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Janossy Densities II. Pfaffian Ensembles. *

Alexander Soshnikov!

Abstract

We extend the main result of the companion paper math-ph/0212063 to the case of the pfaffian
ensembles.

1 Introduction and Formulation of Results

Let us consider a 2n-particle pfaffian ensemble introduced by Rains in [9]: Let (X, A) be a measure
space, ¢1, ¢z, . .. P2, be complex-valued functions on X, and €(z,y) be an antisymmetric kernel such
that

p(x1, ..., 220) = (1/Z2,) det(d;(xk))  k=1,..2n PF(€(z},2k))j k=1, 20 (1)

defines the density of a 2n-dimensional probability distribution on X?” = X x --- x X with respect
to the product measure A®?". Ensembles of this form were introduced in [9] and [11]. We recall (see
e.g. [5]) that the pfaffian of a 2n x 2n antisymmetric matrix A = (a;z),5,k=1,...,2n, a;; = —ag;,

is defined as pf(A) = 3 (=1)*9"(Na;,; x -+ x a;, ;,, where the summation is over all partitions
of the set {1,...,2m} into disjoint pairs {i1, 71}, ..., {in, jn} such that iy < jz, £ = 1,...n, and
sign(t) is the sign of the permutation (i1, ji,...,%n, jn). The normalization constant in (1) (usually

called the partition function)

Doy = /X2” det(d;(zk))jk=1,.2n P(€(T}, Tk))jk=1,..2n (2)

can be shown to be equal (2n)!pf(M), where the 2n x 2n antisymmetric matrix M = (M) k=1,...2n
is defined as

M= [ es(o)ea n)entn)\(d)A(dy). 3)

For the pfaffian ensemble (1) one can explicitly calculate k-point correlation functions

pr(x1, ..y xr) = ((2n)1/ (2n—k)Y) [xon—s P(21, - o) Thy Thgts - oy T2) AN (Tpgr) - dN(220), k=1,...,2n

and show that they have the pfaffian form ([9])

pr(T1, .., xp) = pfK (2, %5))i =1,k (4)
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where K (z,y) is the antisymmetric matrix kernel

]((1, y) _ Elgj,kSQn d)](w)M]_ktqbk(y) Elsj7k§2n 65]' ($)M]_kt(6¢k)(y) (5)
’ Cicikan(€0) (@M dk(y)  —e(2,y) + X< pcon(€0)) (@) My (ctr) (y) |

provided the matrix M is invertible (by definition (e¢)(z) = [y e(z,y)o(y)M(dy)). If X C R and
A is absolutely continuous with respect to the Lebesgue measure, then the probabilistic meaning of
the k-point correlation functions is that of the density of probability to find an eigenvalue in each
infinitesimal interval around points x1, z9,...%. In other words

pr(z1, xo, . .xp)Ndzq) - - - A(dzg) =
Pr{ there is a particle in each infinitesimal interval (z;,z; + dz;)}.
On the other hand, if p is supported by a discrete set of points, then
pr(z1, 22, .. .xk)A(21) - - - Mzg) = Pr{ there is a particle at each of the points z;, i =1,...,k}.
In general, random point processes with the k-point correlation functions of the pfaffian form
(4) are called pfaffian random point processes. ([8]). Pfaffian point processes include determinantal
. . . K
point processes ([10]) as a particular case when the matrix kernel has the form ( _6K 0 ) where
K is a scalar kernel and ¢ is an antisymmetric kernel.
So-called Janossy densities J r(z1,...,2x), k = 0,1,2,..., describe the distribution of the

eigenvalues in any given interval /. If X C R and X is absolutely continuous with respect to the
Lebesgue measure then

Ti1(z1, .. .2k)A(dzq) - - - AM(dzp) = Pr{ there are exactly k particles in [,

one in each of the k distinct infinitesimal intervals(z;, z; + dxz)}
If A is discrete then
Tk 1(z1,...2,) = Pr{ there are exactly k particles in I, one at each of the k points z;, i =1,..., k}.

See [4] and [3] for details and additional discussion. For pfaffian point processes the Janossy densities
also have the pfaffian form (see [9], [8]) with an antisymmetric matrix kernel Ly :

jk,](:lfl; ey $k) = COTLSt(I)pf(LI(wh :Ej))i,j:l,...]ﬁ (6)

where

Ly=Ki(Ild+JK;)™, (7)
J = ( _01 (1) ) and const(I) = pf(J — Kj) is the Fredholm pfaffian of the restriction of the
operator K on the interval I, i.e. const(I) = pf(J — K1) = (pf(J + L1))™" = (det(Id + J x
K1))'/? = (det(Id — JL1))~'/%. (we refer the reader to [9], section 8 for the treatment of Fredholm

pfaffians).
Let us define three 2n x 2n matrices G, M', MX\I.

Gh= [ o) [ e mertnrman) (®)
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My = [ 6,@)ele,n)onuN @A), o)

MV = / 6i(2)e(, ) bi(y) Mdz)A(dy) (10)
(X\I)?

(please compare (9)-(10) with the above formula (3) for M). Throughout the paper we will assume
that the matrices M! and M*\! are invertible.
The main result of this paper is

Theorem 1.1 The kernel Ly has a form similar to the formula (5) for K. Namely, Ly is equal to

Li(z,y)=

E1§j,k§2n ‘bj(ac)(MX\I)j_f: k() E1§j,k§2n ij(x)(MX\I)]k(eX\I(bk)( ) (1)
E1§j,k§2n(€X\I¢j)(*r)(MX\I)j—;f k(Y) _f(xvy)+E1§j,k§2n(€X\I¢j)( )(MX\I)]JC(GX\I@%)( )

where (6){\[@5 fX\I T y)ﬁb(y)A(dy)

Comparing (11) with (5) one can see that the kernel L is constructed in the following way: 1) first
it is constructed on X \ I by the same recipe used to construct the kernel K on the whole X, 2) it
is extended then to I (we recall that L; acts on L?(I,d\(z)), not on L?(X \ I,d)\(z))).

This result contains as a special case Theorem 1.1 from the companion paper [3]. The rest of
the paper is organized as follows. We discuss some interesting special cases of the theorem, namely
so-called polynomial ensembles (8 = 1,2 and 4) in section 2. The proof of the theorem is given in
section 3.

2 Random Matrix Ensembles with 5 =1,2. 4.

We follow the discussion in [9] (see also [11] and [12]).
Biorthogonal Ensembles .
Consider the particle space to be the union of two identical measure spaces (V,u) and (W, u) :

=V UW, V = W. The configuration of 2n particles in X will consist of n particles vy,...,v,
in V and n particles wq,...,w, in W in such a way that the configurations of particles in V and
W are identical (i.e. v; = w;,j=1,...,n). Let &, ¥;,7 =1,...,n be some functions on V. We

define {¢;} and € in (1) so that ¢;(v) =0, v € V, ¢;(w) =& (w), we W, 5 =1,...n, ¢;(v) =
Yi—p_1(v), vEV, ¢;(w) =0, we W, j=n+1,...,2n, and €(v,v2) =0, vy,v2 €V, €(wy,wz) =
0, wi,wy € W, e(v,w) = —€(w,v) = 8y, v € V,w € W. The restriction of the measure A on both V'
and W is defined to be equal to . Then (1) specializes into (see Corollary 1.5. in [9])

(v, ..., 0n) = const, det(&(v;))ij=1,...n det(¥; (vi))i j=1,..n- (12)

Ensembles of the form (12) are known as biorthogonal ensembles (see [7], [1]). The statement of
the Theorem 1.1 in the case (12) has been proven in the companion paper [3]. The special case of
the biorthogonal ensemble (12) when V =R, §;(z) = ¢;(z) = 297 and V = {C| |2z| = 1},&(z) =
w]-(z) = 21, such ensembles are well known in Random Matrix Theory as unitary ensembles, see
[6] for details. An ensemble of the form (12) which is different from random matrix ensembles was
studied in [7]. We specifically want to single out the polynomial ensemble with g = 2.



Polynomial (5 = 2) Ensembles.

Let X =Ror Z, ¢;(z) =2/~ j=1,...,2n, and A(dz) has a density w(z) with respect to the
reference measure on X (Lebesgue measure in the continuous case, counting measure in the discrete
case). Then the formula (12) specializes into

p(v1,...,v,) = const, H (v; — vj)? H w(v;). (13)

1<i<j<n 1<j<n

Polynomial (5 = 1) Ensembles.

Let X =Ror Z, ¢;(z) = 2771, j=1,...,2n, e(z,y) = %sgn(y — 2) and A(dz) has a density
w(z) with respect to the reference measure on X (Lebesgue measure in the continuous case, counting
measure in the discrete case). Then the formula (1) specializes into the formula for the density of
the joint distribution of 2n particles in a so-called 8 = 1 polynomial ensemble (see [9], Remark 1):

p(z1,...,%2,) = const, H |z; — ;] H w(z;). (14)

1<i<j<2n 1<j<2n

In Random Matrix Theory the ensembles (14) in the continuous case are known as orthogonal en-
sembles , see [6].

Polynomial (5 =4) Ensembles.

Similar to the biorthogonal case (8 = 2) let us consider the particle space to be the union
of two identical measure spaces (Y,pu), (Z,u), X =Y UZ, Y = 7, where Y = Ror Y = Z.
The configuration of 2n particles z1,...,z9,, in X will consist of n particles y1,...,4, in Y and n
particles zq, ..., z,, in Z in such a way that the configurations of particles in Y and Z are identical.
We define {¢;} and € so that ¢;(y) = v/, € Y, ¢;j(2) = j2'™1, 2 € Z, e(y1,y2) = 0, €(21,22) =
0, e(y,z) = —€(z,y) = &,.. As above we assume that the measure y has a density w with respect to
the reference measure on Y. Then the formula (1) specializes into the formula for the density of the
joint distribution of n particles in a 8 = 4 polynomial ensemble (see Corollary 1.3. in [9]))

p(Y1,-..,yn) = const, H (yi —y;)? H w(y;). (15)

1<i<j<n 1<j<n

In Random Matrix Theory the ensembles (15) are known as symplectic ensembles, see [6].

3 Proof of the Main Result

Consider matrix kernels

Kr=-JK;, Lr=—-JL;. (16)

The the relation (7) simplifies into
ﬁ[:/C[(Id—/C[)_l (17)

which is the same relation that is satisfied by the correlation and Janossy scalar kernels in the
determinantal case ([4], [2]). The consideration of K; and L is motivated by the fact that the
pfaffians of the 2k x 2k matrices with the antisymmetric matrix kernels K7 and Lj are equal to the
quaternion determinants ([6]) of 2k x 2k matrices with the kernels Ky, £; when the latter matrices



are viewed as k X k quaternion matrices (i.e. each quaternion entry corresponds to a 2 x 2 block with
complex entries). It follows from (5) and (16) that the kernel Ky is given by the formula

_ i f —(ed;) @ br —(e0j) ® (edr) 0 e
b e ...anjk ( d)jfg)qﬁk d)ifg) (k) ) " ( 00 ) . (18)

Let us denote by L7 the following kernel

P x\ny—t [ —(ex\18;7) @ ¢ —(ex\19;) @ (€X\I¢k)> (0 6)
EI(x,y)_gg‘Zk;n(M )jk< é; ®]¢k ¢j®](€X\I¢k) o) 1)

As above, €¢ stands for [y e(z,y)¢(y). We use the notation ¢; @ ¢y, is a shorthand for ¢;(x)dr(y).
To prove the main result of the paper we will show that £; = Ki(Id — K7)~! (in other words we
are going to prove that £; = L, where £ is defined in (17) ). The proof relies on Lemmas 1 and
2 given below. Let us introduce the notation (er¢)(z) = [;e(x,y)ds(y)dA(y). We will show that
the finite-dimensional subspace # = Span {( s ) , ( —€s ) , ( €19 )} is invariant
—Qbs _¢5 0 s=1,...2n
under Ky and ZI. The main part of the proof of the theorem is to show that £; = K;(/d — ICI)_1
holds on H.

Lemma 1 The operators Ky, Z[ leave H invariant and EI =Kr(ld- IC[)_1 holds on H.

Below we give the proof of the lemma. Using the notations introduced above in (8)-(10) one can
easily calculate

ICI< “gs ) _ Z _((GI)tM—l)Sj ( i(i]] ) (20)

7=1,..2n

k(D) = X @ (G- (21)

7=1,..2n

Defining the 2n x 2n matrix T as

Ty = /I b4 () /X DDA (22)

we compute

Kr ( 610¢s ) _ Z (GT =T)M™"),; ( i(fb]] ), (23)

7=1,...2n

where (GT—T),, = ML = [}, ¢s(z)e(z,y)dr(y)A(dz) A(dy). One can rewrite the equations (20)-(21)
as

ICI( jb ) - 4_2 (@' = @))M; ( fq;]] ) - ( q(;bs ) (24)

(T9) = X e () - (7)) (29



We conclude that that the subspace H is indeed invariant under Kj and the matrix of the restriction

of K1 on H has the following block structure in the basis { ( €0s ) , ( —€0s ) , ( €195 ) }
s=1,...2n

_¢s _¢5 0
(GI _ (Gl)t)M—l (GI + (Gl)t)M—l (GI _ T)M—l
0 0 0 (26)
( —Id —Id 0 )

(in particular Ran(Ki|y) = Span {( iﬁf ) , ( 6[(?5 )} ). Let us introduce some addi-
s s=1,...2n

goos

tional notations:

A= (G- (G)M (27)
B = (G'+(G))M, (28)
c = (GI-1ym=", (29)
A B C
When a matrix has a block form M = 0 0 0 (as it is in our case) the matrix M x
—Id —Id 0
(Id — M)~ has the block form
(Id—A+C)™' - Id (B-C)(Id—A+C)™! C(ld—A+C)™!
0 0 0 (30)
-(Id-A+C)"" —Id-(B-C)(Id-A+C)™' -C(Id-A+C)7!

As one can see from the formulas (31)-(33) the invertibility of Id — M follows from the invertibility
of M*\M which has been assumed throughout the paper. We have

(Id—A+C)™Y = MM+ (GH =T)™t = M(Mm*\)~? (31)
C(ld—A+C) = (GT=T)(M+ (G = 1)~ = M (X)) (32)
(B=C)Id=A+C)™" = ((GN'+T)(M+ (G =T)7" = ((G") + T)(M*N) . (33)

Let us now compute the matrix of the restriction of L1 on H. We have

- x\1v¢ [ —(ex\19;) @ dx  —(ex\195) © (ex\19k) ) ( 0 ex\s )
El_jk;...zn(Mjk ) ( Pk ®]¢k b; ®J(€X\I¢k) Lo o ' (34)

Similarly to the computations above one can see that H is invariant under EI and

B(9) = X w-@nern (9

J

Z((T @y, () - () )
L( 7)) = X et ()
- X (@@, (v)-(% ) e



and

Lr ( 610¢5 ) = Y (@ -\, ( iq;]] ) - (GT = Ty(MX\D)~Yy ( 61615]‘ ) .

7=1,...2n 7=1,...2n
(37)
Therefore the restriction of £; to H in the basis {( iqf; ) , ( _6$S ) , ( 6[355 )} has
s T Ys s=1,...2n
the following block structure

(T — (G (M)~ (T+ (G (M)~ (G" =Ty (XN~
0 0 0 (38)

—Id— (T — (G )(MXN)™1 —Id — (T + (GN))(MXN) =1 —(GT = T)(M*N) !

Comparing (30), (31)-(33) and (38) we see that L1=Ki(Id—K;)~" on H. Lemma is proven.
To show that L7 = K;(Id — ICI)_1 also holds on the complement of H it is enough to prove

J_ _
it on the subspaces ( (Hé) ), and ( (HO)L ), where H; = Span(eros)p=1,.. 2, and Hy =
2

Span(@)kZl““QW The inveribility of the matrix My implies that actually it is enough to prove

L1 =K;(Id—K5)~" on the subspaces ( (F2)* ) and ( 0
o /)’ (1)
tion (#;)* for the orthogonal complement in L?(I) with the standard scalar product (f,g)r = [; x

f(z)g(z)dA(z). We start with the first subspace.

1 ) Here we use the standard nota-

Lemma 2 The relation EI =K;(Id - K7)™! holds on ( (HO)L ) .
1

The proof is a straightforward check. The notations are slightly simplified when the functions
{er¢r, €dr, k = 1,...,2n} are linearly independent in L?(I). The degenerate case is left to the
reader. Consider f, € (H;)*, s=1,...,2n such that

(@,fs)[: (%7¢5)17 k= 17...,2’TL. (39)
We are going to establish the relation for ( ](3 ) , which then immediately extends by linearity to
the linear combinations of ( ](3 ) . We write
0 I el ;
ICI( _f ) = Z Mjkt(eqﬁk,—fs)l( ;é‘? ) - ( qof )
5 jk=1,..2n 7
= X p@e-e( 0 )- ()
jk=1,..2n 7
— Z (GIMS_Jl) ( 6¢] ) _ ( €If5 ) (40)
7=1,...2n _¢J 0

(we have used (39) in the second equality) and

k(%)= X @@ () - (). ()

7=1,...2n



Combining (40) and (41) we get

) peenen(5)-(8).
Similarly to (23) we compute
’Cf( s ) = ((GI—TW_I)SJ'( @ ) (43)
j=1,..2n J

It should be noted that IC[< GIOfs ) = 0 because [;(e1¢,)(2)¢;(x)dN(z) = — [; fs(2)(erd;) () ¥
dA(z) =0forall  =1,...,2n. This together with (39) allows us to conclude that the calculation of
Kr(Id—Kp)™ ( ]95 ) is almost identical to the calculation of K;(Id — K;)™" ( 28 ) with the only
difference that in the former one we have to replace the term — ( 61(?5 ) by — ( qofs ) (see the

last equation of (44)). Namely

cue-(8,) = wesr () ()

= Y ((A+B)(1d—A+C)—1)sj(€_I¢i>

J

_ ]1252:(1/2) (A+B)Id-A+C)7) ( 6qubj ) - ( qﬂfs )
- £ e () ()] (% )

where A, B, C are defined in (27)-(29). At the same time

(%) = X o (M) @en - ()

7,k=1,....2n
= e (S @ ()
Jk=1,...2n —¢i
_ I X\Iy—1 €o; \ [ €xd; \| _ [ el
o, [(5)- (- (%)
Therefore £; ( _(} ) =K;(Id-Kp)~! ( _(} ) , s=1,...2n. By linearity result follows for all

( 2 ) such that (e;dx, f)1 = [;(€1¢r)(z) f(z)dA(z) =0, k,j=1,...2n. Lemma 2 is proven.

L -
(HS) ) we note that K;(Id—K)™1 ( g ) =Ly ( g ) = 0 for g such that

Jr9(x)pr(z)dX(z) =0, k=1,...,2n, which together with the invertibility of M finishes the proof.
Theorem is proven.

To check (17) on (
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