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Abstract

We discuss CLT for the global and local linear statistics of random
matrices from classical compact groups. The main part of our proofs
are certain combinatorial identities much in the spirit of works by
M.Kac and H.Spohn.

1 Introduction

Let M be a unitary matrix chosen at random with respect to the Haar
measure on the unitary group U(n). We denote the eigenvalues of M by
{exp(i-0;)}7_,, where —m < 0y,0,,...,0, < 7. The joint distribution of the
eigenvalues (called the Weyl measure) is absolutely continuous with respect
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to the Lebegue measure H;'L:1 df; on the n-dimensional tori and its density
is given by

1 . .
Pymy(01,...,0,) = —— H lexp(i-0;) —exp(i-0;)° (1.1)

- ol
(2m)" - n! 1<i<h<n

(see [We]). Throughout the paper we will be interested in the global and
local linear statistics

Sa(F) =D_1(6), (1.2)
Sn(9(Lat)) = 3 9(La-0y), (1.3)

Ly,
L, — 00, — —0.
n

The optimal conditions on f, g for our purposes are

> k)P |k| < o0, (1.4)
/_oo 19(1)|? - [t|dt < oo, (1.5)

where

f@)="Y_ f(k)-e™,

k=—o00
1 oo ~ itz
g9(z) = o g(t) - e™dt

However in order to simplify the exposition we will always assume that f has
a continuous derivative on a unit circle ( f € C'(S') ) and g is a Schwartz
function (g € J(R') ).



Let us denote by E,, the mathematical expectation with respect to Haar
measure. We start with the formulation of the result which is essentially due
to C. Andréief ([A]), for a modern day reference see [TW] (and also [Dy]).

Proposition
E, exp(tSy(f)) = det(Id + (e — 1)K,,) = det(Id + (e —1)Qn), (1.6)

where (e — 1) is a multiplicaiton operator and K,,Q, : L?>(S') — L*(S")
are the integral operators with the kernels
1 sin (2(z —
K,(z,y) = —M, (1.7)

2™  sin (%)

n—1
_ 1 e 1 iy

Qn(z,y) ]z:; 7 e (1.8)
Remark 1. K,, (@, are unitary equivalent to each other and are the oper-
ators of a finite rank. In particular, @), is just a projection operator on the
first n harmonic functions of the unit circle.

One of the ingredients of the proof of the proposition is the following
chain of the equalities

1 (i (i)
pum) (b1, 5 00) = E(QWT" det ("0 100); ;e - det(e 7O DY) p

= l' det (Qn(ﬁj, Hk))
n. 1<j,k<n

- %det (Kn(ej,ek))

1<g,k<n

(1.9)

Remark 1 allows us to rewrite the Fredholm determinants in (1.6) as the
Toeplitz determinant with the symbol exp(¢- f(-)):

Fexp (@ 6)) = Dacs (exp(t- 1))
= det <% /027r exp(tf(z)) - exp(i(j — k):c)d:c>

1<j,k<n

(1.10)



The asymptotics of (1.10) for large n is given by the Strong Szego Limit
Theorem:

Dy (exp(t : f)) =

(1.11)
exp(tnf + t22|k||f )P+ o( ))

(see [Sz] and [K], [H], [De], [F-H], [G-I], [Wid1], [Wid2], [McC-W], [Ba-W],
[Jol], [Bo], [Bo-S], [Me], [So2], [Wie], for further developments.)

In probabilistic terms (1.11) claims that ES,(f) = 2= - [T f(6)d6 + o(1)
(actually the remainder term is zero), and the centralized random vari-
able 7, f(0;) — En > ), f(6;) converges in distribution to the normal law

N(0, 3%, K[/ (k)[*) (see [DS], [Jo1], [Jo2], [Jo3], [D]).

Our ﬁrst goal is to establish a similar result for the local linear statistics.

Theorem 1. Let g € J(R'), L, = +oo, &2 — 0. Then E, Z?Zlg(Ln-
0;) = 57 - [ g(z)dz, and the centralized random variable > i1 (g(Ln -
0;) — E> 51 g(Lnb;) converges in distribution to the normal law N (0, o
I3 ()Pt dt).

We give a combinatorial proof which holds both in the local and global

cases. In some sense our approach is close to the heuristic arguments in [I-D].
We start with

Lemma 1. Let Cy,(f) be the £-th cumulant of S,(f). Then for £ =



1 Con(f) = f(O)n and for £ > 1

A TR N b

m
ki1+...+k¢=0 m=1

YAl 4 0144
Z m'(n_maX(O,Zki,Zki,_”’
" =1 i=1

€1++gm=€,

0>1,0 b >1
AT T Y S ¥4 L1+4o
> k) —max(0,) (<ki), Y (k).
=1 =1 =1
b4+l 1
> (—kz->>)| Sconste Y [kallf(k)]- - F (R
i—1 ki+...4+k =0

|k1‘—|—...—|—|kz|>n
(1.12)

Remark 2 One can see that for sufficiently smooth f the r.h.s. of (1.12)
goes to zero as n — oQ.

Remark 3 An analogous result to lemma 1 was established in [Spo] for the

determinantal random point field with the sine kernel (see also Remark 4
below).

The proof of Lemma 1 will be given in §2. At this moment we observe
that it implies

Lemma 2 The limit of Cyn(f), ¢ > 1 exists as n — oo and is equal to
D krtoiho—o S (k1) oo [(ke) - (G(kay. .. s ke) + G(=ky, ..., —ke)), where G is

the piece-wise linear continuous function defined by

£ _1\m 1

o€y m=1 O+ .+l =14,
G310 >1 (1.13)
0 £14+0> b+ Alm—1
max (0, Zko(i), Z koG, - - - Z ka(i)) .
i=1 i=1 i=1



Proof of Lemma 2 After opening the brackets in (1.12) we observe that
the coefficient in front of n is equal to

V4
™t a1, =1
Z Z m 0l o, £>1 (1.14)

m:lel ++€m :f,
6>14=1,...,m

Indeed, the generating function of these coefficients is equal to

10g<1 + (e — 1)) = z.

O
Now CLT for )7, f(6;) follows from
Main Combinatorial Lemma
Let k1, ..., kg be arbitrary real numbers such that their sum equals zero.

Let G(k1, ... , k) be defined as in (1.18). Then

|kr| = [ko| if £ =2

G(kl,...,kg)z{o Fesa

We will prove the lemma in §3.

Remark 4 A similar combinatorial lemma was stated by Spohn in [Spo]. He
studied a time-dependent motion of a system of infinite number of particles
governed by the equations

1
VOEDY o+ b (1),
iz Y

where {b;(t)}/>° ,-independent standard brownian motions, and the initial
distribution of particles is given by determinantal random point field with
the sine kernel % However, no correct proof of the combinatorial
result was given there. For completeness we give a proof of Spohn’s lemma
independently from the proof of our Main Combinatorial Lemma in §3.
Assuming the combinatorial part is done we can quickly finish the proof of
Theorem 1. The formula for the mathematical expectation is trivial. Rewrit-
ing (1.12) for the higher cumulants of Y7, g(L, - ;) we see that the limit

of the /-th cumulant is given by

- /g(tl) () (G(tl, b)) + Gt ... ,—t¢)>dt1 Lty

s

(2m)”
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where the integral is over the hyperplane ¢; + ...+, = 0.
Theorem 1 is proven. O

Remark 5 Our method also gives an elementary combinatorial proof of
Szego theorem ((1.11)) for f € C'(S') and sufficiently small complex ¢. It is
different from the one suggested by Kac in [K] where the Taylor expansion of
D, (1—tg) as a function of t was calculated and then a so- called Kac-Spitzer
combinatorial lemma was employed to confirm (1.11).

Remark 6 Results similar to Theorem 1 have been established for other
random matrix models in [Spo|, [Jo3], [KKP], [Ba], [B-F], [SSol], [SSo02],
[BM-K].

The rest of the paper is organized as follows. We prove Lemma 1 in §2
and Main Combinatorial Lemma in §3. The results analogous to Theorem 1
for orthogonal and symplectic groups are established in §4.

The author would like to thank his former advisor Ya. Sinai and P.Diaconis,
K. Johanson and A. Khorunzhy for useful discussions. The work was partially
supported by the Euler stipend from the German Mathematical Society.

2 Proof of Lemma 1

We start with calculating the moments of S, (f). Recall that k-point corre-
lation function of the eigenvalues of random unitary matrix is given by

n!
(n —k)!

—det( 1,0,

The N-th moment of S, (f) is equal to

E, (Z F60:)-- > f(%)) ,

i1=1 iny=1

pn,k(ﬁl, e ,Hk) =

/ pU(n) (91, e ,On)dtgk_H e dHn
Tn—k

~ det (Qn(ei,ej)) .

1<i,j<k 1<i,j<k

where the indices 41, ... , 7y range independently from 1 to n, and in partic-
ular can coincide. We need

Definition 1. A partition of a set B is an unordered collection of nonempty
disjoint subsets M = {M;,... ,M,}, r=1,2,..., of B such that the union
of the elements of the partition is the whole B.

7



Let M = {M,...,M,} be a partition of the set {1,2,..., N} into sub-

sets determined by coinciding indices among i1, ... ,iy : M = {jfl), . ,]51)}

=" iy L My ={1,2,... N}, si=|M;|,i=1,...r. Then

En(Snu)) = S B Y )0 (22)

over all U #l#. ALy
partitions M

Let us consider a typical term in (2.2) corresponding to a partition M.

En Y f0u)- £ (0) =
b Al (2.3)
/ ) oo () - (e, oo 2p)dey . day,

By definition of the determinant and (2.1)

T

pn,r(xla “e ,$r) = Z(_l)a HQn(xzaxa(z))

oES, i=1

Writing the permutation o € S, as a product of cyclic permutations we have

pra(an e =Y (H et

over partitions =1
K of {1,..r}

Z HQn Tyge), Ty o) )))

over all cyclic J=1
permutations of Ky

where {17 ce 7T} = u({Kaa Ka = {tga)7 s ’tl(féx)}ﬂ a = 17 -4 Pa = |Ka|'
Substituting (2.4) into (2.3) we arrive at the expression that has the following

form : Z Z

over partitions over partitions
M={Mi,...,M,} of {1,...,N} K={Ki,...,Kq} of {1,...,r}

To interchange the order of summation we construct a new partition P =
{P,...,P;} of {1,2,...N} as follows: P, = Ujex,M;,i =1,...,q. Then



{M;}ck, gives a partition of P, that we denote by P;. We have

En(Sn(f))N = Z J ( z

over partitions i=1 over partitions
P={P1,...,P;} of {1,...,N} Pi of PirPi={Pi1,...P;;}

/T ) P (Y (2.5)

over cyclic
permutations o€ S,

q

t;
H Qn (2}, To())dzy . . .dmti)>.
7j=1

We remind that the moments are expressed in terms of cumulants as

my = E C‘P1|'...'C|pk‘.
over partitions
P={P1,...,P}

Comparing the last formula with (2.5) we arrive at

Colf)= X[ M) )

partitions
P={Ri,..,Rm} of {1,...,0}

(_1)m_1 : Z HQ"(xj’ To(j))day ... Aoy,

cyclic permutations /=1
oESy

‘ P |
=2 2 (=1) Gl m!

m=1  gyer ordered collections
(£1,e.- ,Zm):z;n 0;i=0,4,>1

/. FA) - ) ol

H Qn(xj, Tjp1)dzy .. . dxy,

j=1

M-~
g

3
I

U (0.t

3

6>1i=1,....m

(2.6)



m

_1)ym-1 0
- ‘£1!-...-£!'/Tmle(ﬂh)-...-ffm(xm)_
H Qn(mj’ $j+1)d.’131 o dxy,

j=1

Since Q,(x,y n=1l e=ii(@=Y) we can rewrite (2.7) as
=0

£l
(=pmt a
Con(f) =) > AN

m=1 (zh -;Em)'
£1+ A=, £;>1

Z fol S+ 51) - FB (=51 82) - T (St + S).

s1=0 Sm=0

Writing down the Fourier coefficients of the powers of f as the convolutions
of the Fourier coefficients of f

fi(=smts)= > fk)-...o f(ke),
(kl,...,kgl):
k1+...—|—kg1=S1—sm

fo(=s1 4 85) = 3 Flhesn) o flkay), -~

(kf1+17 s 7kf2) :
0y 41tk =s1—82
fem(_sm—l + Sm) = Z f(klfmfl-l-l) Tt f(kfm)’

(kfm—l-i—l: R akfm) :
ke, 1+1t-tke, =Sm—1—Sm

we obtain
A IR SN e Vi
Coalf) = D Flh)-ooo- f(he)- Y >
e e (b 1)
L1+ +€m_z 24;>1
|
L-#{uzﬂgugn—l,ogu_k (2.8)
0.0,
51 El"‘ +Km 1

Zki<n—1 0<u+ Z ki <n-—1}.

10



The last factor in (2.8) is equal to

V2 b+l 1 A b+ m 1
n — max (0, Z kiy..., Z k,) — max (0, Z(_ki)’ e Z (—k1)>
1

1 1 1 (2.9)

if the expression in (2.9) is nonnegative or zero otherwise.
Lemma 1 is proven. O

3 Proof of the Main Combinatorial Lemma

First we show that G(k1, ... , k) is a linear combination of terms |k;, + ...+
k;,|. Then we compute the coefficient in front of every such term and show
it to be equal to zero.

Assume ¢ > 2. Consider a partition P = {Pi,...,P,} of the set
{1,2,...,¢}. Let us denote v; = ZjePl R Zjer kj. The ex-
pression for G can be transformed into

¢ —1)m
Glhr,-o k)= > ) 3 (3.1)

m
m=1 P:{Pl,...,Pm} TESm

max (0, vr(1), Vr(1) + Vr(2), - -+ »Vr(1) T Vr(@) T+ -+ + Vr(m-1))-

In [R-S] Rudnick and Sarnak, following the ideas of [K] and [Spi] (see also
[B], [An] ) , used the following identity for the set of real numbers vy, ... v,
with zero sum:

1
- > max(0,vr(1), Vr(1) + Ur(2); -+ Vr() + Vr(2) + -+ - Vr(m1)
TESm

=Y (F - Dm e F - Y 2

Fc{1,...m}, teF
F,FC#)

11



The last formula gives us

S VN0 SRS VNS

m= P:{Pl,...,Pm} FC {l,m},

F,FOA0 (3.3)
LRI

(=1)mIFD L — [ F| = 1)),
iELJjeFP]‘

Gk, ...k

.Jklr—‘
I

Let us denote by A the subset LjcpPj of {1,2,...,¢}. Then {P;};cr defines
a partition of A, and {P;};cpc a partition of AC {1,2,... 0} \ A.
We change now the order of summation in (3.3): ﬁrst we sum over all

nonempty subsets A of {1,2,...,¢} and then over all partitions of A and
AC:

CCHREEE S SR D S R ) E

Ac{1,...,£}, ° over partitions

A,ACAD U={Ui,...,Ur} of A
(T o) [Tk
over partitions i€EA
U’ of AC

(3.4)

Finally we note that

Al
DR CIEERTTESIED DD SRS
u:{Ul,...UT} r=1 (tI; . ,t )
Ty ti=| AL t>1

|A|! 1

S Y PR el

P R
the expression we already considered in (1.14). Indeed, there are exactly
tl!l_’f“_!tr! - & different partitions of A such that {t,,...,t,} = {|Ui],...,|U;[}.
By (1.14) if | A| > 2 this sum is zero. If |A| = 1, then |A¢| = ¢ —|A| > 2 and
the second factor in (3.4) equals zero by the same argument. O
Now we turn to a combinatorial lemma first formulated in [Spo]. Let
us denote by @ = (a1,..., ), B = (B1,...,Be) vectors with entries «; €

{0,1}. We consider a lexicographic order on the set of such vectors: a < 3

12



iff aj < B;, 7 = 1,...,¢ and at least for one j, a;, < Bj,- Following
[Spo] we call such nonzero vectors branches and a set T of ordered branches
T={aW ..., 0™} oM <a® < ... <a™ |T|=m < atree. We
denote by T'(¢) the set of all trees forrned by ¢- dlmensmnal vectors (branches).

A combinatorial sum in question is

U(kiy... ko) = Z (=171 max(0,a - kja € T) (3.5)
TET(¢)

Here we used the notation « - k = Z§:1 a; - k;. We call max(0, - kla € T')
the maximum of the tree T. For a warm-up we prove

Proposition 1

U(kla ce 7]{:@) + U(_kla S —ke) = G(kla ce 7k€: k@—l—l)
+ G(_kla cee _klf: _kf—}-l);
where kpy1 = —ky — ko — ... — ky.
Remark 7 Once the proposition is proven we see of course that U (k1, ... , k¢)+
U(—Fki,...,—ke) is zero for £ > 2.

Proof of Proposition 1 In the above notations

! (_1)|T‘_1 !
G(kl,... ,k@,k[+1) = Z T-maX(O,a-k |C¥€T),
TeT(L+1)

where k' = (ki,..., kg ke1), and the sum Y is over all trees T € T (£ +
1) such that the largest branch of T, o{*) is less than D = (1,1,...,1).
Similarly, we can write U (ky, ... , k) = ZTGT(HI)( D=1 max(0, a- ¥'|a €
T), where the sum }." is over the trees T € T (¢ + 1) such that the (¢ +
1)* coordinate of o) is zero. We define a “rotation” on the set of all
trees such that o(") £ D : W((a®,a®,... o)) = (a® — o, o® —
oM, alT) —oM D —aM). It is easy to see that W rotates the spacings
(@, o — oM . oT) - alTI=1 D — aM) of T. Since ZZH kj =0, we
observe that
max(0, o - k'|a € T) + max(0, - (—k')|a € T) =
3.6
maX(O, a-Klae W(T)) + max(0, - (—k')|a € W(T)) (36)

13



The last equality implies
Ulkry... k) +Ul=k1,.oo,=k) = 3 (=1)71" - (max(0,a- ¥'|a € T)

TET(£+1)
+ max(0, - (—k')|a € T))
ORGSR
TEeT(¢+1) |T| p=0
(max(0, - k'|ac € WP(T))
+ max(0, - (—k")|a € WP(T))

= Z w - (max(0,a - k'|a € T')

i a
eT(+1)
a(TD#D
+ (- (—k)|a € T))
=G(k1,. .. ko) + G(=ky,. ., —kega)
Here we used that for any 7" with ™) # D there exist a unique T with

o =0 and 0 < p < |T| such that 7' = W?(T). 0
Proposition 2
Ulky, ... k) =0if £> 2. (3.7)

O

We proceed by induction.

It is easy to check the case £ = 2. Let us assume that the proposition
is true for some ¢ > 2. Consider U(kg, k1, ... ,k¢). Since U is a symmetric
function we may assume kg < ky < ...k, The continuity of U implies that it
is enough to check (3.7) for nondegenerate vectors (kg, k1, - - . , k¢). Therefore
we may assume that the coordinates k1, ...k, are linearly independent over
the integers. Fix such kq, ...k, and consider U as a piecewise linear function
of y = ko, Uy, k) = U(y, k1, ko, ..., kg). Our first claim is that U(y, k) is
zero for all negative y. To show this we write

Uy, k)= > ()" " max(0,a- (y,k)|aeT)

TeT(+1)
= 2+ 2 )
TeT({+1): TeTH{+1): TeT(l+1):
{70 g QD1 TV g UTD 0T

14



We denote the three subsums by U;, Uy, Us. The first subsum is equal to

Z (=1)T=L - max(0, o - k|a € T),

TeT(0)
the second —

Z (=)™ max(0, - k|a € T) 4+ max(0, y),
TeT(¢)

and by the induction assumptions both are zero. Now we split the third
subsum in two. Consider the smallest branch o € T such that the first
coordinate of « is 1, denote this branch by o' and denote the preceding
(may be empty) branch by o”. We write Us = Us; + Us o, where in Us;
the summation is over T" € T'(¢ 4 1), such that ongD =1, oagT‘_l) =1 and
o —ao" > (1,0,...,0), and in Us, the summation is over all other trees
from Uz. We establish a one-to-one correspondence between the terms of
Usy and Uss: for any tree T with o/ —o” > (1,0,...,0) we construct
T, = {aW, ... a" o+ (1,0,...,0),d,...,a™}. Clearly, |Ty| = |T| + 1,
therefore

(=)= max(0, - (y, k)|a € T7) = —(=1)1 . max(0, a - (y, k)| € Tp),

and Us; and Us o cancel each other.

Now we assume that y is nonnegative and 0 < y < ky < ko < ... < k. As
we already noted U(y, k1, - .. , k¢) is a piecewise linear continuous function.
We claim that it can change its slope only at y = 0. Indeed, U(y, k1, ... , k¢)
can change its slope only at the points of degeneracy of (y, k1, ... , k¢), where
ap-y+a-k=qayy+ap-k and the coordinates of (o, ), (g, ) take
values zero and one. Because k is a non-degenerate vector we must have
y+a-k=ao -k (or a-k =y+a'k). Since the tree T contains both branches
(1,) and (0,¢/) only if o/ < «, the only solution for nonnegative vector
(y, k) must be y = 0, o = a. We will finish the proof of the proposition if
we show that U(y, k) = 0 for sufficiently small positive y. We again write
U = U; 4+ U, + Us as before. Then U; = 0 by inductive assumption and Us
is zero for sufficiently small y (Us; and Us still cancel each other). We can

15



write the second subsum U, as

Z (-t (max(O,a ‘klaeT) +y> _

TeT(¢)

Z (—=1) Tl (max((],a kla € T)) +y- Z (—1)7

TEeT (L) TeT(L)

(3.8)

( the last sum includes empty tree). The first term in (3.8) is zero by inductive
assumption and the second is also zero since

> ("= 2 (_177):_1 'ﬁl!(-g.fl-)ém! =0

TEeT(¢) €1+...4£€m:€+1,
i1

Proposition 2 is proven. O

4 Orthogonal and symplectic groups.

We start with the orthogonal case. The eigenvalues of matrix M € SO(2n)
can be arranged in pairs

exp(ib), exp(—ibh), ... ,exp(ib,),exp(—ibh,),0 < 01,0, ... ,0, < 7.

Consider the normalized Haar measure on SO(2n). The probability distri-
bution of the eigenvalues is defined by its density (see [We]):

1 2
Psoeny(b:,...,0,) =2- (%) . H (2cosB; — 2 cosb,) (4.1)
1<i<j<<n
The k-point correlation functions are given by (see [KS],[Sol] )
pn,k(Hl, .. ,gk) = det (K;;L_l(@-, 9])) (42)
1<i,j<n

where
K;;z—l(xa Z/) = Kanl(x: y) + K?nfl(xa _y) =

1 sin (7(2"_13(”:_3') ) sin (7(2"_1%(30%) ) (4.3)

2 sin (%) + sin (‘”TH’)

16



In [D-S] and [Jo2] Diaconis-Shahshahani and Johansson studied asymptotic
properties of linear statistics Z?Zl f(0;) where for simplicity we may as-
sume that f is real even trigonometric polynomial, f(8) = > _}*, ax(e™? +
e~*%) ay, = f(k), k=1,2,...,m. As before we denote the linear statistics
by S,(f). Then S, (f) = Trace (3 -, axM*). It was shown that

Es, exp (t . Zf(t%)) =

exp (t% ;(1 + (=% F(k) + 5 > kf(k) + 5(1)>

which implies the convergence in distribution of 7, f(6;) to the normal
law

(4.4)

k=1

(Actually (4.4) holds under much weaker conditions — it is enough to assume
fec ™ (0,7]),a>0).

Remark 8 Similarly to the unitary case (4.4) is equivalent to the large
n asymptotics result for some determinants, this time Hankel determinants
(see [Jo2], [Jol]).

Our combinatorial approach allows to prove CLT for all f € C'([0,]) as
well as to study the local linear statistics »_7_; (L - (0, —6)),0 < 6 < 7.In
particular we establish

Theorem 2 Let g be a smooth function with a compact support, L, —
+00,L2 — 0 and 0 < 6 < . Then Eon i 1 g(Ln - (0; — 0)) = 7 -
[%, 9(z)dz + o(1), and the centralized random variable > i1 9(Ln - (05 =
6)) — Ezn ZJ L 9(Ly - (0, — 0)) converges in distribution to the normal law
N(O, & [ [a(0)[2[t]de).

Remark 9 To modify the results of the Theorem 2 for the case § =
0,7, one has to consider instead the Fourier transform of the even part of
g, 1/2g(x)+1/2g(—x) and replace the integration over R! by the integration
over the semi-axis.

Theorem 2 also holds (with obvious modifications) for SO(2n + 1) and
Sp(n).

Let M € SO(2n + 1). Then one of the eigenvalues of M is 1 and the
other 2n eigenvalues can be arranged in pairs as before. The density of the

17



eigenvalues is equal to

2\° L 0,
PSO(2n+1) (017 < 70n) = (;) : H (2 COS 91 — 2cos 0])2 . H51n2 <5> .
=1

1<i<j<n
(4.5)
The formula for the k-point correlation function is
pn,k(01: - ,ek) = det (K;n(oia ej))i,jzl,...,k (4'6)

where

Ky (z,y) = Kon(2,y) — Kon(z, —y) =
1 (sin (n(z —y)) B sin(n(z + y))> | (4.7)

o sin (£5Y) sin (ZH2)

The analogue of (4.4) reads

Eopi1 (GXP ti:f(@))) =
1 — 7 1?2 | _
exp tgg(—l—k( ) f(k 52 kf(k

In the symplectic case M € Sp(n) the 2n eigenvalues again can be arranged
in pairs

(4.8)

eXp(i : Gi)aexp(_i : el)a s anp(i ) en)aexp(_i : en)a 0< 01; 92, s agn <,

their density is equal to

2\" -
Pspn)(01,- .. ,0,) = (;) . H (2cosb; —2cosb;)? - Hsin2(0 )
i=1

1<i<j<n

and the formula for k-point correlation function is

pn,k(el, cen ,0 ) det ( 2n—|—1(017 0; ))z’,jzl,...k. (410)

18



The analogue of (4.4) reads

E, (exp(th(t%))) =

exp (—t

We will prove Theorem 2 for SO(2n). The proofs for SO(2n + 1) and Sp(n)
are almost identical.

- S m (4.11)
>+ (=1)F) fk) + % > kf(k)?+ 0(1).)

1

N | —

Proof of Theorem 2 The arguments from §1 imply that it is enough to
prove

Lemma 3 Let Cpp(f) be the £-th cumulant of Y 775_, f(0;),£ > 2. Then

Con(f)— Y. flh) ... flke)- %(G(kl, k)

ki+..-+k¢=0
+ G(—ky. .., —kg)) ‘S consty Z (4.12)
ki+...+k =0
|k1|+.- ke >n
[l [ f(k)| - [f (ko) +comsty > (k)] - | f (ko)
|k1\—|—...+\kl\>n

O
We start with the formula (2.6) which holds for general determinantal
random point fields:

CalN=Y Y O [ ) )

AR

TRICIRT /S B ) m

m=14y Al = L, " (0.7
0;>1

H (KZn—l(xja 33j+1) + Kgn_l(aij, —.’L'j+1)) dSEl Ce dmm

m
J=1

19



(we always assume Z,.1 = z1).

l
1
=, > (—D”-g-l_.,,. DD IS
i3

m =1L . T e1=%1ey==41 em==11

(4.13)
/ fel (iL'l) c L. fem (.Im) . H Kgn_l(ﬁﬁj, €j . $j+1)d.’])1 LR d.’L‘m
[0,m]™ j=1
Each term in the last sum with []" ¢; =1 is equal to

m

/ fel(xl) ERE fem (Tm) HKQn 1 x]ax]—l—l)Hd(ei—l $T;) =
H;ll €i—1-[0,7]

j=1 =1

1
—_— / fel (.’131) c L.t fﬁm (.’Em) . HKQn—l(-Ija:L‘j—H)dml L d.Im
[0,27r]™

2m
j=1

(we use the fact that f(z) is even). Combining these terms together we
obtain the same expression as for i - Ce,2n—1(22n ' £(6,)) in the case of

2
U(2n —1), which gives vanishing contribution if £ > 2. Finally we claim that
the contribution from the terms with [[I~, ¢ = —1 can be bounded from
above by

consty- > |f(k0)] .o [ (K-

|k1|+...+|ke|>n

Indeed, the integral

n

m 1
v/ Zm 1S (-78'*6‘-:6‘ )
/[o,ﬂ]m fran) - f () H o Z INEITGTIAY N dxy L dXy,

can be rewritten as

Z Z FE(51— €m - 5m) - [8(s2—€1-81) oo [o (S — €met  Sm1)

s1=—n

Consider the euclidian basis {e;}72; in R™ and define f; = e;—¢;_1€;_1, € =
eém. The vectors {f;}7", form a basis in R™ iff [[}", ¢; = —1. Then for any
m-tuple (ti,...,t,) there exists the only m-tuple (si,...,S,) such that

tj =S5 —€j—1" Sj-1, j = 1, s We write fzj(t]‘) = Zf(k51+---+5j_1+1) .
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2 : bttt
... f(kg4..v¢;), where the sum is over k; such that ZAJF___H;AH

When we plug this into (4.13) we obtain a linear combination of

ki = tj.

A A

Flk) - k) (4.14)

It is easy to see that for |ki| + ...+ |ky,| < n the coefficient with the term
(4.14) is equal to

1 < 1 o
- . ym. —. =0
p7ED DI DR e e P
=1 £1++€m:£7
2;>1
For |ki| + ... + |km| > n the coefficient is bounded from above by some
constant. This finishes the proof of Lemma 3. O
Similar to §1 we obtain the proof of Theorem 2 by applying the lemma

to > 1 9(Ln - (0; —0)).
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