Lecture 1: Introductory set theory, the set of natural numbers and
proof by induction.

1. BASIC SET THEORY

e Definitions of subset, set equality, union, intersection, disjointedness, empty
set, power set, cartesian product.
Ex: Prove that C\(AU B) = AU (BUOQO).
Note: Any statement “Vx € §...” is automatically true (i.e. a tautology).
e Set notation and indexing families.
Ex: Let Ay = (0,2 — 1/k]. Find g~ Ax.
Ex: Let By = (—1/k,1/k). Find (N, Bx.
e Definition of function, domain, range, image, pre-image.
Ex: f(fil(D)) CD, f(Cl @] CQ) = f(Cl) U f(CQ) What about N7
e Surjective, injective, and bijective functions. Definition of the inverse, and
when it is a function.
Ex: f(z) =¢*, f(z)=z(z—1)(x+1), f(x) =23
e Definitions of countable and uncountable.
Ex: Z and Q are countable.
Ex: R is uncountable.

2. THE NATURAL NUMBERS AND PROOF BY INDUCTION

e Definition of the set N of natural numbers.
The set of natural numbers, N, is the infinite set {0,1,2,3,...}. (Some-
times this set doesn’t contain 0 depending on who you talk to).
Equivalently, N is the smallest set containing 0 and closed under the
successor function f(n) =n+ 1.
e Principle of mathematical induction and examples.
Theorem: Let P(n) be a proposition such that P(0) is true and whenever
P(k) is true, P(k+ 1) is also true. Then P(n) is true for all n € N.
In symbols, this theorem is written

VP, (P(0) A[P(k) = P(k+1)]) = VnP(n).
Examples:

142+ +n=1in(n+1)Vn
n+1<n2vn>2
n? <nlvVn >4



