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If we write A for this Ey, then m4 < 6 and
A= {xeE: |fulx) — fx)| < eforalln > N}.1

If, as in the hypothesis of the proposition, we have fulx) = (%)
for each x, we say that the sequence (f..) converges pointwise to fon
E. If there is a subset B of E withmB = 0 such that f, — f pointwise
on E ~ B, we say that f, — fa.e.on E. We have the following trivial

modification of the last proposition:

24. Proposition: Let E be a measurable set of finite measure, and
(f») a sequence of measurable functions-which converge to a real-valued
function f a.e. on E. Then, given ¢ > 0 andd > O, there is a set ACE
with mA < 8, and an N such that forallx g Aandalln > N,

1fal) = f() < e

Problems

29. Give an example to show that we must require mE < oo in Proposi-
tion 23.
30. Prove Egoroff’s Theorem: If (f,) is a sequence of measurable func-
tions which converge to a real-valued function f a.e. on a measurable set
E of finite measure, then, given 7 > 0, there is a subset 4 C E with
mA < n such that f, converges to f uniformly on E ~ A. [Hint: Apply
Proposition 24 repeatedly with e, = 1/nand &, = 27"n.]

31. Prove Lusin’s Theorem: Let f be a measurable real-valued function
on an interval [a, b]. Then given & > 0, there is a continuous function
¢ on [a, b] such that m{x: f(x) # o(x)} <8 Can you do the same on the
interval (— oo, o0)? [Hint: Use Egoroff’s theorem, Propositions 15 and
22, and Problem 2.39.]

32. W that Proposition 23 need not be true if the integer variable
n is replaced by a real variable #; that is, construct a family (f) of
measurable real-valued functions on [0, 1] such that for each x we have

lim f;(x) = 0, but for some § > 0 we have m*{x: fi(x) > %} > & Hint:
t—0 .
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