Solutions 21A Sample Final Exam

Note: The solutions presented here may not always show all
necessary steps to obtain the final result.
1. Problem: Find the limits.
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2 (compare the degrees of the leading coefficients of the polynomials)
2. Problem:
(a) Determine a so that f(z) is continuous at every point:

¥ +a—2 ifr<2,
flx)=9 .
ar if 2 < z.

a=2
(b) Let f(x) = "5 Verify that lim, o f(z) = 0. Then find an integer M
which guarantees that f(z) < 0.001 if z > M.

lim, ., f(z) = 0 since degree of poly in numerator is smaller than degree
of poly in denominator

f(z) = — 16/ , when z is large 16/x ~ 0. If z > 16 then 2/16 < 1, hence
z —1 < x—16/x and therefore f(z) > —;. Thus it is sufficient to find an

integer M such that
1 1

r—1 " 1000
This holds if z > 1001. Take M = 1002 (M = 1001 would also work).
3. Problem: f(x)=x*— 3z* — 1.
(a) Determine all local maxima and minima of f.
(b) On which intervals is f concave upward/downward?
(c)
(d

Determine the inflection points of f.
) Sketch the graph of the function.

(a) find critical points: f/(z) = 32* — 6z = 3z(z — 2) = 0, hence z; =
0, To = 2.



F0) = —1,7(2) = -

f”(x) =6z — 6. f"(0) = —6 <0, hence f has a local max. at (0,—1).

f"(2) =12 —6 =6 > 0, hence f has a local min. at (2, —5).

(b) Find points of inflection first:
f"(x) =62 —6 =0, hence z = 1.

We get the intervals (—oo, 1) and (1, 00).

check concavity of f on those intervals:
(—o00,1): Let x =0, f”(0) = —6, hence f is concave down on that interval
(1,00): Let x =3, f”(3) = 12, hence f is concave up on that interval

(c) Since f changes concavity when crossing the point z = 1, f has an
inflection point at (1, —3).

Graph of the function:
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4. Problem:
(a) Suppose that the equation —7z%+ 48xy + 7y* = 28 holds. Find g_gyc at the
point (0, —2).
Take derivatives on both sides:
d d
4 + 48y + 482 114y — g
dx dx
dy  14x — 48y
dr — 48x + 14y
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d .
hence £ at (0, —2) is —32.

(b) Find the horizontal and vertical asymptotes of the graph of

2?2 -3
fl@)=5—
no horizontal asymptotest, vertical asympote at x = 2.
5. Problem:
(a) Use the definition of the derivative to compute the derivative of f(x) =
4x —2x%. (Note: give yourself zero points if you compute f’(z) without using
the definition of the derivative!)

f(z) = }LE}%] Az +h) -2z +hh)2 — (42 — 22?) _

Ah — dah — 2h2
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(b) Use linearization to estimate the value of €.
Use a = 0 and note that (e”) = e” and (e*)’ =1 at z = a = 0. Hence

"~ e +1(0.1-0) = 1.1

6. Problem: Find the derivative f’(z) for the function f(z) given below:
(a) f(x) = 272

f'(x) = (In2)2"2? 4 222"

(b) f(x) = (sin /x)"

f/(;c) = 9(Sin \/5)8 . (COS ﬁ) . ﬁ

1 —sinxlnx—%cosx

C2,/=E (In )2

f'(x)

7. Problem: Let f(z) = 222 — 3x.
(a) Find the tangent to the graph of f(x) at the point (2,2).

f(z) = 4x — 3, hence slope at x = 2 is 5. Tangent line is y = 5z — 8.
(b) Prove that f(x) is equal to 0 somewhere in the interval [—1, 1].
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Since f(—1) <0 and f(1) > 0 and f is continuous the Intermediate value
theorem implies that there is a point ¢ € [—1, 1] such that f(c) = 0.

8. Problem: What are the dimensions of the lightest open-top right circular
cylindrical can that will hold a volume of 1000cm3?

Let h be the height of the can, and r be the radius. The volume is V' and
the surface without top is S. The lightest can is the one that uses the least
amount of material. V = 7r?h = 1000, S = 7r? + 27rh = 7r? = 2000/r.
Hence S’ = 27 —2000/7? = 0 from which we get r = % hence h = 29 = .

The answer is h =1 = % cm.

9. Problem: You are standing on top of a 32 ft tall tower. Assume the
acceleration of the rock is constantly —32ft/sec®. (a) You throw a rock
straight down with velocity 16 ft/sec. When does the rock hit the ground?
(b) What is the speed of the rock when it hits the ground?

(a) f(t) = —16t> — 16t + 32 = 0, hence t = 1 (since t = —2 < 0). The
rock hits the ground after 1 second.

(b) t=1:f'(1) = —32t — 16 = —48 ft/sec. The speed is 48 ft/sec.

10. Problem: (a) Yes. The fact that f’(z) = 0 for all z means that the
tangent to the graph of f(x) has always slope 0, therefore f(x) = C for some
constant. The property f(—1) = 4 implies therefore that C' = 4 and thus
f(z) =4 for all .

(b) Assume that f(4) — f(1) > 3 and show that this leads to a contra-
diction: Since f’ exists, f must be continuous. Thus we can apply the Mean
Value Theorem, which says that there should exist a ¢ € (1,4) such that
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But if f(4) — f(1) > 3 then

f4) - r)

3 > 1= f(c),

for some ¢ € (1,4), which cannot be since it violates the condition f'(z) <1
for all z € [1,4]. [Part (b) was a bit harder than the other problems]
11. Problem: Answer will be presented in class (review session) on Monday.



