The finite section method and problems in frame theory

Ole Christensen and Thomas Strohmer^∗

August 19, 2003

Abstract

The finite section method is a convenient tool for approximation of the inverse of certain operators using finite-dimensional matrix techniques. In this paper we demonstrate that the method is very useful in frame theory: it leads to an efficient approximation of the inverse frame operator and also solves related computational problems in frame theory. In the case of a frame which is localized w.r.t. an orthonormal basis we are able to estimate the rate of approximation. The results are applied to the reproducing kernel frame appearing in the theory for shift-invariant spaces generated by a Riesz basis.

1 Introduction

Let H be a separable Hilbert space. A family {f_k}^∞_{k=1} of elements in H is a frame for H if there exist constants A, B > 0 such that A||f||^2 ≤ ∞∑ k=1 |⟨f, f_k⟩|^2 ≤ B||f||^2, ∀f ∈ H. Given a frame {f_k}^∞_{k=1}, the frame operator S : H → H, Sf = ∞∑ k=1 ⟨f, f_k⟩f_k (1) ∗T.S. was partially supported by NSF DMS grant 0208568.

is bounded and invertible, and each f ∈ H has the representation f = ∞∑ k=1 ⟨S^{−1}f, f_k⟩f_k, (2) see [11, 5, 3]. In order to use (2) in practice, we need efficient methods to invert the frame operator. The problem of designing finite-dimensional models for approximating the inverse frame operator leads to delicate questions of stability and convergence, cf. [4] and the references cited therein. In this paper we demonstrate that the finite section method, when applied properly, is very useful for this purpose.

We present the general results in Section 2. In Section 3 we apply our findings to two important issues in the theory of shift-invariant spaces generated by a Riesz basis: namely, inversion of the frame operator associated to the reproducing kernel frame, and reconstruction of a function from a set of sampling. Finally, in Section 4 we show that the finite section method leads to better results in general frame theory than the Casazza-Christensen method.

In the rest of this introduction we collect some basic facts concerning the finite section method. Let {f_k}^∞_{k=1} be a frame for a separable Hilbert space H and {H_n}^∞_{n=1} a family of finite-dimensional subspaces of H for which H_1 ⊆ H_2 ⊆ · · · ⊆ H_n ↑ H. Let P_n denote the orthogonal projection of H onto H_n. Our purpose is to approximate a bounded operator V : H → H and its inverse. The basic definition, appearing in e.g., [8], is as follows.

Definition 1.1 Let V : H → H be a bounded operator, and assume that for each n ∈ N we have given a bounded operator V_n : H_n → H_n.

(i) The sequence {V_n}^∞_{n=1} is an approximation method for the operator V if V_nP_nf → V f for n → ∞, ∀f ∈ H. (ii) An approximation method is applicable if there exists n_0 ∈ N such that for all f ∈ H the equation

V_nx = P_nf (3) has a unique solution x_n for all n ≥ n_0, and x_n converges to a solution of the equation V x = f.

(iii) The sequence {V_n}^∞_{n=1} is stable if there exists n_o ∈ N such that the operators V_n are invertible on H_n for n ≥ n_0 and sup_{n≥n0} ||V^{−1}_n P_n|| < ∞. We need two results from [8] (Theorems 1.4, 1.17).

Lemma 1.2 An approximation method {V_n}^∞_{n=1} associated to an operator V is applicable if and only if V is invertible and {V_n}^∞_{n=1} is stable.

Lemma 1.2 implies that if {V_n}^∞_{n=1} is applicable, then V is invertible and V^{−1}_n P_nf → V^{−1}f, ∀f ∈ H. Lemma 1.3 Assume that the approximation method {V_n}^∞_{n=1} is stable. If {W_n}^∞_{n=1} is a sequence of operators for which

lim sup n→∞ ||W_nP_n|| < lim inf_{n→∞} ||V^{−1}_n P_n||^{−1}, then {V_n + W_n}^∞_{n=1} is stable.

An example of an approximation method associated to V is the family of operators {P_nV P_n}^∞_{n=1}, where P_n are orthogonal projections onto subspaces H_n satisfying (3). This special type of approximation method is called a finite section method.

Proposition 1.4 Assume that {H_n}^∞_{n=1} is a sequence of closed subspaces of H satisfying (3), and let P_n be the orthogonal projection onto H_n. Then the finite section method applies for an arbitrary positive definite operator V .

Proposition 1.4 is proved in [8], p.32, for the case where there is an orthonormal basis {e_k}^∞_{k=1} for H such that H_n = span{e_k}^n_{k=1}. The general case follows from here. We note that for an arbitrary invertible operator V there always exists an orthonormal basis such that the finite section method applies. However, for practical purposes the pure existence is not enough: we need to know which basis to use. Since all operators appearing in the sequel are positive definite, we avoid this complication.

It is usually most convenient, in particular from a numerical viewpoint, to use the finite section method in its matrix version:

Remark 1.5 The matrix formulation of the equation V x = f with respect to an orthonormal basis {e_k}^∞_{k=1} is ⟨V e_1, e_1⟩ ⟨V e_2, e_1⟩ · · · ⟨V e_1, e_2⟩ ⟨V e_2, e_2⟩ · · · · · · · · · · · · · · · · · ·

⟨x, e_1⟩ ⟨x, e_2⟩ · · · = ⟨f, e_1⟩ ⟨f, e_2⟩ · · · .

In case H_n has the orthonormal basis {e_k}^n_{k=1}, the matrix version of the equation (3) w.r.t. the finite section method,

P_nV P_nx_n = P_nf (4) is ⟨V e_1, e_1⟩ ⟨V e_2, e_1⟩ · · ⟨V e_n, e_1⟩ ⟨V e_1, e_2⟩ ⟨V e_2, e_2⟩ · · · · · · · · · · · · · ⟨V e_1, e_n⟩ ⟨V e_2, e_n⟩ · · ⟨V e_n, e_n⟩

⟨x_n, e_1⟩ ⟨x_n, e_2⟩ · · ⟨x_n, e_n⟩ = ⟨f, e_1⟩ ⟨f, e_2⟩ · · ⟨f, e_n⟩ .

If the finite section method applies, this finite matrix equation has a unique solution for n sufficiently large, ⟨x_n, e_1⟩ ⟨x_n, e_2⟩ · · ⟨x_n, e_n⟩ = ⟨V e_1, e_1⟩ ⟨V e_2, e_1⟩ · · ⟨V e_n, e_1⟩ ⟨V e_1, e_2⟩ ⟨V e_2, e_2⟩ · · · · · · · · · · · · · ⟨V e_1, e_n⟩ ⟨V e_2, e_n⟩ · · ⟨V e_n, e_n⟩

−1 ⟨f, e_1⟩ ⟨f, e_2⟩ · · ⟨f, e_n⟩ ,

and (4) has the solution

x_n = n∑ k=1 ⟨x_n, e_k⟩e_k. Furthermore x_n → V^{−1}f.

We end this section by Schur’s Lemma, [11, 3], which will be needed repeatedly.

Lemma 1.6 Let M = {M_{j,k}}^∞_{j,k=1} be a matrix for which M_{j,k} = M_{k,j} for all j, k ∈ N and for which there exists a constant B > 0 such that ∞∑ k=1 |M_{j,k}| ≤ B, ∀j ∈ N. Then M defines a bounded operator on ℓ^2(N) of norm at most B.

2 Approximation of the inverse frame opera- tor Given a frame {f_k}^∞_{k=1}, we now consider approximation of the frame operator S defined in (1). The frame operator is positive definite, so the finite section method applies for all families of projection operators P_n satisfying (3). However, in order to proceed, we need an easily computable form of the operators P_nSP_n, which in practice is not always available due to the fact that the frame operator is defined via an infinite series. In order to develop a practically useful method we have to replace the operators P_nSP_n by some operators which can be found using only finite-dimensional linear algebra.

Our method is based on the following results:

Lemma 2.1 Assume that {H_n}^∞_{n=1} is a sequence of closed subspaces of H satisfying (3), and let P_n be the orthogonal projection onto H_n. Consider P_nSP_n as an operator on H_n. Then P_nSP_n is invertible and self-adjoint; letting I_n denote the identity on H_n, we have AI_n ≤ P_nSP_n ≤ BI_n, 1 B I_n ≤ (P_nSP_n)^{−1} ≤ 1 A I_n. In particular, | | | |(P_nSP_n)^{−1} | | | | ≤ 1 A . Proof: It is clear that P_nSP_n is self-adjoint. Given f ∈ H_n, ⟨P_nSP_nf, f⟩ = ⟨Sf, f⟩ = ∞∑ k=1 |⟨f, f_k⟩|^2. If P_nSP_nf = 0 for some f ∈ H_n it follows from here that f = 0. The rest follows from the frame condition. □

Lemma 2.2 Assume that for each n ∈ N we have an operator Λ_n : H_n → H_n for which ||Λ_n − P_nSP_n|| → 0 as n → ∞. (5) Then Λ_nP_nf → Sf as n → ∞, ∀f ∈ H. Furthermore, the sequence {Λ_n}^∞_{n=1} is stable, Λ_n is invertible for sufficiently large values of n ∈ N, and Λ^{−1}_n P_nf → S^{−1}f as n → ∞, ∀f ∈ H. Proof: By Lemma 2.1,

lim inf n→∞ | | | |(P_nSP_n)^{−1}P_n | | | |^{−1} ≥ A. Now Lemma 1.3 implies that the sequence {Λ_n}^∞_{n=1} is stable, and Lemma 1.2 gives the rest. □ We have already seen that if {e_k}^∞_{k=1} is an orthonormal basis for H and H_n =span{e_k}^n_{k=1}, then the jl-th entry in the matrix for P_nSP_n with respect to {e_k}^n_{k=1} is ⟨Se_l, e_j ⟩. For each n ∈ N we now give conditions on an n × n matrix {λ^n_{j,l}}^n_{j,l=1} which imply that the corresponding operators Λ_n satisfy (5).

Lemma 2.3 Fix ϵ > 0. Let n ∈ N, and let {λ^n_{j,l}}^n_{j,l=1} be a hermitian matrix such that | ⟨Se_l, e_j⟩ − λ^n_{j,l} | ≤ ϵ n 2^{−|j−l|}, j, l = 1, . . . , n. (6) Then ||Λ_n − P_nSP_n|| ≤ 3ϵ n . Proof: Via Schur’s Lemma the norm of the operator given by the matrix {⟨Se_l, e_j ⟩ − λ^n_{j,l}}^n_{j,l=1} can be estimated by

| | | |{⟨Se_l, e_j ⟩ − λ^n_{j,l}}^n_{k,l=1} | | | | ≤^1_n | | | | | | | |

| | | | | | | | ϵ ϵ/2 · · ϵ/2^n ϵ/2 ϵ · · · · · · · · · · · · · ϵ/2^n · · · ϵ

| | | | | | | |

| | | | | | | | ≤ 3ϵ n .

□ It is very natural to let the matrix entries λ^n_{j,l} appearing in (6) be related to the partial sums of the sum defining the frame operator. Note that for n ∈ N, the frame operator associated with {f_k}^n_{k=1} is

S_n : span{f_k}^n_{k=1} → span{f_k}^n_{k=1}, S_nf = n∑ k=1 ⟨f, f_k⟩f_k. (7) We will choose λ^n_{j,l} of the form λ^n_{j,l} = ⟨S_{m(n)}e_l, e_j⟩, j, l = 1, . . . , n; (8) here we have to find the number m(n) ≥ n such that (6) is satisfied. This can always be done. We show in Lemma 2.5 and Lemma 2.6 how explicit values for m(n) can be obtained for localized frames, a concept introduced by Gröchenig in [7].

Definition 2.4 The frame {f_k}^∞_{k=1} is polynomially localized with respect to the orthonormal basis {e_k}^∞_{k=1} with decay s > 0 (or simply s-localized), if for some constant C > 0 |⟨f_k, e_l⟩| ≤ C(1 + |k − l|)^{−s}, ∀ k, l ∈ N. (9) The frame {f_k}^∞_{k=1} is exponentially localized with respect to the orthonormal basis {e_k}^∞_{k=1} if for some α > 0 and some constant C > 0 |⟨f_k, e_l⟩| ≤ Ce^{−α|k−l|}, ∀ k, l ∈ N. (10) Localization with respect to a Riesz basis {e_k}^∞_{k=1} is defined similarly, except that condition (9) (resp. (10)) also is assumed to hold with {e_k}^∞_{k=1} replaced by the dual Riesz basis {ẽ_k}_{k∈Z}.

Lemma 2.5 Assume that the frame {f_k}^∞_{k=1} is exponentially localized with respect to the basis {e_k}^∞_{k=1}. Then, for any m(n) ≥ n, || {|⟨Se_l, e_j⟩ − ⟨S_{m(n)}e_l, e_j⟩|}^n_{j,l=1} || ≤ C^2 e^{−2α} (1 − e^{−2α})(1 − e^{−α}) e^{−2α(m(n)−n)}.

Proof: If we choose m(n) ≥ n, then for all j, l = 1, . . . , n,

|⟨Se_l, e_j⟩ − ⟨S_{m(n)}e_l, e_j ⟩| = | | | | ∞∑ k=m(n)+1 ⟨e_l, f_k⟩⟨f_k, e_j ⟩ | | | | ≤ C^2 ∞∑ k=m(n)+1 e^{−α|k−l|}e^{−α|k−j|}

≤ C^2 ∞∑ k=m(n)+1 e^{−α(2k−l−j)} = C^2e^{−2α(m(n)+1)+α(l+j)}(1 − e^{−2α})^{−1}. (11)

Thus, the entries in the matrix {|⟨Se_l, e_j⟩ − ⟨S_{m(n)}e_l, e_j⟩|}^n_{j,l=1} are elementwise smaller than or equal to the entries in the matrix

C^2 e^{−2α(m(n)+1)} 1 − e^{−2α} e^{2α} e^{3α} · · e^{α(n+1)} e^{3α} e^{4α} · · · · · · · · · · · · · e^{α(n+1)} e^{α(n+2)} · · e^{2nα}

= C^2 e^{−2α(m(n)−n)} 1 − e^{−2α} e^{−2αn} e^{−α(2n−1)} · · e^{−α(n+1)} e^{−α(2n−1)} e^{−α(2n−2)} · · · · · · · · · · · · · e^{−α(n+1)} e^{−αn} · · e^{−2α} .

The norm of this matrix can be estimated by Schurs Lemma, so we arrive at || {|⟨Se_l, e_j ⟩ − ⟨S_{m(n)}e_l, e_j⟩|}^n_{j,l=1} || ≤ C^2 e^{−2α(m(n)−n)} 1 − e^{−2α} n+1∑ k=2 e^{−αk} ≤ C^2 e^{−2α} (1 − e^{−2α})(1 − e^{−α}) e^{−2α(m(n)−n)}. □ The result in Lemma 2.5 can be formulated slightly different: in fact, by choosing m(n) = rn for some r > 1, there exists a constant C^′ > 0 such that | | | |{|⟨Se_l, e_j⟩ − ⟨S_{m(n)}e_l, e_j ⟩|}^n_{j,l=1} | | | | ≤ C^′e^{−2α(r−1)n}.

In words, this says that exponential localization of the frame leads to an

exponential rate of approximation of {⟨Se_l, e_j ⟩}^n_{j,l=1}.

Lemma 2.6 Assume that the frame {f_k}^∞_{k=1} is s-localized with respect to the

basis {e_k}^∞_{k=1}, with s > 1. If m(n) ≥ (2n)^{ss−1} then | | | |{|⟨Se_l, e_j ⟩ − ⟨S_{m(n)}e_l, e_j ⟩|}^n_{j,l=1} | | | | ≤ C^′n^{−s}. Proof: We have | |⟨Se_l, e_j⟩ − ⟨S_{m(n)}e_l, e_j ⟩ | | = | | ∞∑ k=m(n)+1 ⟨e_l, f_k⟩⟨f_k, e_j⟩ | | (12)

≤ C^2 ∞∑ k=m(n)+1 (1 + |k − l|)^{−s}(1 + |k − j|)^{−s}. (13)

We define the index sets I_1 = {k ≥ m(n) + 1 : |k − l| ≤ |l − j|/2} and

I_2 = {k ≥ m(n) + 1 : |k − l| > |l − j|/2}. Proceeding as in [9] we split the

sum in (13) into two sums, such that k runs through the index set I_1 and I_2

respectively. If k ∈ I_1 then |k − j| ≥ |j − l|/2, hence

C^2 ∑ k∈I_1 (1 + |k − l|)^{−s}(1 + |k − j|)^{−s} ≤ C^2(1 + |j − l|/2)^{−s} ∑ k∈I_1 (1 + |k − l|)^{−s}. Furthermore

C^2 ∑ k∈I_2 (1 + |k − l|)^{−s}(1 + |k − j|)^{−s} ≤ C^2(1 + |j − l|/2)^{−s} ∑ k∈I_2 (1 + |k − j|)^{−s}. Thus | | | | | ∞∑ k=m(n)+1 ⟨e_l, f_k⟩⟨f_k, e_j ⟩ | | | | |

≤ 2^sC^2(1 + |l − j|)^{−s} ∞∑ k=m(n)+1 (1 + |k − l|)^{−s} + ∞∑ k=m(n)+1 (1 + |k − j|)^{−s}

≤ 2^sC^2 s − 1 (1 + |l − j|)^{−s} [( m(n) + 1 − l)^{−s+1} ) + ( m(n) + 1 − j)^{−s+1} )] , where we have used the estimate ∞∑ k=m(n)+1 (1 + (k − l))^{−s} ≤ ∞∫ m(n) (1 + x − l)^{−s}dx = (m(n) + 1 − l)^{−s+1} s − 1 .

By assumption m(n) ≥ (2n)^{ss−1} , so for r = 1, . . . n, ( m(n) + 1 − r )_{−s+1} ≤ ( (2n)^{ss−1} + 1 − r )_{−s+1} ≤ ( n^{ss−1} )_{−s+1} = n^{−s}. Using that sup_j ∑_∞ l=1(1 + |l − j|)^{−s} < ∞ (by Lemma 2.1 in [7]) and applying Schur’s Lemma we obtain || {|⟨Se_l, e_j⟩ − ⟨S_{m(n)}e_l, e_j ⟩|}^n_{j,l=1} || ≤ 2^sC^2 s − 1 n^{−s} n∑ l=1 (1 + |l − j|)^{−s} ≤ C^′n^{−s}. as claimed. □ In the two previous lemmas we have shown that ⟨Se_l, e_j⟩ can be approximated by ⟨S_{m(n)}e_l, e_j⟩ with an error rate that depends on the localization of the frame {f_k}^∞_{k=1}. However in practice we may not even know the matrix entries λ^n_{j,l} = ⟨S_{m(n)}e_l, e_j⟩ exactly. When we compute the inner products ⟨S_{m(n)}e_l, e_j⟩ by numerical integration we obtain an approximation λ̃^n_{j,l} to λ^n_{j,l}, hence we introduce an additional error. But for “reasonable” functions {f_k}^∞_{k=1}, {e_k}^∞_{k=1} it is not difficult to approximate λ^n_{j,l} by standard numerical integration techniques such that the error |λ̃^n_{j,l} − λ^n_{j,l}| is always smaller than any prescribed tolerance. Thus we will henceforth tacitly assume that the matrix entries of {λ^n_{j,l}} have been computed with sufficient accuracy and absorb any error resulting from numerical integration in a constant in our error estimates.

We now show how the localization properties of a given frame determine the convergence order of the proposed approximation method. We need the following result which follows from Jaffard’s “lemmes de la fenêtre” in Section III of [9].

Lemma 2.7 Let A = [A_{k,l}] and B = [B_{k,l}] be two invertible matrices with k, l ∈ N and let A_n and B_n be n × n principal leading submatrices of A and B respectively. Assume that there exists an n_0 ∈ N such that A_n and B_n are invertible for all n ≥ n_0.

(a) If there exist C, α > 0 such that for all n ≥ n_0 |[A_n]_{k,l} − [B_n]_{k,l}| ≤ Ce^{−α|k−l|}, then there exist C_1, α_1 > 0 independent of n such that for all n ≥ n_0 |[A^{−1}_n ]_{k,l} − [B^{−1}_n ]_{k,l}| ≤ C_1e^{−α1|k−l|}. (b) If there exist C > 0, s > 1 such that for all n ≥ n_0 |[A_n]_{k,l} − [B_n]_{k,l}| ≤ C(1 + |k − l|)^{−s}, then there exists a C_1 > 0 independent of n such that for all n ≥ n_0 |[A^{−1}_n ]_{k,l} − [B^{−1}_n ]_{k,l}| ≤ C_1(1 + |k − l|)^{−s}. Let {e_k}^∞_{k=1} be an orthonormal basis for H. We define the operators T, T_n via T : ℓ^2 → H, T {c_k} = ∞∑ k=1 c_ke_k, T_n : C^n → H, T {c_k} = n∑ k=1 c_ke_k. Their adjoints are given by T^∗ : H → ℓ^2, T^∗f = {⟨f, e_k⟩}^∞_{k=1}, T^∗_n : H → C^n , T^∗_n f = {⟨f, e_k⟩}^n_{k=1}. Lemmas 2.5 and 2.6 tell explicitly (in terms of the involved constants) how to choose m(n) > n such that (6) is satisfied; by Lemma 2.3 and Lemma 2.2 this implies that the n × n matrix Λ_n with entries as in (8) is invertible for n sufficiently large. In the formulation of Theorem 2.8 below we tacitly assume that n is chosen sufficiently large.

Theorem 2.8 Let {f_k}^∞_{k=1} be a frame with frame operator S and let {e_k}^∞_{k=1} be an orthonormal basis for H. Let f ∈ H and set

h_n = n∑ k=1 (Λ^{−1}_n T^∗_n f)_ke_k.

(a) Assume that {f_k}^∞_{k=1} is exponentially localized w.r.t. {e_k}^∞_{k=1} and that there exists a constant C > 0 and an α > 0 such that |⟨f, e_k⟩| ≤ Ce^{−αk}, for k ∈ N .

If we choose m(n) = rn for some r > 1, then for n_0 ∈ N large enough ‖S^{−1}f − h_n‖ ≤ C^′e^{−α1n}, for all n > n_0, for some α_1 > 0 (but possibly α_1 < α) and some constant C^′ > 0 independent of n.

(b) Assume that {f_k}^∞_{k=1} is s-localized w.r.t. {e_k}^∞_{k=1} and that there exists a constant C > 0 such that |⟨f, e_k⟩| ≤ C(1 + k)^{−s}, for k ∈ N . If m(n) is chosen as in Lemma 2.6 then for n_0 ∈ N large enough

‖S^{−1}f − h_n‖ ≤ C^′(1 + n)^{−s+1}, for all n > n_0,

for some constant C^′ > 0 independent of n.

Proof: We only show part (a), the proof of part (b) is similar. In what follows α_k and C_k denote positive constants, with C_k depending on α_k, but both constants independent of n. It is a consequence of Lemma 2.2 and the choice of m(n) that there exists an n_0 such that for all n > n_0 the matrix Λ_n is invertible. Let Λ be the matrix given by Λ_{l,j} = ⟨Se_l, e_j ⟩. For n > n_0 we have to estimate

‖S^{−1}f − h_n‖ = ‖T Λ^{−1}T^∗f − T_nΛ^{−1}_n T^∗_n f‖ (14) ≤ ‖T Λ^{−1}T^∗f − T_nΛ^{−1}T^∗f‖ + ‖T_nΛ^{−1}T^∗f − T_nΛ^{−1}_n T^∗_n f‖. (15)

Since ⟨Se_l, e_j ⟩ = ∑_∞ k=1⟨e_l, f_k⟩⟨f_k, e_j⟩ and since {f_k}^∞_{k=1} is exponentially localized by assumption we can apply Proposition 3.4(b) in [7] and conclude that |Λ_{k,l}| ≤ C_0e^{−α0|k−l|}. By Proposition 2 in [9] it follows that the entries of Λ^{−1} satisfy |Λ^{−1}_{k,l} | ≤ C_1e^{−α1|k−l|}. Hence the left term in (15) can be estimated by ‖T Λ^{−1}T^∗f − T_nΛ^{−1}T^∗f‖ = ‖ ∞∑ k=n+1 (Λ^{−1}{⟨f, e_l⟩}^∞_{l=1})_ke_k‖ ≤ C_2e^{−α2n}. (16)

The term on the right-hand side in (15) can be estimated by

‖T_nΛ^{−1}T^∗f − T_nΛ^{−1}_n T^∗_n f‖ ≤‖T_nΛ^{−1}T^∗f − T_n(T^∗_n T_nΛT^∗_n T_n)^{−1}T^∗f‖ + (17) +‖T_n(T^∗_n T_nΛT^∗_n T_n)^{−1}T^∗f − T_nΛ^{−1}_n T^∗_n f‖. (18)

Note that T^∗_n T_n is an orthogonal projection and recall that the entries of Λ decay exponentially off the diagonal. Therefore we can proceed with minor and trivial modifications as in the proof of Theorem 3 in [10] and estimate the expression in (17) by

‖T_nΛ^{−1}T^∗f − T_n(T^∗_n T_nΛT^∗_n T_n)^{−1}T^∗f‖ ≤ C_3e^{−α3n}. (19)

And for the term in (18) we obtain

‖T_n(T^∗_n T_nΛT^∗_n T_n)^{−1}T^∗f − T_nΛ^{−1}_n T^∗_n f‖ ≤ C_4e^{−α4n}, (20)

where we have made use of the estimates in (11) and Lemma 2.7(a). Summing up the terms in (16), (19), and (20) gives the desired result. □

3 Frames for shift-invariant spaces

In this section we demonstrate that the proposed method can be used to compute numerically dual frames for frames related to shift-invariant spaces. Throughout this section it is more convenient to use Z rather than N as index set for the frame elements. It is easy to see that all results in Section 1 and Section 2 can be reformulated for frames of the form {f_k}_{k∈Z}; we simply replace all index sets of the type 1, 2, ....n by −n, ....n.

Let us shortly recall the standard setup for shift-invariant spaces [1]. Let ψ ∈ L^2(R) be a continuous function for which the following conditions are satisfied:

• for some C > 0, s > 1, |ψ(x)| ≤ C(1 + |x|)^{−s}. (21) • {ψ(· − k)}_{k∈Z} is a Riesz basis for its closed linear span, H := span{ψ(· − k)}_{k∈Z} = { ∑ k∈Z c_kψ(· − k) | {c_k} ∈ ℓ^2 } . (22)

Then H is a so-called reproducing kernel Hilbert space, i.e., the point evaluations f → f(x) are continuous linear functionals on H, [11, 3]. Thus, for each x ∈ R, there exists K_x ∈ H such that f(x) = ⟨f, K_x⟩. (23)

If {λ_k}_{k∈Z} is a set of sampling for H, i.e., there exist constants A, B > 0 such that A||f||^2 ≤ ∑ k∈Z |f(λ_k)|^2 ≤ B||f||^2, ∀f ∈ H, then {K_{λk} }_{k∈Z} is a frame for H. Our goal is to compute the dual frame {K̃_{λk} }_{k∈Z}. Let φ be the function whose Fourier transform is given by

φ̂(ω) = ψ̂(ω) √∑ k∈Z |ψ̂(ω + k)|^2 ; (24)

then {φ(· − k)}_{k∈Z} is an orthonormal basis for H, see [5, 3]. Furthermore {φ(· − k)}_{k∈Z} inherits the localization properties of {ψ(· − k)}_{k∈Z}, which is an immediate consequence of Lemma 3.1 in [7] (see also [10]) and the squareroot theorem for Banach algebras [6]. Formula (24) provides an efficient and stable way to approximate φ numerically, simply by truncating the sum in (24) and carrying out the inverse Fourier transform by standard numerical integration (e.g., by using an FFT applied to {φ̂(k/N)}^{N/2}_{k=−N/2} for N large enough).

Using the orthonormal basis {φ(· − k)}_{k∈Z} for H, it is known [1] that K_{λk} can be written as K_{λk} = ∑ n∈Z φ(λ_k − n)φ(· − n). (25) It follows from paragraph 3.3 in [7] that {K_{λk} }_{k∈Z} is s-localized with respect to {φ(· − k)}_{k∈Z}. Let S denote the frame operator for {K_{λk} }_{k∈Z}. The dual frame is given by K̃_{λj} = S^{−1}K_{λj} , j ∈ Z; in order to apply Theorem 2.8 with f = K_{λj} , we have to calculate z := Λ^{−1}_n T^∗_n K_{λj} , i.e., to solve the equation

Λ_nz = T^∗_n K_{λj} . (26)

The entries of the matrix Λ_n w.r.t. the choice of orthonormal basis e_k = φ(· − k) are

⟨S_{m(n)}e_k, e_l⟩ = m(n)∑

j=−m(n) ⟨e_k, K_{λj} ⟩⟨K_{λj} , e_l⟩ (27)

= m(n)∑

j=−m(n) ⟨ φ(· − k), ∑ n∈Z φ(λ_j − n)φ(· − n) ⟩⟨ ∑ m∈Z φ(λ_j − m)φ(· − m), φ(· − l) ⟩

= m(n)∑

j=−m(n) φ(λ_j − k)φ(λ_j − l) (28)

where we have used that ⟨φ(· − k), φ(· − l)⟩ = δ_{k,l}. Via (23), T^∗_n K_{λj} = {⟨K_{λj} , φ(· − l)⟩}^{l=m(n)}_{l=−m(n)} = { φ(λ_j − l) }_{l=m(n)} l=−m(n) . Now the equation (26) can be solved by standard methods from linear algebra, such as conjugate gradient type techniques. Theorem 2.8 implies that in this way we can approximate the dual frame with an error that decreases polynomially for n → ∞.

Our approach also provides an answer to another computational issue, which appears in, e.g., [1]:

Example 3.1 Let {λ_j}_{j∈Z} be a set of sampling and assume that we want to reconstruct f ∈ H from the samples {f(λ_j)}_{j∈Z}. Here we can assume without loss of generality that the functions {φ(·−k)} that decay as in (21) and span H as in (22) form an ONB instead of a Riesz basis (otherwise we can always transform the Riesz basis into an ONB with the same decay properties as described in (24)). Since f can be written as f = ∑ k∈Z c_kφ(· − k) we can reconstruct f by computing the coefficient vector c = {c_k}_{k∈Z}, which in turn can be calculated by solving the infinite-dimensional system of equations Uc = {f(λ_j)}_{j∈Z}, (29) where U is a biinfinite matrix with entries U_{j,k} = φ(λ_j − k), j, k ∈ Z. (30)

Of course in reality we cannot solve an infinite-dimensional system but we have to come up with a finite-dimensional system instead. No statement is made in [1] about how to solve (29) in practice; in fact the finite section method does in general not apply to (29) (see Example 3.2 below). However, we now show that the finite section method applies to the normal equations U^∗Uc = U^∗{f(λ_j)}_{j∈Z}. (31) Note that

(U^∗U)_{k,l} = ∑ j∈Z φ(λ_j − k)φ(λ_j − l), k, l ∈ Z; (32) by a computation as in (27)–(28) this shows that U^∗U coincides with the complex conjugated of the matrix {⟨Se_k, e_l⟩}_{k,l∈Z}. Thus if we approximate U^∗U by the matrix {λ_{k,l}}^n_{k,l=−n} with the entries in (28), we can indeed stably approximate the coefficients {c_k}_{k∈Z} and thus numerically reconstruct f with an approximation error governed by the decay rate of φ.

Here is a concrete example where the finite section method does not apply to (29):

Example 3.2 Let ψ = (2 − 4 |x|)χ_{[−1/2,1/2]}. Then {ψ(· − k)}_{k∈Z} is a Riesz basis for its closed span H. Furthermore, let λ_{2j} = 2j − 1, λ_{2j−1} = 2j for j ∈ Z. Then any f ∈ H can be written as f = ∑ k∈Z c_kψ(· − k) for c = {c_k}_{k∈Z} ∈ ℓ^2(Z), in particular f(λ_j) = ∑ k∈Z c_kψ(λ_j − k) = c_{λj} . Thus ∑ j∈Z |f(λ_j)|^2 = ∑ k∈Z |c_{λj} |^2 = ∑ k∈Z |c_k|^2, (33)

because {λ_j }_{j∈Z} is just a reordering of Z. By the Riesz basis condition this implies that {λ_j}_{j∈Z} is a set of sampling for H, hence theoretically any function f ∈ H can be reconstructed from its samples {f(λ_j)}_{j∈Z}. Considering (29) with the matrix U in (30) we note that the finite section method obviously does not work for the natural choice of orthonormal basis: in fact, the finite sections U_n of the matrix U are of the form

U_0 = ψ(λ_0 − 0) = 0, U_1 =

0 1 0 1 0 0 0 0 0

, U_2 =

0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 ,

U_3 =

0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

.

Hence none of the U_n is invertible, although U is invertible, since it is just a permutation matrix.

In contrast, the finite section method described in Example 3.1 works very well in this case (of course the following steps are not really necessary in this case, since U represents a unitary operator): The family {ψ(· − k)}_{k∈Z} can be transformed into an ONB {φ(· − k)}_{k∈Z} where φ has exponential decay (the statement about the decay is some kind of folklore result, which is not stated explicitly in the literature; it follows by extending the results in [10] to L^2(R) or by combining Lemma 4.1 in [7] with the square-root theorem for Banach algebras [6]). Hence, by the derivations in Example 3.1 and by Theorem 2.8 the finite section method applies to the normal equations (31) with an exponential order of convergence.

4 The Casazza-Christensen method

As a final application of our results we now prove that they lead to an improvement of the Casazza-Christensen method (cf. [2]) for approximation of the inverse frame operator related to a general frame. We consider again a frame {f_k}^∞_{k=1} for a Hilbert space H, the associated frame operator defined in (1), a sequence of subspaces of H as in (3), and the associated orthogonal projections P_n.

A straightforward application of Theorem 1.10 in [8] shows that (P_nSP_n)^{−1}P_nf → S^{−1}f, ∀f ∈ H. However, in order to obtain a practically applicable result we have to replace the operators P_nSP_n by operators which only involve a finite number of the frame elements. Given n ∈ N, consider again the frame operator S_n associated to {f_k}^n_{k=1}, see (7). S_n is invertible on H_n, but usually S^{−1}_n P_nf does not converge to S^{−1}f. Our purpose is to show that for n ∈ N we can chose m(n) ∈ N such that (P_nS_{n+m(n)}P_n)^{−1}P_nf → S^{−1}f as n → ∞, ∀f ∈ H. (34) The possibility of doing so is also proved in [2], but the method presented here leads to considerably smaller values for m(n), a very important issue as soon as the computational effort is considered.

Theorem 4.1 Choose R < A. Given n ∈ N, choose m(n) ∈ N such that ∞∑ k=n+m(n)+1 |⟨f, f_k⟩|^2 ≤ R ||f||^2, ∀f ∈ H_n.

Then {P_nS_{n+m(n)}P_n}^∞_{n=1} is applicable; in particular, (34) holds.

Proof: Regardless of the choice of m(n) ≥ 0 the sequence {P_nS_{n+m(n)}P_n}^∞_{n=1} is an approximation method for S. Now

P_nS_{n+m(n)}P_n = P_nSP_n + P_n(S_{n+m(n)} − S)P_n;

thus we can consider {P_nS_{n+m(n)}P_n}^∞_{n=1} as a perturbation of the stable approximation method {P_nSP_n}^∞_{n=1}. For all n ∈ N, | | | |P_n(S_{n+m(n)} − S)P_n | | | | = sup ||f||=1,f∈H_n |⟨P_n(S_{n+m(n)} − S)P_nf, f⟩| = sup ||f||=1,f∈H_n ∞∑ k=n+m(n)+1 |⟨f, f_k⟩|^2 ≤ R < A. By Lemma 2.1 we have ||(P_nSP_n)^{−1}|| ≤ 1/A for all n, so it follows that

sup_n | | | |P_n(S_{n+m(n)} − S)P_n | | | | ≤ inf_n | | | |(P_nSP_n)^{−1} | | | |^{−1} . By Lemma 1.3 we conclude that (P_nS_{n+m(n)}P_n) is applicable. □ Compared to the result by Casazza/Christensen [2], the advantage of Theorem 4.1 is that R can be chosen as any constant smaller than A: in [2] a similar result was obtained, but with R was depending on n, and forced to tend to zero for n → ∞. This, in turn, implies that m(n) is forced to be unnecessarily large, and thereby complicate the computations.

Final remark: All results for approximating S^{−1} can be extended to approximating S^{− 1}2 , for instance by proceeding along similar lines as in Theorem 8.1.4 of [4]. This extension is useful when one wants to numerically compute tight frames of the form {S^{− 1}2 f_k}^∞_{k=1}.

References

[1] A. Aldroubi and K. Gröchenig. Non-uniform sampling in shift invariant spaces. SIAM Rev., 43(4):585–620, 2001.

[2] P.G. Casazza and O. Christensen. Approximation of the inverse frame operator and applications to Gabor frames. J. Approx. Theory, 103(2):338–356, 2000.

[3] O. Christensen. An introduction to frames and Riesz bases. Birkhäuser, Boston, 2003.

[4] O. Christensen and T. Strohmer. Methods for approximation of the inverse (Gabor) frame operator. In Advances in Gabor analysis, pages 171–195. Birkhäuser Boston, Boston, MA, 2003.

[5] I. Daubechies. Ten Lectures on Wavelets. CBMS-NSF Reg. Conf. Series in Applied Math. SIAM, 1992.

[6] L.T. Gardner. Square roots in Banach algebras. Proc. Amer. Math.

Soc., 17:132–134, 1966.

[7] K. Gröchenig. Localization of frames, Banach frames, and the invertibilty of the frame operator, 2002. preprint.

[8] R. Hagen, S. Roch, and B. Silbermann. C^∗-algebras and numerical analysis, volume 236 of Monographs and Textbooks in Pure and Applied Mathematics. Marcel Dekker Inc., New York, 2001.

[9] S. Jaffard. Propriétés des matrices “bien localisées” près de leur diagonale et quelques applications. Ann. Inst. H. Poincaré Anal. Non Linéaire, 7(5):461–476, 1990.

[10] T. Strohmer. Rates of convergence for the approximation of dual shiftinvariant systems in ℓ^2(Z). J. Four. Anal. Appl., 5(6):599–615, 2000.

[11] R.M. Young. An introduction to nonharmonic Fourier series. Academic Press Inc., San Diego, CA, first edition, 2001.

Ole Christensen Technical University of Denmark Department of Mathematics Building 303 2800 Lyngby, Denmark Email: Ole.Christensen@mat.dtu.dk

Thomas Strohmer University of California Department of Mathematics 1 Shields Ave.

Davis, CA 95616-8633, USA Email: strohmer@math.ucdavis.edu