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ABSTRACT. This paper contains the lectures presented by Shkoller at the Ele-
venth School on the Mathematical Theory in Fluid Mechanics at Kacov, Czech
republic, in May, 2009, based on the well-posedness theory for the free-surface
incompressible Euler equations developed in Coutand & Shkoller [3]. The pur-
pose of those lectures and this paper is to present a new simple proof for the
construction of solutions to the moving free-boundary incompressible 3-D Eu-
ler equations in vacuum. The method relies on the Lagrangian representation
of the fluid, and the anisotropic smoothing operation that we call horizontal
convolution-by-layers.

1. Introduction. This paper is founded upon the lectures presented by Shkoller
at the Eleventh School on the Mathematical Theory in Fluid Mechanics at Kacov,
Czech republic, in May, 2009 on the well-posedness of the free-surface incompressible
Euler equations as developed in Coutand & Shkoller [3]. We are grateful to the
organizers Josef Malek and Mirko Rokyta for both the opportunity to present these
lectures, as well as for the exceptional summer school that they organized. We are
also grateful to the many students who attended this summer school, and whose
excitement for the subject matter motivated us greatly to provide a new and concise
treatment of this well-posedness theory.

These lectures are focused on the incompressible Euler equations with moving
free-surface. While we present the material for the case of three space dimensions,
the same presentation covers the case of plane flow also. We will not consider the
presence of surface tension in this paper, and we will not make any assumptions of
irrotationality.

1.1. The Eulerian description. For 0 < ¢ < T', the evolution of a three-dimensio-
nal incompressible fluid with a moving free-surface is modeled by the incompressible
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Euler equations:

u+u-Du+Dp=0 in Q(t), (1a)
divu =0 in Q(¢), (1b)

p=0 on I(t), (1c)

VI@®)=u-n (1d)

u=ug on (0), (Le)

Q(0) =Q. (1f)

The open subset Q(t) C R? denotes the changing volume occupied by the fluid,
T'(t) := 09(t) denotes the moving free-surface, V(I'(¢)) denotes normal velocity of
I'(t), and n(t) denotes the exterior unit normal vector to the free-surface I'(t). The
vector-field u = (u,us,us) denotes the Eulerian velocity field, and p denotes the
pressure function. We use the notation D = (01,02,05) to denote the gradient
operator. We have normalized the equations to have all physical constants equal to
1.

This is a free-boundary partial differential equation to determine the velocity and
pressure in the fluid, as well as the location and smoothness of the a priori unknown
free-surface. A recent explosion of interest in the analysis of the free-boundary
incompressible Euler equations, particularly in irrotational form, has produced a
number of different methodologies for obtaining a priori estimates, and the accom-
panying existence theories have mostly relied on the Nash-Moser iteration to deal
with derivative loss in linearized equations when arbitrary domains are considered,
or complex analysis tools for the irrotational problem with infinite depth. We refer
the reader to [1], [3], [5], [6], [7], [8], [11], [12], [13], [14] for a partial list of papers
on this topic.

The purpose of these lectures is to make our presentation in [3] more accessi-
ble, and to explain the basic interaction of the geometry of the free-surface with
the motion of the fluid. As is often the case, with the passage of time, a more
concise treatment can be presented, and this is indeed the case for the free-surface
incompressible Euler problem.

To avoid the use of local coordinate charts necessary for arbitrary geometries,
for simplicity, we will assume that the initial domain  at time ¢t = 0 is given by

Q= {(z1,22,23) €R? | (x1,22) € T?, 23 € (0,1)}, (2)

where T? denotes the 2-torus, which can be thought of as the unit square (0, 1)?
with periodic boundary conditions. This permits the use of one global Cartesian
coordinate system. We only allow the top boundary

I'= {.133 = 1}
to move, while the bottom boundary is fixed with boundary condition
us =0on {3 =0} x [0,77].

We refer the reader to our paper [3] for the case that the initial domain is an
arbitrary bounded, open subset of R? with H?3-class boundary.

1.2. Einstein’s summation convention. Repeated Latin indices i, j, k,, etc., are
2
summed from 1 to 3; for example, F;;:=3. 4 ﬁ.
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1.3. The Lagrangian description. We transform the system (1) into Lagrangian
variables. We let n(x,t) denote the “position” of the fluid particle x at time ¢. Thus,

O =wuomnfort>0and n(z,0) =2z
where o denotes composition so that [u o n](z,t) := u(n(z,t),t). We set
v = uon (Lagrangian velocity),
g = pon (Lagrangian pressure),
A =[Dn]™! (inverse of the deformation tensor),
J = det[Dn] (Jacobian determinant of the deformation tensor),
a = J A (cofactor of the deformation tensor).

Since divu = 0, we have that det Dn = 1, and hence the cofactor matrix of Dn is
equal to [Dn]~!. Using Einstein’s summation convention, and using the notation
F;, to denote g—i, the kth-partial derivative of F' for k = 1,2,3, the Lagrangian

version of equations (1) is given on the fixed reference domain 2 by

vl + AFqp =0 in Q x (0,7], (3a)
div,v =0 in Q x (0,77, (3b)
g=0 on ' x (0,7], (3c)

vg =0 on {z3 = 0} x (0,77, (3d)

(n,v) = (e,up) inQx{t=0}, (3e)

where e(z) = x denotes the identity map on 2. Notice that the free suface I'(t) is
given by
I(t) = n(t)(T).

The Lagrangian divergence div, v = Ag vi7j. Equation (3a) can be written in vector
form as

v+ ATDg=0 in Qx(0,T], (3a%)
where AT denotes the transpose of A. Solutions to (3) which are sufficiently smooth
to ensure that 7n(t) are diffeomorphisms, give solutions to (1) via the change of
variables indicated above.

1.4. The Lagrangian vorticity equation. We make use of the permutation sym-

bol
1, even permutation of {1, 2,3},

gijk = 4 —1, odd permutation of {1, 2,3},
0, otherwise,
and the basic identity regarding the ith component of the curl of a vector field u:
(curlu); = Eijkuk,j .
Defining curl,, v = curlu o n, the chain rule shows, by taking the curl of the Euler

equations (3a), that
(curly vy); = aijkA‘;vf,S =0. (4)
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2. Notation.

2.1. Differentiation and norms. For integers k£ > 0 and a smooth, open domain
Q of R3, we define the Sobolev space H*(Q2) (H*(2;R?)) to be the completion of
C>(Q) (C°°(£2;R?)) in the norm

Jl2 = 3 / Do uPde,

la| <k

where D% denotes all partial derivatives of order a. For real numbers s > 0, the
Sobolev spaces H*(2) and the norms || - ||s are defined by interpolation. We will
write H*(Q) instead of H*(Q;R3).

We define the horizontal derivative by 0 = (01, 92), and define the Sobolev space
H¥(T') to be the completion of C°°(T") in the norm

lulf = Z 0%u|?dS,
la]<k T

where 0% denotes all horizontal partial derivatives of order a, and dS = dzidzs
denotes the ‘surface measure.” For real s > 0, the Hilbert space H*(I") and the
boundary norm |- |, is defined by interpolation. The negative-order Sobolev spaces
H~%(T") are defined via duality: for real s > 0, H—*(T") := [H*(T")]".

2.2. The space of divergence-free vectors on (2. In order to specify our initial
velocity field, we introduce the following subspace of H® vector-fields on € for s > 0:

Definition 2.1 (H?*-class divergence free vectors).
H5 () = {u e HS (R : w® =0on {x3 = 0}, 5, — u(zp,z3) periodic
divu =0} .
3. Properties of the cofactor matrix a, and a polynomial-type inequality.

3.1. Differentiating the inverse matrix A. Using that Dn A = 1d, we have the
following identities

DAY = —Ason" s AF (5)
DAK = —AsDy , A (6)
O AF = — Ao A (7)

3.2. Relating the cofactor matrix and the unit normal n(t). With N =
(0,0, 1) the outward unit normal to I', we have the identity

n(n) = a" N/f|a"N| or n(n) = a}/|a?|.
For a, 8 = 1,2, we define the components of the induced metric on T'(t) by
gocﬁ(xla T2, t) =Ta (.131, T2, t) 1,8 (371, z2, t)7

and let /g denote \/det(gqg). The metric g is a 2 x 2 matrix defined on I'. It is
an elementary computation (see [3]) to verify that

\/§ = |7771 X1,2 | = |a3| on F7
and hence that af = \/gn;(n).
A =J 1 /gni(m) onT. (8)



FREE-SURFACE INCOMPRESSIBLE EULER EQUATIONS 5

3.3. A polynomial-type inequality. For a constant My > 0, suppose that f(t) >
0, t — f(t) is continuous, and

f(t) < Mo+ CtP(f(1), (9)
where P denotes a polynomial function, and C' is a generic constant. Then for ¢
taken sufficiently small, we have the bound

f(t) < 2Mp.

We use this type of inequality (see [3]) in place of nonlinear Gronwall-type of in-
equalities.

4. Trace estimates and the Hodge decomposition elliptic estimates. The
normal trace theorem states that the existence of the normal trace w - N|r of a
velocity field w € L?(€2) relies on the regularity of divw € L?(Q2) (see, for example,
[10]). If divw € L?(Q), then w - N exists in H~%%(T"). We will use the following
variant:

10w NI-os(ry < C[100] 320 + Idiveo|z )| (10)

for some constant C' independent of w.
The construction of our higher-order energy function is based on the following
Hodge-type elliptic estimate:

Proposition 1. For an H" domain Q with T = 9Q, r > 3, if F € L?>(Q;R3) with

curl F € H"H(;R?), divF € H1(Q2), and OF - N|p € H*"3() for1 <s<r,

then there exists a constant C > 0 depending only on  such that
1Flls < € (IFllo + Il curl Flly—y + || div Flly— + [9F - N|,_3 ) ,

) _ (11)
1Flls < C (IFllo + lfcurl Flly—y + || div Flly—y + X3y 10F - Tal,_3 )

where N denotes the outward unit-normal to T, and T, a = 1,2, denotes the two
tangent vectors to T'.

The first estimate is well-known and follows from the identity —AF = curl curl F'—
DdivF; a convenient reference is Taylor [9]. The second estimate immediately fol-
lows.

5. Horizontal convolution-by-layers and commutation estimates.

5.1. Horizontal convolution-by-layers. With z;, = (x1,22), we define p €
C5°(R?) by p(zn) = Cexp (W%) if lzn] < 1 and p(zs) = 0 if |2a] = 1; we
then select the constant C' so that [g. pdwy, = 1. We define p.(zp) = Hp(£). It

follows that for k > 0, 0 < p,, € C§°(R?) with spt(p,) C B(0, ). (Here, spt stands
for support.) We define the operation of horizontal convolution-by-layers as follows:

Apf(zh, x3) = /}R2 pe(@h — yn) f(yn, x3)dyy for f € L'(R?).

We introduced this type of smoothing operation in Section 2 of [3], but in the setting
of a general initial domain 2, which required a partition of unity and a collection
of local charts to define properly.

By standard properties of convolution, there exists a constant C' which is inde-
pendent of x, such that for s > 0,

[AcFlls <CIFls ¥V FeH (),
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and
|AvF|s <C|F|s VYV FeHT).
Furthermore,
K|OAFllo < C||Fllo V¥ F e L*Q). (12)

5.2. Commutation estimates.

Lemma 5.1. For f € Wh(T") and g,0g € L*(T), there is a generic constant C
independent of k such that

|Aw(f Bg) — f Axdglo < C|flwr=r) lglo,
where W>°(T') denotes the Sobolev space of functions u € L>(T') with weak deriv-
ative Ou € L>(T).

Proof. We have that

(A(f Bg) — f Andigl(x) = / Lo Fyn) — Fan))Bg(un)dyn

2
B(zp,k) R R

= /B( L G0 I () — Fle)g(yn)dyn

3
Th k) K k

I

- / pr(zn — yn)0f (yn)g(yn)dyn ,
B(zp,k)

I

where we have used integration-by-parts in order to obtain the second equality.
From Morrey’s inequality, for all y, € B(xp, k),

1f(@n) = Fyn)] < Kl10f | poer2) < Bl flwrse(ry
so that with K(zp,) = #@P(%)L
IZ1| < | flwreery K * gl
so by Young’s inequality for convolution integrals,

IZ1lo < [flwree Il L1 T2y |90 -
Similarly,
IZalo < |flwrsemyllosllzrr)lglo -

The assertion is proved, given that
1 = yh —
IKllosces = [, 100 idun = [ 10p(2]dz < oo.
T2 K K T2
O

Lemma 5.2. For k > 0, there exists C' > 0 independent of k, such that for any
g€ Hz(Q) and f € H¥(Q), we have that

[Ax(fg) = FArgl|y < CrligllzlIflls + Cr|gllo]| flls-
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Proof. Let A = Ax(fg) — f Axg. Then, we have that
@ = [ polan— )l una) — Fonsza)] glom ) dun.
B(;C}“K,)
Using the fact that H2({2) is embedded in L>°(), we have that

A@)] < Crllfs / pe(@n — y) 9y, 2] dyn
B(x}uﬁ)
showing that
1Allo < Crll £l1s | Axlglllo
< Cx||flsllgllo- (13)

Now, for j =1,2,3,

Avj = An(fgvj ) - fAHg’j +A“(f’j g) - f’j Ang'

The difference between the two first terms of the right-hand side of this identity
can be treated in a similar fashion as (13), leading us to:

14,5 lo < Ol fllsllgll + 1Ax(f,5 9o + 11 f.5 Awgllo
< Okl fllsllglls +11£:5 gllo + I35 [ o= 2 [ Argllo
< Gk fllallglls + 211 f55 [ Lo llgllo
< Cxllfllsllglls + Cll flIzllgllo- (14)

Consequently, we obtain by interpolation from (13) and (14):
1Ally < Cxllflisllglly + Crz [ fllsllgllo-

Following the estimate (14), we can similarly obtain estimates for ||A,;x ||o and
1Akt llo, 4.k, 1 =1,2,3, and thus estimate the H*(2)-norm as well as the H3(2)-
norm of A. Interpolation then yields the following:

Lemma 5.3. Fork >0 and s = % or g, there exists C' > 0 independent of k, such

that for any g € H*(Q) and f € H3(Q), we have that
[Ax(f9) = fAgl, < Crllgllsl flls + CrZ gl s 1If5-

6. An asymptotically consistent x-approximation of the Euler equations.

6.1. The smoothed flow map 7.

Definition 6.1 (The horizontally-smoothed flow map 7,;). Suppose the Lagrangian
flow map 7 is in C([0,T], H3(R)). For & € (0,xq), we set on [0, 7]

e = AZn and v, = 0y,
By choosing T' > 0 and kg sufficiently small, we can ensure that
Ax(z,t) = [Dr(z,1)] 7!
is well-defined on [0, T]. We then define J, = det[Dny], and a, = J, A,.
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6.2. Smoothing the initial data. In order to construct solutions to (3), we will
introduce an approximation scheme below, and it will be convenient to smooth the
initial velocity field.

Let 0 < g, € C§°(R3) denote the standard family of mollifiers with spt(g,) C
B(0,k), and let &, denote the Sobolev extension operator mapping H*(f2) to
H*(R3) for s > 0.

We set w§ = 0.€a(up), and define

K _ K K
uy = wy — Dr™,

where the scalar function r* is the solution to the elliptic problem

Ar® =divw{§ in Q, (15a)
xp = 7 (xp, x3) periodic x5 € [0,1], (15b)
=0 onT, (15¢)
or”
e (wg)®  on {x3 =0}. (15d)

Thus, given ug € Hi, (), it follows that uf € Hj, () for all s > 4, and that
uf§ — ug in H4(Q) as k — 0.

6.3. The approximate x-problem. For x € (0,k¢), we consider the following
sequence of approximate problems:

v + ALDg =0 in Q x (0,T], (16a)
div,, v=0 in 2 x (0,7,], (16b)
g=0 on I' x (0,Tx], (16¢)

v> =0 on {x3 = 0} x (0,T,], (16d)

(v,m) = (ug,ex) onQx{t=0}, (16e)

where the solution 7 = n(x) depends on the parameter , but for notational simpli-
fication, we do not explicitly write this dependence, and where div,, v = (A,{){vi,j,
and e, = AZe, where e(r) = x denotes the identity map on Q. We refer to the
approximation (16) as the x-problem. (Note that our solution is periodic in the z;

and o directions.)

7. Construction of smooth solutions to x-approximate Euler equations.

Definition 7.1 (The manifold of volume-preserving embeddings). For s > 3, we
let

Diy=1{ne HS(Q;RS) : n({xz =0}) C {z3 =0}, x5 — n(xp, x3) periodic
det Dp=1,n"" € H*(n(Q); Q) }.

For s > 3, D:,, is a infinite-dimensional C° Hilbert manifold (see, for example,
[4]). We let TD:, denote the tangent bundle over D: |, and TTD: | the second

vol?

tangent bundle. Locally, elements of T'D; | consist of pairs (1, v) € DS x H;, (©2)on,
where

Hgi () on={uon :ue Hg ()}
Theorem 7.2. Suppose that for s > 4, uf € H*(Q) with divug = 0. Then for each

k € (0, ko), there exists a unique solution (n(k),v(k)) € C*([0,T,];TD:,,) to (16)
with T\, > 0 depending on ||u§|ls an on k> 0.
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Proof. With 7, and v,; defined in Definition 6.1, we define
u=von,, ug=veon,, andp=gqon’

It follows from the chain-rule that (16) can be written on the time dependent domain
N, (t, Q) as

Uy + Uy - Du+Dp=0 in n,.(¢,Q), (17a)
divu =0 in n,(t, ), (17b)

p=0 on 7, (¢, T, (17¢)

(u,n) = (u§,e) onQx{t=0}, (17d)

Taking the divergence of (17a), we see that p(t) satisfies

—Ap = ui7j ul ;i inne(t,Q), (18a)
p=0 on Un(t7r) ) (18b)

op B
N = 0 on {x3 =0}. (18¢)

The estimates for p(t) can be easily obtained by transforming (18), set on the
smoothed moving domain 7y (¢,2), to an elliptic equation on the fixed domain €.
It is important to note that this transformation should not be made with the map
7.(t), but rather with a family of diffecomorphisms which inherits the smoothness
of nk|r. To this end, consider the solution to A®(t) =0 in Q with ®(¢) = n,.(¢) on
I'. It follows that

D) |lst1 < Cliels41/2 < C(A+ )|77|s 172 < C(L+ )||77||s7 (19)

where the first inequality is the standard elhptlc estimate for the Dlrichlet problem,
the second follows from (12), and the third from the trace theorem. For x and T
taken sufficiently small ||®(¢) — e||s can be made arbitrarily small on [0, T}], from
which it follows that each such ®(t) : Q — 0. (¢, Q) is a diffeomorphism.

Next, define the matrix B = [D®]~! and the pressure function Q = po ®. Using
the chain-rule, (18) is transformed to

~B![B¥Qu ), = (u'juli)o® inQ, (20a)
Q=0 onT, (20b)
Q.xBFB} =0 on {z3} =0, (20c)

for 0 < t < T,. Elliptic estimates (in conjunction with the Sobolev embedding
theorem) show that

QW) ls+1 < CPI@®)ls41)llu’; ulyi 0Plls—1

where P is a polynomial function of its argument; hence, together with (19), we
have the estimate

1Qls+1 < CuP(ln(®)lls) - I3 .

where the constant C,, depends on x > 0 and, in fact, blows-up as k — 0. Since
p=Qo® ! we see that

1Dp(t) o n(t)|ls < CP([n()ls, [lv]ls) - (21)
We define the function F on T'D% | by
f(nav) = _Dpo’rln7



10 DANIEL COUTAND AND STEVE SHKOLLER

and write (16a) as the coupled system of first-order ordinary differential equations

written on TDj

8t(77’1}) = (UwF)v
(17, v)|t=0 = (e, uo) -

According to the estimate (21), (v, F) : TDZ,, — TTD;,, continuously; moreover,
since composition on the right is a smooth operation,

(v, F): TDy, — TTDy,, is a C* map.

Thus, the fundamental theorem of ordinary differential equations (or Picard itera-
tion) shows that there exists a time T}, > 0 depending on the initial data (and, of
course, £ > 0) such that

(n,v) = (n(x),v(k)) € C=([0, T]; TDo1)
is a unique solution of (16). Since, by definition @ = 0 on I, and
g=Qod o, (22)
it follows that ¢ = 0 on I" as well. O

8. Asymptotic estimates which are independent of the smooth parameter
k. According to Theorem 7.2, we have unique solutions to (16),

(n(x),v(k)) € C=([0, Ti]; TDo1) »

and ¢(k) given by (22). We will take s > 6, and for notational convenience we will
denote (n(k),v(k)) by (7,7), and write A for [Dfj]~!. We use the notation 7, to
denote A2%7j and set A, = [D7j,] ™.

8.1. A continuous-in-time energy function appropriate for the asymptotic
process kK — 0.

Definition 8.1. We set on [0, 7]
Eu(t) = 1+ [Ai®l3 5 + 19I5 + 1500135 + 1960135 + [IVRTe()][F - (23)

The function E,(t) is the higher-order energy function which we will prove re-
mains bounded on a time-interval which is independent of k. Given (7,9) € TDS,
the E,(t) is continuous on [0, T}].

Definition 8.2. We set E(t) = E,.—o(t).

Definition 8.3. We set the constant My to be a polynomial function of F(0) so
that

Mo = P(E(0), || curlug |3 5) - (24)

8.2. Statement of the main result. Given an initial velocity field ug € Hj,, ,

obtain the initial pressure function pg as the solution to the elliptic equation

we

—Apg = ué,j ué,i in Q,
po=20 on I',
Do,3 =0 on {x3=0}.
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Theorem 8.4 (Main Result). Given initial data uo € Hj () with curluy €
H35(Q) such that

_90
8%3

there exists a solution to (3) verifying

sup E(t) < P(E(0)).
t€[0,T]

If up € H3,, () and curlug € H*>(Q), then the solution is unique.

() >A>0 for zel,

Remark 1. The same theorem and proof hold in the case that O C R2. We refer
the reader to our paper [3] for the case of a general initial domain €.

Remark 2. The regularity for the existence theory is not optimal. In fact, for our
domain €2, all that is necessary to establish existence and uniqueness of solutions
to (3) is an initial velocity field ug € H3, (); nevertheless, the assumptions of
Theorem 8.4 allow for the most transparent proof.

8.3. Conventions about constants. As noted above, Theorem 7.2 provides us

with solutions (7,0) € TDg,}, and hence sup, ¢ 7,) Ex(t) is continuous.

We take T, > 0 sufficiently small so that, using the fundamental theorem of
calculus, for constants ¢y, ce and ¢ € [0, T],

_673 (t) > >\/2 )
c1 det g, (0) < det §,,(t) < cadet §.(0) on T,
c1det J,.(0) < det J,.(t) < ¢y det J,.(0) in Q,
IAen(®)la < [Awela+1, [G®)]la < 1§01+ 1,
[o()lls.5 < lluolls.s +1, [10:(8)]ls < [|0:(0)[|s + 1.

The right-hand sides appearing in the last three inequalities shall be denoted by a
generic constant C in the estimates that we will perform.

8.4. Curl and divergence estimates for 7, v, and ;.
Proposition 2. For allt € (0,T), with T < Ty,

lcurl A j(8)||2 5 + |Jcurl @(t)]|3 + ||weurl @(t)||3 5 + ||V/reurl §.(2) |13 5

< Mo+ CTP( sup E.(t)). (25)
t€[0,T]

Proof. By taking the curl of (16a), we have that
curl, v, =0.
From (4), it follows that (curls, #)F = B(A,, Dv), where
B(A,, Dv) = Ekji(len)t;ﬁias = k0 s (Ap)) 000 (AR));
hence,
curly, o(t) = curluf + /O t B(A.(t'), Do(t"))dt’ . (26)

Step 1. Estimate for curl A,7. Computing the gradient of (26) yields

t
curly, Di(t) = Dewrluf — e D(A,)5 s + / DB(A(t)), Do(t'))dt
0

J
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Applying the fundamental theorem of calculus once again, shows that

t
curls, D7j(t) = tD curlug —|—€ﬂ/ [(Ax )t "Dif' s —D(Am)jﬁi,s]dt’

/ / DB(A.("), Do(t"))dt"dt’"

and finally that

t
D curl(t) = tD curluf — 5.]-1-/ (A,{)t?(t')dt’ D' (27)
0

+g.ji/0 [(Ae)e Dif' s —D(A)50 s Jdt’ +/ / DB(A(t"), Do(t"))dt"dt’ .

Using the fact that 9y(A,)$ = —(A,); 0L, (Ax)} and D(A,)$ = —(A,); Diflp (Ax)?,
we see that
DB(;LDT)) = _Ekji[Df)iw (A )lvmp (*‘21 ) + @ias ( ) D{)flwp(
+ 7’ )s UflmpD((A )lé(A ) )]

The precise structure of the right-hand side is not very important; rather, the
derivative count is the focus, and as such we write

B(A, Dv) ~ D*4 Do, A, A, + D5, Do A, A, + D%ij,. D Do, A, A,. .

Integrating by parts in time in the last term of the right-hand side of (27), we
see that

/ / DB(A,, Dv)dt"dt' ~ / / (D% (D Ay )y + D0 (DB A, A,)| diat
// D%, Db Do, A, A,.dt" dt'
t ~ ~ ~ ~
+ / [Dzﬁmm A, A, + D%, Di A, Aﬁ} dt’
0
Thus, we can write

t t
D curlij(t) ~ tD curluf + D7 / Db, A, A.dt' + / D?*iDb,. A, A,.dt’
0 0

Il IQ

4 t et
+ / D%, Do A A.dt’ + / / D?3j,. D Do, A, A.dt”dt!
0 0 0

I4

// D?fj (DY A)dt”dt+// D%j (Do, A, A)edt"dt’ .

Zs
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Our goal is to estimate || D curl A,n||3 5, which in turn requires us to estimate
|ALZ;||35 for i = 1,...,6. We begin with i = 1:

t
IAT|25 < | D*Avi / Diy, Ay Andt'|35
0

t t
+ ||Ax (DQﬁ/ Do, A, flndt’) —/ Do, A, A.dt' A\, D?7||3 5
0 0
It is easy to see that
t
| D?A .77 / Do, A Adt'||%2 5 < CTP( sup E.(t)),
0 t€[0,T)

and by Lemma 5.3
t t
lAx (DQﬁ / Do, A, A,{dt’> - / Do, A, Apdt' A D313 5
0 0
t B _ t _ B
< CR2| D735 / Do, A, Agdt'| + Cx|[ D73 | / Di, Ay Ayt |
0 0
< CTP( sup E,(t))
t€[0,T)

The same type of commutation estimate shows that

||A,€IQH§5 < CTP( sup E.(t)).
t€[0,T]

For i = 3,4,5, we use that ||A.Z;|l2.5 < ||Z;|l2.5 and as H*?(Q) is a multiplicative
algebra, we see that for i = 3,4, 5,

[AxZi3.5 < CTP( sup E,(t)).
t€[0,T)

Finally, we consider the case that i = 6:

t ot
IATol25 < | / / D2A,i7 (Dity Ay Ay )dt”d |12

+ / B (DB Ay Ay — (Do AL AL) D) de'ar' |
t
< CTP( sup E, ( ),
te[0,T]
where we have used Lemma 5.3 for the last inequality together with the fact that
|2 5¢]|2is contained in the energy function E,(t). Therefore, we have proven that

I|D curlA,mH%5 < My+ CTP( sup E.(t)),
te[0,7]

and hence with curly, 9; = 0, that

I curlA,mH%5 < Mo+ CTP( sup E.(t)).
€[0T

Step 2. Estimate for curl 9. From (26),

t t
curlv(t) = curluf + / B(A.(t'), Do(t"))dt' — e.jkfjkW/ Di(Ap)jdt .
0 0

As H3(Q) is a multiplicative algebra, it follows that on [0, 7],

| curl 5(2)||3 < Mo+ CTP( sup E,(2)).
t€[0,T]
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Similarly,

||/£cur117(t)||§.5 < Mo+ CTP( sup FE(t)).
t€[0,T]

Step 3. Estimate for curl ;. From (26),

t
curl 9 (t) :Eik-j/ 81&(145) (t")dt' o,
0

from which it follows that on [0, T7,
|k curl o (t)||3 < CTP( sup E,(t)).

t€[0,T]
O
Proposition 3. For allt € (0,T), with T < T},
Idiv A (8) 25 + v 5(2)]3 + v ()35 + /v 7 ()2
< Mo+ CTP( sup E.(t)). (28)

t€[0,T
Proof. Since (A,)/#%,; =0, we see that
(I‘Lc)gD@i’j: _D(A )z g (29)
Step 1. Estimate for div A.7. It follows that

[(Ax ) D77 N le = 3t(AK)gDﬁi’j *D(An)z ﬁiﬂ

so that .
(A0 510 = [ (A DI 5 DAY )t

0

and hence
Ddiv7(t) = 8t(/~1,€)§DﬁZ,j dt’— D(A,)! ”,] dt’ —/ Or(Ag Jdt D7t g o
0
Il Z2
Thus,
3
IDdiv Aii(®)]35 < Y IIAZi(B)]135-
i=1

Using Lemma 5.3 in the same fashion as was used for Propostion 2, we see that

ZHA T;(1)||2 5 < CTP( sup E,(t)),
te[0,T]

from which it follows that

[ div Ai(t)][5.5 < CTP( sup E(t)) .
te[0,T)

Step 2. Estimate for divd. From (A4, )jﬁi,j =0, we see that

(3

div o (t at ANldt' v . (30)
Hence, it is clear that

I diva(t)3 + | mdivi(t)|3 5 < CTP( sup Ey(t)).
t€[0,T]
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Step 3. Estimate for divo;. From (30),

div o, (t) = —8;(A.)]0" / (A )ldt' vl .
It follows that

(| div &¢(£)[13.5 + [VEdivE(t)]5 < CTP( S[up ] Eq(t)).
te[0,T

O

8.5. Pressure estimates. Letting (A, )3% act on (16a), for ¢t € [0, T}], the pres-
sure function ¢(z,t) satisfies the elliptic equation
~(A! [(Atan] s = 5 (A T (A i 9,
dg=0 on I,
G (AP A} =7 01(A)* =0 on {a5=0}.

Using our conventions of Section 8.3 concerning the generic constant C', we have
the standard elliptic estimate (see [3]) on [0, T}]

14(®)lla.5 < CllAR7(E) a5 - (31)

Similarly by time-differentiating the above elliptic equation for g, elliptic estimates
show that

G117 < C (1AxA® 15 + 15@)IE) -
8.6. Technical lemma. Our energy estimates require the use of the following

Lemma 8.5. Let Hz(Q) denote the dual space of H2 (). There exists a positive
constant C' such that

lOF|| <C HF|| VF € H2(Q).

HZ 2 Q) —
Proof. Integrating by parts with respect to the horizontal derivative yields for all
G e HY(Q),
/ OF G dz — —/ F G dz < C|[F|lo |C1
Q Q

which shows that there exists C' > 0 such that

VE € LA(Q), 9F||may < ClIFll. (32)
Interpolating with the obvious inequality

VF € H'(Q), [0F |20y < C|F|1
proves the lemma. O
8.7. Energy estimates. In this section, we take T' € (0,T,;).
Proposition 4. Fort € [0,T,],

(A’ ()3 + 107 ()35 < Mo + CTP(t s[%pT]En(t)) : (33)
€10,
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Proof. Taking the L?() inner-produce 9* of (16a) with 9*@" yields

2dtlla“ G+ /64 G 0'0 1dm+/(ﬁn)?54q~,k o'vidz+R,  (34)

s Is

where R denotes integrals consisting of lower-order terms which can easily be shown,
via the Cauchy-Schwarz inequality, to satisfy

T
/ |R(t)|dt < Mo+ CT P( sup E(t)).
0 t€[0,T]
Using the identity (5), we see that
12:_/( W)EOM s (Ay)iG, O*'de + R
Q
__ / (A)A0'E (A0)3q 045 dy + / (A)A0' (An)iq 05, du 4R
r Q

Iz, Tay

Since G = 0 on T, so that d,,, = §,3, we see that
T, = / (—0) O A)20" ()2 da,
Recalling that 7, = A A7,
Ty, = / (= )0 Al (A,)? 0 A (Ar)3da
K1
w0 [ (30 (A0F (A2 097) = (~30) (A} (A2 4,0 don,

K2

According to Lemma 5.1,
a(t) < 10N lo [ (=) ()} (A0)2 9%57) = (=) (A
< 0‘54Anﬁr|0 |(173 (An)? (AK)E‘WLOO(F) |536i|0 .

By the Sobolev embedding theorem,

:|>1
\/
w
—
N
&
~—
(o)
S
S

10,3 (Ae)? (A)3lwri ) < Clds s [(Ar)P |1 [(Ar)2]1s
so that

T
/ Ka(t)dt < CT P( sup E(t)).
0 t€[0,T]

To study the integral IC;, we define 71, to be the outward unit normal to the
moving surface 7, (¢, T), given by fi,, = (a,)3/|(as)3|. From (8),
(zzlﬁ)3 = j;l gy on T,
where

\/ gli - ‘ﬁl{ﬂ Xﬁlﬁ72 | = ‘(dﬁ)g‘ on F
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It follows that

Ki(t) = /(—q,3 VOA LT - e O AT - R | det G| T2 day,
N
1d ~ A = s 2 ~ | 72
“5u F(—q,3)|3 A7) - 1l | det G| J ;= day,

Kiq

_ /F %54/\,@ TN i On (7)o (), | et G| T 2]darn -

Kiy

By the assumption of Section 8.3,

2u[():(0); |det gl 1.71] <€,

from which it follows that

T
/ Kiy(t)dt <CT P( sup Ei(t)).
0 t€[0,7)

Using our assumed bounds for —§,3 (t), det g, (t), J. on [0,T], we see that

T
oA 7(t) - R ()2 g/ Ki(t)dt + My +CT P( sup E,(t)),
0 t€[0,T)

for a constant ¢ which depends on X, §.(0), J.(0).
Notice that N = (0,0,1) = n,.(t) — fot O (t')dt’, and by our assumptions in
Section 8.3, [0yt ()| e vy < C, so that with i3 =17 N,

T
AT ()3 g/ Ki(t)dt + Mo+ CT P( sup E,(t)),
0 te[0,T

and hence

T
A )3 < 7/ oo (t)dt + Mo+ CT P( sup E.(t)),
0 t€[0,T]

It remains to show that the integrals fOT Toy(t)dt and fOT T3(t)dt are both bounded
by CT P(supejo,r) Ex(t)). Using (16b),

Top(t) = — /Q (A)E O G 0 D*(AR);dz+ R

< O|0%1x(t)]] 110" A +R

Oyt
< ClO* DIl 10°Ax(D)ll 3 ) + R

<C sup E(t)+R,
t€[0,T)

where we have used Lemma 8.5 for the second inequality.
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Finally,
I3(t) = —/ DGOy (Ag)Fdo = / D*qote 0Y (A de+ R

Q Q
< C||3%q(t)] 110" A (1)

<C sup E(t)+R,
t€[0,T)

HZ (Q) tR

where we have used the pressure estimate (31) and Lemma 8.5 for the last inequality.
Summing the estimates for 7, 7o, Z3 and integrating (34) from 0 to T', we obtain
the inequality,

sup (|7°13 + 0% 0(t)I[7) < Mo+ CT P( sup E,(t)).
t€[0,T] t€[0,T]

According to Proposition 3,

sup || diva(t)||3 < Mo+ CT P( sup E,(t)),
te[0,T] te[0,T]

from which it follows that

sup [|0% divo(t)]| 71y < Mo+ CT P( sup Eg(t)).
t€[0,T] te(0,7]

Hence, the normal trace estimate (10) shows that

sup (|72()[5 +[5°()|35) < Mo+ CT P( sup E.t)). (35)
t€[0,7)] t€[0,T)

O
Combining Proposition 4 with the curl estimates in Proposition 2 and the di-

vergence estimates in Proposition 3 for 7(t) and v(¢) and using (11) provides the
following

Proposition 5. For ¢ € [0,T,],

1A (OE 5 + 195 < Mo + CTP(t S{%I)T]En(t)) : (36)
€10,

Since 7y = —AZDqN, we also obtain
Proposition 6. Fort € [0,T,],

[5:(t)]|3.5 < Mo+ CT P( sup E,(t)). (37)
te[0,7]

Proposition 7. Fort e [0,T,] and o = 1,2,

WA (8)]5.5 + K0 ()| < Mo+ CT P( sup E.(t)). (38)

t€[0,T)
Proof. Multiplying (16a) by 7/, we find the identity
515 . ﬁmak: = _qvak? for k = 1a273'
It follows that B ~
U - 0Ny =—0G=0onT,

so that the tangential component (with respect to the moving boundary 7, (¢,I"))
of ¥; vanishes on I". Hence,

030, - Ony = —0y - O*y. — 30%0y - 07, — 300, - %7, .
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Thus,

0% - Diiclo < ClUel2.5liikla < Clijela,
so that using the fundamental theorem of calculus, together with the fact that
Nwsa (0) is proportional to T, for a = 1,2, we find that

083 < Cliiela + C T |43, (39)
Similarly, B )
(0401 - Do < Cloels]isls < Clilsls
from which it follows that
084 < Clills + C T4 - (40)
Interpolation between (39) and (40) yields
10735 < Clfic|as + C T35

Interpolation between the inequalities |7x|s < C|Ax7|s and |75 < %\Aﬁﬁh shows
that v/k|7k|a.5 < C|Akf]4. It thus follows from (36) and (37) that
V[T (t)]s.5 < Mo+ CT P( sup E,(t)).
t€[0,T]
A similar argument shows that
K|0Y ()]s < Mo+ CT P( sup E(t)).
t€[0,T)
O

Combining the estimate (38) together with the curl estimates in Proposition 2
and divergence estimates in Proposition 3 for x9(t) and /k0;(t) proves the following

Proposition 8. Fort € [0,T,] and a = 1,2,

VRt @) + so(®)]lis < Mo+ CT P( s[lépT]En(t)) : (41)
te|o,

9. Proof of the Main Theorem.

9.1. Time of existence and bounds independent of x and existence of
solutions to (3). Summing the inequalities provided by the above Propositions,
we find that
sup E.(t) < Mo+ CTP( sup EL(t)).
te[0,T] te[0,T]
Just as in Section 9 of [2], this provides us with a time of existence T} independent
of k and an estimate on (0,7}) independent of x of the type:
sup E,(t) < 2My. (42)
te[0,14]
In particular, our sequence of solutions (77, ¥) satisfy the x-independent bound (42)
on the s-independent time-interval (0,77).

9.2. The limit as k — 0. By the s-independent estimate (42), there exists a
subsequence of {0, As, DG} which converges uniformly to (v, A, Dg) where A =
[Dn]~!, and n = e + fot vdt’. Standard arguments show that (n,v) solve (3), and
that

sup E(t) < P(E(0)).
te[0,71]
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9.3. Uniqueness. Suppose that on [0,T1], (nt,v!,¢') and (n2,v?, ¢%) are both so-
lutions of (3) with initial data ug € H3,, () and curlug € H*5(Q), and with both
¢1 and ¢y satisfying the stability condition —d¢;/ON > 0 on T for i =1,2.

Setting

E(t) =1+ @35 + lo@)]3.

by the method of the previous section (with x = 0), we infer that both &1 (t) and
E,2(t) are bounded by a constant M, depending on the data u and I' on a time
interval 0 < ¢t < T3 for T} small enough.

Let

wi=ov'—v? r=q¢" —¢* and ¢ :=nl —n?.

Then (£, w,r) satisfies

¢
&= / w in Q x (0,77, (43a)

0
dw' + () rp=(?—a Y ¢®r inQx(0,T], (43b)
(aYlw'; = (a® —ah)]v®;  in Qx(0,7T], (43¢)
r=20 onI'x (0,77, (43d)
(&, w) = (0,0) on Q x {t=0}. (43e)

We set

B(t) =1+[lE®3s + lw@®)i-
We will show that E(t) = 0, which shows that w = 0. We follow the identical anal-
ysis as in the previous section, and estimate the new error terms, arising from the

difference of two solutions, using the additional space regularity in our assumptions.
With (43e), we find that sup,cpo 77 £(t) < CT P(supeo, ) £(1)).

9.4. Optimal regularity for initial data. We smoothed our initial data ugy in
order to construct solutions to the k-approximation (16). Having obtained solutions
which depend only on E(0), a standard density argument shows that the initial
data needs only to satisfy E(0) < oco. All assumptions on from Section 8.3 can
now be verified by the fundamental theorem of calculus, and taking T even small
if necessary.
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