Painless approximation of dual frames, with applications to shift-invariant systems

Thomas Strohmer Department of Mathematics, University of California Davis, CA 95616, USA

ABSTRACT We analyse the relation between infinite-dimensional frame theory and finite-dimensional models for frames as they are used for numerical algorithms. Special emphasis in this paper is on perfect reconstruction oversampled filter banks, also known as shift-invariant frames. For certain finite-dimensional models it is shown that the corresponding finite dual frame provides indeed an approximation of the dual frame of the original infinite-dimensional dual frame. For filter banks on ℓ^2(Z) we derive error estimates for the approximation of the synthesis filter bank when the analysis filter bank satisfies certain decay conditions. We show how one has to design the finite-dimensional model to preserve important structural properties of filter banks, such as polyphase representation. Finally an efficient regularization method is presented to solve the ill-posed problem arising when approximating the dual frame on L^2(R) via truncated Gram matrix.

Keywords: frames, finite sections, filter banks, Toeplitz matrix, dual frame

1. INTRODUCTION Frames have become an important and frequently used concept in digital signal processing and wavelet analysis.^{1,2} Many deep mathematical results have been published in the last decade concerning the existence of frames (such as wavelet frames or Gabor frames) and the estimation of frame bounds. These results are almost exclusively derived in infinite-dimensional spaces of functions such as ℓ^2(Z) or L^2(R). Any numerical implementation of frame methods however has to use a finite-dimensional model. Despite the increasing popularity of frames only little is known about the relation between infinite-dimensional frame theory and the finite-dimensional models used for numerical frame algorithms.

The purpose of this paper is to clarify this relation. The key problem thereby is the computation of the dual frame. How well do the finite-dimensional “dual frame functions” approximate the infinite-dimensional dual frame? Do they approximate it at all? Can we say anything about the approximation error? These are the questions we want to answer in this paper.

Filter banks play an important role in digital signal processing and communication .^{3–5} Therefore special emphasis in this paper is given to the computation of dual filter bank frames. We will analyse which finite-dimensional model allows to preserve important structural properties of filter bank theory. Our results validate existing numerical filter bank algorithms based on the polyphase representation. Explicit convergence rates are derived for the approximation of synthesis filter banks when the analysis filter bank satisfies various types of decay.

Finally we discuss the computation of dual frames for L^2(R). Here a standard method to approximate the dual frame is based on the truncated frame Gram matrix. We propose an efficient regularization method to solve this ill-posed problem which in turn allows the approximation of the dual frame.

Before we proceed we briefly review some basic facts on frames and filter banks. Recall that a a set of functions {f_k}_{k∈}Z is said to be a frame for a separable Hilbert space H if there exist constants (the frame bounds) A, B > 0 such that A‖f‖^2 ≤ ∑ k |⟨f, f_k⟩|^2 ≤ B‖f‖^2 . ∀f ∈ H. (1) Email: strohmer@math.ucdavis.edu

We define the analysis operator T by T : f ∈ H → F f = {⟨f, f_k⟩}_{k∈}Z, (2) and the synthesis operator, which is just the adjoint operator of T , by

T^∗ : c ∈ ℓ^2(Z) → T^∗c = ∑ k c_kf_k . (3)

For a given frame {f_k}_{k∈}Z there exists a dual frame {h_k}_{k∈}Z such that any f ∈ H can be written as f = ∑ k∈Z^{⟨f, fk⟩hk =} ∑ k∈Z^{⟨f, hk⟩fk . (4)} The “canonical” choice for the dual frame is h_k = S^{−1}f_k , (5) where S is the so-called frame operator Sf = T^∗T f = ∑ k∈Z^{⟨f, fk⟩fk . (6)} We will also make use of the operator T T^∗ in form of its Gram matrix representation R : ℓ^2(Z) → ℓ^2(Z) with entries R_{k,l} = ⟨f_k, f_l⟩. On R(T ) = R(R) the matrix R is bounded by AI ≤ R ≤ BI and invertible. On ℓ^2(Z) this inverse extends to the Moore-Penrose inverse R^+.

In this paper we put special emphasis on so-called shift-invariant frames also known as oversampled filter banks.^4 A uniform filter bank is a system of functions {g_{m,n}} of the form g_{m,n}(k) = g_m(k − na), k, n ∈ Z, m = 0, 1, . . . , M − 1, (7) where g_m ∈ ℓ^2(Z) and 0 < a ∈ N.

For a given analysis filter bank {g_{m,n}} we want to find a synthesis filter bank {γ_{m,n}} with γ_{m,n}(k) = γ_m(k − na), k, n ∈ Z, m = 0, 1, . . . , M − 1, (8) such that any f ∈ ℓ^2(Z) has an ℓ^2(Z)-convergent representation f = M−1∑ m=0 ∞∑ n=−∞ ⟨f, γ_{m,n}⟩g_{m,n} . (9) If a filter bank satisfies (1) we also call it a perfect reconstruction filter bank.^4 If not mentioned otherwise, we will always assume in this chapter that the filter bank {g_{m,n}} is a frame for ℓ^2(Z), in which case equation (9) always holds.

Of course, if {g_{m,n}} is an orthogonal basis for ℓ^2(Z) we have γ_{m,n} = g_{m,n}. In the case of a nonorthogonal filter bank and in particular for an oversampled filter bank (i.e. a < M) the determination of γ_{m,n} is more involved. It is well-known^{4,6} that the theoretical answer when and how we can find such synthesis functions γ_{m,n} can be given using the concept of frames in ℓ^2(Z). When implementing filter banks on a computer however, we cannot directly make use of the infinite-dimensional theory, but have to set up a finite-dimensional model. How to choose a correct finite-dimensional model such that the corresponding finite synthesis functions actually converge to the synthesis functions of the original infinite-dimensional model is discussed in the following sections.

If the g_m are constructed from a single function g by complex modulations, i.e., g_m(k) = e^{2πimk/M} g(k) we obtain the oversampled DFT filter bank,^{4,7,6} also known under the name Gabor frame or Weyl-Heisenberg frame.^{8,5,4,9,6} A nice property of oversampled DFT filter banks is that the synthesis filter bank is also generated by a single function, we have^{10} γ_{m,n}(k) = e^{2πimk/M} γ(k − na) with γ = S^{−1}g . Let G_m be the transfer function of the impulse response g_m. The polyphase analysis matrix G of the analysis filter bank is defined as

G(e^{2πiϑ}) =

G_{00}(e^{2πiϑ}) . . . G_{0(a−1)}(e^{2πiϑ}) G_{10}(e^{2πiϑ}) . . . G_{1(a−1)}(e^{2πiϑ}) . . . . . . . . . G_{(M−1)0}(e^{2πiϑ}) . . . G_{(M−1)(a−1)}(e^{2πiϑ}) , (10)

where

G_{mn}(e^{2πiϑ}) = ∞∑ k=−∞ g_m(n − ka)e^{2πiϑk} , ϑ ∈ [0, 1) , (11)

represents the n-th polyphase component of G(e^{2πiϑ}), see [3,4]. The reader will recognize the Zak transform^{11} in formula (11). A similar representation holds for the synthesis filter bank. Using equations (2),(10), and (11) we conclude that the matrix

S(e^{2πiϑ}) = G^H (e^{2πiϑ})G(e^{2πiϑ}) (12)

is a matrix representation of the frame operator S, cf..^{12,6} In mathematical terminology this simply means that S is a Laurent operator with matrix-valued symbol.^{13} We will return to this interpretation in the following sections.

2. FINITE-DIMENSIONAL MODELS FOR FILTER BANKS The numerical computation of the synthesis functions γ_{m,n} = γ_m(·−na) involves the solution of the biinfinite system of equations

Sg_m = γ_m . (13)

We certainly cannot solve a system of biinfinite order, but we can solve it approximately, based on a finite-dimensional model.

Of course, the γ_{m,n} can also be computed by means of the polyphase representation of the frame operator. But it is clear that a unitary transformation of S (or the analysis operator F respectively) does not avoid the difficulty of approximating an infinite-dimensional problem by a finite-dimensional model. We will return to the polyphase representation and its use in finite dimensional models in Section 2.3. We will study three frequently used approaches for the implementation of oversampled filter banks. These approaches and the corresponding finitedimensional models can be described as follows (we give a more precise mathematical formulation in the following sections):

(i) Truncate the functions g_{m,n} to the interval [−N, N] and pad them with zeros outside the interval [−N, N].

Then an approximation to γ_m is computed by applying formula (5) to the truncated system. (ii) Establish the polyphase matrix S (or an approximation to it if the g_m have not finite impulse response) of the frame operator S, compute an approximation to its inverse by sampling and inverting S(e^{2πiϑ}), and transform the result back in the time domain. As the reader may notice (or otherwise will see in the following sections) this approach actually makes implicitly use of following finite-dimensional model.

(iii) Truncate the functions g_{m,n} to the interval [−N, N] and extend the truncated functions periodically across the boundaries. An approximation to γ_m is computed based on formula (5) by inverting the corresponding truncated periodized frame operator.

We will see that each of these approaches has its advantages and disadvantages. On the one hand model (i) is somewhat easier to analyze and gives a better rate of convergence than those models used in (ii) and (iii). On the other hand model (iii) preserves perfect symbol calculus for Laurent operators which is important when we want to use the polyphase representation. Models (ii) and (iii) are also preferable from a numerical point of view, since they give rise to more efficient algorithms.

Note that for some special choices of {g_{m,n}} closed-form solutions for γ_{m,n} are known^{10,14,15} (which does not necessarily mean that those closed-form solutions can be cheaply computed in practice). We continue by first investigating approach (i) in more detail.

2.1. The finite section method for oversampled filter banks Equations (5) and (6) tell us that all g_{m,n} are required for the computation of the synthesis function γ_m. But if the g_m have nice decay properties, such that most of their energy is contained in some interval around the origin, say, then one may hope that the γ_m will have similar properties. One could further argue that using only those functions g_{m,n} concentrated in some interval, [−N, N] say, should be sufficient to compute a good approximation to γ_m.

Let us put these vague ideas in a more precise mathematical setting. For N ∈ N and x ∈ ℓ^2(Z) define the orthogonal projections P_N by P_N x = (. . . , 0, 0, x_{−N} , x_{−N+1}, . . . , x_{N−1}, x_N , 0, 0, . . . ) (14) and identify the image of P_N with the 2N + 1-dimensional space C^{2N+1} . We construct a finite-dimensional approximation S_N of the frame operator S via the truncated frame elements P_N g_{m,n} by

S_N = (P_N F^∗)(F P_N ) (15)

where F is defined in (2). The N-th approximation γ^{(N)}m to γ_m is then given by the solution of the finite-dimensional system of equations

S_N γ^{(N)}_m = P_N g_m . (16)

Since S_N = P_N F^∗F P_N = P_N SP_N , the corresponding system of equations S_N γ^{(N)}m = g^{(N)}m is just a finite section of the biinfinite system Sγ = g.

The questions that arise with such an approximation scheme are:

(i) Does γ^{(N)}m converge to γ_m for N → ∞? Or more general, is the finite section method is applicable to S? (ii) If the g_m satisfy certain decay conditions, can we give an estimate on the rate of convergence? In other words: given δ > 0, can we provide an a priori estimate for the size of the interval [−N, N], such that ‖γ_m − γ^{(N)}_m ‖ ≤ δ, where N depends on δ and the decay of g_m?

Let τ be a continuous a × a-matrix valued function on T, τ ∈ C_{a×a}(T). Let τ_k ∈ C^{a×a} stand for the k-th Fourier coefficient of τ, then the operator T defined by the action

(T x)_k = ∑ j∈Z^{τj−k xj , x ∈} ℓ^2_a , (17)

is called a block Laurent operator with generating function τ. A block Laurent operator can be represented by a biinfinite block Toeplitz matrix where the entries τ_{k,l} are a × a matrices. For the approximate solution of biinfinite block Toeplitz systems we consider finite sections of the form

P_N T P_N x^{(N)} = P_N y .

It follows directly from the definition of the functions g_{m,n} in (7) that the filter bank analysis operator F defined in (2) satisfies F = U_M F U^∗_a , where U_a(φ_k)_{k∈}Z := (φ_{k−a})_{k∈}Z is the shift-operator of order a. Thus the associated frame operator S is a block Laurent operator and the operator equation Sγ_m = g_m can be expressed as a biinfinite block Toeplitz system of equations, where the blocks of the system matrix are of size a × a. Note that the blocks themselves are not of Toeplitz type. It is exactly this block-Laurent property of S that is utilized in the polyphase representation. The symbol τ corresponds to the polyphase matrix S of equation (12).

2.2. Rates of approximation for oversampled filter banks We first show that the finite section method outlined in Section 2.1 applies to the frame operator of any frame in ℓ^2(Z). Recall that a sequence of linear operators T_n : B → B converges strongly to T if for each f ∈ B the sequence Bf converges to T f. If the operators T_n are invertible it is naturally to ask under which conditions the operators T^{−1}_n converge strongly to T^{−1}. Following result is attributed to Kantorovich.^{16} Proposition 2.1. Let {T_n}_{n∈}N be a sequence of invertible operators on a Banach space B, and assume that the sequence is uniformly bounded above and below, i.e, that there exist constants 0 < C_1, C_2 < ∞ such that

C_1 ‖f‖B ≤ ‖T_nf‖B ≤ C_2 ‖f‖B for all n∈N and f ∈ B. (18)

Then {T_n} converges in the strong operator topology to an invertible operator if and only if the same is true for {T^{−1}_n }_n, and then {lim T_n}^{−1} = lim{T^{−1}_n } .

Now it is easy to prove following theorem.^{17} Theorem 2.2. Assume that {f_k}_{k∈}Z is a frame for ℓ^2(Z) with frame bounds A, B and dual frame {h_k}_{k∈}Z. Set S_N = P_N SP_N and h^{(N)}_k = S^{−1}_N P_N f_k. Then the finite section method is applicable to S and in particular ‖h^{(N)}_k − h_k‖ → 0 for N → ∞.

We consider the following three types of decay for g_m and study first how a certain decay property translates to decay properties of the frame operator S.

a) Finite impulse response: g_m(k) = 0 for |k| > s.

b) Exponential decay: |g_m(k)| ≤ cλ^{α|k|} for 0 < α < 1, λ ∈ (0, 1) and some constant c. c) Polynomial decay: |g_m(k)| ≤ c(1 + |k|)^{−α} for α > 1 and a constant c.

Note that if the g_{m,n} have finite impulse response (FIR) one cannot that the γ_{m,n} are also of FIR type. For DFT filter banks Bölcskei has shown^{18} that the minimal norm duals are only of FIR type in very specific cases. But we can show that the synthesis functions are decaying exponentially, which is “almost as good as” FIR. Proposition 2.3. Let {g_{m,n}} be a perfect reconstruction FIR filter bank for ℓ^2(Z) such that g(k) = 0 for |k| > s. Assume that ‖g_m‖ = 1 and let A, B be the frame bounds of the filter bank. Denote κ = B/A and q =^{√κ−1√}_{κ+1} . Then |S^{−1}_{k,l} | ≤ Cλ^{|k−l|} (19) and the decay of the γ_{m,n} is bounded by |γ_m(k)| ≤ Dλ^{|k|} λ^{−s} 1 − λ , (20)

where λ = q^{12s} and D =^1_A max{1,^{(1+√κ)2}_{2κ} }. The proof of this result and of the result below can be found in [13] and makes use of the decay of the inverse of banded matrices.^{19}

For exponentially or polynomially decaying filter banks we can state similar results, however we could not derive explicit expressions of the involved constants.

Proposition 2.4. Assume that the functions g_{m,n}, m = 0, . . . , M − 1 constitute a perfect reconstruction filter bank for ℓ^2(Z) with frame operator S and synthesis filter bank {γ^{(N)}m }.

(a) Exponential decay: If |g_m(k)| ≤ cλ^{α|k|} for α > 0 and λ ∈ (0, 1). Then there exists an α_1 < α and a constant c_1 depending on α_1 such that |S_{k,l}| ≤ c_1λ^{α1|k−l|} . (21)

Furthermore the duals γ_m satisfy |γ_m(k)| ≤ c_2λ^{α2|k|} . (22) for some α_2 < α and a constant c_2 depending on α_2.

(b) Polynomial decay: If |g_m(k)| ≤ c(1 + |k|)^{−α} for α > 1, then there exists a constant c_1 such that |S_{k,l}| ≤ c_1(1 + |k − l|)^{−α} . (23) Furthermore there is a constant c_2 such that |γ_m(k)| ≤ c_2(1 + |k|)^{−α} . (24)

The proof, which relies on results of Jaffard concerning the decay of the inverse of certain matrices^{20} can be found in [13].

Remark: Let {f_k}_{k∈}Z be a frame for L^2(R) with dual frame {φ_k}_{k∈}Z. Then φ_k can be written as φ_k = ∑ k∈Z^{R−1}k,l^fl^{where R is the Gram matrix with entries R}k,l^{= ⟨f}k^{, f}l^{⟩. R is invertible on the range of the frame}

analysis operator. Hence for filter banks on L^2(R) we can obtain decay results for the synthesis functions similar to the ones in Propositions 2.3 and 2.4 by considering the decay of the inverse of R. This will be discussed in more detail elsewhere.

We are now able to answer the question about the approximation of synthesis filter banks in ℓ^2(Z) by the finite section method.^{13} Theorem 2.5. Assume that {g_{m,n}} is a perfect reconstruction filter bank for ℓ^2(Z) with ‖g_m‖ = 1 and frame bounds A, B. Set S_N = P_N SP_N and γ^{(N)}_m = S^{−1}_N P_N g_m for m = 0, 1, . . . , M − 1 and denote κ = B/A. Then following statements hold.

(i) The finite section method is applicable to S and γ^{(N)}m converges to γ_m for N → ∞.

(ii) If the g_m are compactly supported with g_m(k) = 0 for |k| > s and N > 2s, then the rate of convergence can be estimated by ‖γ_m − γ^{(N)}_m ‖ ≤ √ 2Cλ^N (λ^s − λ^{s+1})^{−3} (25)

where q =^{√κ−1√}_{κ+1} , λ = q^{12s} and C = 1 A max{2κ, (1 + √ κ)^2} . (26)

(iii) If |g_m(k)| ≤ cλ^{α|k|} for α > 0 and λ ∈ (0, 1), then there exists an α_1 < α and a constant c_1 depending on α_1 such that ‖γ_m − γ^{(N)}_m ‖ ≤ κc_1λ^{α1N} . (27)

(iv) If |g_m(k)| ≤ c(1 + |k|)^{−α} for α > 1, then there exists a constant c_1 such that ‖γ_m − γ^{(N)}_m ‖ ≤ κc_1(1 + |N|)^{−α} . (28)

2.3. Convergence using polyphase representation Let T (a) and T (b) be two (block) Laurent operators on ℓ^2(Z), then^{21}

T (a)T (b) = T (ab) . (29) This well-known relation is sometimes referred to as symbol calculus for Laurent operators.^{21} Of course, also the inverse [T (a)]^{−1} is a Laurent operator. When we consider the truncated operators T_N (a) and T_N (b), then

T_N (a)T_N (b) ≠ T_N (ab). Furthermore [T_N (a)]^{−1} is no longer a truncated Laurent operator. For oversampled filter banks this means that the truncated frame operator no longer possesses a polyphase representation.

We can overcome this drawback by a periodical extension of the truncated functions P_N g_{m,n}. In fact, the periodic extension of finite signals is more than just a simple and convenient way to handle boundary problems. It is in some sense the “canonical” way to set up a discrete model, when translations come into play, since it allows to preserve important mathematical properties of the infinite dimensional problem.

In this section we will clarify the question under which conditions the approximate synthesis functions computed within Z_{2N+1} converge to the synthesis functions γ_{m,n} of ℓ^2(Z) when the length of the period tends to infinity.

A positive answer to this question also validates the approach of approximating the synthesis functions by means of sampling and inverting the polyphase matrix, as described in Section 2.1.

Let the functions g_m be compactly supported, such that g_m(k) = 0 for |k| > s. We construct our periodic model, as usual, by extending the truncated functions P_N g_m periodically beyond the interval [−N, N] for N > s by setting Pg_m(k + lN) := g_m(k) for k = −N, . . . , N, , l ∈ Z . (30) The other elements of our periodic finite filter bank are now given by Pg_{m,n}(k) =^Pg_m(k − na) (31) where the shift, according to our model, is understood as circulant shift. The periodicity of the^Pg_{m,n} implies that the corresponding frame operator is a block circulant matrix, rather than merely a block Toeplitz matrix. Observe that the entries of^PS_N deviate from the entries of S_N only in the lower right and upper left corner of the matrix.

In other words we have replaced the block Toeplitz matrix S_N in the system S_N γ^{(N)}m = g^{(N)}m by a block circulant matrix. However replacing a block Toeplitz system by a block circulant matrix in a linear system of equations will in general significantly affect the solution.

Moreover it is a priori not clear under which conditions invertibility of S_N implies invertibility of^PS_N . For instance take following Hermitian positive definite Toeplitz matrix T and its “circulant completion”^P T :

T = 2 −1 0 0 −1 2 −1 0 0 −1 2 −1 0 0 −1 2 ,^P T = 2 −1 0 −1 −1 2 −1 0 0 −1 2 −1 −1 0 −1 2

then T is invertible, whereas^P T is obviously not invertible.

The following theorem justifies the usage of the periodic model for the approximation of synthesis filter banks.^{13} The theorem also provides a way to estimate the frame bounds of a filter bank by computing the eigenvalues of the sampled polyphase matrix, see [17,22] for more details.

Theorem 2.6. Let {g_{m,n}} be a perfect reconstruction oversampled FIR filter bank for ℓ^2(Z) with frame bounds A, B. Assume that ‖g_m‖ = 1 and that g_m(k) = 0 for |k| > s. Let N > 2s and let^Pg_{m,n} be the periodized functions as defined in (30) and (31) with frame operator^PS_N . Then^PS_N is invertible and^Pγ^{(N)}_m =^PS^{−1}_N^Pg_m converges to γ_m for N → ∞. If N > 3s then the rate of convergence can be estimated by

‖P_N γ_m −^Pγ^{(N)}_m ‖ ≤ 3 √ 2Cλ^N (λ^s − λ^{s+1})^{−3} (32)

where κ =^B_A , q =^{√κ−1√}_{κ+1} , λ = q^{12s} and C = 1 A max{2κ, (1 + √ κ)^2} (33)

Similar results hold if the analysis functions g_{m,n} have exponential or polynomial decay, since in this case we can approximate g_{m,n} arbitrarily well by compactly supported functions.

2.4. Finite-dimensional approximation of paraunitary filter banks via S�^12 Since paraunitary filter banks are tight frames (i.e. the frame bounds A, B coincide) the frame operator is given by S = AI where I is the identity operator on ℓ^2(Z). In this case the frame bound A can also be interpreted as oversampling factor if ‖g_m‖ = 1, see.^2 Paraunitary filter banks are very attractive due to their noise reduction property. The reconstruction error variance is inversely proportional to the oversampling factor.^{23,2} Hence the construction of tight frames is of great interest in theory and in applications. Daubechies^{10} has shown that for a given frame, say {f_k} the set of functions ψ_k constructed by

ψ_k := S^{− 12} f_k (34)

constitutes a tight frame. Recall that S is positive definite, hence S^{12} and S^{− 12} are uniquely determined. Moreover S^{12} commutes with the same operators that commute with S. For filter banks this implies that the tight frame generated by {S^{− 12} g_{m,n}} also constitutes a system of the form (7).

The tight frame constructed via formula (34) has a natural interpretation in linear algebra. Let {f_k}^m_{k=1} be a given frame in C^n with frame operator S. The tight frame {φ̂_k}^m_{k=1} that minimizes m∑ k=1 ‖f_k − φ_k‖^2 (35)

among all tight frames {φ_k}^m_{k=1} is given by φ̂_k := (trace(S^{12} )/n)S^{− 12} f_k. In the linear algebra community this fact is known in the following context. Let T be the n × m matrix having the f_k as its k-th column. Let U_{n,m} be the set of all matrices U such that UU^H = cI, where I is the n × n identity matrix and c ∈ R (in other words U is a multiple of a matrix with unitary rows). Denote the Frobenius or Hilbert-Schmidt norm of a matrix by ‖.‖_F . Then the matrix that solves min U∈U_{n,m} ‖T − U‖_F , is given by Û = trace(P ) n V , where T = P V is the polar decomposition of T with P = (T T^H )^{12} , see e.g. Chapter 7.4 in [24]. Although this is a classical result in linear algebra it seems to be not very well-known in the frame- and signal processing community.

Now we return to frames {f_k}_{k∈}Zfor ℓ^2(Z) and want to investigate if the tight frames constructed via equation (34) can be approximated by the finite section method. We want to approximate the elements of the tight frame φ_k := S^{− 12} f_k by the solution of the finite sections

(P_N SP_N )^{12} φ^{(N)}_k = P_N f_k .

The applicability of the finite section method follows directly from Proposition 2.1. Considering the rate of approximation one can easily derive estimates similar to the ones given in Propositions 2.3 and 2.4 to bound the decay of φ_k by using Lemma 2 in [25].

We state the result for FIR filter banks, the versions for other types of decay and for the periodic model are left to the reader.

Corollary 2.7. Let {g_{m,n}} be a perfect reconstruction filter bank for ℓ^2(Z) with frame operator S and frame bounds A, B. Assume that ‖g_m‖ = 1 and set φ_m = S^{− 12} g_m and φ^{(N)}m = (P_N SP_N )^{− 12} P_N g_m. Then the finite section method is applicable to S^{12} . If moreover g is compactly supported with g(k) = 0 for |k| > s then ‖φ_m − φ^{(N)}_m ‖ ≤ Kβ^N N = 0, 1, . . . for β ⊂ (0, 1) and some constant K > 0, where β and K depend on the frame bounds A, B and the support length s, but are independent of N.

3. APPROXIMATION OF DUAL FILTER BANKS IN L^2(R) If the frame elements f_k are defined on Z we can resort to the finite section method, based on Theorem 2.2. However if f_k is defined on R different methods have to be used, since S can no longer be represented by a infinite-dimensional matrix. Several finite-dimensional approaches have been proposed for this purpose.^{26,27} The numerical efficiency and practicability (for instance how to determine the required “truncation” parameters) of these methods is not clear yet.

A standard method for a theoretical determination of the dual frame is based on the frame Gram matrix. Recall that any f can be written as f(x) = ∑ k∈Z^{ckfk where Rc = b , (36)} with b = {b_k} = {⟨f, f_k⟩} and R is the bi-infinite Gram matrix with entries R_{k,l} = ⟨f_k, f_l⟩.

In order to to compute a finite-dimensional approximation to c = {c_k}_{k∈}Z we use the finite section method as in Section 2.1. Setting R_N = P_N RP_N and b^{(N)} = P_N b, we obtain the n-th approximation c^{(N)} to c by solving

R_N c^{(N)} = b^{(N)} . (37)

It is clear that using the truncated frame {f_k}^N_{k=−N} in (36) for an approximate reconstruction of f leads to the same system of equations.

If the set {f_k}_{k∈}Z is an exact frame then we have following well-known result.

Lemma 3.1. Let {f_k}_{k∈}Z be an exact frame for H with frame bounds A, B and Rc = b and R_N c^{(N)} = b^{(N)} as defined above. Then R^{−1}_N converges strongly to R^{−1} and hence c^{(N)} → c for N → ∞.

A short proof of this result is obtained analogous to the proof of Theorem 2.2.

If {f_k}_{k∈}Z is a non-exact frame the situation is more delicate. In this case it follows from standard linear algebra that σ(R) ⊆ {0 ∪ [A, B]}, or expressed in words, the singular values associated with N (R)^⊥ are bounded away from zero. Here σ(R) denotes the spectrum of R. For the truncated matrices R_N we have σ(R_N ) ⊆ {(0, B]} and the smallest of the singular values will go to zero for N → ∞, see [27]. This behavior of the spectrum of the truncated matrices R_N causes serious stability problems.

To see this let K = UΣV^∗ be the singular value decomposition of a matrix K with Σ = diag(λ_{−N} , . . . , λ_N ). Then the Moore-Penrose inverse of K is K^+ = V Σ^+U^∗, where

Σ^+ = diag(λ^+_k ) , λ^+_k = { 1/λ_k if λ_k ≠ 0, 0 otherwise.

(38)

For R_N this means that those singular values close to zero will give rise to extremely large coefficients in R^+_N . In fact ‖R^+_N ‖→ ∞ for N → ∞. Consequently c^{(N)} does not converge to c and a stable approximation of the dual frame is not possible.

Practically ‖R^+_N ‖ is always bounded due to finite precision arithmetics, but it is clear that it will lead to meaningless results for large n. Moreover, if the sampling values are perturbed by noise, then those error components which correspond to small singular values λ_k are amplified by the (then large) factors 1/λ_k. Although for a given R_N these amplifications are theoretically bounded, they may be practically unacceptable large.

Such phenomena are well-known in regularization theory.^{28} A standard technique to compute a stable solution for an ill-conditioned system is to use a truncated singular value decomposition (TSVD).^{28} This means in our case we compute a regularized pseudo-inverse R^{+,τ}_N = V Σ^{+,τ} U^∗ where

Σ^{+,τ} = diag(d^+_k ) , d^+_k = { 1/λ_k if λ_k ≥ τ, 0 otherwise.

(39)

In^{27} it is shown that if we allow the truncation level τ to vary point-wise for each n then the regularized inverses R^{+,τ}_N converge strongly to R^+ for N → ∞ and consequently lim_{N→∞}‖f − f^{(N)}‖ = 0, where

f^{(N)}(t) = N∑ k=−N c^{(N,τ )} k f_k with

c^{(N,τ )} = R^{+,τ}_N b^{(N)} .

The disadvantages of this approach are obvious: In general the matrix R_N does not have any particular structure, thus the computational costs for the singular value decomposition are O(N^3) which is prohibitively large in many realistic problems. Furthermore the optimal truncation level τ, depending on the dimension N, the machine precision ε of the computer, and the sampling set, is not known a priori and has to be determined for each N independently.

Since τ is of vital importance for the quality of the reconstruction, but no theoretical explanations how to choose τ are given in the sampling literature, we briefly discuss this issue.

Based on the results in Sections 4 and 6 in [29] (in particular the remarks following Theorem 4.1 therein) a reasonable choice for τ is

τ ⊆ [(δ/2)^{1/3}, (δ)^{1/2}] , (40)

where δ = ε is the machine precision. Extensive numerical simulations confirm this choice. In case of noisy data the noise level is usually much higher than the round-off level ε. In this case δ should be chosen such that ‖y − ỹ‖ ≤ δ where ỹ represents perturbed data. If the noise level δ is not known it has to be estimated, which however is a difficult problem and will not be discussed here. The reader is referred to^{29} for more details.

3.1. CG and regularization of the truncated frame method As mentioned above one way to stabilize the solution of R_N c^{(N)} = b^{(N)} is a truncated singular value decomposition, where the truncation level serves as regularization parameter. For large N the costs of the singular value decomposition become prohibitive for practical purposes.

We propose the conjugate gradient method^{30} to solve R_N c^{(N)} = b^{(N)}. It is in general much more efficient than a TSVD or Tikhonov regularization, and at the same time it can also be used as regularization method.

The standard error analysis for CG cannot be used in our case, since the matrix is ill-conditioned. Rather we have to resort to the error analysis developed in.^{31,32}

When solving a linear system Ax = y by CG for noisy data y^δ following happens. The iterates x_k of CG may diverge for k → ∞, however the error propagation remains limited in the beginning of the iteration. The quality of the approximation therefore depends on how many iterative steps can be performed until the iterates turn to diverge. The idea is now to stop the iteration at about the point where divergence sets in. In other words the iterations count is the regularization parameter which remains to be controlled by an appropriate stopping rule.^{33,32} A detailed discussion of stopping rules can be found in [^{32}].

For filter banks on L^2(R) the Gram matrix R becomes a block Toeplitz matrix, the blocks themselves however are in general not of Toeplitz type. But the matrix-vector multiplication can still be carried out efficiently by block-FFT techniques. Thus the coefficients c^{(N,δ)} can be efficiently computed in O(kN log N) operations, where k is the number of iterations.

REFERENCES 1. R. Duffin and S. A.C., “A class of nonharmonic Fourier series,” Trans. Amer. Math. Soc. , pp. 341–366, 1952. 2. I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Reg. Conf. Series in Applied Math., SIAM, 1992. 3. P. Vaidyanathan, Multirate Systems and Filter Banks, Prentice Hall, Englewood Cliffs, NJ, 1992.

4. M. Vetterli and J. Kovacevic, Wavelets and Subband Coding, Signal Processing Series, Prentice Hall, Englewood Cliffs, NJ, 1995.

5. G. Strang and T. Nguyen, Wavelets and Filter Banks, Wellesley–Cambridge Press, Wellesley, 1996. 6. H. Bölcskei and F. Hlawatsch, “Oversampled modulated filter banks,” in Gabor Analysis and Algorithms: Theory and Applications, H. Feichtinger and T. Strohmer, eds., ch. 9, pp. 295–322, Birkhäuser, Boston, 1998.

7. Z. Cvetkovic and M. Vetterli, “Oversampled filter banks,” IEEE Trans. Signal Proc. 46(5), pp. 1245–1255, 1998. 8. D. Gabor, “Theory of communication,” J. IEE (London) 93, pp. 429–457, November 1946. 9. H. Feichtinger and T. Strohmer, eds., Gabor Analysis and Algorithms: Theory and Applications, Birkhäuser, Boston, 1998.

10. I. Daubechies, “The wavelet transform, time-frequency localization and signal analysis,” IEEE Trans. Inform.

Theory , pp. 961–1005, 1990.

11. A. Janssen, “Bargmann transform, Zak transform, and coherent states,” J. Math. Physics 2(3), pp. 720–731, 1982.

12. M. Zibulski and Y. Zeevi, “Oversampling in the Gabor scheme,” IEEE Trans. SP 41(8), pp. 2679–2687, 1993. 13. T. Strohmer, “Rates of convergence for the approximation of dual shift-invariant systems in ℓ^2(Z),” J. Four.

Anal. Appl. , to appear.

14. B. Friedlander and A. Zeira, “Oversampled Gabor representations for transient signals,” IEEE Trans. Signal Proc. 43(9), pp. 2088–2095, 1995.

15. A. Janssen, “Some Weyl-Heisenberg frame bound calculations,” Indag. Mathem. 7(2), pp. 165–182, 1996. 16. R. Richtmeyer and K. Morton, Difference Methods for Initial-Value Problems, Krieger Publishing Company, Malabar, Florida, 1994.

17. T. Strohmer, “Finite and infinite-dimensional models for oversampled filter banks,” in Modern Sampling Theory:

Mathematics and Applications, J. Benedetto and P. Ferreira, eds., Birkhäuser, Boston, to appear. 18. H. Bölcskei, “A necessary and sufficient condition for dual Weyl-Heisenberg frames to be compactly supported,” J. Four. Anal. Appl. , to appear.

19. S. Demko, W. Moss, and P. Smith, “Decay rates for inverses of band matrices,” Math. Comp. 43(168), pp. 491– 499, 1984.

20. S. Jaffard, “Propriétés des matrices “bien localisées” près de leur diagonale et quelques applications,” Ann. Inst.

H. Poincaré Anal. Non Linéaire 7(5), pp. 461–476, 1990.

21. A. Böttcher and B. Silbermann, Analysis of Toeplitz operators, Springer-Verlag, Berlin, 1990. 22. T. Strohmer, “Two or three comments on Toeplitz matrix calculations.” manuscript, 1999. 23. N. Munch, “Noise reduction in tight Weyl-Heisenberg frames,” IEEE Trans. Info. Theory 38(2/II), pp. 608–616, 1992.

24. R. Horn and C. Johnson, Matrix analysis, Cambridge University Press, Cambridge, 1990. Corrected reprint of the 1985 original.

25. S. Jaffard and Y. Meyer, “Bases d’ondelettes dans des ouverts de R^n ,” J. Math. Pures Appl. (9) 68(1), pp. 95– 108, 1989.

26. P. Casazza and O. Christensen, “Approximation of the inverse frame operator and applications to Weyl- Heisenberg frames,” J. Approx. Theory , accepted for publication.

27. M. Harrison, Frames and irregular sampling from a computational perspective. PhD thesis, University of Maryland – College Park, 1998.

28. H. Engl, M. Hanke, and A. Neubauer, Regularization of inverse problems, Kluwer Academic Publishers Group, Dordrecht, 1996.

29. A. Neumaier, “Solving ill-conditioned and singular linear systems: a tutorial on regularization,” SIAM Rev.

40(3), pp. 636–666, 1998.

30. G. Golub and C. van Loan, Matrix Computations, third ed., Johns Hopkins, London, Baltimore, 1996. 31. A. Nemirovski and B. Polyak, “Iterative methods for solving linear ill-posed problems under precise information I,” Engrg. Cybernetics 22, pp. 1–11, 1984.

32. M. Hanke, Conjugate gradient type methods for ill-posed problems, Longman Scientific & Technical, Harlow, 1995.

33. A. S. Nemirovskiĭ, “Regularizing properties of the conjugate gradient method in ill-posed problems,” Zh. Vychisl.

Mat. i Mat. Fiz. 26(3), pp. 332–347, 477, 1986.