A Unified Approach to Numerical Algorithms for Discrete Gabor Expansions

Thomas Strohmer^� Department of Mathematics University of Vienna, Austria e-mail: strohmer@tyche.mat.univie.ac.at

Abstract— The Gabor transform yields a discrete representation of a signal in the phase space [1, 2]. Since the Gabor transform is non-orthogonal, efficient reconstruction of a signal from its phase space samples is not straightforward and involves the computation of the so-called dual Gabor function. We present a unifying approach to the derivation of numerical algorithms for discrete Gabor analysis, based on unitary matrix factorization. The factorization point of view is notably useful for the design of efficient numerical algorithms. This presentation is the first systematic account of its kind. In particular, it is shown that different algorithms for the computation of the dual window correspond to different factorizations of the frame operator. Simple number theoretic conditions on the time-frequency lattice parameters imply additional structural properties of the frame operator.

I. Introduction

A recurrent question in signal processing is how to best represent signals. When the signals are continuous it is usually desired to represent them by a discrete sequence. If the signal is band-limited the Shannon sampling theorem states that the signal can be uniquely represented by and stably reconstructed from its regular sampling values. A signal f ∈ L^2(R) can still be discretized by transforming f into a sequence of moments ⟨f, g_n⟩. A necessary requirement for unique representation and stable reconstruction of f is that the functions g_n constitute a frame for L^2(R). In a landmarking paper Gabor [3] suggested to use modulated and shifted versions of a prototype function g (where g is usually a Gaussian-like function) as elementary representation function. Thus the (doublyindexed) functions g_{m,n} are given by g_{m,n}(x) = g(x − an)e^{2πibmx} where a and b determine the time- and frequency sampling interval. In other words the Gabor transform of

�This work was partially supported by the Austrian Science Foundation FWF (grant S7001-MAT)

a signal f f → {⟨f, g_{m,n}⟩}_{m,n} yields a time-frequency representation of f.

For an introduction to Gabor analysis we refer to [2]. For appropriate analysis window and sampling density the Gabor transform is invertible. However, since the Gabor transform is a non-orthogonal transform, the computation of the inverse Gabor transform is a nontrivial task, it involves the calculation of a so-called dual Gabor window γ. Thus in this paper we concentrate on efficient numerical methods for computing the dual window.

Recently a large number of algorithms has been developed for this purpose. However the poor mathematical and algorithmic notation has on the one hand concealed the simplicity and intrinsic beauty of Gabor analysis and on the other hand has led to a literature of duplicated results. We present a unifying framework for discrete Gabor analysis, our approach heavily relies on unitary matrix factorization, inspired by the book Computational Frameworks for the Fast Fourier Transform of van Loan [4].

Finite and periodic discrete Gabor expansions have been extensively investigated, see e.g. [5, 6, 7, 8, 9, 10, 11, 12]. However its rich structural properties have not yet been fully recognized. Hence a comprehensive elaboration of the structure of the Gabor transform and the inverse Gabor transform as well as the Gabor frame operator is a major aim of this contribution. More details can be found in [13].

We are working with following discrete model. A discrete signal f of length L is a finite sequence (f(0), f(1), . . . , f(L − 1)) ∈ C^L . The inner product of f, g ∈ C^L is ⟨f, g⟩ = ∑_{L−1} n=0 f(n)g(n) and the ℓ^2-norm of f is given by ‖f‖ = √ ⟨f, f⟩. Here and throughout this chapter we extend finite sequences in C^L to infinite sequences of period L by f(k + lL) = f(k) for k = 0, . . . , L − 1 and l ∈ Z.

We write T_kf(t) := f(t+k) for the translation operator or time shift and M_lf(t) := e^{2πilt/L}, l ∈ Z for the modulation operator or frequency shift. For a given function g the set of Gabor analysis functions {g_{mn}} is given by g_{mn} = M_{mb}T_{na}g (1) for m = 0, . . . , M − 1, n = 0, . . . , N − 1 where Na = Mb = L with a, b, N, M ∈ N. The parameters a and b represent time and frequency sampling intervals, and are also referred to as time and frequency shift parameters.

Discrete Gabor analysis can be understood in an algebraic setting. Let G be the L×MN matrix having g_{mn} as its (m + nM)-th column for m = 0, . . . , M − 1, n = 0, . . . , N − 1. We write c_{m,n} = ⟨f, g_{mn}⟩ and by slightly abusing our notation we treat the N ×M array c also as column vector of length MN by stacking the columns of c. The Gabor transform of a function f is given by G^∗f = c . The case ab = L is usually referred to as critically sampled Gabor transform, whereas the choice ab < L yields an oversampled Gabor transform, the ratio MN/L giving the oversampling rate. If we set a = b = 1 the Gabor transform of f coincides with the discrete short time Fourier transform of f.

We can reconstruct f from its Gabor coefficients c_{m,n} by means of a dual system {γ_{m,n}} via f = M−1∑ m=0 N−1∑ n=0 c_{m,n}γ_{m,n} where the set {γ_{m,n}} is obtained from some dual window γ by equation (1). Defining Γ as the L × MN matrix having γ_{m,n} as its (m + nM)-th column, the duality condition can be expressed as

GΓ^∗ = I_L (2)

where I_L denotes the identity matrix on C^L . The set {γ_{m,n}} can be determined from a single dual function γ analogously to the set {g_{mn}} in equation (1). If ab < L there are in general many dual functions satisfying condition (2). Of particular importance is the dual with minimal norm, which we denote by^∘γ.

G is a L × MN matrix and G^{−1} does not exist for ab < L. However we can always compute the pseudoinverse [14] G^+ of G. The rows of G are linear independent, provided that {g_{mn}} constitutes a frame for

C^L . In this case G^+ becomes a left inverse which can

be computed by G^+ = G^∗(GG^∗)^{−1}.

For perfect reconstruction of f the column rank of G must be L, which is equivalent to assuming that the set {g_{mn}} constitutes a frame for C^L . A necessary condition for this is ab ≤ L. Let^∘Γ be the matrix containing the elements^∘γ_{m,n} of the dual frame associated with^∘γ. Then it follows from the relation of frames and pseudo inverses [15] that^∘Γ coincides with the pseudo inverse of G, i.e.^∘Γ^∗ = G^+.

Recall that the Gabor frame operator S is defined by Sf = M−1∑ m=0 N−1∑ n=0 ⟨f, g_{mn}⟩g_{mn} . S is a positive definite Hermitian L × L matrix which can be expressed as S = GG^∗.

It follows from standard linear algebra that the minimal norm dual^∘γ satisfies S^∘γ = g. The computation of^∘γ involves the (pseudo-) inversion of G or, equivalently, the inversion of S. From a numerical analysis point of view we may either choose direct or iterative methods for this purpose. The central theme in the following sections is the idea that different algorithms correspond to different unitary matrix factorizations of the frame operator S and the matrix G, respectively. Efficient algorithms for the computation of dual windows are essentially based on these factorizations.

Wexler and Raz have obtained an elegant formulation of the duality condition of the systems {g_{mn}} and {γ_{m,n}}, see [5]. We refer to [16] for a systematic discussion of the Wexler-Raz identity. Whereas the formulation of the duality condition in equation (2) holds for any frame and its dual, the Wexler-Raz duality condition is a specific characterization of duality for Gabor systems. In our algebraic setting we can describe this condition as follows.

Let H be the L × ab matrix with entries H_{kl} = T_{mM} M_{nN} g(k) where l = m+na and m = 0, . . . , b−1, n = 0, . . . , a−1. Observe that H is of similar structure as G but with a and b replaced by M and N respectively.

Then the Wexler-Raz duality condition for g and γ can be expressed as

H^∗γ = ab L [1, 0, . . . , 0]^T . (3)

The minimal norm solution of (3) coincides with^∘γ.

II. Factorization of the frame operator One standard method to derive fast algorithms for the inversion of a matrix X is based on a unitary factorization D = U^∗XU where D is diagonal or at least close to diagonal. A few diagonal matrix notations are handy. If d ∈ C^N , then D = diag(d) = diag(d_0, . . . , d_{N−1}) is the N × N diagonal matrix with diagonal entries d_0, . . . , d_{N−1}. If D_0, . . . , D_{N−1} are p × p matrices, then D = diag(D_0, . . . , D_{N−1}) is a p × p block diagonal matrix.

A. Permutations and Fourier transform

The simplest unitary matrices are permutation matrices. A permutation matrix is just the identity with its columns reordered. If P is a permutation and A is a matrix, then P A is a row permuted version of A and AP is a column permuted version of A. We will frequently make use of the mod p perfect shuffle permutation [4] which plays also a key role in the FFT algorithm. Observe that P_{p,L} = P^∗_{q,L}. Here is an example with L = 15 = 3 · 5 ≡ 3 · 5:

P_{3,15}x = [ x_0 x_5 x_{10} | x_1 x_6 x_{11} | x_2 x_7 x_{12} | x_3 x_8 x_{13} | x_4 x_9 x_{14} ]^∗ P^∗_{3,15}x =

[ x_0 x_3 x_6 x_9 x_{12} | x_1 x_4 x_7 x_{10} x_{13} | x_2 x_5 x_8 x_{11} x_{14} ]^∗ .

It is not surprising that the Fourier matrix is of fundamental importance in the factorization of the Gabor frame operator. By the Fourier matrix of order N we shall mean the (up to normalization) unitary (N × N) matrix F_N with entries ω_{mn} = e^{−2πimn/N} .

Further we will frequently make use of circulant matrices. It is well known that a circulant matrix C_N is diagonalized by the Fourier matrix F_N . In particular let Π_N , defined by

Π_N =

0 1 0 . . . 0 0 0 1 . . . 0 . . . . . . . . 1 0 0 . . . 0 ,

be the N × N basic circulant permutation matrix then Π_N =^1_N F^∗_N ΩF_N . where Ω = diag(1, ω, ω^2, . . . , ω^{N−1}) contains the eigenvalues of Π_N , see [17].

If A ∈ C^{p×q} and B ∈ C^{m×n} then the Kronecker product A ⊗ B is the p-by-q block matrix

A ⊗ B = a_{00}B . . . a_{0q−1}B . . . . a_{p−10}B . . . a_{p−1q−1}B ∈ C^{pm×qn} .

If N = mn and A ∈ C^{m×m} , then [4]

P^∗_{m,N} (I_n ⊗ A) = (A ⊗ I_n)P^∗_{m,N} . (4)

If A and B are unitary matrices, then A⊗B is a unitary matrix, see [4].

B. Matrix factorization and rational oversampling

We start by describing the factorization for general oversampling and show later how this factorization simplifies for special cases like integer oversampling.

As mentioned above in an algebraic setting the Gabor frame operator is the N × N matrix S given by S = GG^∗. The Walnut representation [18] of the Gabor frame operator tells us that S has a very specific structure. This structure was described in detail in [11] for the discrete setting. The entries of S are given by S_{m,n} = N b N a −1∑

k=0 T_{ka}g(m)T_{ka}g(n) if |m − n| mod^N_b = 0 and S_{m,n} = 0 else.

Theorem 2.1 Let B_k denote the b × b matrix with entry

(B_k)_{mn} = S_{k+m} N_{b ,k+n} N_b (5)

for m, n = 0, . . . , b − 1 and k = 0, . . . ,^N_b − 1. Then S can be unitarily factorized into a block diagonal matrix with P N_{b ,N} as factorization matrix, thus we have

D_S = P^∗_{M,L}S P_{M,L} = diag(B_0, . . . , B_{M−1}). (6)

A block diagonal matrix can be inverted by inverting each block separately, see e.g. [19]. Thus the computation of the N × N matrix S^{−1} can be reduced to the inversion of b blocks of size^N_b ×^N_b .

In Theorem 2.1 we have utilized the uniform sparsity of S. In the sequel we describe an alternative approach, focusing on the periodicity of the diagonal entries of S. This approach has been proposed by Qiu [20].

Lemma 2.2 The Gabor frame operator S is a block circulant matrix of the form

S = A_0 A_1 . . . A N_{a −1} A N_{a −1} A_0 . . . A N_{a −2} . . . . . . A_1 A_2 . . . A_0

where the A_k are a × a matrices with (A_k )_{m,n} = S_{ka+m,ka+n} for k = 0, . . . ,^N_a − 1 and m = 0, . . . , a − 1, n = 0, . . . , a − 1. Observe that the blocks A_k are not circulant, thus S cannot be diagonalized by a straightforward Kronecker generalization of the diagonalization of circulant matrices. However we still can derive a diagonalization based on Fourier matrices [20].

Theorem 2.3 S can be unitarily factorized into a block diagonal matrix via

(F_N ⊗ I_a)^∗S(F_N ⊗ I_a)

In other words, S is unitarily equivalent to diag(Ã_0, . . . , Ã_{N−1}) where

Ã_l =^{N−1} ∑ k=0 N^{k2} ω^{lk}A_k for l = 0, . . . N − 1 .

The block diagonalization described in Theorem 2.1 can be also derived from a factorization proposed by Prinz [21]. Extending the approach of Stewart, Potter and Ahalt [22] from critical sampling to rational oversampling, he factorizes the Gabor transform matrix G instead of S.

Proposition 2.4 The Gabor transform matrix G can be factorized into a block diagonal matrix D_G with^N_b rectangular blocks W_k of size b ×^N_a via

D_G = P^∗N_{b ,N} G(I N_a ⊗ F N_b )P_{a,M} (7)

where D_G = diag(W_0, . . . , W N_{b −1}) with (W_k )_{mn} = N b g(k−ma+n^N_b ) for m = 0, . . . ,^N_a −1, n = 0, . . . , b−1 and k = 0, . . . ,^N_b − 1.

Obviously we have D_S = D_GD^∗_G.

Applying the arguments used in the proof of Proposition 2.1 to H we obtain following result. Corollary 2.5 Let V_k denote the N × b matrix with entry

(V_k)_{mn} = √ ag(k − mM + na) for m = 0, . . . , N − 1, n = 0, . . . , b − 1 and k = 0, . . . , a − 1. Then H can be unitarily factorized into the block diagonal matrix D_H = P^∗_{a,L}H(I_b ⊗ F_a)P^∗_{b,ab} (8) where D_H = diag(V_0, . . . , V_{a−1}).

Since D_H is in general not invertible, we compute its left-inverse D^+_H via D^+_H = (D^∗_H D_H )^{−1}D^∗_H . D^∗_H D_H is a ab × ab block matrix with a blocks of size b × b, whereas the L × L matrix D_S of equation (6) consists of M blocks of size b.

It is an easy task to derive all factorizations above for the matrix H with the appropriate lattice parameters M, N. The advantage of introducing first the matrix G and S is that G^∗ represents the Gabor transform and therefore is the natural starting point for an algebraic and numerical treatment of discrete Gabor expansions.

III. Finite Gabor Expansions and Number Theory

The unitary factorization of S into a block diagonal or block circulant matrix derived in Section 2 is based on the periodic and sparse structure of S which follows from the Walnut representation. These factorizations clearly hold in general and do not depend on number theoretic conditions on the lattice parameters a, b.

In this section we show that in a finite setting the Gabor frame operator exhibits an additional structure. Although finite and periodic discrete Gabor expansions have been extensively investigated, see e.g. [5, 8, 12, 7, 10, 6, 9], its rich structural properties have not yet been fully recognized. A complete description of the structure of S is the purpose of this section. We will show in Subsection 3.2 that the well known diagonalization of the frame operator in the cases of critical and integer oversampling (cf. e.g. [23, 24, 25]) are simple consequences of Theorem 3.3. A first attempt to investigate Gabor expansions from a number theoretic point of view can be found in [21].

A. Fundamental Factorization of the frame operator

In the sequel we will frequently use following notation. Let q ∈ R, then ⌊q⌋ denotes the largest integer ≤ q and ⌈q⌉ is the smallest integer ≥ q.

Proposition 3.1 Given a function g of length L and lattice parameters a, b. Denote the greatest common divisor (gcd) of a and M by c. Let W_k be the submatrices of the block diagonal factorization of G stated in Proposition 2.4, i.e. (W_k )_{mn} = Mg(k + mM − na). Then the W_k satisfy following relation:

Π^q_b W_kΠ^l_N = W_{(k+la) mod M} (9)

with q = ⌊^{lab}_L ⌋. Thus there are (up to permutations) c different submatrices W_k for k = 0, M − 1.

Next we show that a block circulant structure emerges in each submatrix W_k.

Proposition 3.2 Given a function g of length L and lattice parameters a, b. Denote d = gcd(b, N). Then W_k is a block circulant matrix with d generating blocks of size^b_d ×^N_d for k = 0, . . . , M − 1.

Based on Proposition 3.1 and Proposition 3.2, we obtain a complete characterization of the structure of the frame operator and an estimate for the complexity for the computation of S^{−1}.

Theorem 3.3 (Fundamental Factorization of S) The Gabor frame operator S can be unitarily factorized into the block diagonal matrix

I M_c ⊗ diag(C_0, . . . , C_{cd−1}) , (10)

where the^b_d ×^b_d submatrices C_j are defined by

diag(C_{dk}, . . . , C_{d(k+1)−1}) = (F_d ⊗ I b_d )^∗B_k(F_d ⊗ I b_d )

for k = 0, . . . , c − 1 and B_k is given by (5). Thus S can be inverted in O(cb(^{b2}_{d2} + b log d)) operations.

Thus S is unitarily equivalent to a block-diagonal matrix with blocks of size^b_{gcd(b,N)} ×^b_{gcd(b,N)} and the blocks have periodicity gcd(a, M). Using Theorem 3.3 we can easily compute the number of different eigenvalues of the frame operator.

Corollary 3.4 S has at most gcd(ab, L) different eigenvalues. Furthermore if g is real-valued, the maximal number of eigenvalues reduces to^{bc}_d ⌈^{d+1}_2 ⌉.

There are two special cases of Theorem 3.3, which deserve to be mentioned separately. The first case is gcd(a, M) = 1, the second is gcd(a, M) = a. The second choice leads to the case of integer oversampling and will be treated in the next section. The first case provides a simple but nice factorization of S. Corollary 3.5 Assume that gcd(a, M) = 1, then the Gabor frame operator S is unitarily equivalent to I_M ⊗ B_0.

Remark: Applying Proposition 3.1 to the matrix D_H =diag(V_0, . . . , V_{a−1}) defined in (8) yields that the number of (up to permutations) different blocks V_k is given by gcd(a, M). Hence the costs to compute the dual^∘γ do not depend whether we choose the frame operator factorization of Theorem 2.1 or the factorization based on the Wexler-Raz condition.

B. Critical Sampling and Integer Oversampling

In this section we show that in the case of critical sampling and integer oversampling G and S respectively can be unitarily diagonalized via properly chosen block Fourier matrices. These diagonalizations of S and G have been discovered by different authors, mostly via the Zak transform. Thus we will also show the analogy of our approach with Zak transform based methods.

The choice ab = L is called critical sampling, whereas choosing abq = L for q ∈ N is referred to as integer oversampling.

As an immediate consequence of Theorem 3.1 we obtain following result for critical sampling. Corollary 3.6 Assume that ab = L, then G can be unitarily factorized into a diagonal matrix with (I_a ⊗ F_b) as factorization matrix.

This result has been derived by different people, mostly via the Zak transform, cf. [25, 26]. We show the analogy of the Zak transform approach with our point of view.

Recall that for the parameter a the discrete Zak transform of g is a (a × N) matrix given by

(Z_ag)(k, n) = 1 √ L b−1∑ l=0 g(k − la)e^{2πilan/L} for k = 0, . . . , a − 1, n = 0, . . . , N − 1. Observe that the n-th element of the first row of W_kF_b is given by ∑_{b−1} l=0 g(k − la)e^{−2πinl/b} which coincides up to conjugation with (Z_ag)(k, n).

For abq = L it is known that the dual window^∘γ satisfies the relation

(Z^∘_a γ)(k, n) = (Z_ag)(k, m) a ∑_{q−1} l=0 |(Z_ag)(k − la, n)|^2 (11)

see [25].

For critical sampling equation (11) reduces to

(Z^∘_a γ)(k, n) = 1 a(Z_ag)^∗(k, n) . (12)

Equation (12) just describes simultaneous inversion of the circulant matrices W_k by the Fourier matrix F_b. Thus (Z^∘_a γ)(k, n) is equal to the n-th entry of the first row of W^{−1}_k F_b.

Similar results hold for integer oversampling. Note that the choice abq = L implies gcd(a, M) = a and gcd(b, N) = b. For q > 1 the matrix G and hence the blocks W_k are not invertible. We compute the left inverses of the blocks W_k by W^+_k = W^∗_k (W_kW^∗_k )^{−1}. According to Theorem 2.1 S can be block-diagonalized with blocks B_k = W_k W^∗_k . It follows from Theorem 3.3 that the b×b blocks B_k are circulant and therefore can be diagonalized by the Fourier matrix F_b. Summing up we have following corollary.

Corollary 3.7 Assume that abq = L with q ∈ N. Then S is unitarily diagonalized by (I_{aq} ⊗ F_b).

The analogy to the Zak transform based approach for computing^∘γ becomes obvious, when we compute W^∗_k (W_k W^∗_k )^{−1}. Due to the block circulant structure of W_k and the circulant structure of W_kW^∗_k the matrix W^+_k can be calculated efficiently by Fourier transforms.

Following lemma follows immediately from Proposition 3.2 and the properties of circulant matrices [17]. Lemma 3.8 In case of integer oversampling (with oversampling rate q) the columns of a block W_k can always be reordered such that W_k P_{q,bq} = [ C_0 C_1 . . . C_{q−1} ] (13)

where the C_k are circulant (b × b) matrices.

Hence the entries of the circulant matrix W_kW^∗_k can be computed by Fourier transforms of length b. In particular for fixed k let c_j denote the first column of the circulant block C_j for j = 0, . . . , q − 1 according to (13) and c̃_j (m) = |(F_bc_j )(m)|^2, then the first column of W_kW^∗_k is given by ∑_{q−1} j=0 (F^∗_q c̃_j ). Since P_{q,bq} is unitary, W_kP_{q,bq} P^∗_{q,bq} W_k = W_kW^∗_k . The product W^∗(W W^∗)^{−1} can be computed in a similar manner. These calculations are exactly the same arising in equation (11).

Undisputed, the Zak transform has shed light on several theoretical aspects of Gabor analysis [23, 24]. However from a numerical point of view algorithms involving the Zak transform are a roundabout way. FFT and circulant matrices – both well established tools in the mathematical and engineering community – are sufficient for the derivation of fast algorithms to compute the dual window γ, especially since efficient numerical implementations of the Zak transform are essentially based on FFT. Moreover the Zak transform is not an appropriate tool to exploit the full structural properties of S for general rational oversampling. Remark: A detailed discussion of iterative methods for computing the dual window can be found in [13]. The presented factorizations of the Gabor frame operator are especially useful in conjunction with the conjugate gradient method and for the derivation of efficient preconditioners.

References

[1] G.B. Folland. Harmonic Analysis in Phase Space.

Annals of Math. Studies. Princeton Univ. Press, Princeton (NJ), 1989.

[2] H.G. Feichtinger and T. Strohmer, editors. Gabor Analysis and Algorithms: Theory and Applications. Birkhäuser, Boston, 1997. to appear.

[3] D. Gabor. Theory of communication. J. IEE (London), 93(III):429–457, November 1946.

[4] C.F. van Loan. Computational Frameworks for the Fast Fourier Transform. SIAM, 1992.

[5] J. Wexler and S. Raz. Discrete Gabor expansions. Signal Processing, 21(3):207–221, November 1990.

[6] R.S. Orr. Derivation of the finite discrete Gabor transform by periodization and sampling. Signal Proc., 34(1):85–97, 1993.

[7] M. Zibulski and Y.Y. Zeevi. Frame analysis of the discrete Gabor scheme. IEEE Trans. Signal Proc., 42(4):942–945, 1994.

[8] A.J.E.M. Janssen. Duality and biorthogonality for discrete-time Weyl-Heisenberg systems. Technical Report Nat.Lab. UR 0002/94, PRL Eindhoven, Eindhoven, February 1994.

[9] H.G. Feichtinger, O. Christensen, and T. Strohmer. A group-theoretical approach to Gabor analysis. Opt. Engrg., 34:1697–1704, 1995.

[10] J. Yao, P. Krolak, and C. Steele. The generalized Gabor transform. IEEE Trans. Image Proc., 4(7):978–988, July 1995.

[11] S. Qiu and H.G. Feichtinger. Discrete Gabor structure and optimal representation. IEEE Trans. Signal Proc., 43(10):2258–2268, October 1995.

[12] S. Qian and D. Chen. Joint Time-Frequency Analysis: Method and Application. Prentice Hall, Englewood Cliffs, NJ, 1996.

[13] T. Strohmer. Numerical algorithms for discrete Gabor expansions. In H.G. Feichtinger and T. Strohmer, editors, Gabor Analysis and Algorithms: Theory and Applications. Birkhäuser, Boston, 1997. to appear.

[14] G. Strang. Linear Algebra and Its Applications.

Academic Press, New York, second edition, 1980.

[15] O. Christensen. Frames and pseudo-inverses. J.

Math. Anal. Appl., 195:401–414, 1995.

[16] A.J.E.M. Janssen. Duality and biorthogonality for Weyl-Heisenberg frames. J. Four. Anal. Appl., 1(4):403–437, 1995.

[17] P.J. Davis. Circulant Matrices. John Wiley, 1979.

[18] C. Heil and D. Walnut. Continuous and discrete wavelet transforms. SIAM Review, 31(4):628–666, 1989.

[19] G.H. Golub and C.F. van Loan. Matrix Computations, third ed. Johns Hopkins, London, Baltimore, 1996.

[20] S. Qiu. Block-circulant Gabor-matrix structure and discrete Gabor transforms. Opt. Engrg., pages 2872–2878, 1995.

[21] P. Prinz. Calculating the dual Gabor window for general sampling sets. IEEE Trans. Signal Proc., 44(8):2078–2082, 1996.

[22] D.F. Stewart, L.C. Potter, and S.C. Ahalt. Computationally attractive real Gabor transforms. IEEE Trans. SSP, pages 77–84, January 1995.

[23] A.J.E.M. Janssen. The Zak transfrom: A signal transform for sampled time-continuous signals. Philips J. Res., 43(1):23–69, 1988.

[24] I. Daubechies. The wavelet transform, timefrequency localization and signal analysis. IEEE Trans. Inform. Theory, 36:961–1005, 1990.

[25] M. Zibulski and Y.Y. Zeevi. Oversampling in the Gabor scheme. IEEE Trans. Signal Proc., 41(8):2679–2687, 1993.

[26] M.J. Bastiaans and M.C.W. Geilen. Gabor’s signal expansion and the Zak transform. submitted to IEEE Trans. Signal Processing.