(w)> : (11)

It can be viewed as coordinates irs@r, t)-dimensional Euclidean space charac-
terized by the parametetst, andr. We shall refer to this spacediffusion space
We usel, to embed our dataset into a diffusion space denote@*by"). Note
thatthe usual Euclidean distance in this diffusion space is apr@gmation to
the diffusion distanceThe key point here is that the diffusion mdp produces a
low-dimensional representation of the data that highighe underlying intrinsic
local geometry in the data.
The final important thing to mention is the density-invatinarmalization of
the edge weights. (x, y) if the dataX approximately lies on a submanifolit
of R" [6, 7, 8]. In this case, we replaee with a normalized version

we(x,y)
d-(@)d-(y) 42

Then proceed to construct diffusion kernel as describe®)rapove. In other
words, we normalize the weights twice to construct diffask@rnel: first, the
above density-invariant normalization, and second, thplyt.aplacian normaliza-
tion. When the data points are sampled frarthnonuniformly, this normalization
makes the transition matri4 approximate the Laplace-Beltrami diffusion opera-
tor on M and the embedding of the data points via diffusion maps iamato the
density distribution of the sampled data. In short, the dgsisvariant normaliza-
tion produces a spectral embedding that depends only oretbraejry of A and
not the density of the sampled data points.

wg(l', y) A

9



3.2. Laplacian eigenmaps

Laplacian eigenmaps [3, 4] and diffusion maps are congduitom the same
eigenvectors, therefore many of the discussions in theigus\section are easily
transferred. However, we stress that LE and DM have distimclifferences. For
example, the clustering property of diffusion maps can sveld from considering
a random walk forwarded in time while that of Laplacian eigeps is derived
from the local-neighborhood-preserving property of thaegalized eigenvectors
(see below).

As before, we start with constructing from the data a weidh@milarity)
graph, such as the Gaussian weightgx;, z;) = e~ 0@%)/)” ¢ > 0. With
d-(x) = ZyEX we(x,y) as before, the unnormalized graph Laplacian [14] is
defined as follows.

L(z.y) A de(x) —we(x,x) ifx=uy,
Y —w.(x,y) otherwise.
Then for any real-valued functiofy
Lf(@) = > (f(@) — fy)we(=, y). (13)

Y

(Here we use the notatioh for both the kernel and the corresponding operator).
Also, the normalized graph Laplacian is defined as

we (@,2) . o
PR ) B S ) e
) - - —we (@, Yy .
Ve ()\/d:(y) Ve otherwise.
And,
Lf Z We(@,Y)  piy). (14)

V@) /)

Both L. and£ are symmetric posmve semi-definite. The constant vefterl
is the unique eigenvector df andg(x) = +/d-(x) is the unique eigenvector of
L corresponding smallest eigenvalde= 0, since the graph is connected. More
properties ofL can be found in [4] and of in [15].

In [4], the authors consider the solutiofigx) of the generalized eigenvector
problem

with eigenvalues ordered in ascending orllee \g < A1 < Xy < ---. When
the graph is connected, = 1 is the unique solution corresponding g = 0.
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Owing to the Rayleigh principléf, Lf) = 3>, ,(f(z) — f(y))*w.(x,y), the
first non-trivial generalized eigenvectfi(x) satisfies

fi = argmin (f, Lf). (16)
(f,d=f)=1
<f7d€>:O

This implies thatf; provides an optimal one-dimensional embedding of the data
that preserves local neighborhood. This property germmmlio any-dimensional

embedding via the first non-trivial generalized eigenvexi, - - - , fs, (s > 1).
Thus, for a givers > 1, theLaplacian eigenmaglefined as
Uiz (i), fola), - fila))" (17)

is a local-neighborhood-preserving embedding map frond#ta setX into R?.

Proposition 3.1. [Relationship betweeh and the diffusion operatad in Eq.(3)]
Suppose the unnormalized graph Laplaciaand the diffusion operatod (as in
Eq.(3)) are defined on the same connected symmetric graph with tseigh, v).
Letd.(z) = >_,cx w-(x,y). ThenA and f(x) solve the generalized eigenvalue
problemL f(x) = Ad.(x) f(x) if and only if f (x) is eigenvector ofi correspond-
ing to eigenvalug¢l — \).

Proposition 3.2. [Relationship betweed and the symmetric operatatin Eq.(6)]
Suppose the normalized graph Laplaciérand the symmetric operatot (as in
Eq.(6)) are defined on the same connected symmetric graph with tseigh, v).
Then,

Lf(x) = f(z) - Af(x).

Hence,f(x) is eigenvector of corresponding to eigenvalueif and only if f (x)
is eigenvector ofd corresponding to eigenvaluie— \.

Proofs of these propositions follow directly from the ddfoms. Furthermore,
from the definition of the diffusion mag; and Proposition 3.1, we have the fol-
lowing

Uy(z) = (1= M) fi(@), (1= X)' fol@), -, (1= A)' fu(=)",  (18)

where); andf; are as in (15) above, provided the weighted graph are sanaghin b
cases.

Let us end this section by mentioning that eigenvectors afe used for di-
mension reduction in the spectral clustering algorithmppeed by Ng, Jordan,
and Weiss in [16] and also in the elongat&dmeans algorithm [9]. Similarly, the
eigenvectors of. are used in the Shi-Malik spectral clustering algorithm][17
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3.3. Out-of-sample multiscale extension via geometricriuanics

Our goal is in classifying newly obtained unlabeled datatéstdata) based
on a classification rule learned from the known labeled dat#&rdining data). In
order to make meaningful inference from the training dath¢ainlabeled data, we
need to have the same low-dimensional representationlfdatsets. That is, we
need to embed test data into the same reduced space asnirgtdaita. Hence, it
becomes necessary for us to extend the embedding map (varndieche diffusion
map or the Laplacian eigenmap) computed on the trainingsdata the test data.
To perform this task, we employ the multiscale extensioresthproposed in [8],
which is based on “geometric harmonics” originally intreéd in [7, Chap. 3] and
[18]. Let us call this scheme GHME (geometric harmonics iacdtle extension)
for short. We now review the GHME scheme.

The GHME scheme is an improvement of the Ngstrextension method pro-
posed in [19, 20]. LeX andY denote the training set and the unlabeled test set,
respectively. First consider the eigenvalyes} and orthonormal eigenfunctions
{¢¢} of a (symmetric) Gaussian kernel of widih> 0 on the training sekX:

pepe(x) = Y e 1= g (2) w e X, (19)
zeX

where the nonnegative eigenvalugs,;} are sorted in decreasing order. From
Equation (19), the Nystm extension ofp, from X toy € Y is defined as

_ Al —lly—2|2/c
pe zeX

Since the eigenfunctionsy, } form an orthonormal basis fdr?(X ), any func-
tion f € L?(X) can be expanded as

f@) =Y "(f.00) (), z € X

14

Thus the Nysidm extension off from X toy € Y can be defined as

F) 23" (f.00) @el).

14

We observe that the range of the extension in (20) is prapmatitoo. If the
ratio |ly — z||/o is large for allz € X, theng,(y) will be numerically small
and hence may not be meaningful. Hence the extension scdieuld be as large
as possible. However, for large enoughthe Gaussian kernel in (19) becomes
ill-conditioned, i.e.,u, tends to0 more quickly compared to the case wherés
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small. Thus the Nystim extension in (20) will blow up. Furthermore, it is well
known that the extension range depends on the smoothnelss ffriction to be
extended [7, Chap. 3], [18]. If is fairly smooth, it can be extended far away from
the training set. On the other hand,fifvaries wildly onX, then it has limited
extension range. To address the ill-condition issue, th&G&Hcheme considers
the following approximate extension fgt

F@)= > (fiee) @ul2), (21)

£: mpe>po

wheren > 0 is some fixed condition number ande X U Y. This extensionf
is well-defined onX U Y, but it is not equal tgf on the training sef. Observe
that if the value otr decreases, the eigenvalygs— 0 more slowly. This allows
more terms in (21), making a better approximation of on X. Based on this
observation, the GHME iteratively searches for an extengithat approximates
f on X with an pre-set error tolerange> 0 by slowly decreasing the value of the
extension scale.

The GHME scheme can be summarized as follows:

Step 1. Supposef is a function defined on the training s&tand to be extended
to a new dataset’. Fix a condition number > 0 and an error tolerance
o > 0. Set the extension scate= o, for some large valuey.

Step 2. Compute eigenvaluefu,} and orthonormal eigenfunctiofsy,} of the
Gaussian kernel of widtlr and expandf (on the training setX) in this
eigenbasis

f@)=> (f.00) pu(x), € X,

14

i.e., compute the coefficients 2 (f,pe)-

Step 3: On the training sef, approximatef by f defined in (21). Compute the
approximation error

1/2

Err 2 Z |ce|?

£ po/pe>n
If Err > o, setoc «— o and return to Step 2. Otherwise, continue.

Step 4: For eaclY such thauy /s < 1, compute the Nystim extension

— 1 _ _ 2 2
puly) = — Y el vl g (@),
fre xzeX
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for all y € Y. And finally, compute the approximate extensjbn

F s > aply)

£ po/pe<n

4. Dataset Matchingusing Diffusion Mapsor Laplacian Eigenmapsand EMD

We now describe how diffusion maps or Laplacian eigenmappled with the
Earth Mover’s Distance can be applied to perform datasetshimey. Our approach
guantitatively determines the dissimilarity between amg sets of points in high
dimensional space (each set corresponds to an object).

4.1. Signature construction

As explained in Section 2, Earth Mover’s Distance measuregliscrepancy
between two discrete distributions. To apply EMD as a sstrdninant mea-
sure, we need to construct a signature for each dataset. ifMalves the fol-
lowing steps: (i) Perform dimension reduction on the tragndata using a dif-
fusion map or a Laplacian eigenmap as the embedding mapPdifiorm out-
of-sample extension on the embedding map to embed the Uedbbata into the
same reduced space as the training data; (iii) For eacheddtesining and test),
cluster the corresponding points in the reduced space to foe signature® =
{(p1,wp,), (P, wp,,) }, Where{p;}J, are cluster centers (these are points
in the reduced space) amq,j is the density of clustef, that is, the percentage of
points in the dataset that fall into the clusjer

4.1.1. Elongated{-means

To determine the intrinsic dimensionality of the data (theehsion of the
reduced space) and simultaneously form point clustersmitte reduced space,
we apply theelongatedK -means algorithm [9]. Elongatell-means ékmeanys
was adapted from the spectral clustering algorithm propas§l6] by replacing
the Euclidean distance with an elongated distance in thepatation of point-to-
center distances. We recall that the elongated distaneeebattwo pointse, ¢ €
R™ is defined in [9] as

e-distz, c) = (x — ¢)T M(x — ¢), (22)

T T .
whereM = é n — %) + agr,. The parametex controls the elongation

of the cluster (the smaller, the more elongated the clustierother words, the
ekmeangalgorithm groups points lying inside a thin long ellipsaddorm a cluster,
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as opposed to inside a sphere. In all of our numerical expatisnwe setv = 0.2,
the value recommended by the authors in [9].

To motivate our consideration @kmeanslet us repeat the analysis given in
[9] which examines the ideal scenario when the data corsigtSclusters widely
separated from each other. In this case the matrix of theeke(m, y) in (5), (with
rows re-ordered by clusters if necessary) is block diagwital exactly K™ blocks.
(Recall that this is the symmetric operatbin (6), and from Proposition 3.2 it has
same eigenvectors as the normalized graph Lapla€)anThus, it hask eigen-
vectors associated with the largest eigenvdluene eigenvector for each cluster.
Each eigenvector has ones in the entries corresponding fodiints in the cluster
and zeros elsewhere. Suppose we perform a spectral embexddire data (using
these topK eigenvectors) into the toff’ eigenspace (the space spanned by the top
K eigenvectors). The data would get mappedtolusters at thé< unit vectors on
the coordinate axes. In general, rotations may occur, dipgron the computa-
tion of the eigenvectors. In other words, any sekofmutually orthogonal vectors
in the topK eigenspace is an admissible set of eigenvectors assouidteeigen-
value 1. Furthermore, eigenvectors are usually normaliZdéubse two situations
lead to K elongated clusters lying along somie mutually orthogonal directions
within the topK eigenspace (instead of on the coordinate axes).

We observe that when the data are embedded into the &genspace with
g < K, or equivalently, when we project th€ elongated clusters down to the
dimensional subspace spanned by the fiegenvectors, the results are elongated
clusters lying along radial directions and (possibly) safease clusters near the
origin. The clusters near the origin are the projection ienafjthose clusters that
lie elongated along the directions orthogonal to gridimensional subspace. On
the other hand, suppose we embed the data into the ¢éogenspace with > K.
We would find no additional cluster other than theelongated clusters already
accounted for. The reason behind this phenomenon is thatoddice eigenvectors
after the K'th eigenvector are close to the zero vector. In other woedggel sep-
arations in the data are already captured in theAopigenspace. Consequently,
increasing the dimension of the embedding spectral spaeemiut affect the clus-
tering behaviors in the data. N

ekmeansxploits the geometric properties of the eigenvectors (af, y) to
cluster the data and automatically determine the numbettonsic clusters. That
is, ekmeangloes not require input of the number of clusters. To detezrtiie
number of intrinsic clusters automaticallgkmeansstarts the clustering process
in the top2 eigenspace with three centers initialized, two centerg/atdifferent
elongated clusters and one at the origin. If there are mae tvo elongated
clusters, the center at the origin will be dragged to a ctustdé accounted for.
Then the algorithm moves the clustering process to the3tegenspace, adds a
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center at the origin, and repeats the process until no additicluster is found.
This clustering process stops at the thpeigenspace if there arE (intrinsic)
clusters in the data.

In practice, the data we handle may not be widely separdiad,we may not
have more than one eigenvector associated with the larggstvalue 1. How-
ever, the eigenvectors still have similar geometric pridpeiif there arei tight
clusters in the data causing a spectral gap at fier 1)st eigenvalue (see [16]).
The same geometric properties are passed on to the embexfdirggdata via the
Laplacian eigenmaps and the diffusion maps (since theseoastructed from the
eigenvectors of:(x, y) conjugated by/¢,). Thus, the Laplacian eigenmap and
the diffusion map in our consideration both satisfy the seaey properties under
the framework of the elongatdd-means algorithm.

Our accomplishment in utilizingkmeanss twofold: to determine the intrin-
sic dimensionality of the data and to form representatiustelrs for the signature
of each dataset. Sine@kmeangletermines the intrinsic number of clusters in the
data based on geometric properties, this number can bedevedias the intrinsic
dimensionality of the data. We take advantage of this asfesitmeando deter-
mine the dimension of our reduced spade®. We explain how to selegtin more
details in Section 4.2.

Now, suppose we haw¥ datasetsX !, -, X, with eachX” containingn;
points. Supposekmeandas determined that datas&t hasK; clusters. This
means the cluster centers for séf determined byekmeansare vectors in the
top Kj-dimensional subspace of the reduced sgatéwheres is determined as
described in Section 4.2). However, all centers must BR*im order to input into
EMD. Thus, to bring all centers up ®*, we re-cluster each set of embedded points
in R? by runningK-means with elongated distance to reformfheclusters. Here,
we use the previous cluster memberships as a starting camétir -means. At
the end of this re-clustering process, all signhatures spmeding to the datasets
contain centers in the reduced sp&e

4.2. Parameters selection

There are four parameters to be determined in the first stagergroposed
method: the scale for the diffusion kernek(x, y) defined in (2); the dimension
s of the reduced (embedding) spat& the error tolerance in approximating the
extension of the embedding map; and the cutoff boyfal the condition number
of the extension kernel. Clearly we have to select each sktparameters wisely.
Let us give some rules of thumb for selecting these parameter

In computing the diffusion maps, the scale- 0 for the diffusion kernel should
be chosen so that when we form the graph with Gaussian weight, y) on the
edge between pointsandy the graph is numerically connected. Connectedness of
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the graph guarantees the existence and uniqueness oftibaata distributionp

of the Markov process on the graph with transition probtaégdidefined in Eq. (2)
(see Appendix | in [8]), and the construction of the diffusimaps depends on
the existence and uniqueness¢ggf Therefore, when computing diffusion maps,
the value fore must be large enough to ensure that every point in the graph is
connected to at least one other point. However, it is cleanilinens is too large
any affinity or dissimilarity between the data points is abed, sincev. converges

to 1 ase increases to infinity. One suggestion given in [14] is to d&o“in

the order of the mean distance of a point to it nearest neighbofwhere k

is proportional to the logarithm of the number of points i traph). In our
numerical experiments, we seledb be the mean of the Euclidean distances from
each point to itsk-nearest neighbor, where equals t05% of the total number
of points in the training set. In other words, choasso that approximatel$%

of all distances between pairs of points are less than orlégua This means
approximatelys% percent of all possible edges in the graph have weightsereat
than or equal t@~!, the rest have smaller weights, i.e., the graph is sparse but
not too sparse. The spectrum of the diffusion kernel decalgively fast with
this choice ofe. For example, in Fig. 1 we plot the largeki0 eigenvalues of
the density-invariant normalized diffusion kernel takeonfi one trial of the lip-
reading experiment. The value ofletermined by th6% heuristic iss = 740. We
see that the eigenvalues decrease quickly. Fast decay spdutrum implies that
any random walk initiated on the graph converges quicklyj¢ady state and that
the diffusion distance can be approximated more accurafiéiya smaller number

of eigenfunctions. In other words, we will be able to detdastering behaviors in
the data with a small number of time stepsn the numerical experiments below,
we uset = 1. We do not need to set the Markov process forward in time. ése¢h
cases, having found the valaeappropriate for the data is enough for identifying
grouping patterns in the data.

When computing the Laplacian eigenmap in our numerical x@ats, we
start with the5% heuristic described above, then perform exhaustive séaren
optimal value fore by cross-validation. In each iteration of the search, wéddiv
the training datasets into halves, then run our classifioadigorithm. Then we
increase: (described above) by if the classification is improving, otherwise we
decrease by 5, then move to next iteration. In our numerical experimesteting
with the5-percent heuristic described above, we only need on avéfaigerations
of cross-validation to find an optimal value for

We note that in the case of the diffusion maps, we have aled #xhaustive
search for an optimal by cross-validation. The values ferfound by exhaustive
search turned out to be very close to the values determimelgtheuristic above.

The dimensiorns of the reduced (embedding) space can be determined by tak-
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ing advantage of the geometrically grounded propertiee@ékmeanslgorithm.
As described in Section 4.1, when we cluster each dataseg ekmeansthe in-
trinsic dimension of the dataset is automatically deteadirSuppose our training
set consists of a total df datasetsX ', --- , X, belonging taC different classes,
ekmeanwill find an intrinsic dimensionk; for each setX’. This numbetk; is
also the intrinsic number of clusters in the set. As disadisseSection 4.1, this
intrinsic number ofK; clusters does not change when theXétis embedded into
any “eigenspace” of dimension greater thidn Therefore, it is natural to set the
dimension of the (embedding) reduced space for all of ow talbe the maximum
of Kjoverallj =1, ---, N, thatis,

s2 max_ Kj.
1<j<N

When choosing a value for the error toleranctr the approximation of the
out-of-sample extension of the embedding map, we shoulg ikemind that smalll
error limit means small extension range. Suppose we knowed tirat our training
setis a good representative of a manifold or data spaceigttiaere are no missing
gap so that we can completely capture the shape of the maitoh the training
data) and the unlabeled data lie on the manifold, then theoappation of the
extension is fairly accurate, thus we can géb be small. A heuristic value to set
for o is 1% of the size of the test data. This gives on average a bouricoof
(from Step 3 of the GHME scheme) on the error at each point where the agiens
is being computed. In our numerical experiments, we usehdisistic to set a
value forp.

To determine a cutoff lower boungfor the condition number of the Gaussian
extension kernet~!I==¥1%/* in (19), we have to keep in mind the approximation
error tolerance. If ¢ is small, them has to be large. In addition, asincreases,
the condition number of the kernel also increases. To préaw largen might
get, we can take advantage of the symmetric kekfel y), which we already
computed from the Gaussian weights with ¢ optimally chosen for the data. Let
x be the condition number df(x,y). It is easy to show that whem = &, the
condition number of~ll#=¥l*/7* is proportional tox. Furthermore, as grows,
the condition number of the Gaussian kernel will only getseor Thus, we can
consider setting larger thanx and inversely proportional tg. In our numerical
experiments, we set= «/p, if k < 10°, andn = 10°/o otherwise.

4.3. Algorithm for classification of datasets

We summarize our proposed method for classification of d&tda the fol-
lowing algorithm:
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Algorithm 4.1. [Classification of datasets by DM, LE, and EMD]

0. LetX andY denote the training data and the unlabeled data, respéegtive
Also, X = U; X*, whereX' is a set containing all signals characterizing one
object, e.g., all image frames in one video sequence. Sipmila = U; Y.
There areC classes, and eack’ is known to belong to one of tii¢classes.

1. Signature construction in reduced (embedding) space:

i. Construct the diffusion mag; or the Laplacian eigenmag on the
training data X, then embed into a reduced (embedding) spaké.
The dimension is determined by usingkmeanss described in Sec-
tion 4.2.

ii. Extend¥, or ¥ to the unlabeled dat&” (this embedd” into R*).
iii. For each ith set of embedded points correspondingXtg construct
a signatureP* = {(pj,wp, ), , (P, wp, )} Likewise, construct a
signature@’ = {(q},wy,), - , (qh,wy, )} for eachjth set of embed-
ded points corresponding i37.
2. Classification via EMD:

i. Compute EMD betweeR* and @’ for all possible pairyi, j). Define
the cost of moving one unit mass freinto ¢ to be

clpoa)) 2 S lpk — @)l
where|| - || is the Euclidean distance in the reduced sp&ce Let
Dij 2 EMD(P?,Q7), as defined irf1).
ii. For eachj, supposeé; = arg min, D;;. LabelY? with the label ofX.
That is, assign label by the nearest neighbor using EMD dista

In Step 2.i we define the cost of moving one unit of mass fronteresj, to
centerqjj to be proportional to the squared (instead of to the first ppwkthe
Euclidean distance between the two centers so as to give pneierence to very
close clusters.

5. Numerical Experiments and Results

We now illustrate how our proposed algorithm can be applecdssification
problems where the data characterizing each object cavfséstet of signals in-
stead of a single signal. We will show two examples of aptitica The first exam-
ple is classification of underwater objects via analyzingt8gtic Aperture Sonar
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(SAS) waveforms reflected from the objects. The second ebaimp lip-reading
application in which we identify the spoken word from a setpeeof image frames
extracted from a silent video segment. We will consider fways of performing
dimension reduction: (i) via diffusion map (DM); with ¢ = 1; (i) via Laplacian
eigenmap (LE); (iii) via eigenvectors &{x, y) (LE) — these are also eigenvectors
of normalized graph Laplacian (14) and are utilized for sgclustering in [9];
and (iv) Principal Component Analysis (PCA).

The cases (i), (ii),(iii) fall directly within the framewrof our proposed clas-
sification algorithm. For PCA, we first computed the eigetvex(PCA vectors)
of the covariance matrix of the training data (see [22, S&tf@r efficient com-
putation of PCA vectors). Then, we retain the toPCA vectors associated with
the largest eigenvalues and use these as a basis for th@de@CA) space. The
choice fors > 0 is made based the decay of the eigenvalues. We chotisbe
the cutoff point where the largest eigenvalues decrease most rapidly. The remain-
ing the eigenvalues are relatively small and decrease wsldn the classification
of underwater objects example, we found- 10, and in the lip-reading example
s = 15.) Using theses basis vectors, we project both training and test data onto
the corresponding-dimensional PCA space. Finally we apply the remainingsstep
in Algorithm 4.1 to construct signatures and then label &st data.

We will also compare the discriminative performance of EMidl ahe Haus-
dorff distance (HD). HD was considered in the LKC method |8k recall that the
HD between any two sets$; andS; is defined as

A . .
dp(S1,52) = — -
(1,52) 2 (e min e — w1 ma i o ).

where|| - || denotes the Euclidean distance.

5.1. Classification of underwater objects

The data in this example are collected from three differentrolled experi-
ments in a fresh water test pond at NSWC-PC. For details odxperiments, see
[23]. In each of the three experiments, two objects werequaceither buried in
the sand or proud — at the bottom of the pond. One of the ohjets sphere made
of an iron casing filled with a different material each timdaeTother object was a
solid aluminum cylinder of different length in each expegimh A sinusoidal pulse
was transmitted across the floor of the pond and the refleidedlsvas recorded
over a period of time at uniform time intervals. The data ot#d contain wave-
forms reflected from the entire area of the pond floor. Wava$ocorresponding
to objects are extracted and processed using an improveibnef the algorithm
presented in [24]. This yields one set of rectangular blaxfksaveforms per ob-
ject.
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Our goal is to identify objects according to their mater@ainpositions regard-
less of their shapes. We name the sphere and the cylinderpierigxent; as S
andCj, for j = 1,2,3. SphereS1 was filled with air, so we categorize it as one
class with label A for iron-air. Sphere$?2 and.S3 were filled with silicone oil so
we group them into another class with lab8For iron-silicone. All three cylinders
were of the same diameter and of the same material, so weegtdhpm into one
class with labell for aluminum. However, we note thétl andC2 were of the
same length whil€'3 was much shorter.

The waveform data is of extremely high dimension. Each regtkar block of
waveforms is a 2D array of siZ&r (cross range samples) 890 (time samples),
see Fig. 4(a) for some examples. The set of waveforms clesiziog the spheres
S1, 52, andS3 containsg, 8, and16 blocks, respectively; and those characterizing
the three cylinders hav& blocks each. We treat each rectangular block as a point
in R17x600 Then we apply the steps in Algorithm 4.1 to identify the tsject.

In our numerical experiment, we set aside one set of wavef¢corresponding
to one object) to use as test data and train our algorithmeretmaining five sets.
We cycle through all six objects, that is, we repeat the diaation process six
times. The classification results for all six runs are shawnable 1.

Using EMD coupled with nonlinear dimension reduction (DM, LLE), we
consistently and correctly identify all three cylindersodigects of clasé\l and the
spheresS2 and S3 as objects of claskS. Moreover, the mistake of labeling the
sphereS1 asAl is also consistent. Note that this error is expected sineeldss
I A contains only one membéfl. We have no training data for this class when the
sphereS1 is left out as test data. Furthermore, note that havih@s part of the
training data does not confuse the identification of the sgh&2 and .S3 when
nonlinear dimension reduction is applied. This is not theecahen PCA is used
for dimension reduction. We will discuss more on this in 88t6.3 below.

Classification of the objects using HD is not so consistenbragrthe differ-
ent dimension reduction methods. The main reason for thisaisHD is highly
sensitive to outliers. For a closer look, let us examine i&itdution of the em-
bedded points in thdiffusionspace — the reduced space obtained via a diffusion
map. Fig. 2 shows three sets of (embedded) points projectedtoe first three
diffusion coordinates. The diffusion map in this case is pated from the training
data consisting of all three cylinders and the sphétesind S3. The spheres2
is first left out as test data then embedded into the samesitifiuspace via the
out-of-sample extension GHME scheme. In the figure, blussa® correspond to
cylinderC3 (classAl), green triangles correspond to sph8ge(classl S), and red
circles correspond to the unlabeled (test) objgzt(true label isl S). Black stars
are cluster centers — the spatial representatives in thatsige of each object.

We see that the red circles (obje¥2) are on average close to the green trian-
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gles (53), but because of the outlier at the bottom left of the plag, D between
the 52 and S3 is smaller than that betwee$2 and C3. The actual values are
shown in Table 2. Note that the dimension of the reduceduygiifin) space is actu-
ally 13 not3 in this case. We can see from Table 2 that the smallest EMDevalu
0.3556 corresponding t&'3 and the smallest HD value is1761 corresponding to
C3. Thus, EMD correctly labels objeé2 asl S, but HD mislabelsS2 asAl.

5.2. Lip reading experiment

In this section, we present a simplified version of the lipelieg problem to
illustrate how our proposed algorithm can be applied in ficac The objective
of lip reading is to train a machine to automatically recagnihe spoken words
from the movements of the lips captured on silent video segsn@o sound is
involved). Much research effort has been devoted to thia.aMany published
algorithms involved sophisticated feature selection. hiis example, we simply
perform dimension reduction on the sequences of imagedwedreat as sets of
points. We do not extract any lip feature from the imageshsgcthose in [25, 26]
and many other publications). Furthermore, the lips dataseecare collected from
one speaker. More sophisticated feature selection mighebessary when more
speakers, i.e., more variations in the lips, are involved.

We recorded a subject speaking the first five digits (‘ongfive’) ten times
using a Nikon Coolpix digital camera sampling at a raté®frames per second.
We then extracted the image frames from each movie clip atidaline simple
processing. First, we convert the images from color to gcafes ranging from
0 to 255. Then we cropped each image t&b& x 70 pixels window around the
lips to compensate for translations. (The speaker’s nosemaked with a color
marker to facilitate automatic cropping of the image framm&sch cropped frame
is treated as a point R5>*70,

For each spoken digit, we randomly selected five image segsefinom the
ten in our collection to use as training data. This gives usta bf 25 sequences
for training data an@5 for test data. We apply Algorithm 4.1 to identify the test
sequences. We repeat the whole processtimes. The total misclassification
rates (averaging ovdi0 experimental trials) are shown in Table 3. Again, we see
that using EMD gives smaller recognition errors than usimyy Hegardless of the
dimension reduction techniques used.

Table 3 shows similar high classification errors for all lovanlinear dimen-
sion reduction method in our consideration. On the othedhBWD coupled with
PCA makes only3.5% classification error.

22



5.3. PCA and local nonlinear dimension reduction

We have seen that PCA performs really well as a dimensiorctestumethod
compared to the local nonlinear methods DM, LE, e in the lip-reading ex-
periment above. To understand why, we need to take a cloglealthe variations
between the image sequences. In Fig. 3 we display some insagsted from
two different sequences corresponding to the word ‘one’aad the embedding
into the first three coordinates of the diffusion space aed?GA space of all im-
ages belonging to the two sequences (some images are niatygidp In the first
sequence (top row) the speaker simply spoke the word. Ingbensl sequence
(bottom row) the speaker was smiling while speaking. If waklat the diffusion
coordinates of these two sequences, smiling while spedkingame word trans-
lates to local perturbations between the two sets of imaBéfusion maps (and
the other nonlinear maps in our consideration) possesstipeqy that preserves
local neighborhood. Thus, the two image sequences thatngie¢@dded into the
(reduced) diffusion space have somewhat different (atthawverlapping) distri-
butions of points. On the other hand, the corresponding igtoildutions of points
in the PCA space are not much different. As a consequencEMiebetween the
two corresponding signatures constructed in the PCA sgacrich smaller than
the two constructed in the diffusion space.

The same local-neighborhood preserving property is whesbocal nonlin-
ear dimension reduction such as diffusion maps and Laplagigenmaps more
appropriate for application to the sonar data. The vamatimetween sets of wave-
forms corresponding to different objects are small andlldeaFig. 4(a), we dis-
play some samples of waveforms reflected from the three epherthe classifi-
cation of underwater objects experiment. Each rectandpltak is viewed as one
data point. Our eyes can easily discern the difference legtilee three sets. How-
ever, the variations small and local. In fact, PCA just teddhe variations as noise.
In 4(b),(c) we plot the projection of the embedding of all wiorms onto the first
three coordinates of the diffusion space and the PCA spduoe triining data for
the computation of the diffusion map and principal compasénthis case are the
three cylinders and the sphergs and.S2. We see that diffusion maps embgd
close toS1 in the diffusion space, whereas PCA embé@sclose toS1. Recall
the classification results from Table 1. When we use nontideaension reduction
coupled with EMD,S3 is correctly identified withS2, whereasS3 is identified as
S1 (and vice versa) when we use PCA.

6. Conclusion

We have proposed an algorithm for classification of objdwis @are character-
ized or described by sets of signals, as opposed to one siiggial, using the Earth
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Mover’s Distance (EMD). Our algorithm sets up the framewiankapplication of
EMD to such classification problems.

We have shown that EMD is more robust to noise and hence mareep-
ate for discrimination of sets than the Hausdorff distarféerthermore, we have
illustrated how to apply local nonlinear manifold-appmostion based dimension
reduction methods such as the diffusion maps and the Lapl@&igenmaps to con-
struct signatures for the datasets. We have shown that thegeds give similar
results when applied to reduce dimensionality in the datadler to facilitate the
classification process.

We have provided two examples of practical applicationsforproposed al-
gorithm: classification of underwater objects and lip regdi The sonar signals
reflected from underwater objects have local patterns —|sraghtions among
some variables that appear to characterize the sphereassi 8| These features
are important for the correct identification of the obje®E€A misses this and thus
misidentified some of the spheres. Diffusion maps and Laéglaeigenmaps on
the other hand were successful at identifying all the objethe lip data in the lip-
reading experiment also contain local variations. Howetlerse are undesirable
features and should be considered as noise. In this casepB@#ms very well
compared to Diffusion maps and Laplacian eigenmaps.

Finally, we would like to comment that our application of tianlinear manifold-
based dimension reduction methods in the lip-reading éxgats may not do jus-
tice to these local nonlinear methods. The data of the lipsamsidered are limited
to a tiny number of instances of the words spoken. They do imetrguch (if any)
information about the manifold on which they may lie. Thisnifield can be ap-
proximated much better from data that include many posshépes of the lips.
We believe that our lip-reading experiment illustrates meorrect way to apply
diffusion maps and Laplacian eigenmaps.
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Object cr C2 C3 S51 S2 S3
True Label Al Al Al A IS IS

EMD Al Al Al Al IS IS

DM HD Al Al Al Al Al IS
LE EMD Al Al Al Al IS IS
HD Al Al Al Al Al IS
CE EMD Al Al Al Al IS IS
HD Al Al Al IS IS IS
PCA EMD Al Al Al IS IS IA

HD Al Al Al IS IS 1A

Table 1: Identification of Underwater Objects

Object C1 C?2 C3 S1 S3
EMD 04297 04904 0.4654 0.9338 0.3556
HD  2.8636 2.5512 1.1761 1.3619 1.7352

Table 2: EMD and HD values between sphere objgrand all other objects.

DM LE LE PCA
EMD HD EMD HD EMD HD | EMD HD

25.8% 26.9% | 24.1% 30.2% | 21.8% 25.6% | 3.5% 8.7%

Table 3: Lip-Reading total recognition errors. The erroesaveraged ovel00 experimental trials.
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Figure 1: Largest 100 eigenvalues of the diffusion kernelrie trial of the lip-reading experiment.
(e = 740).

0.5

Figure 2: First three diffusion coordinates of three undder objects. Blue crossesi3. Green
triangles:S3. Red circles: unlabeled (test) objes2. Black stars are cluster centers. The diffusion
maps in this case is computed from the training data congisti all three cylinders and the spheres
S1 andS3.
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(a) Some images from two sequences (instances) of the woed ‘o

-500 -1500

(b) First three diffusion coordinates. (c) First three PCA coordinates.

Figure 3: Two different instances of the word ‘one’. In (kg):(embedding of the two sets of images
into the diffusion space and PCA space. Red triangles quoresing to the first sequence (top), blue
crosses correspond to second sequence (bottom).
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(a) Some waveforms from the three spheres. Top to bot®msS3, S2.

=2

(b) First three diffusion coordinates. (c) First three PCA coordinates.

Figure 4: Selected waveforms corresponding to the threersphin the underwater object experi-
ment. In (b), (c): embedding of all waveforms correspondim@ll six objects into the diffusion
space and the PCA space. In this case, the training datastohsll three cylinders and the spheres
S1 andS2. The test data is sphef&8. Blue crosses: all cylinders. Blue triangles: sph&te Blue
circles: spher&2. Red stars: sphet€s.
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