RECONSTR

UCTION OF SIGNALS FR

OM IRREGULAR

SAMPLES OF ITS SHOR

T{TIME F

OURIER TRANSF ORM

�

Hans G. F eichtinger, W. Kozek and T. Strohmer

Numerical Harmonic Analysis Group, Department of Mathematics, University of Vienna

Strudlhofgasse 4, A-1090 Vienna, Austria;

Email: fei@tyche.mat.univie.ac.at, kozek@..., strohmer@...

ABSTRA CT

The short{time F ourier transform (STFT) leads to a highly redundant linear time{frequency signal repre-

sentation. In order to remove this redundancy it is usual to sample the STFT on a rectangular grid. F or such

regular sampling the basic features of the reconstruction problem are well understo o d. In this pap er, we consider

the problem of reconstructing a signal from irr e gular samples of its STFT. It may happ en that certain samples

of the STFT from a regular grid are lost or that the STFT has b een purp osely sampled in an irregular way .

W e investigate that problem using W eyl-Heisenb erg frames, which are generated from a single atom by time{

frequency{shifts (along the sampling set). W e compare v arious iterative metho ds and present typical numerical

exp eriments. Whereas standard frame iterations are doing not very well it turns out that for many reasons the

conjugate gradient algorithm b ehaves b est, most often even b etter than one might exp ect from the observ ations

made for general frame op erators.

Keywords: short time F ourier transform, irregular sampling, W eyl-Heisenb erg frames, conjugate gradient, Gab or

expansions

1 INTR

ODUCTION

The short{time F ourier transform (STFT) is a classical to ol for the analysis and pro cessing of natural signals.

In the mo dern, signal decomp osition p oint of view we interpret the STFT as an inner pro duct representation

based up on time{frequency{shifted versions of a prototyp e signal (analysis window). Such an expansion set is

highly linear{dep endent, thus the STFT is a highly redundant signal representation. Due to the existence of a

repro ducing formula one can easily reconstruct the signal from the full STFT (even without knowledge of the

analysis window provided that it is normalized).

By sampling the STFT on a rectangular grid the redundancy can b e conveniently reduced leading to the Gab or

expansion. The reduction of the redundancy comes at the cost of a more sophisticated reconstruction problem.

�

This work was supp orted in part by the Austrian National Bank Grant 4913 and by the Austrian Science F oundation Grant

S7001.

Note that the sampled STFT do es no more satisfy a repro ducing formula. Moreover, it is now well{known that

a certain degree of redundancy is necessary in order to keep the concept of a time{frequency{lo calized analysis

window for the Gab or expansion.

In many applications such as source co ding or signal enhancement, it is desirable to have some freedom to match

the signal transform to the signal at hand. The basic design parameter of the Gab or expansion are the sampling

gaps of the rectangular grid and the choice of the analysis window. With regard to natural signals it is obvious

that the restriction to regular grids restricts the signal adaptivity of the expansion set considerably compared to

general nonregular time{frequency sampling sets. This gives the motiv ation to study the reconstruction problem

of an irregularly sampled STFT. The basic ingredients we need to tackle this problem come from the analogy to

the theory of irregular sampling of band-limited signals

1

and the theory of W eyl-Heisenb erg frames.

2,3

In b oth

cases one has c oher ent frames, i.e. frames which are generated from a single atom through some group action.

4

This leads to a repro ducing kernel Hilb ert space of transforms { here the STFT, in the band-limited case the

signals themselves { which can b e used to reconstruct it from irregular samples. After reconstructing the full

STFT from its samples it is of course easy to obtain the signal. Practical algorithms will carry out the whole

construction at the level of signals instead of their STFT.

There are a few mathematical pap ers describing this situation for the continuous setting (signals over R d

for some natural numb er d, mostly d = 1). It follows from the most general, but qualitative statements in the

theory develop ed by F eichtinger and Gr� ochenig (cf. [5, 6, 7) that for any given window there is a pair of lattice

constants, such that for any sampling set not allowing to squeeze any rectangle of that size b etween the sampling

set (without including at least one p oint) the corresp onding sampling set is enough to connstructively obtain the

signal completely due to iterative algorithms. F or so-called pro duct sampling sets, i.e. in the case that at certain

(irregularly spread) frequences irregular samples (but the same at all those frequencies) are obtained Benedetto

and Heller have given some more explicit su�cient conditions for complete reconstruction in terms of frame theory

(cf. [8, Thm. 4.1, which is also referred in [9], Thm. 30 and Cor. 31). The most general quantitative results are

due to K. Gr� ochenig, who deals with the case of sampling sets concentrated at di�erent frequencies, but with

di�erent sampling at each frequency level in his pap er [10]. Acceleration metho ds in connection with frames are

�rst suggested in [11,12].

2 NOT A TION AND PR

OBLEM ST A TEMENT

F or the problem to b e accessible for numerical solution we have to create a �nite-dimensional mo del. W e

consider discrete, complex v alued, N-p erio dic (or �nite length N ) signals x 2 C

N

. The STFT is understo o d as a

function over the so-called discrete time{frequency plane, resp ectively as the following N � N matrix:

(S T F T

g x)(k ; l ) := x; M

l

T

k g

�

; for k ; l = 0; : : : N � 1

where g is the analysis window. M

l denotes the mo dulation op erator (frequency shift)

M

l

(x

0

; x

1

; : : : ; x

N �1

) :=

�

x

0

; e

2� j l= N

x

1

; e

2� j 2l= N

x

2

; : : : ; e

2� j (N �1)l= N

x

N �1

�

;

T

k is the translation op erator (time shift)

T

k

(x

0

; x

1

; : : : ; x

N �1

) := (x

k

; x

k +1

; x

k +2

; : : : ; x

N �1

; x

0

; : : : ; x

k �1

) ;

and the inner pro duct is de�ned as usual ( � y is the conjugate of y )

x; y

�

=

N �1

X

n=0 x

n

� y

n

:

Irregular sampling of the STFT can b e seen as a map from C

N

into C

K

(K = numb er of samples):

x(t) 7! (S T F T

g x)(k

i

; l

i

); (1)

where (k

i

; l

i

); i = 1; 2; : : : ; K denotes the sampling set. The question of existence and numerical stability of the

inverse mapping of (1) can b e studied by the prop erties of the nonorthogonal expansion set:

g

i

:= M

l

i

T

k

i g

using frame theory .

3 FRAMES AND FRAME ITERA

TION

Recall the de�nition of a frame:

Definition 3.1. A se quenc e fg

i

; i 2 Z

Z g, with g

i

2 C

N

, is c al le d a fr ame for C

N

, if ther e exists c onstants

0 < A � B < 1 such that for al l x 2 C

N

Akxk

2

�

X

i2Z Z

�

�

x; g

i

� �

�

2

� B kxk

2

(2)

The frame op erator S corresp onding to the irregularly sampled STFT expansion set is given by

S x =

X

i x; g

i

�

g

i

=

X

i

(S T F T

g x)(k

i

; l

i

)M

l

i

T

k

i g ;

in our sp eci�c discrete context the frame op erator is a N � N matrix

S (m; n) =

X

i

(M

l

i

T

k

i g )

m

(M

l

i

T

k

i g )

n

;

which acts on signals de�ned as row vectors.

Existence of the lower frame b ound A > 0 assures that the signal can b e recovered from the inner pro ducts

x; g

i

�

in terms of a so-called dual fr ame f ~ g

i g:

x =

X

i2Z Z x; g

i

�

~ g

i

;

where ~ g

i

= S

�1

g

i

. Based on these de�nitions we can state that the following theorem which gives the precise

connection b etween irregular sampling of the STFT and frame theory:

Theorem 3.2. Given a signal x 2 C

N

, an STFT analysis window g 2 C

N

and a time{fr e quency sampling

set f(k

i

; l

i

)g

M

i=1

, then x c an b e exactly r e c onstructe d fr om the irr e gular STFT sampling values fhx; M

l

i

T

k

i g ig

M

i=1

if and only if the set fM

l

i

T

k

i g g

M

i=1 c onstitutes a fr ame for C

N

.

If the signal length is small, the dual frame can b e obtained by direct matrix inversion. Recall that the

elements of the dual frame are (up to conjugation) just the columns of the pseudo-inverse matrix M

+

(also

known as Mo ore{Penrose inverse) if the rectangular matrix M carrying the elements of the original frame as

rows. Since a frame for C

N

typically contains much more than N elements the following well known identity

13

may help to reduce the dimensionality of the problem:

M

+

= M

�

(M M

�

)

+

;

where M

�

denotes the conjugate transp ose of M. However, for comparatively large N matrix inversion is getting

imp ossible or at least very slow such that iterative metho ds have to b e taken into consideration.

Corollar y 1. L et S b e a fr ame op er ator (i.e., strictly p ositive and b ounde d) then S is invertible and x c an

b e r e c over e d fr om S x by the fol lowing iter ation:

x

(0)

= S x

x

(n+1)

= x

(n)

+ S (x � x

(n)

);

wher e is a su�ciently smal l c onstant, the so{c al le d r elaxation p ar ameter.

Applicability of the frame algorithm hinges on the choice of the relaxation parameter. T o o small leads to

slow convergence while to o large leads to divergence. One can show that the optimal convergence rate is

B �A

B +A

,

and can only b e achieved for:

opt

=

2

A + B

:

while convergence (slower than p ossible) will take place if one cho oses a relaxation parameter which is to o small

or a little bit to o large.

In practice one do es not have exact knowledge of the frame b ounds and their computation requires substantial

numerical e�ort, similar to the reconstruction problem itself.

One p ossible way to obtain some partial information ab out the upp er b ound of the frame op erator is to run

a few steps of the vector iteration metho d for the frame op erator. This may give a reasonable approximation of

the constant B . It is then a question of go o d guess to �nd out ab out the constant A. If the frame is supp osed to

b e a b ad one, which means that the sampling set has relatively large holes, then it is natural to exp ect that A is

rather small, and a v alue close to 2=B will b e a go o d choice. The closer the frame comes to a tight frame (which

means a go o d one, where A is close to B ), the more reasonable it is to cho ose the relaxation parameter in the

order of 1=B . See Figure 1 for details.

4 STEEPEST DESCENT AND CONJUGA

TE GRADIENT

It is typically not easy to obtain a reliable estimate for the two (optimal) frame constants A and B , in

particular for rather irregular sampling sets. Since however any wrong choice of the relaxation parameter { other

than 2=(A + B ) { deteriorates the usually not very go o d rate of convergence even more, it makes sense to replace

the frame iteration which coincides with the Richardson iteration

12

by the ste ep est desc ent metho d

14

(SD). It

has the adv antage of adjusting the relaxation parameter automatically during the iterative pro cess. But also

the rate of convergence of SD is still not su�cient. One way to overcome this problem is to combine SD and

under-relaxation, see [15] for details.

The most e�cient acceleration technique of the frame iteration is given by the c onjugate gr adient algorithm

(CG), cf. [14]. Since the frame op erator is a p ositive de�nite op erator, exp erts in numerical linear algebra will

not �nd it very surprising that CG do es b est in all the cases we have investigated. However, it is remark able how

much b etter it works in some interesting cases.

This fact is due to the following well-known feature of the CG-metho d: The correction terms throughout the

iterative pro cess are mutually orthogonal with resp ect to a new scalar pro duct (which can b e derived by means

of the p ositive de�nite frame op erator). This has the big adv antage that the iterative pro cess will b e �nished

(for the case of ideal numerical accuracy) if the mathematical problem can b e reduced to a lower dimensional

equiv alent problem. This is indeed the case, whenever the sampling set is a complete subgroup, let us say with

lattice constants a and b, in the time and frequency direction resp ectively

. In this case p olynomials in S (obtained by replacing the frame op erator S in the algebraic p olynomial) form an algebra of dimension at most ab. This

implies that this is the maximal numb er of steps required for complete reconstruction. Of course the metho d of

dual Gab or windows

3

is the metho d of choice in this case. However, even if the sampling situation is in some sense

close to such a group situation, CG will still show a similar (go o d) b ehaviour, since the eigenv alues of the frame

op erator are still highly clustered, which results in a high rate of convergence.

16

This is the case for sampling sets

obtained by jitter errors from a strict lattice, but also for the case of lattices { even jittered ones { with missing

samples, as long as the holes are not to o large. Figure 2 demonstrates such a b ehavior.

Here the sampling set should match the characteristics of the window g . If it has an ambiguity function

S T F T

g

(g ) which is at in the time domain and well concentrated in the frequency domain, gaps which are slim

in the time direction, but extended in the frequency direction will p ose more problems for go o d reconstruction

than similar gaps having their orientation in the opp osite directions, see also Figure 5.

In connection with rather redundant sampling sets the question arises if one should make a subselection of

"relev ant" p oints. Since the CG-algorithm turned out to b e not only p erforming very well in all the cases that

have b een considered it was also the most stable with resp ect to clusters and irregularities in the sampling set.

Such clusters may force small relaxation parameters, hence p o or convergence rates in the case of the ordinary

frame iteration metho d. That making a subselection of p oints may improve the sp eed of reconstruction even in the

case of CG is plausible: While more p oints lead to b etter rates of convergence p er iterations, the computational

cost p er iter ation will increase. If there are already su�ciently many p oints involved this extra e�ort will not b e

comp ensated by the gain in terms of b etter approximation p er iteration. This statement, however, only applies

to noise-free data, while in the presence of noise it might b e b etter to include as many sampling p oints as p ossible

in order to obtain a b etter SNR.

Finally we would like to p oint to the following observ ation made during our numerical exp eriments: Having

more p oints do es not necessarily mean that the CG-metho d { nor any other of the metho ds { will p erform b etter.

Also this is true "in the statistical sense" it may very well happ en that (e.g. for a �xed numb er of iterations, or

even throughout the iterative pro cess) the larger sampling set is leading to a slightly slower convergence of the

approximate reconstructions towards the true signal.

5 POCS BASED METHODS

F or a general description of the metho d of pro jections onto convex sets (POCS) see the b o ok of H. Stark,

17

but also the b o ok of N. Hurt,

18

for a Hilb ert space description of such metho ds one may consult the work of

D.Y oula, see e.g. [19].

POCS is based on the idea that each sampling v alue of the STFT (for �xed window) corresp onds to the

knowledge that the signal has to satisfy one sp eci�c equation. The STFT b eing a linear mapping from the signal

space into the complex numb ers it is clear that the family of all signals x satisfying S T F T (x; g ; n; k ) = �

(n;k ) forms

a convex (in fact a�ne) manifold A

(n;k )

. If the family of TF-shifted windows forms a frame, the intersection of all

those a�ne subspaces consists of a single element, which is precisely the original signal. In order to identify this

unique element in the intersection one cho oses an iterated pro jection onto those convex sets. One cycle consists

of a sequence of pro jections onto all those a�ne subspaces (there are as many as there are sampling p oints in

the sampling set). Thus one has to keep in mind that enlarging the sampling set makes one cycle longer, and of

course the pure computational load p er cycle increases linearly with the numb er of sampling p oints. The POCS

algorithm as such is p erforming a numb er of cycles, until the relative error is b elow a certain threshold.

The POCS metho d is used often straightforward, cho osing the a�ne conditions in their "natural" order, which

means in our case that one would make a list of the p oints in the TF-plane, ordered according to increasing time

and/or frequency

. However, esp ecially for relatively high sampling density it turns out to b e a disadv antage to

-40 -20 0 20 40 0 0.2 0.4 0.6 0.8 1 atom

0 20 40

0 10 20 30 40 nz = 64

the sampling set

0 5 10 15 20 25 30 35 40 45 50 10_{-15} 10_{-10} 10_{-5} 10_0 10_5

log of error

a typical comparison between SD and CG

CG SD

Figure 1: CG erforms SD

cose this particular order, ecause neighoring oints ond to TF-shifted versions of the window which

are relatively close to each other. Thus a correction at one oint, following o closely another correction based

on a sampling oint nearby will not require a signi�cant change, while taking the same computational load as a

correction at a oint "far away". F or this reason "random order" arrangements ear to e quite e�cient.

20

W e found it most di�cult to make any a priori judgement on the ected approximation ehaviour of POCS.

There is by no means a guarantee that a larger sampling set will lead to faster reconstruction. Indeed, it may

en that enlarging the sampling set just increases the length of one cycle and therefore the computational

e�ort, without really giving the appropriate improvement in terms of higher gain er cycle.

In terms of oating oint erations ( ops) and gain of approximation POCS was sometimes doing rather

well. No general conclusion out its e�ciency in the general situation considered in this er can e made.

See Figure 4 for a comparison including POCS, with a fairly typical ehaviour (the sampling set was a uniformly

distributed random set in the TF-plane).

6 NUMERICAL EXAMPLES

W e have carried out a numer of numerical eriments concerning the e�ciency of v arious iterative ds

suitable to reconstruct a signal from irregular samples of its STFT with ect to a known window. The emphasis

in this note is on the e�ciency in terms of iterations for the case of general sampling sets. In other words, we

do not ok out for sampling sets allowing for ecial tricks in the implementation of these algorithms, mostly

ecause these improvements (although interesting by themselves) usually apply to all the eting algorithms

in a very similar way by making the iterative steps cer. This { however { usually es not in uence the

relative ranking of the ds discussed in this er.

Figure 1 shows the ehaviour typical for a rather low-redundancy sampling set in the TF-plane, obtained

through jitter movement from a regular lattice. It shows the or atom used, the TF-sampling set and the rates

0 5 10 15 20 25 30 35 40 45 50 10_{-20} 10_{-15} 10_{-10} 10_{-5} 10_0 10_5 showing degradation with disorder: CG

0 5 10 15 20 25 30 35 40 45 50 10_{-15} 10_{-10} 10_{-5} 10_0 10_5 showing degradation with disorder: SD

Figure 2: Degradation of d with increasing disorder

of convergence (log of mean square error versus numer of iterations) for CG and SD.

Usually stability of algorithms is of great practical concern. In the present case we have tested the est

descent and CG for the resistence towards erturbations on the sampling set. Starting from a slightly oversampled

grid we have moved the lattice oints randomly in oth directions (by one unit er step). F or each new and

increasingly irregular sampling set we tried to recover the signal from the STFT v alues at those oints. Figure

2 indicates that of course oth ds show a degradation in terms of eed of convergence. However, it is

clear from those plots that SD was su�ering much more than CG. Continuing the eriment we found situations

where SD simply was unable to recover the signal completely

, while CG was still able to achieve this.

The third example (Figure 3) also indicates the d erformance of the CG-reconstruction d. W e have

cosen a sampling set which oks like a hexagonal te lattice in the TF-plane as discussed in the er of

P .Prinz.

21

The original full lattice had 288 oints, for a signal length of N = 144, thus a redundancy of 2. Then

we ok away 5 columns (each containing 12 sampling oints). Thus the remaining lattice has 228 oints, or a

redundancy of 1:583. The idea is to show that even if during a transmission of or e�cients full columns

are lost the information contained in the remaining sampling v alues is still d enough to erform e�cient

reconstruction of the signal on the receivers side.

W e have to oint out the di�erence etween lost samples of the STFT (the case we study) and sampling v alues

which are not stored ecause they are known to b e smal l and are eliminated during transmission or storage. In

such cases it is the aim to obtain a rather d numerical approximation of the signal as "cheap" as ossible.

A typical case is the use of thresholds in the or e�cient domain. Assuming that a signal es not cover

the full TF-plane (e.g. some chirp te signal) one may preserve only those e�cients over a su�ciently

dense TF-lattice which surpass a certain threshold. Then the use of a dual Gab or atom, applied to the full

e�cient scheme containing also the zeros obtained by thresholding, quite often achieves a rather satisfactory

reconstruction. F or the calculation of the dual or window cf. a numer of ers, such as [22,23].

The �nal eriment explained here indicates the connection etween the e of the or atom, the

geometry of the sampling set and the eed of reconstruction (for the d). The sampling set is a grid

with missing oints, with a lattice constant in the time-direction smaller than the lattice constant in the frequence

7

-50 0 50 0 0.1 0.2 0.3

0 50 100

0 50 100 number of sampling points = 228

0 10 20 30 40 50 60 70 80 90 100 10_{-15}

10_{-10}

10_{-5}

10_0 log of error versus iteration

CG SD opt.frame

frame it.

Figure 3: Comparison of rates of convergence

0 10 20 30 40 50 60 70 80 90 100 10_{-14}

10_{-12}

10_{-10}

10_{-8}

10_{-6}

10_{-4}

10_{-2}

10_0 rates of convergence

POCS conjugate gradient

steepest descent

optimal frame iteration

Figure 4: A comparison including POCS

8

0 50 100 150 200 10_{-15}

10_{-10}

10_{-5}

10_0

log of error

rates of convergence

0 50 100

0 50 100 nz = 177

sampling set

-50 0 50 0 0.2 0.4 0.6 0.8 1 atom

-50 0 50 0 5 10 15 20 FFT of atom

Figure 5: Comparison of rates of convergence

direction. W e have tested the ehaviour of the algorithm, using the atom shown (a rather broad Gaussian bump

function, having a well concentrated FFT), and then the same setup, just turning around the sampling set by 90

degrees. It is not di�cult to show that we would obtain the same decay by replacing the signal and the atom by

its FFT while keeping the sampling set the same. In any case, the etter the atom is adapted to the average te

holes in the sampling set the etter the erformance of reconstruction algorithms will e.

7 CONCLUSION

The reader familiar with the theory of frames, ositive erators and iterative ds for the inversion of

such erators will not e surprised to hear that ds are doing est on the problem of recovering the

signal from the irregular samples of its STFT, given the window. It is always doing much etter than ordinary

frame iteration and avoids the problem of �nding the appropriate relaxation parameters, since in practice the

frame ounds are not easily av ailable in the numerical sense. est descent ds can e applied and allow

to get rid of this problem, but do not ehave much etter than ordinary frame iterations (cf. Fig.4). F or quite

irregular sampling sets the d of putting weights on the elements of the or frames, similar to the 2D-

d of adaptive weights deved by the authors for the irregular sampling problem for band-limited images

gives some improvement, in other words can e used as a preconditioner, improving the frame ounds. There is

no space in this note to discuss this question in detail.

F or all those ds (designed for relatively large signal length) one has to apply the frame erator iter-

atively (using di�erent strategies) to v arious intermediate signals. In terms of implementations this means that

any ds used can e improved in terms of computational load er iteration by making use of smart imple-

mentations of the or frame erator. In practice, drastic improvements can e achieved for situations where

the sampling grid has some regularities, or where a relatively small numer of rows or colums in the indicator

matrix (describing the sampling set) are carrying oints. In such cases it is typically suggested to split the frame

erator in two parts: Calculating the sampled STFT over the oints in the TF-plane which are use, and er-

forming or synthesis afterwards. This can e done most e�ciently by means of FFT-based ds and will

9 e discussed in detail elsewhere.

Among the di�erent ds tested on this problem the POCS-based ds cannot e compared directly .

Whereas the other ds require a comparable computational load er iteration, POCS has to e counted in

terms of cycles. It was interesting to see in our numerical eriments that in certain situations POCS did quite

well (in terms of time required to obtain a fair approximate reconstruction), usually due to the fact that it did

not require much of an initial setup. Certainly one can claim that the choice of the so-called "natural" order of

a frame is out the least favourable order in which the elements of a or frame should e used. Alternative

(and improved v ariants) of the d which use more than one sampling oint er iteration are to e

discussed in a subsequent er. It is also true that there is a very d chance of parallel implementation of all

the ds discussed in this note.

8 REFERENCES

[1] H.G. F eichtinger and K.H. Gr� ochenig. Theory and Practice of Irregular Sampling. In Benedetto J. and

F razier M., editors, Wavelets: Mathematics and Applic ations, pages 305{363. CRC Press, 1993.

[2] R. Du�n and A. Schae�er. A class of nonharmonic F ourier series. T r ans. Amer. Math. So c., 72:341{366,

1952.

[3] H.G. F eichtinger, O. Christensen, and T. Strohmer. A Group-theoretical Approach to or Analysis.

Optic al Engine ering, submitted.

[4] H. G. F eichtinger. Coherent frames and irregular sampling. Pr o c. Conf. R e c ent A dvanc es in F ourier Anal.

and Its Appl., NA

TO ASI Series C, V ol. 315:427{440, 1989. NA

TO conference, Pisa.

[5] H.G. F eichtinger and K. Gr� ochenig. Banach spaces related to integrable group representations and their

atomic ositions, I. J. F unct. Anal., 86:307{340, 1989.

[6] K. Gr� ochenig. Describing functions: atomic ositions versus frames. Monatshefte � ur Mathematik,

112:1{41, 1991.

[7] H.G. F eichtinger and K.H. Gr� ochenig. or wavelets and the Heisenerg group: or Expansions and

Short Time F ourier transform from the group theoretical oint of view. In C.K. Chui, editor, Wavelets { A

T utorial in The ory and Applic ations, pages 359{397. Academic Press, 1992.

[8] J. Benedetto and W. Heller. Irregular sampling and the theory of frames, I. Mat. Note, 10:103{125, 1990.

[9] J. Benedetto. Irregular Sampling and F rames. In C. K. Chui, editor, Wavelets: A T utorial in The ory and

Applic ations, pages 445{507. Academic Press, 1992.

[10] K. Gr� ochenig. Irregular sampling of wavelet and short time F ourier transform. Constr. Appr ox., 9:283{297,

1993.

[11] T. Strohmer. Irregular Sampling, F rames and Pseudo-inverse. Master’s thesis, University of Vienna, 1991.

[12] K. Gr� ochenig. Acceleration of the frame algorithm. IEEE T r ans. SSP, 41/12:3331{3340, 1993.

[13] H. G. F eichtinger. Pseudo-inverse matrix ds for signal reconstruction from partial data. In SPIE-Conf.,

Visual Comm. and Image Pr o c., Boston, pages 766{772, 1991. Inc.Opt.Eng.

[14] M.R. Hestenes and E.L. Stiefel. ds of conjugate gradients for solving linear systems. Nat.Bur.Std.J.R es.,

49:409{436, 1952.

[15] H. G. F eichtinger and T. Strohmer. F ast Iterative Reconstruction of Band-Limited Images from Irregular

Sampling V alues. In D. Chetverikov and W.G. Kropatsch, editors, Computer Analysis of Images and Patterns,

pages 82{91. Conf. CAIP est 93, 1993.

10

[16] A. v an der Sluis and H.A. v an der V orst. The Rate of Convergence of Conjugate Gradients. Numer. Math.,

48:543{560, 1986.

[17] H. Stark, editor. Image R e c overy: The ory and applic ation. Acad. Press, 1987.

[18] N. E. Hurt. Phase R etrival and Zer o Cr ossings, Mathematic al Metho ds in Image R e c onstruction. Kluwer

Acad. Publ., 1989.

[19] D. C. Y oula. Generalized image restoration by the d of alternating pro jections. IEEE T r ans. Cir cuits

Syst. CAS-25, pages 694{702, 1978.

[20] C. Cenker, H. G. F eichtinger, M. Mayer, H. Steier, and T. Strohmer. New v ariants of the POCS d

using a�ne subspaces of �nite dimension, with applications to irregular sampling. In Pr o c.Conf. SPIE 92

Boston, pages 299{310, 1992.

[21] P

. Prinz. Computational ds for low-redundancy or frames. submitted to IEEE T rans.

cessing.

[22] S. Qiu. Generalized dual or atoms and est approximations by or family

. to e submitted.

[23] S. Qiu. Characterization of or-Gram matrices and the e�cient computations of discrete or e�-

cients. In Pr o c. SPIE , Wavelets and Applic ations, San Diego, 1995.

[24] H.G. F eichtinger. Optimal Iterative or Algorithms. In Pr o c. IEEE-SP Internat.Symp. on Time-F r e quency

and Time-sc ale Analysis, Philadelphia/P

A, Oct. 25-28 1994.

[25] O. Christensen. F r ame de c omp ositions in Hilb ert Sp ac es. PhD thesis, Aarhus Univ. and Univ. of Vienna,

Aarhus (DK) /Vienna (AUSTRIA), 1993.

11