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Motivations

Want to improve the quality of images(e.g., lessblocking
artifacts/visible discontinuitiesbetweenblocks) reconstructedfrom
the low bit rate JPEG�les.
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Motivations. . .

Want to developa local imagetransform that generatesfaster
decaying expansioncoe�cients than block DCT usedin JPEGand
our previousPolyharmonic Local SineTransform (PHLST) because
the faster coe�cient decay =) more e�cient compression

Want to fully incorporate the infrastructureprovidedby the JPEG
standard, e.g., the block DCT algorithm, the quantizationmethod,
the �le format, etc.
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Reviewof FourierCosineSeries

Let 
 = (0; 1)2 � R2 and f 2 C(
) but not periodic: the periodically
extendedversionof f is discontinuousat @
.

Then the sizeof the complexFourier coe�cients ck of f decay as
O(kkk� 1), wherek = (k1; k2) 2 Z2.

Instead,expandingf into the Fourier cosineseriesgivesrise to the
decay rate O(kkk� 2) becauseit is equivalentto the complexFourier
seriesexpansionof the extendedversionof f via evenre
ection that
is continuousat @
 .

This is oneof the main reasonswhy the JPEGBaselinemethod
adoptsDiscreteCosineTransform (DCT) insteadof DiscreteFourier
Transform (DFT).
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Reviewof PolyharmonicLocal SineTransform

We now considera decomposition f = u + v.

The u (or polyharmonic) component satis�es Laplace'sequationwith
the Dirichlet boundary condition.

� u = 0 in 
 ; u = f on @
 :

The u component is solelyrepresentedby the boundary valuesof f
via the fast and highly accurateDirichlet problemsolverof Averbuch,
Israeli,& Vozovoi(1998).

The residualv = f � u vanisheson @
 =) The Fourier sine
coe�cients of v decay as O(kkk� 3) for v 2 C1(
).

SeeSaito & Remy(2003,2006)for the details.
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Reviewof PolyharmonicLocal SineTransform . . .
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PolyharmonicLocal CosineTransform

Want to useDCT for fully utilizing the JPEGinfrastructure.

Want coe�cients decaying faster than O(kkk� 3).

To do so, we needto solvePoisson'sequationwith the Neumann
boundary condition:

� u = K in 
; @� u = @� f on @
 ;

wherethe constantsourceterm K (=the integration of @� f along@

normalizedby the area of 
) is necessary for solvability of the
Neumannproblem.

Then, the Fourier cosinecoe�cients of the residualdecay as
O(kkk� 4) for v 2 C2(
) because@� v = 0 on @
.
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Why Poissoninsteadof Laplace?

Green'ssecondidentity claimsthat for any u; v 2 C1(
),
Z



(u� v � v� u) dx =

Z

@

(u @� v � v @� u) d� (x);

where d� (x) is a surface(or boundary) measure.Setting v = 1 with the
Neumannboundary condition, we have

Z



� u dx =

Z

@

@� u d� (x) =

Z

@

@� f d� (x):

This is a necessary condition that u must satisfy. Now, the sourceterm of
Poisson'sequationis K := 1

j
 j

R
@
 @� f d� (x), wherej
 j is the volumeof

the block 
.

saito@math.ucdavis.edu (UC Davis) PHLCT Compression SIAM Imaging ScienceConf. 13 / 47



Outline

1 Motivations

2 Reviewof Fourier CosineSeries

3 Reviewof Polyharmonic Local SineTransform

4 Polyharmonic Local CosineTransform

5 ComputationalAspectsof PHLCT
PHLCT from DCT coe�cients
Approximation of the NeumannBoundary Data
Modifying PHLCT for Practice/ InversePHLCT

6 Full Mode PHLCT

7 Partial Mode PHLCT

8 NumericalExperiments

9 Conclusion

10 References

saito@math.ucdavis.edu (UC Davis) PHLCT Compression SIAM Imaging ScienceConf. 14 / 47



Outline

1 Motivations

2 Reviewof Fourier CosineSeries

3 Reviewof Polyharmonic Local SineTransform

4 Polyharmonic Local CosineTransform

5 ComputationalAspectsof PHLCT
PHLCT from DCT coe�cients
Approximation of the NeumannBoundary Data
Modifying PHLCT for Practice/ InversePHLCT

6 Full Mode PHLCT

7 Partial Mode PHLCT

8 NumericalExperiments

9 Conclusion

10 References

saito@math.ucdavis.edu (UC Davis) PHLCT Compression SIAM Imaging ScienceConf. 15 / 47



PHLCT from DCT coe�cients

Want to achievethe PHLCT representationof f = u + v entirely in
the DCT domain,F = U + V .

Let f (x; y) 2 C(
), and fi ;j be a samplef (xi ; yj ) with
xi = (i + 0:5)=N, yj = (j + 0:5)=N, i ; j = 0; 1; : : : ; N � 1.

Let F 2 RN� N be a DCT coe�cient matrix of f f i ;j g:

Fk1;k2 := � k2

r
2
N

N� 1X

j =0

 

� k1

r
2
N

N� 1X

i =0

f (xi ; yj ) cos� k1xi

!

cos� k2yj

where� 0 = 1=
p

2, � k = 1 for all k � 1.

Now let's computethe DCT coe�cient matrix U of the polyharmonic
component u usingF.
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PHLCT from DCT coe�cients . . .

Assumefor the moment that the discretizedNeumannboundary data
at eachedgeof 
 = [0; 1]2 are available:

g(1)
i := � fy (xi ; 0); g(2)

i := fy (xi ; 1); g(3)
j := � fx (0; yj ); g(4)

j := fx(1; yj ):


 
 (0;1)


 (� 1;0)


 (0;� 1)


 (1;0)

-�

� (1)

� �

� (2)

6� � (4)

?
�� (3)

?x

- y
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PHLCT from DCT coe�cients . . .

Let f G(` )
k g be the 1D-DCT coe�cients of f g (` )

i g.

Then, we havea solution to Poisson'sequationas (see
Yamatani-Saitofor details):

u(x; y) =

r
2
N

N� 1X

k=0

� k

n�
G(1)

k  k (y � 1) + G(2)
k  k (y)

�
cos� kx

+
�

G(3)
k  k (x � 1) + G(4)

k  k (x)
�

cos� ky
o

+ c ;

wherec is a constant to be determinedand

 k (t ) :=

(
t 2=2 if k = 0;

(cosh� kt )=(� k sinh� k) otherwise:
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PHLCT from DCT coe�cients . . .

Applying2D DCT to u above,we obtain U = (Uk1;k2) as

Uk1;k2 = G(1)
k1

� k1;k2 + G(2)
k1

� �
k1;k2

+ G(3)
k2

� k2;k1 + G(4)
k2

� �
k2;k1

;

where� k1;k2, � �
k1;k2

are independentfrom the input image:

� k;m := � m

r
2
N

N� 1X

i =0

 k (xi � 1) cos� mxi ;

� �
k;m := � m

r
2
N

N� 1X

i =0

 k (xi ) cos� mxi ;

Canset the DC component U0;0 � 0 becausethe solution to the
Poisson-Neumannproblemis uniquemodulo an additive constant. In
fact this is achievedby c = � 4N2� 1

24N2:5

�
G(1)

0 + G(2)
0 + G(3)

0 + G(4)
0

�
.

This will becomeimportant in our algorithms.
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Approximationof the NeumannBoundary Data

In practice, we needto estimatethe Neumannboundary data f g (` )
i g

from the imagesamplesof the current and adjacentblocks. Let
f (s;t )
i ;j = f (xi + s; yj + t ) and 
 (s;t ) be:


 
 (0;1)


 (� 1;0)


 (0;� 1)


 (1;0)

-�

� (1)

� �

� (2)

6� � (4)

?
�� (3)

?x

- y

Let I 5 := f (0; � 1); (� 1; 0); (0; 0); (1; 0); (0; 1)g be the indicesof the
current and adjacentblocks.
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Approximationof the NeumannBoundary Data . . .

Approximate f g(` )
i g usingcolumn& row averages:

g(1)
i ' X (� 1)

i � X (0)
i ; g(2)

i ' X (1)
i � X (0)

i ; g(3)
j ' Y (� 1)

j � Y (0)
j ; g(4)

j ' Y (1)
j � Y (0)

j

X (t )
i :=

1
N

N� 1X

j =0

f (0;t )
i ;j ; Y (s)

j :=
1
N

N� 1X

i =0

f (s;0)
i ;j ;

Then, f G(` )
k g can be expressedusingthe �rst row & columnof F (s;t ) .

Consequently, for (k1; k2) 6= (0; 0), we have

Uk1;k2 =
1

p
N

n�
F (0;� 1)

k1;0 � Fk1;0

�
� k1;k2 +

�
F (0;1)

k1;0 � Fk1;0

�
� �

k1;k2

+
�

F (� 1;0)
0;k2

� F0;k2

�
� k2;k1 +

�
F (1;0)

0;k2
� F0;k2

�
� �

k2;k1

o
: (1)
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Approximationof the NeumannBoundary Data . . .
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ModifyingPHLCT for Practice

Approximating Eq.(1) only usingthe DC componentsF0;0 and F (s;t )
0;0

allows us to simplify our algorithms: Uk1;k2 =

(2)

8
>>>>><

>>>>>:

0 if k1 = k2 = 0;
1p
N

n�
F (� 1;0)

0;0 � F0;0

�
� 0;k1 +

�
F (1;0)

0;0 � F0;0

�
� �

0;k1

o
if k1 6= 0 = k2;

1p
N

n�
F (0;� 1)

0;0 � F0;0

�
� 0;k2 +

�
F (0;1)

0;0 � F0;0

�
� �

0;k2

o
if k1 = 0 6= k2;

Uk1;k2 as Eq.(1) otherwise:

Now set Vk1;k2 = Fk1;k2 � Uk1;k2, 8k1; k2. Note V0;0 = F0;0!!

Note alsothat if we know V of the current and adjacentblocks, we
can reconstructF. No needto store U! Seenext page.

Strictly speaking,this new versionof u doesnot satisfyPoisson's
equation,but satis�es the Neumanncondition.
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InversePHLCT

1 AssumingV (s;t ) , (s; t ) 2 I 5, are available,recoverthe �rst column

and row of U usingthe DC components,F (s;t )
0;0

�
= V (s;t )

0;0

�
, (s; t ) 2 I 5

via (2);
2 Recoverthe �rst columnand row of F (s;t ) , (s; t ) 2 I 5 by summing

thoseof U and V (see(2));
3 Recoverother entriesof U via (1) and the resultsof Step 2;
4 Set F = U + V ;
5 Apply Inverse2D DCT to F to recoverf .
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InversePHLCT: Step0

(a) F (b) U (c) V
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InversePHLCT: Step1

(a) F (b) U (c) V
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InversePHLCT: Step2

(a) F (b) U (c) V
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InversePHLCT: Step3

(a) F (b) U (c) V
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InversePHLCT: Step4

(a) F (b) U (c) V
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Full Mode PHLCT (FPHLCT)

FPHLCT addssimpleproceduresin both the encoder and the decoder
parts of the JPEGBaselinemethod.

In the encoder part, the only di�erence from JPEGis to: 1) compute
U from F; and 2) computethe residualV = F � U and store the
quantizedversionV Q insteadof FQ .

In the decoder part, the only di�erence from JPEGis to: 1) compute
UQ , the estimateof U from V Q ; and 2) computeUQ + V Q as an
improvedestimateof F overFQ .

BecauseV decays faster than F, the decompressedimagequality gets
better than JPEGif it is compressedat the samebit rate.
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Partial Mode PHLCT (PPHLCT)

Only the decoder part of the JPEGBaselinemethod is modi�ed:
PPHLCT acceptsthe JPEG-compressed�les.

The JPEGencoder kills smallDCT coe�cients Fk0, i.e., FQ
k0 = 0.

PPHLCT replacesthoseFQ
k0 by UQ

k0 if UQ
k0 are alsosmall.

This is possiblebecauseUQ can be computedsolelyfrom the �rst
column& row of FQ and thoseof the adjacentblocksF (s;t )Q ; see
Eqs.(1), (2).

Our reasoningto do this is Fk � Uk for large k becauseVk decays
quickly.

We alsoadd somequadraticpolynomialto reducethe blocking
artifacts further. This can be donealsoin the DCT domain. (See
Yamatani-Saitofor the details.)
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NumericalExperiments

(a) Barbara (b) Gabor

Two test images.
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NumericalExperiments. . .

(a) JPEG, 23:61 dB (b) FPHLCT, 24:19 dB (c) PPHLCT, 23:97 dB

Compressedat 0:15 bits/pixel. Numericalvaluesindicate the Peak
Signal-to-NoiseRatio (PSNR).
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NumericalExperiments. . .

(a) JPEG, 25:67 dB (b) FPHLCT, 26:05 dB (c) PPHLCT, 25:73 dB

Compressedat 0:30 bits/pixel. Numericalvaluesindicate the Peak
Signal-to-NoiseRatio (PSNR).
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NumericalExperiments. . .
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Comparison of PSNRgain by various methods for the Barbara imageover
the JPEGBaselinemethod.
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NumericalExperiments. . .

(a) JPEG, 31:41 dB (b) FPHLCT, 39:21 dB (c) PPHLCT, 35:69 dB

Compressedat 0:15 bits/pixel. Numericalvaluesindicate the Peak
Signal-to-NoiseRatio (PSNR).
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NumericalExperiments. . .

(a) JPEG, 38:12 dB (b) FPHLCT, 47:02 dB (c) PPHLCT, 40:89 dB

Compressedat 0:30 bits/pixel. Numericalvaluesindicate the Peak
Signal-to-NoiseRatio (PSNR).
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NumericalExperiments. . .

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-2

0

2

4

6

8

10

Bit Rate (bits/pixel)

 P
S

N
R

 g
ai

n 
( 

dB
 )

 

 

 

PHLCT(QM)
QSFIT(QM)
LAKHANI(QM)
PPHLCT(QM)
PQSFIT(QM)
PLAKHANI(QM)

Comparison of PSNRgain by various methods for the Gabor imageover
the JPEGBaselinemethod.
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Conclusion

More extensivenumericalexperiments(seeYamatani-Saito)indicate
that FPHLCT reducesthe bit ratesabout 15% overJPEGwhereas
PPHLCT doesabout 7% to achievethe samePSNRin the relatively
low bit rate range.

If onecan a�o rd to usethe higherbit rates, then our methods
naturally approachto the performanceof JPEG.

PPHLCT is particularly usefulbecauseit acceptsthe �les compressed
by the JPEGstandard.

On the other hand, FPHLCT is better than PPHLCT if onecan
a�o rd to modify the encoder part of the JPEGstandard.

Additional computationalcost of both methods overJPEGis small:
linearly proportional to the number of pixelsof an input image.

Shouldbe usefulfor zooming, interpolation, featureextraction.
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Thank you very much for your attention!
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