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O Motivations
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e Want to improve the quality of images(e.g., lessblocking
artifacts/visible discontinuitiesbetweenblocks) reconstructedfrom

the low bit rate JPEG les.
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o Want to developa local imagetransfam that generatedaster
decging expansiorcoe cients than block DCT usedin JPEGand
our previousPolyhamonic Local Sine Transfoam (PHLST) because
the faster coe cient decy =) maore e cient compession

o Want to fully incaporate the infrastructure providedby the JPEG
standad, e.g.,the block DCT algaithm, the quantizationmethad,
the le format, etc.
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@ Reviewof Fourier CosineSeries
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Reviewof Fourier CosineSeries

o Let = (0;1)> R2Zandf 2 C() but not periodic: the periadically
extendedversionof f is discontinuousat @.

@ Then the sizeof the complexFourier coe cients ¢y of f decy as
O(kkk 1), wherek = (kq;k2) 2 Z2.

o Instead,expandingf into the Fourier cosineseriesgivesriseto the
decy rate O(kkk 2) becausat is equivalentto the complexFourier
seriesexpansiorof the extendedversionof f via evenre ection that
is continuousat @ .

e This is one of the main reasonswhy the JPEG Baselinemethad
adoptsDiscreteCosineTransfam (DCT) insteadof DiscreteFourier
Transfam (DFT).
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© Reviewof Polyhamonic Local Sine Transfam
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Reviewof PolyhamonicLocal Sine Transfam

@ We now considera decompsitionf = u+ v.

@ The u (or polyhamonic) component satis es Laplace'sequationwith
the Dirichlet bounday condition

u=0 in ; u=f on@:

e The u componentis solelyregresentedby the bounday valuesof f
via the fast and highly accurateDirichlet problemsolverof Averbuch,
Israeli,& Vozovoi(1998).

o Theresidualv = f uvanisheon @ =) The Fouriersine
coe cients of v deca asO(kkk 2) for v 2 C1().

@ SeeSaito & Remy(2003,2006)for the details.
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Reviewof PolyhamonicLocal SineTransfam . . .
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© Polyhamonic Local CosineTransfam
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PolyhamonicLocal CosineTransfom

@ Want to useDCT for fully utilizing the JPEGinfrastructure.
e Want coe cients decaing fasterthan O(kkk 3).

e To do so,we needto solvePoisson'sequationwith the Neumann
bounday conditiort

u=K in; @u=@f on@;

wherethe constantsourceterm K (=the integrationof @f along @
normalizedby the areaof ) is necessy for solvabiliyy of the
Neumannproblem.

@ Then, the Fourier cosinecoe cients of the residualdecy as
O(kkk ) for v 2 C?() because@v = 0 on @.

saito@math.ucdavis.edu (UC Davis) PHLCT Compression SIAM Imaging Science Conf. 12/ 47



Why Poissoninsteadof Laplace?

Green'ssecondidentity claimsthat for anyu;v 2 C1(),
Z Z
(u v v u)dx= (u@v v@u)d (X;
@

whered (x) is a surface(or bounday) measure.Settingv = 1 with the
Neumannbounday condition, we have
Z Z Z

udx = @ud (x) = @f d (x):
@ @

This is a necessy conditiontt’@t u must satisfy Now, the sourceterm of
Poisson'sequationis K := ﬁ @ @fd (x), wherej jisthe volumeof
the block .
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© ComputationalAspects of PHLCT

saito@math.ucdavis.edu (UC Davis) PHLCT Compression SIAM Imaging Science Conf. 14/ 47



© ComputationalAspects of PHLCT
o PHLCT from DCT coe cients
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PHLCT from DCT coe cients

@ Want to achievethe PHLCT repesentationof f = u + v entirelyin
the DCT domain,F = U+ V.

e Letf(x;y) 2 C(), andfi;; be a samplef (x;;y;) with
Xi=(i+05=N,y;=(+05=N,i;j=0,1,:::;N 1.

o LetF 2 RN N pea DCT coe cient matrix of ffi;jg:

foxt T oxt |
— — f(Xi;yj) cos kixi cos kay;

N ki N
j=0 i=0

Fkl;kz = ke
p_
where g= 1= 2, (= 1lforallk 1.

@ Now let's computethe DCT coe cient matrix U of the polyhamonic
componentu usingF.
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PHLCT from DCT coe cients ...

o Assumefor the momentthat the discretizedNeumannbounday data
at eachedgeof = [0; 1]? are available:

o = f060: 62 = fy06:0; 60 = KO g = K(Ly):

( 1,0) )
@) —— o | y
© 1 _‘ ;1)
| 6 | (@
D1 @o
X ?
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PHLCT from DCT coe cients ...

o Letf Glf)g be the 1D-DCT coe cients of fgi(\)g.

@ Then, we havea solutionto Poisson'sequationas (see
Yamatani-Saitofor details):

"Xt on )
uGy) = =« Gy 1+ G? ((y) cos kx

N
k=0 o

+ Gf') k(x 1)+ G,E4) k(X) cos ky +c;

wherec is a constantto be determinedand

( t2=2 if K= 0;
k(t) == A nE S

(cosh kt)=( ksinh k) otherwise
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PHLCT from DCT coe cients ...

e Applying2D DCT to u above,we obtain U = (Uy,,) as
1 2 3 :
Ukl ko = Gél) kiky T G( ) k1:ko + G( ) koky T G( ) ko:kq?
where ik, ik, &€ independentfrom the input image
F 1

k(X 1)cos mx;;
i:O

km -— m

Z|I\J

7
km = moN k(X)) cos mx;

@ Cansetthe DC compnentUgo 0O becausehe solutionto the
Poisson-Neumanmproblemis unique modulo an additive constant In
L : — 4N2 1 ~(D () (3) (4)
fact this isachievedby c =  Fjrzs Gy’ + + + .
This will becomeimportant in our algaithms.
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© ComputationalAspects of PHLCT

@ Approximation of the NeumannBounday Data
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Approximationof the NeumannBounday Data

o In practice, we needto estimatethe Neumannbounday datafgi(\)g
from the imagesamplesof the current and adjacentblocks. Let

FSY = f(x + sy + ) and Y be:

( 19 (2
@5 1| Y
©: 1 | _‘ ©:1)
| 6 | (@
O @o

o Letls:=f(0; 1);( 1; O);(é;?));(l;O);(O; 1)g be the indicesof the
current and adjacentblocks.
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Approximationof the NeumannBounday Data . . .

° Approximatefgi(‘)g usingcolumné& row averages:

' 0). 2) , 0). 3) .\ 0). ' 0
g® x(D x©@. 6@ x® xO. 9,-() Yj( 1) Y,-”, 9,-(4) Yj(l) Y,-”
x® .= EDK 1f(o;t). v .o 1DK 1f(s;0).
Y i TN ij
j=0 i=0

o Then, G g canbe exgessedusingthe rst row & columnof F (1),
Consequentlyfor (ki; ko) 8 (0;0), we have

1 n 0; 1 0;1
Ukl;kz = pﬁ F|£1;0 ) Fk1;0 kiko T Flfl;o) Fk1;0 k1:ko
0

1,0 1.0 :
+ F(g;kz ) FO;kz koiky T FC();kz) Foikz koiky - 1)
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Approximationof the NeumannBounday Data . . .
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© ComputationalAspects of PHLCT

@ Modifying PHLCT for Practice/ InversePHLCT

saito@math.ucdavis.edu (UC Davis) PHLCT Compression SIAM Imaging Science Conf. 24| 47



Modifying PHLCT for Practice

@ Approximating Eq.(1) only usingthe DC componentsFg.o and F(s it
allows usto simplify our algaithms: Uy, ., =

8 .
% o if ki = ko = 0;

o

plﬂ ( 1§0) FO;O ks + F(l ;0) FO;O O;klo if kl 6 0= k2;
Foo ok t+ F(O Y Foo ok, 1Tki= 06 ky;
: Uk1 k, aSEQ.(1) otherwise

n01
FO D

B

o Now setVy, .k, = Figik,  Ukqikys 8K1ska. Note Vog = Foo!!

@ Note alsothat if we knowv V of the current and adjacentblocks, we
canreconstructF. No needto store U! Seenext page.

o Strictly speaking,this new versionof u does not satisfy Poisson's
equation,but satis es the Neumanncondition.
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InversePHLCT

@ AssumingV 1) (s:t) 2 | 5, are available,recoverthe rst column
androw of U usingthe DC components,F§g) = V3" | (sit) 2 15
via (2);

@ Recovetthe rst columnand row of F(SY) | (s;t) 2 | 5 by summing
thoseof U andV (see(2));

© Recoverother entriesof U via (1) and the resultsof Step 2;

Q SetF=U+V;

© Apply Inverse2D DCT to F to recoverf .
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InversePHLCT: Step0

@ F (b) U © VvV
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InversePHLCT: Step 1

@ F (b) U © VvV
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InversePHLCT: Step2

@ F (b) U © VvV
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InversePHLCT: Step 3

@ F (b) U © VvV
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InversePHLCT: Step4

@ F (b) U © VvV

saito@math.ucdavis.edu (UC Davis) PHLCT Compression SIAM Imaging Science Conf. 31/ 47



© Full Mode PHLCT
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Full Mode PHLCT (FPHLCT)

@ FPHLCT addssimpleproceduresin both the encaler and the decaler
parts of the JPEG Baselinemethad.

@ In the encdler part, the only di erence from JPEGis to: 1) compute
U from F; and 2) computethe residualV = F U and store the
quantizedversionV @ insteadof FQ.

o In the decder pat, the only di erence from JPEGis to: 1) compute
UQ, the estimateof U from V Q; and 2) computeU?Q + VQ asan
improved estimateof F over FQ.

o BecauseV decys fasterthan F, the decompessedmagequality gets
better than JPEGIf it is compessedat the samebit rate.
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@ Partial Mode PHLCT
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Partial Mode PHLCT (PPHLCT)

@ Only the decaler part of the JPEGBaselinemethad is modi ed:
PPHLCT acceptsthe JPEG-compessed|es.

e The JPEGencdler kills smallDCT coe cients Fy, i.e., F = 0.
o PPHLCT replacesthoseF3 by UQ if UJ are alsosmall.

e This is possiblebecauseU® canbe computedsolelyfrom the rst
column& row of FQ andthoseof the adjacentblocks F(S1)Q; see
Egs.@), (2).

@ Ourreasoningo dothisis Fx Uy for large k becausevy decas
quickly.

o We alsoadd somequadratic polynomialto reducethe blocking
artifacts further. This can be donealsoin the DCT domain. (See
Yamatani-Saitofor the details.)
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© NumericalExperiments
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NumericalExperiments

(a) Barbara (b) Gabor

Two test images.
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NumericalExperiments. . .

(a) JPEG, 23:61 dB (b) FPHLCT, 24:19 dB (c) PPHLCT, 23:97 dB

Comgpessedat 0:15 bits/pixel. Numericalvaluesindicate the Peak
Signal-to-NoiseRatio (PSNR).
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NumericalExperiments. . .

(a) JPEG, 25:67 dB (b) FPHLCT, 26:05 dB (c) PPHLCT, 25:73 dB

Compessedat 0:30 bits/pixel. Numericalvaluesindicate the Peak
Signal-to-NoiseRatio (PSNR).
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NumericalExperiments. . .
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NumericalExperiments. . .

(a) JPEG, 31:41 dB (b) FPHLCT, 39:21 dB (c) PPHLCT, 35:69 dB

Comgpessedat 0:15 bits/pixel. Numericalvaluesindicate the Peak
Signal-to-NoiseRatio (PSNR).
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NumericalExperiments. . .

(a) JPEG, 3812 dB (b) FPHLCT, 47:02 dB (c) PPHLCT, 40:89 dB

Comgpessedat 0:30 bits/pixel. Numericalvaluesindicate the Peak
Signal-to-NoiseRatio (PSNR).
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NumericalExperim :
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© Conclusion
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Conclusion

@ More extensivenumericalexperiments(see Yamatani-Saito)indicate
that FPHLCT reduceghe bit ratesabout 15% over JPEGwhereas
PPHLCT doesabout 7% to achievethe samePSNRin the relatively
low bit rate range.

o If onecana ord to usethe higherbit rates, then our methods
naturally approachto the perfamanceof JPEG.

o PPHLCT is particularly usefulbecauset acceptsthe les compessed
by the JPEG standad.

@ On the other hand, FPHLCT is better than PPHLCT if onecan
a ord to modify the encaler part of the JPEG standad.

@ Additional computationalcost of both methads over JPEGis small:
linealy proportional to the number of pixelsof an input image.

o Shouldbe usefulfor zooming, interpolation, feature extraction.
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Thank you very much for your attention!

saito@math.ucdavis.edu (UC Davis) PHLCT Compression SIAM Imaging Science Conf. 47| 47



	Motivations
	Review of Fourier Cosine Series
	Review of Polyharmonic Local Sine Transform
	Polyharmonic Local Cosine Transform
	Computational Aspects of PHLCT
	PHLCT from DCT coefficients
	Approximation of the Neumann Boundary Data
	Modifying PHLCT for Practice / Inverse PHLCT

	Full Mode PHLCT
	Partial Mode PHLCT
	Numerical Experiments
	Conclusion

