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In this paper, we prove that solutions to a problem in nonlinear elasticity corresponding
to small initial displacements exist globally in the exterior of a nontrapping obstacle.
The medium is assumed to be homogeneous, isotropic, and hyperelastic, and the non-
linearity is assumed to satisfy a null condition. The techniques contained herein would
allow for more complicated geometries provided that there is a sufficient decay of local

energy for the linearized problem.

1 Introduction

In this paper, we shall prove global existence of elastic waves in exterior domains
subject to a null condition. The elastic medium is assumed to be homogeneous, isotropic,
and hyperelastic, and we only consider small initial displacements. We solve the said
equations exterior to a bounded, nontrapping obstacle with smooth boundary, though
our techniques would allow for any bounded, smooth obstacle for which there is a
sufficiently fast decay of local energy.

For the boundaryless problem, global existence was first shown in [20] under a

fairly restrictive null condition. This null condition was later relaxed in [1] and [21]. See,
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also, [22]. As in studies of the wave equation, the null condition is essential in order to
obtain global solutions. Without some assumption on the structure of the nonlinearity,
blow up in finite time was shown in [5]. In this case, almost global existence of solutions
was shown in [6] and a simplified proof was later given in [11]. In [12], the corresponding
almost global existence result was shown outside of a star-shaped obstacle.!

Several related studies have been conducted concerning multiple speed systems
of wave equations in three-dimensional exterior domains. Almost global existence was
established in [8, 9] and [17] exterior to star-shaped domains. Using the techniques of
[15], these results can be extended to any domain for which there is a sufficiently fast
decay of local energy. For nonlinearities satisfying the null condition, global existence
has been established in [15, 18] and [13, 14]. Our proof will use many of the techniques
established in this context.

We shall utilize the method of commuting vector fields, though the equation of
interest is not Lorentz invariant and thus we will be required to use a restricted set
of vector fields. Moreover, we will rely upon the arguments of [9] and [15] to establish
the necessary higher-order energy estimates. Here, we use elliptic regularity to establish
energy estimates involving the generators of translations. Without the star-shapedness
assumption, proving energy estimates involving the scaling vector field is more delicate,
and we will use a boundary term estimate which is reminiscent of those in [15]. For
energy estimates involving the full set of vector fields, a class of weighted mixed-norm
estimates, called KSS estimates, will be called upon to handle the relevant boundary
terms. These estimates are analogous to those of [8] for the wave equation and have
previously be established in [12] for the current setting.

The nontrapping hypothesis is assumed to guarantee the existence of an ex-
ponential decay of local energy. See [27]. Similar well-known estimates (see [19]) were
widely used in the studies of nonlinear wave equations in exterior domains. Our tech-
niques would, in fact, permit any exterior domain? for which there is a sufficiently fast
decay of local energy. In particular, the method of proof would allow for the loss of regu-
larity in the local energy decay which would be necessary if there were trapped rays. In
the setting of the wave equation, see [3, 4] for such local energy decays and [15], [13, 14]
for proofs of long-time existence in such domains. Moreover, by using the technique of
proof contained herein, the almost global existence result of [12] may be extended to any

domain for which there is such a decay of local energy.

1By finite propagation speed and [5], blow up in finite time is still possible.
2By this, we mean the exterior of any bounded obstacle with smooth boundary.
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Let us more precisely describe the initial boundary value problem. We fix a
bounded, nontrapping® obstacle X C R® with smooth boundary. We may, without loss
of generality, assume that 0 € X C {|x] < 1}, and we will do so throughout.

The linearized equation of elasticity is

Lu = 0*u—csAu— (¢ —c3)V(V-u) =0, (1.1)

where u = (u!, u?, u®) is the displacement vector. The constants c;, ¢, may be assumed to
satisfy
4
cf—§C§>0, ¢ > 0.
The two quantities in the above equations represent the bulk and shear moduli respec-
tively.
The nonlinear problem that results from hyperelastic mediums is

(L)' = OU(BUE Dts? 0% ) + -4 (1.2)

Imn

where the real constants BXX satisfy the symmetry condition

Bipn =Bl = Binm- (1.3)
The terms not explicitly stated in (1.2) are all of cubic or higher order in Vu, V?u. The

null condition that we require assumes that

B{rJnKngnggKglfmfn =0, whenever¢ € s2. (1.4)

Rather than interpreting the equation and null condition further, we refer the reader to
[1], [21], and the references therein. The interested reader may also wish to refer to the
expository article [22].

As has become common, for convenience, we will truncate the equations at
the quadratic level. It is straightforward to modify the compatibility conditions below
to permit the general case, and by examining the proof of the main theorem, such a
3Recall that more general domains are possible, but the authors are not aware of the necessary decay of local
energy results for such domains.

4Here and throughout, we use the summation convention. Latin indices indicate that the implicit summation
runs from 1 to 3, while Greek indices are used when the summation shall run from 0 to 3.
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truncation is easily seen not to affect the long-time existence as the higher order terms
will permit additional applications of the decay estimates (5.14) and as such have better

long time behavior. We then study the following initial boundary value problem:

(Lu)! = O(BYE 9’ 9,uX),  (t,x) € Ry x RI\X,
ulax =0, (1.5)
u(ov’):fv atU’(Ov ):g

for “small” Cauchy data f, g. For convenience in the sequel, we shall set

Q' (Vu, V*u) = 0(BIX 0, u’ 0,uX).

In order to solve (1.5), we must assume that the initial data satisfy certain well-
known compatibility conditions. Letting Jyu = {0%u : 0 < |a| < k} and noticing that
oku(0, -) = Yr(Jif,Jk19), 0 < k < m for formal H™ solutions, we require that the
compatibility functions v, — which depend on Q, Jif, and J;_;g — vanish on 9X for
0 < k <m—1.Smooth data (f,g) € C™ are said to satisfy the compatibility conditions to
infinite order if this holds for all m.

Under these assumptions, we may prove that solutions to (1.5) corresponding to

small initial displacements exist globally. This is our main result.

Theorem 1.1. Let X be a bounded, nontrapping obstacle with smooth boundary as
above. Assume that BYX are real constants satisfying (1.3) and (1.4). Suppose further
that the data (f,g) € C>(R3\X) satisfy the compatibility conditions to infinite order.
Then, there are positive constants g and N so that forall ¢ < g, if

Dol Y ) oggll, <&, ® (1.6)
la| <N || <N—1
then (1.5) has a unique global solution u € C*([0, 00) x R3\X). O

This paper is organized as follows. In the remainder of this section, we introduce
some notations that will be used throughout. In particular, we introduce the vector fields
that shall be utilized. The second section is devoted to estimates related to the energy
inequality. These include the exponential decay of local energy, the energy inequality and

its higher order variants, and weighted mixed-norm KSS estimates. In the third section,

5Here, and throughout, (x) = (r) = 1/1 + |x|?> denotes the Japanese bracket.
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we gather the main pointwise decay estimates that are used to give global existence. As
a corollary to these, we obtain the main boundary term estimate that is utilized instead
of the star-shapedness assumption which was used, e.g., in [12]. The fourth section is
devoted to certain Sobolev-type estimates and estimates related to the null condition.

Finally, in the last section, we prove Theorem 1.1.

1.1 Notation

When convenient, we shall set xo = t, dy = ;. The space-time gradient will be denoted by
u’ = du = (du, Vyu), but we shall reserve the notation V for V = V, = (01,02, 03). The

generators of the spatial rotations are denoted
Q= (Ql,Qz,Q;g) =X X V,

where X is the usual vector cross product.

When studying elasticity, it is natural to use the generators of the simultaneous

rotations
Q=QiI + U,
where
0O 0 O 0 0 -1 0 1
u,=10 0o 1|, Uy=|0 0 O}, Us=1|-1 O
0 -1 0 1 0 O 0

The scaling operator will be denoted
S:t8t+r('3r— 1.

This differs slightly from the usual notion of the scaling vector field, but here it is more
convenient to use this modification as it properly preserves the null structure. See [21].
We will set

z=1{0,Q}, r=1{09,Q,8s}.

We differentiate these two sets as it will be necessary to produce estimates which require

relatively few occurrences of the scaling vector field S. This is due to the fact that the
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coefficients of S can be arbitrarily large in a neighborhood of 09X, while those of Z are
bounded. Similar care with S had to be taken in [9], [15], [13, 14], and [12].
A key property of the vector fields is the commutation properties with L. In

particular, we have that
[L,0] =[L,Q] =0, [L,S]=2L. (1.7)

Moreover, we note that the vector fields preserve the null structure of Q. See [21].5
We will use the projections onto the radial and transverse directions, defined as

follows:

X /X X x
Plu:—<—,u>, qu:[I—Pl]u:——x(—xu>.
r\r r r

We shall use A < B to denote that there is a positive, unspecified constant C so
that A < CB, and we will use S; = [0, t] x R®\X to denote a time-strip of height ¢ in the

exterior domain.

2 Energy and KSS estimates
2.1 Local energy decay

An important tool in previous studies of nonlinear problems in exterior domains is the
decay of local energy. It is here that we require the geometric condition on the obstacle. In
the current setting, we have the following result of [27]. This is an analog of the classical

result of [19] for the wave equation.

Theorem 2.1. Let X C {|x| < 1} C R® be a nontrapping obstacle with smooth boundary.

Let u solve

Lu=0, (t,x)cR, xRN\X,
supp u(0, -),du(0, -) C {|x| < 10}.

Then
1/2
(/ Wit xPdx) " < e ul(0, )], (2.2)
{xeR3\ XK : |x|<10}

for some ¢ > 0.

6See Proposition 3.1.
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In what follows, we shall require a higher order version of (2.2). To establish this,

we utilize the following version of elliptic regularity, which appeared in [12].

Lemma 2.2. Let X C {|x| < 1} C R® be an obstacle with smooth boundary. Suppose that

u € C®(R, x R®\X), ulspx = 0, and u vanishes for large |x| for each t. Then,

YolIsroru e e S D IIstolu(t, e+ Y 18"9°Luft, - )l (2.3)

lol <M JtpusM+v |8+ p<M+v—1
p<v nv

and

SIS U e S D 150Ut )lzz<o)

lal<Mm JHu<M+v

psv
+ Y. 8"0°Lu(t, )llz(x<e)  (2-4)
[Bl+p<M+v—1
p<v

for any M and v. O

Using (2.4) and the fact that J; preserves the Dirichlet boundary conditions, we

can immediately establish the following result which is also from [12].

Lemma 2.3. Let X C {|x| < 1} C R be a smooth, nontrapping obstacle. Suppose that
ulpx = 0 and Lu(t,x) = 0 for |x| > 4 and t > 0. Suppose also that u(t,x) = 0 for ¢t < 0. Then
if M and v are fixed and if ¢ > 0 is as in (2.2),

> IS0t Nmea S Y, 180 Lu(t, -]

o +p<M+v laf+p<M+v—1
H=v p<v

t
+ / e @A) N |10 Lu(s, - )| ds. (2.5)
0

|o|+p<M+v O
p<v

2.2 Energy estimates

In this section, we gather the energy estimates which we shall require. The basic energy
estimate is rather standard. In order to establish estimates for 0*u, we shall use elliptic
regularity as above. For energy estimates involving the scaling vector field, we use

cutoff techniques from [15] and control the resulting commutator with estimates given
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in Section 3.3. Finally, we handle the boundary terms that arise when studying S*Z%u

using the KSS estimates given in the following section.

We begin with the standard energy inequality for the variable coefficient opera-

tor
(Lyw)' = (Lw)! + 7 *9,0u” .
We look at smooth solutions of

Lou=F, (t,x)eR, xR)\X,
ulax = 0,
u(0,-)=f, ow(,-)=g

assuming that

1J jk JIkj
Y =Y

and

3 3 S
k(g . <
3 Y I e € £

1J=1jk=1

for § > 0 sufficiently small, depending on ¢; and c;.

We define the energy-momentum vector associated to L,

2
C3

1 2, C 2, C— 2 1 i 190
eo[u]:a\atu\ +?|VU| +T(VU) *5’7 ’ aiu 3ju,

ex[u] = —c2ouopu’ — (c? — c2)ouk(V - u) + M ¥oulou!, k=1,2,3.

With (2.8), it is easy to check that
1 . .
doeolu] + Oxer[u] = du’ (L u)" — E(@ﬁ”"])aiulajuj + (O ) o5u Bl

Setting

Bu(®) = [ > en(du)(t,x) dx

(2.6)

(2.10)

(2.11)

(2.12)
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the following results immediately from (2.12) and that J; preserves the boundary condi-

tions.

Lemma 2.4. Assume that ~ satisfies (2.8) and (2.9), and let u be a smooth solution to (2.7)

which vanishes for large |x| for each ¢. Then
M
OEy*(8) S 3 Ly dfult, o + 17/ (8, ) looEag *(2) (2.13)
Jj=0

for any fixed M =0,1,2,....7 O

We next examine energy estimates involving the scaling vector field. To do so, we

set
S = t0; +n(x)ro, — 1

where 1 € C*(R3) with n(x) = 0 for x € X and n(x) = 1 for |x| > 1. For
X,j= /eO(S”éiu)(t,X) dx,

we have the following.

Lemma 2.5. If u is a smooth solution to (2.7) and vanishes for large |x| for each ¢, then

0%, 5 < X, 2118V 0Ly u(t, 2+ /(5 )Xo
+ X,/ 2180, Y oault, ll + X,/ > lIsHolLult, )2

pn<vr—1
+X1/2 Z ||Sll‘80‘u,(t’ )||L2({\X\<1}) (2.14)
|a|+p<j+v
p<v—1
for any fixed v, ;.8 -

Proof of Lemma 2.5. As S and d; preserve the boundary condition, it follows from (2.13)
that

1/2 v
0, ; < X, 2L 8" 0u(t, 2 + 7/ (E )Xoy (2.15)

7Here, we have set [|/(t, - )lloo = 37721 S5 k0 20 9577 (2, )Hoo
8For a differential operator P = P(t,x, Dy, Dy), we set [P, Y909 u = 33 ;1 7% 1 [P,/ Ko ou’].
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We next examine the commutator

L, 8" 0lu| < 8V OILul + |8 0], "o dul + |57, L)dul
< |8 9ILul + 878}, Yok dul + [S”, L)oul + |[8” — S¥, L)djul
S 187 0Lyul + |87, Mokoul + Y ISPl + Lnany(x) D[S0

pn<r—1 || +pu<j+v
pn<v—1

Using this in (2.15) completes the proof. |
Using the previous lemma and elliptic regularity, we shall prove.

Proposition 2.6. Assume (2.8) and (2.9) for § sufficiently small, and let u be a smooth
solution to (2.7). Suppose further that

7' (t, Moo < 0/(1+1) (2.16)

and

> (18 0iLutt, e + 150 Fordnult, -)llz)
JHu<N+v
p<v

) .
- m / )
<1 2 IS )l + Ho(®) (217)
J+u<N+v
n<v

for some fixed N and v and some function H, y(t).° Then,

Sollsretu't, NS Y. 11870 Lult, Hla + 1+ Y x/F0)
|a|+p<N-+v la|+pu<N+v—1 JHu<N+v
[584 psv usv

o ([ X Isosuts dads+ [ Honls)ds)

la]+pu<N+vr—1

p<v—1
£y0 / ST 84 0°u(s, leen ds,  (2.18)
0 la|+p<N+v
pn<v—1
for some constant A > 0. |

9In the sequel, H, y(s) will involve ||(x)~1/2S#Z%u’(s, -)||3 for || + o < N +v. As such, this term will be handled
using the KSS estimates in the next section.
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Proof of Proposition 2.6. For § in (2.9) sufficiently small,

b j 1/2
D AT RS PRSI NP e (9} (2.19)
JHu<N+v Jtu<N+v
1587 p<v

By (2.14), (2.16), and (2.17), it thus follows that

1/2 0 1/2
0 > x,/2(t) < — > X,7(t) + AH, n(t)
JHu<N+v JHusN+v
pv pv

+A Y St e+ A Y [18H0°U (8 ) gw<). (2:20)

JH+p<N+v—1 la|+pu<N+v
p<v—1 p<r—1

By Gronwall’s inequality, Y j; <niv X :L;z satisfies the desired bound. Thus, by combining
a2

this estimate for X:LGZ

,(2.19), and (2.3), the estimate (2.18) follows. |
Finally, we establish the necessary energy estimates for S*¥Z*u. To this end, we
set

Yy, (t) = Z eo(S"Z%u)(t, x) dx.

la|+p<N+v
p<v

We then argue as in the proof of Lemma 2.4 with Ey(t) replaced by Yy, (t). The boundary
terms that arise mesh well with the XSS estimates of the next section.

Proposition 2.7. Assume (2.8) and (2.9). Suppose that u solves (2.7) and vanishes for
large |x| for each t. Then,

O¥n, SYNZ Y LS Zoult, )z + 1 (5 e Ya

lal+p<N+v
n<v

+ Z 1S# 0w (¢, - )|IF2(x <1y (2:21)
||+ p<N+v+1 O
p<v
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Proof of Proposition 2.7. By arguing as in the proof of Lemma 2.4, it follows that

O¥n, SYNZ Y LS Zoult, )z + (5 e Ya

la|+p<N+v
n<v

LY e zueymidty) (2.22)
el +p<No+vo ox
n<ro
where n = (n1,nz,n3) is the outward normal to X at a point x € 9K and ei[-] are as in
(2.11).
Recalling that X C {|x] < 1},

dSooosrziutx) S Y ISM0%ult,x)l, x € X,

|o|+p<N+v la|+pu<N+p
n<v n<v

and thus, by a trace theorem, we have that the last term in (2.22) is

< / > Istoru(t,x) dx,
{x€R3\ K : |x|<1} la|+p<N+v+1
H_SV
which completes the proof. |

2.3 KSS estimates

In this section, we present a class of weighted, mixed-norm estimates, called KSS
estimates, which are particularly useful for estimating the boundary term in (2.21) and
for dealing with certain technicalities regarding the distribution of the occurrences of
the scaling vector field in the proof of the main theorem. Such estimates were first used to
study nonlinear problems in [8] and have played a fundamental role in previous studies
of problems in exterior domains.

The estimates that we give are from [12], and we refer the interested reader
to that article for detailed proofs. They are based on the boundaryless estimates for
the wave equation from [25] and [17]. The corresponding estimates for elasticity in the
boundaryless case follows from a Helmholtz—Hodge decomposition. In order to prove
estimates in the exterior domain one relies on the decay of local energy when x is near

the boundary of the obstacle and uses the boundaryless estimates when |x]| is large.
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Proposition 2.8. Suppose that X C {|x| < 1} C R® is a nontrapping obstacle with smooth
boundary. Suppose further that u € C* satisfies ulgpx = 0, u(t,x) = 0 fort < 0, and
vanishes for large |x| for every ¢. Then,

(log(2+T) V% > [(x)/28"0"u||pzzzs,)

|al+p<M+v
n<v
T
< / SO lstocLuls, llds+ Y [8"0°Lullpys,)  (2.23)
O Jal+p<M+v [a|+p<M+v—1
Hsv H<v
and
(log(2+ 1) V> > |(x) /28" 2°W |pzpzsy
|al+p<M+v
p<v
T
5/ > Is"zoLu(s, )leds+ Y. [1S"Z°Lullpgs, (2.24)
0 lal+pu<M+v lal+pu<M+v—1
p<v psv
for any fixed M,v and T > 0. ]

3 Pointwise estimates and boundary term estimates

In this section, we shall present our main pointwise decay estimates. These are ana-
logues of the L' — L*° estimates used in [9] for the wave equation. See also [15], [13, 14].
In the process of proving such estimates, we shall also prove the boundary term esti-
mate which is required to handle the last term of (2.18). This is reminiscent of ideas from
[15, 16].

We choose to employ the said L' — L> estimates rather than analogs of the
L>® — L™ estimates used in [6] and [1, 2. First of all, the L' — L> estimates do not
require the logarithmic factors that appear, e.g., in [1, Proposition 5.1] nor the technical
arguments to show global existence with decay estimates involving a logarithmic loss.
Secondly, as mentioned above, as a corollary to our proof, we obtain the boundary term
estimates which we shall require in order to prove energy estimates involving the scaling
vector field when there is no star-shapedness assumption. Finally, we mention that for
quadratic nonlinearities, the L! — L>° estimates mesh particularly well with the KSS

estimates of the previous section. We do, however, note that wave equation analogs of
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the L™ — L estimates have previously been used to study multiple speed problems in

exterior domains — see, e.g., [14] — and as such, it would not be surprising if these

L*> — L* estimates could also be used in the current setting.
We begin by looking at the solution to the boundaryless problem

Lv(t,x) =0,
v(0,-)=f, 9wv(0,-)=g.
By arguing using spherical means!?, we have that
4Arvi(t,x) = /52 [(2511 —4yrys)fi(x + caty)
+t(0rr — Y1v7)(9s (X + Caty) + 2y Vi fr(x + czty))} do(y)
+ /sz [(*511 +4y1ys)fs(x + aity)

+ty1ys(gs(x + city) + ey Vefi(x + ¢ ty))} do(y)

B / t /5 r (6 — 3yrys)(tgs(x + ry) + fi(x + ry)) do(y) dr.

After a simple change of variables, this is
47TV1(t,X) = / [(251_] — 4YIYJ) J(X + Cth)
S2
+t(0y — y1v5)(9s (X + C2ty) + Coyx Vi (x + Cth))} do(y)

+ /5 (0w + 4o (x+ eaty)

+tyrys(gs(x + city) + cryg Vi fr(x + ¢ tY))} do(y)

_ /m /52 ¢ (67 — 3y1vs)(tgs(x + cty) + fi(x + cty)) do(y) dc.  (3.3)

(3.1)

(3.2)

Using this representation, we shall be able to prove estimates on v using techniques

similar to those for wave equations.

3.1 Pointwise estimates in R3

In [9], the authors adapted a L! — L>™ Hérmander-type estimate to eliminate the depen-

dence on Lorentz invariance. As such, these estimates could be applied to study multiple

105ee [6].
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speed wave equations and certain boundary value problems. In this section, we prove
analogs of these pointwise estimates.

The first of these estimates is for the homogeneous equation (3.1).

Lemma 3.1. Let v be a solution to (3.1). Then,

L+ e+ xDvElS D 1) 0 flz+ D 1) *0%g].. (3.4)

oo/ <4 lor|<3 U

Proof of Lemma 3.1. Using the following estimates for the wave equation from [14]!!

dz
(1+1t+ ) /lhx+ty|dcr 3 / (12102 h(z )\W (3.5)
| +p<3
n<l

and

(1+¢+x]) / h(x+ty)ldo(y) S > / (12102 h(z2)| <d> (3.6)

\(x|+u<3
n<l

(3.4) follows from (3.3) and the Schwarz inequality. [ |
We now prove the corresponding result for the inhomogeneous equation.

Lemma 3.2. Let w solve Lw = G for (t,x) € R, x R® and suppose that w(t,x) = 0 for
t < 0. Then,

1 +t+rxhwt, s Y // stz26(s,y)| XL, (3.7)
[ol4+p<3 |Y|
n<l

Suppose further that G(s,y) = 0 when |y| > 20c;s. Then,

dyd
Q+owtxs Y / 5420605, 1) X2 for x| < cyt/10, (3.8)
ot JR3 lyl
lal+p<3
pn<l
where 6 is some constant depending on c;. O

11See the proof of Lemma 2.2.
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domain of dependence | F(t.x)=0
on the initial data/forcing term &

Figurel Anillustration of the definition of 6.

Proof of Lemma 3.2. This follows as in the proof of the previous lemma, using the

following bound from [9]'?

' ‘ . dy d
/0/Sza—s)\F(s,x—(t—s)y)\da(y)dss ) /O/RS\S“Z Fls,p) L.

|a+p<3
p<1

The lemma then follows from (3.3) and Duhamel’s principle.
The second estimate follows from the appropriate Huygens' principle for L. See

Figure 1. u

By Duhamel’s principle and the positivity of (3.3), we also have

12See the proof of Proposition 2.1.
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Lemma 3.3. '3 Let v solve (3.1). Then,

|x|+ci(t—s) |x|+c(t—s)
xllv(t, %) < Z/ sup [ (p0) \dp+/ / sup [f (pf)| dp de

i—1,2 |x|—c;(t—s)| |0]=1 x|—c(t—s)| |6|=1

‘X|+Cl(t S)
> sup [V (p6)lp dp

12/ Ixl—cilt—s)| lo]=1

|x|+ci(t—s) |x|+c(t—s)
+ Z/ sup |g(p0)lp dp+/ / sup [g(pfd)lp dp dc. (3.9)

i=1,2 x|—ci(t—s)| [6]=1 [Ix|—c(t—s)| [8]=1

Moreover, let w solve Lw = G for (t,x) € R, x R® and suppose that w(t,x) = 0fort < 0.
Then

|x[+ci(t—s)
Ixllw(t, x)| S Z/ / sup |G(s, pd)|p dp ds

i—1,2 [|x]—ci(t—s)| |6]=1

|x|+c(t—s)
/ // sup |G(s, p9)|p dp ds dc. (3.10)
Il

x|—c(t—s)| |0]=1 O

3.2 Pointwise estimates in R3\X

Here, we wish to establish the main decay estimates which shall be used in the sequel. At
the first order of difficulty, these are exterior domain analogs of (3.4) and (3.7). For these
estimates, we shall look at solutions to the following

Lu(t,x) = F(t,x), (t,x) € R, x R®\X,
u(t, x)laxc =0,

u(0,x) =f(x), du(0,x) =g(x),

supp f,g C {Ix| > 6}.

(3.11)

For such solutions, we shall have the following estimates.

13We note that a portion of this lemma has previously appeared in [26].
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Theorem 3.4. Let X C R? be a bounded, nontrapping obstacle with smooth boundary.
Then smooth solutions of (3.11) satisfy

(L+t+Ds'zoux)l s > IV (o, - )l

JHIBl+k<M+v+7
Jj<1

/ / 5+20F (s, y)| 298
R\ K lyl

|m+u<M#V+6
p<v+1

/ Z ||SH86F(S, ')||L2({\X\<4}) ds (3.12)

|Bl+u<M+v+3
p<v+1

for any || = M and any v. O

Proof of Theorem 3.4. This proof resembles those in [9] and [15] for the wave equation
quite closely. A portion of this argument was also given previously in [26].

As a first reduction, we prove that

(14 ¢+ |x])IS"Zu(t, x)| < > (VP 0k Ty (0, )],
JHBl+k<M+v+4
j<1
dy d
/ / 52°F(s,y)l =
RAX |ﬁ|+u<\a|+V+3 Y
pn<v+1
+ sup (1+s) Y (IS“Zﬁu’(s,y)I+\S“Zﬁu(s,y)l>. (3.13)
lpl<2,0<s<t Bl+ulaly
7584

Proof of (3.13). To do this, we follow the proof of Lemma 4.2 of [9]. The estimate is
obvious for |x| < 2. Thus, for the remainder of the proof, we shall assume that |x| > 2.
As such, for a smooth p satisfying p(r) = 1 for r > 2 and p(r) = 0 for r < 1, it suffices
to establish the estimate for w(t, x) = p(|x])S*Z“u(t, x), which solves the boundaryless!*
equation

Lw = pLS"Z%u — 2¢3Vp - V(S'Z%u) — c(Ap)S'Z%u
— (2 = cA)V(Vp-8Z%u) — (c¢? — c2)VpV - (8'Z°u).

14Recall that we are assuming K C {|x| < 1}.
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We write w = wy + w, where Lw; = pLSYZ%u with (wy, 0;w1)(0, -) = (f,g). The estimate
for w follows from (3.4) and (3.7).
By (3.10), we see that

r+c;(t—s)
[wo(t,x)| < // sup |G(s, pd)lp dp ds
2( ||Z p[G(s, pb)lp dp

i=1,2 [r—ci(t—s)| 16]=1

r+c(t—s)
\XI/ // sup |G(s,pd)lp dp ds dc  (3.14)
\

c(t—s)| |6]=1
where
G(t,x) = Lw — pLS"Z"u.

We shall now work with the last term in (3.14). The bound for the other term follows

similarly. By noting that G vanishes for |x| > 2, it follows that we must have
—2<|x|—c(t—s) <2

for the dp integral to be nonzero. That is, we must have

ct—|x|—2 — 2
|x] <s< ct — |x| + ‘
c c

Thus, we conclude that the last term in (3.14) is

S
x| Je, 1+ |ct—I[x]|

X Z sup (I1+5s) (IS“ZBu’(s,y)\ + IS“Zﬁu(s,y)l) dc
1Bl+p<M+y SR < X2
nsv lyl<2

from which the bound for |w,| follows.

In order to complete the proof of Theorem 3.4, it will suffice to show that

(1+1¢) Z sup [S*0°u(t, x)|

B+ p<M+v+1 XI<2
n<v

is bounded by the right side of (3.12). Using smooth cutoffs, we may examine the
following cases separately:
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Case 1: u has vanishing data and F(s, y) vanishes for |y| > 4
Case 2: F(s,y) =0forly| < 3.
We use the following consequence of the Fundamental Theorem of Calculus and

Sobolev embedding

(1+2) > supls*d’u(t,x)|

Bl +pu<M+v+1 lx|<2
pn<v

t
5/ Z (595 YSH0%u (s, ) ||z2((1x)<a}) AS
0 [Bl+p<M+v+2
pn<vj<1i

/ > 1Is0%u(s, )llrz((ixi<ap) ds.

|B|4+p<M+v+3
p<v+1

(3.15)

Here, for the first inequality, we have also used the fact that the Dirichlet boundary
conditions permit us to bound u locally by u’. The bound in Case I now follows from
an application of (2.5).

To complete the proof, we need only examine Case 2. Here, we write u = w + u,
where w solves the boundaryless equation Lw = F with (w,9,w)(0, -) = (u,d:u)(0, -).
We fix n € C*°(R?) with n(x) = 1 for [x| < 2 and n(x) = 0 for x| > 3. Letting @t = nw + u,,

we notice that u = @ for x| < 2, that @ solves
it = —2c3Vn - Vw — ca(An)w — (c? — c2)V(Vn - w) — (¢? — c3)VnV - w, (3.16)

and that @ has vanishing Cauchy data.
As the right side vanishes unless 2 < [x| < 3, we may apply the result of the

previous case to see that

(1+1) > supls*d’a(t,x)| < / 15#0°w (s, - )||zoo (2<|x<3) dS.
18l+p<M+v41 XI<2 0 \ﬁ\+u<M+u+4
p<v n<v

It remains only to bound the term on the right of the preceding equation. To do

this, we apply (3.9), (3.10), and Sobolev’s lemma on S2. For the forcing term, for example,

/ / / / 5 2F () Y dc ds
le(s—7)~lyll<4 lyl

we have

\ﬁ\+u<M+V+6
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corresponding to the last term in (3.10). For fixed ¢, we note that the sets Ay = {(7,y) :
0 <7 <s,le(s—171)—lyll < 4} have finite overlap, i.e., for |s —s'| > 10, AsN Ay = 0.
Thus, we see that the desired bound holds. Similar arguments can be used to estimate

the remaining terms in (3.9) and (3.10), which completes the proof. [ |

We will also require the following pointwise estimate which follows from argu-

ments similar to those in [13].
Theorem 3.5. Suppose X C {|x| < 1} C RS2 is a nontrapping obstacle with smooth
boundary. Let u solve

Lu(t,x) = F(t,x), (t,x) € R, x R®\X,

ulox =0, (3.17)

u(t,x)=0, t<O0.

Suppose further that F(t,x) = 0 when |x| > 20c; t. Then, if |x| < c;t/10and ¢t > 1,

' dy d
1+ e+ &) zut xS > // 28R (s, y)) W9
181+ u<lal o167 0t JROANK vl

pr+1

+sup(l+s) Y [IS'0°F(s, )]2, (3.18)

<s<
O<sst 181+ p<lal+v+2

pu<v
for some constant § depending on c. O

Proof of Theorem 3.5. By arguing as in (3.13) using (3.8), we see that for |x| < c,t/10,

b dy ds
1+1)S"Z% t,x\g// ISFZPF (s, v)l
(1+7¢) (¢,x) e S > (s,7) 7l

[Bl+p<lal+v+3
pn<v+1

+ sup (1+s) > [s*0’u(s,y)l. (3.19)

ly|<2,0<s<t 1B+ p<lal+v+1
IS4

Thus, we need only show that the last term is controlled by the right side of (3.18).
First suppose that F(s,y) = 0if |y| > 4. Then, by a Sobolev estimate and (2.5), it
follows that

(1+1)sup Z 1S49%u(t, x)| < sup Z (14 5)||SH0°F(s, -)||2.

<s<
V1<2 611 p<lal+o+1 0=S<F 161 <ol 442
5% p<v

(3.20)



22 Jason Metcalfe and Becca Thomases

Here we are also using that the Dirichlet boundary conditions allow us to control u lo-
cally by u’. Thus, for the remainder of the proof, we may assume that F(s,y) = 0 for

vl <3.
Letting @ be as in the proof of Theorem 3.4, we see from (3.16) and (3.20) that

(1+1)sup Z 1SH9Pu(t, x)|

PI<2 154 p<lal+r+1
psv

< sup Y (1+9)]8"0°w(s, - )llzeo(zeixi<a),  (3.21)
O=s<t 1B+ p<|al+v+3

pn<v
where w is a solution to the boundaryless equation Lw = F with vanishing initial data.
Provided that s > 30/cy, the theorem follows from (3.8), (3.19), (3.20), and (3.21). Else,
when s < 30/c,, we may use (3.7) and finite propagation speed to bound this term by the
second term in the right of (3.18), which completes the proof. |

3.3 Boundary term estimates

In order to handle the boundary terms that arise in (2.18), we shall give an estimate
which is in the spirit of the original ones of [15, 16] for the wave equation. This is the
key estimate, along with the decay of local energy (2.2), that allows us to drop the star-
shapedness assumption on K. Here, we are merely isolating the proof of the bound for
the right side of (3.15).

Lemma 3.6. Let X be a bounded, nontrapping obstacle with smooth boundary. Suppose
that u is a smooth solution of (3.17). Then,

t ¢ dy ds
S 9%u'(s, - wle1) ds < / / ISFZPF (s, y)
| 570w s, g > L sz 4

[Bl+pu<M+v+3
n<v

t
i / S SP0°F(s, sy ds (3.22)

|Bl4+p<M+v
n<v

for any || = M and v. O

4 Sobolev-type estimates and null form estimates
4.1 Weighted Sobolev estimates

In the sequel, we shall require the following rather standard weighted Sobolev estimate
from [10]. This follows by applying Sobolev embedding on R x S2. The decay results from
the difference in the volume elements between R x S? and, say, R®.
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Lemma 4.1. Suppose that h € C*°(R3*\X). Then, forR > 1,

|Bllzoo@/2ixiar) SR Y [1Q%0¢Rl12m/axixi<2m)- (4.1)
lal+18]<2 O

4.2 Klainerman-Sideris decay estimates

In this section, we study another class of weighted Sobolev-type estimates. These follow
from the boundaryless estimates of [21], which are closely related to estimates that
originally appeared in [11]. The interested reader should also consult [23] for a unified
approach to proving such estimates.

The main boundaryless estimate of [21]!® to consider states

||<Clt — T‘>P18Vh( )”2 + ||<C2t — T‘>P28Vh ||2 (4.2)
S D 18270/ (8, )|z + LA, )2
lal+p<1

In order to establish similar bounds when there is a boundary, we use ideas from [13].
This yields

Lemma4.2. Let X C {|x| < 1} C R® be an obstacle with smooth boundary. Suppose
u(t,x) € C®(R; x R®\X) and ulys = 0. Then,

{1t —r)P1OVS"Z%Uf(t, - )||2 + ||(cat — r)P20VS"Z%u(t, - )||2 (4.3)
ST S A T GRS | PR A N (N4 AT
|Bl+u<M+v+1 |Bl+p<M+v
pn<v+1 p<v
1 + t Z ||S“u ||L2 (1x]<2)
n<v
for any fixed |a| = M and v. O

Proof of Lemma 4.2. We first show that

Y et —mPavsiziu(t, )l s Y. IS 20, )l

k=12 [Bl4+pu<M+vr+1
pn<v+1
+ > S ZLu(t, )+ 1+ Y [1540%ult, ez (44)
[Bl+p<M+v 1Bl +pu<M+v+2
|54 H=v

15See (3.24).
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This estimate is trivial if the norm in the left is over {|x| < 3/2} as the coefficients of Z are
O(1) on this set. To handle the case when the norms are over {|x| > 3/2}, we fixn € C>®(R?)
with n(x) = 0 for |x| < 1 and n(x) = 1 for [x| > 3/2 and apply (4.2) to h(t,x) = n(x)u(t,x)

which solves the boundaryless equation

Lh = n(x)Lu — 2¢2Vn - Vu — c5(An)u — (¢ — c3)V(Vn - u) — (¢ — c3)VnV - u.

This proves (4.4) as the last four terms are supported in {|x| < 3/2}.
It remains to show that the last term in (4.4) is bounded by the right side of (4.3).
Here we simply apply (a trivial modification of) (2.4) and the differential inequality

D lent—rlPOVV(EX) S D ISZ0Vv(t, )| + tlLv(t, x),

k=12 |al+p<1
which is also from [21].16 [ |
We also have the following variants of the above.

Corollary 4.3. Let X C {|x| < 1} C R® be an obstacle with smooth boundary. Suppose
u(t,x) € C®(R; x R®\X) and ulysx = 0. Then,

Xl(cat — r)[POVS Zu(t,x)| S > [1SZ%u/(, )]

[Bl+pu<M+v+3
p<v+1

Y S ZLu e+ (L)) S Wt )lzgu<a),  (4:5)

[Bl+p<M-+v+2 pu<v
n<v

[{cat = )POVS Zoult, Mlzx=a S Y. 1S 27U/ (t, )ll2gx>e/8)

|8l +p<M+v+1
pn<v+1

+(1+0) > IS"Z°Lult, ) lle(x-i/e),  (46)

|Bl+p<M+v
pu<v

16See (3.10Db).
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and
sup |xl(cat —r)|POVS Zu(t, ) S Y S Z°U(t, )l
lx|>t/2 |8+ p<|al+v+3
pn<v+1
+(1+t) Y 820t ) lewsee  (47)
1Bl+p<lal+v+2
a2
for any x = 1,2 and fixed |a| = M and v. O

Proof of Corollary 4.3. Estimates (4.5) and (4.7) follow from (4.3) and (4.6), respectively,
using (4.1). Estimate (4.6) follows from applying (4.2) to h(t,x) = n(x/(t))u(t,x) where
n(z) = 1for|z| > 1/4 and n(z) = 0 for |z| < 1/8. Everything follows trivially unless two
derivatives land on the cutoff. Here, our task would be complete if we could show the

following variant of a Hardy inequality,

1
21V Dlzz(xi>e/8) < V' (t, - lz2(x1>t/8)-

This follows by integrating the (n = 3) identity

X; 1 2
—0; ( ] 2) =—=v*-Zvov
r? r

over {|x| > t/8}, which yields

1 1 2
0 </ —v?do = —/ —V dx — / —vo,v dx.
{Ix|=t/8} T {Ixl>t/8) T2 {Ix|>t/8} T

Applying the Schwarz inequality to the last term and bootstrapping yield the desired

estimate. [ |
We also have

Lemma4.4. Let X C {|x| < 1} C R? be an obstacle with smooth boundary. Suppose
u(t,x) € C°(R; x R®\X) and ulsx = 0. Then,

(N{ext—r)'?Pos zu(t,x)| S Y [S"Z°u'(t, )|z

[Bl+pu<M+v+2
p<v+1

+(1+t) Y 18 Z27Lu(t )l + (L) ) 1S U (8 ) lieei<2)  (4:8)

|Bl+p<M+v+1 pu<v
p<v
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and
sup (r)(c.t—r)/%|P.0S"Z%u(t, x)| < Z 1S*Z°u'(t, - )lz2(xi=1/8)
Ix|>t/4 |Bl+p<M+v+2
p<v+1
+@+t) Y 8271t asys  (49)
|Bl+p<M-+vr+1
n<v
for any x = 1, 2 and fixed |a| = M and v. O

Proof of Lemma 4.4. Using the arguments of the proof of Lemma 4.2, this follows from

the boundaryless estimate

(M ext—r) 2P 0R(t,x)| S > ISZ°K (8, )2 + (1) > 1Z°LhA(t, )|z

WHMISZ 18l<1
IS

of [21].17 [ |

4.3 Null form estimates

The additional decay afforded to us by the null condition is encapsulated in the following
estimate of [21].'® This is closely related to those for multiple speed systems of wave
equations used, e.g., in [24].

Lemma 4.5. Assume that Q satisfies the null condition (1.4). Let N = {(«,0,v) #
(1,1,1),(2,2,2)} be the set of nonresonant indices. Then,

[{u, Q(v, w))|

1 ~ ~ ~ ~
S Jlul Y [[VOvIVwl 4 VAWV + [VAvGow] + V2w (ov]|
lal<1
+3 1Pl [\PBVZVHPNm + |P@v2w|\P7vV|} . (4.10)
N

for sufficiently regular u, v, w. O

17See (3.20c) and (3.24).
18See Proposition 3.2.
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5 Proof of global existence

In this section, we prove Theorem 1.1. We take N = 112 in (1.6), but this is far from
optimal. By scaling in the t variable, we may take c; = 1 without loss of generality.

We begin by making a reduction that allows us to avoid technicalities related
to the compatibility conditions. While the reduction from [9]'® works when we have
truncated at the quadratic level, the necessary scaling breaks down when the higher
order terms are present. We instead use a reduction that is more reminiscent of that from
[14].

We begin by noting that if € in (1.6) is sufficiently small, then there is a constant
Co for which

sup Z [0%u(t, - )llz2(x1<25) < Coe. (5.1)
0152 4<112

This follows from well-known local existence theory. See, e.g., [7], which is only stated
for diagonal wave equations but as the proofs only rely on energy estimates the results
carry over to the current setting.

On the other hand, over {|x| > 5(t + 1)}, u corresponds to a boundaryless solu-
tion.?° Thus by the estimates which correspond to those that follow for the boundaryless

problem?! | we have

sup Z [8#Zu/ (t, - )||p2(xI5(e1))

0St<00 | 14 <111

+ sup (L+t+lxl) D [$"Z°u'(t,x)| < Cie. (5.2)

>5(t+1
s

We fix a smooth cutoff function n with n(t,x) = 1ift < 3/2 and |x| < 20,7(t, -) =0
fort > 2, and n(-,x) = 0 for |x| > 25. Setting uo = nu, which by local existence theory
is known and satisfies (5.1), it follows that u solves (1.5) for 0 < t < T if and only if

193ee also [15] and [13].
20Recall that X C {|x| < 1} by assumption.
21See, e.g., [21] and [14].
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W = u — Ug solves

Lw = (1-n)Q(Vu,V?u) — [L,nu, (t,x) € Ry x RA\X,
wlpx =0,

w(0, ) = (1 =n)(0, - )f,

dw(0, -) = (1 =n)(0, -)g —m(0, - )f

(5.3)

over the same interval.
We now fix another smooth cutoff 5 with 5(z) = 1 for z > 10 and §(z) = 0 for

z < 6. Then, let v solve the linear equation

Lv = B(#5) (1 = n)Q(Vu, V2u) - [L, 1w,

t+1
v =0,
oo s
V(O) ) = (1 —77)(0, )f»
atv<0v ) = (1 _77)(0» ) )g_ nt(0> : )f
We shall show that
Q+e+lx) > s z%v(t,x)+ > [18"2°V/(t, )]l
|| +p<102 [a]+p<100
+og2+0) S )22V sy < o (6.5)
| +p<98

for some absolute constant C, > 0 and for any ¢ > 0.

Proof of (5.5). We first notice that by (3.12) and (1.6) the first term in the left side of (5.5)

is

t
§s+/ / > \s“zaﬁ(ﬂ)u—n)a(w,vzu)\ dy ds
0o JrNK |, 0 t+1 yl
t dyd
+/ / S Isrzef, el L (5.6)
0 JRAK |1 <108 vl

Here, we have also used that Sobolev’'s lemma and the assumption that 0 € X allow us
to control the last term in the right of (3.12) by the one which precedes it. Since [L, n]u
vanishes unless ¢t < 2 and |x| < 25, the last term is clearly O(¢) by (5.1). The second term
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in (5.6) is

‘ 3 ) dy ds
S > 18t Z2%Vu(s,y)l Y 18"2°VPu(s,y)l : (5.7)
0 Jy

Y126(s+1) 154 <108 |18|+1<108 i

Over |x| > 6(t + 1), we note that by (a trivial modification of) (4.7) and (4.9)

sup ((C,{t — P PP VS ZPu(t, x)| + (r) (Cot — r)l/zlPKVSuzﬁu(t,X)l)

x| >6(t+1)

S D ISzt )legussey + Y, (DIS*Z2Q(VY, VAW lrgx=sei1)  (5:8)

|| +v<111 |la|+1v<110

for k = 1,2 and for |8 + p < 108. The right side of (5.8) is easily seen to be O(¢) from (5.2).
Applying this bound to the terms of (5.7) and recalling that we are assuming
c; = 1, it follows that (5.7) is

|
< 52/ —/ dy ds < 2
0 $G/27 Jiyera\x:Iyi=6(s+1)} |Y|3+

as desired.

For the second term in the left side of (5.5), we use the standard energy integral
method and see that

O Y ISzt +0 Y IV (s"Zv)(e, )3

|| 4+1<100 || +v<100
SO sV o) (Y ISz, )
|| +v<100 |a]+v<100

_ (/Matsz v(t, )VS'Zov(t, -) - ndo

|| +1v<100
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where n is the outward unit normal to X at x € 9X. Since X C {|x|] < 1}, we may use (1.6),

(5.4), and a trace theorem to see that

Yo lszev'(e ) s €

|a]+v<100
t 2
([ X Isrzs(x/is + 1)1 - (s, )a(Tu, TR, ) ds)
0\a|+l/§100
t 2
([ X sz, e ds)
0 |4/+v<100
t
n / S 8700V (s, )Py, ds. (5.9)
0 |aj+v<101

Using the bound for the first term in (5.5), it is easy to see that the last term is O(¢?). By
the support properties of  and (5.1), the preceding term satisfies the same bound. The
desired bound for the second term in the right of (5.9) follows from (5.8) and (5.2) as
above.

It remains only to show that the last term in the left of (5.5) is O(¢). Here, it suf-
fices to show that

t
> /0 [(x) 128127V (8, 22 (1x1<cas/2) 4S (5.10)

o +1p1<98

is O(c?(log(2 + t))?) as the estimate follows trivially from the bound for the second term
in (5.5) when |x| > c;5/2.
For this, we note that by (4.8)

(Neat—m)t2 > |Postzov(t,x) S Y (1s'2ov/ (8, )]z

||+ <98 ||+ <100
+ Y A+ olIs'zoLv(t, 2+ (1 +1) D ISVt ) lzeo(xi<z).  (5.11)
| +p<99 1<98

The first and last terms in the right are O(¢) by the bounds for the preceding terms in
(5.5). The second term in the right is

S D LH0lszeB( - 1/ + 1) =)t )V, Vi),

ol +p<99

+ Y (A +0lszeL,mult, ).

| +p<99

Each of these terms are O(¢) using (5.2) and (5.1), respectively.
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Using the O(¢) bound for the right side of (5.11), it follows that (5.10) is

t
1 _
2 [ 100 2 ez ds < < log(2 +1))°

which completes the proof. |
The estimate (5.5) allows us in most instances to restrict our attention to w — v
which solves

Liw —v) = (1= 8)(£5) (1 =) (EX)Q(VY, V2u),  (£,x) € Ry x RAK,

t+1
(W —v)lax =0, (5.12)

This equation meets the requirements of our estimates in the previous sections. In
particular, it has vanishing Cauchy data and a forcing term which is supported in x| <
20c; t. Depending on the estimates being utilized, we shall use certain L? and L*>° bounds
for u while at other times we shall use them for w — v or w. Since u = (w —v) + v+ up and
since ug and v satisfy (5.1) and (5.5), respectively, it will always be the case that a bound
for w — v, w, or u will imply the same bound for the others.

We now set up a continuity argument. From this point forward, the argument
resembles that of [13] quite closely. Fore > 0 as above, we assume that we have a solution
to (1.5) on 0 < t < T satisfying

> olIsrzew'(t, )2 < Ace, (5.13)
||+ <52
v<1
(I+t+7r) > 120w (t,x) < Ase, (5.14)
|| <40
(T+t4r) > 182%w—v)(t,x)| < Bie®(1+1)"/%log(2 + 1), (5.15)
||+ <55
v<2
o 07w, ) lo < Bas(1+ 1), (5.16)
|a|<100
> olIszoul(t, )2 < Bae(1+ 1)1/, (5.17)
|| +v<72
v<3
> x2S 20U s, < Bag(1 + 1)/ (log(2 + 1)) /2. (5.18)
||+ <70

v<3
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We may take Ag = A; = 4C; in the first two estimates, where C, is as in (5.5). For
sufficiently small ¢, all of the above estimates hold for, say, T = 2 by the local existence
theory. Thus, for ¢ sufficiently small, we prove
(i) (5.13)is valid with Aq replaced by 4¢/2,
(ii) Assuming (i), (5.14) is valid with A, replaced by 4,/2,
(iii) (5.15)—(5.18) follow from (5.13) and (5.14) for fixed constants B;.

For such an ¢, this then proves that a solution exists for all ¢ > 0.

5.1 Preliminary results

We begin with the following preliminary results assuming (5.13)—(5.18):

r(c.t — r)|P.OVS Zu(t, x)| < e(1 4+ t)%*°log(2 + t) (5.19)

(r)(cct — )P, 0S" Zu(t, x)| < e(1 +t)** log(2 + 1), (5.20)
and

(1+t)||S*Z°Lu(t, - )||l2 < e(1 +t)* % log(2 + t) (5.21)

fork=1,2,v<1land|o|+v < 63.
Using (4.5) and (4.8), the first two estimates above follow from (5.21) via (5.1),
(5.5), (5.15), and (5.17). To show the latter estimate, we expand the left side to see that it

is

cavg| X szwe o Y sz
lal+p<32 || +p<64 2
pn<l p<l

By (5.15) and (5.17), as well as (5.1) and (5.5), the preceding equation is clearly bounded
by the right side of (5.21). Notice that the same proof shows that (5.19) and (5.20) hold

with u replaced by w — v.

5.2 Proof of (i.)

As the better estimate (5.5) holds for v, it suffices to show that

Yo lsrzrw—v)'(e, )5 S < (5.22)

|| 4+1v<52
v<1
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Using (2.12) with v”v* = 0 and with e, [u] replaced by e,,[S"Z%(w — V)], we see that
the left side of (5.22) is

< // (yS"Z%(w —v),LS"Z%(w —v))|dy ds
la|+0<52 Re\%K
v<1
+ / HSYZY (W — v)0,S"Z4(w — v)n, do ds|. (5.23)
o <52 X
v<1

Recalling that X C {|x| < 1}, and thus that the coefficients of Z are O(1) on 90X, it follows
that the last term is bounded by

/ / IS*0%(w — v)'(s, y)* dy ds.
lal+v<53 {lxl<1}
v<1
This boundary term is seen to be O(s*) using (5.15).
By (1.7), (5.12), and the fact that the vector fields preserve the null structure??
we may apply (4.10), and thus it suffices to dominate

/ / v z0ul > 1svzeVul Y 1S¥Z%0i(w —v)| dy ds
RAX ‘Y|I \+u<53 || +v<53 || +v<52
rv<1 USI_ z/Sl_
/ / > IPkdsvzi(w—v)l Y IPVS“Zu|
RE\K 1<1J1<<2 lal+v<52 lal+v<52
IJ)# v<1 v<1
x > |PVS“Z°ul dy ds. (5.24)
|| +v<53
v<1

For the first term in (5.24), we apply (5.1), (5.5), and (5.15) to see that it is

“log(2 +5s)
< —1/2 vz / . )
Se / T X szl

|| +1<53
v<l1
x Y iy Az (w—v) (s, )|l ds.
||+ <52
v<1

By the Schwarz inequality, (5.1), (5.5), and (5.18), this term’s contribution is O(&?).

223ee [21], Proposition 3.1
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To be concrete, we will focus on the case that I # K, I = J for the second term in

(5.24). A symmetric argument will then complete the proof. For § < (¢; — ¢2)/2,

{y e RAXK : lyl € [(1-8)czs, (1+0)crs]}n{y € R3\XK : |y| € [(1-8)cks, (14+6)cks]}=0.

Thus, it suffices to show the estimate over the complements of each of these sets
separately.

By (5.20), it follows that over {ly| ¢ [(1 — d)cks, (1 + d)cks]} the second term in
(5.24) is dominated by

“log(2 +) / 1
. [ log(2+5s) = 08+ Zul? dy ds.
/0 (145)7/2° Jpigia-s)ocs 1+8)esly (V) 2

|a]+p<53
<2

The required O(¢®) bound follows from (5.18). A symmetric argument then completes the
proof of (i.).
5.3 Proof of (ii.)

The estimate follows trivially from (4.1) and (5.22) when |x] > c,t/10. By (5.5), it again
suffices to show (5.14) when w is replaced by w — v. With this substitution, it follows
from (3.18) that the left side of (5.14) is dominated by

dyd
// ' zeQ(Vu, viu) &L
ol o<as 0 JRIAK lyl
v<1
+ sup (1 +s) Z 10°Q(Vu, VZu)(s, - )| (5.25)
0<s<t

|| <42

For |y| > c3s/2, the first term is trivially O(¢?) by (5.13). Thus, it remains to

control
¢ dy ds
L > I8zt a(vu, Viu) =
ot JHlyl<eas/2} |4 <ap I
l/<f
S > / / r{Cxys = T)V/2P, VS 27U
sy 1,2 0t J{lyI<cas/2} ‘Ig\+ﬂ<46
X Z ‘ <C >P stuzau‘yids
oS = TP IHCRE
|| +r<46
v<1

which is O(¢?) by (5.19) and (5.20).
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Since the second term in (5.25) is easily seen to be O(¢?) using (5.13) and (5.14),

as well as (5.1), the proof of (ii.) is complete.

5.4 Proof of (iii.)

The remainder of the proof of Theorem 1.1 follows from the proof given in [15], which we

sketch for completeness. In this section, we will apply the results of Section 2.2 with

2Bl O
The necessary hypotheses (2.8) and (2.9) follow from (1.3) and (5.14), respectively. The
additional hypothesis (2.16) also follows from (5.14).

We begin by proving (5.16). We first examine the case 9*u’ = Gt‘“‘ u’. In the sequel,
we shall use elliptic regularity to prove the general result.

For M < 100, we apply (2.13) and (5.14) to see that

+tE}V,/z(u)u). (5.26)

M
Oy (w)() < |IL, 0
Jj=0

For fixed M < 100, we have

DA S A T S T R S T T S T

j=M |a[<40 J=M—1 || <M—41 40<|a|<M/2

Sy 2 ddtule Y e Y o,

j<M—1 || <M—41 lal<M /2

where, in the last line, we have applied (5.1) and (5.14). By (2.3) and a similar argument,

we have

Y loitu(t, )l Y lo'(e, ||2+7 > ldlo*ut, )z

J<M—-1 j<M ]<M 1
+ Y o, )0 U (g, ) e
|a|<M—41
1BI<M /2

For ¢ sufficiently small, the second term can be bootstrapped. Thus, by combining the

previous two estimates with (5.26) and using that 3 ;_,, ||8{u’(t, N2 =~ Ej/z(u)(t) for e
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small, we have

OB (W)(1) S B W@+ Y 0w (e, )07 () (5.27)
|a|<M—41
|BI<M/2

For M < 40, the last term drops out. Thus, by (1.6) and Gronwall’s inequality, we

have

S o (t, )2 S e(1+ )%,

Jj<40

which provides the same bound for

> lou' (e )z

|a|<40

by elliptic regularity and (5.14).

In order to study the case M > 40, we shall use the following lemma.

Lemma 5.1. Suppose that (5.1), (5.5), (5.13), and (5.14) hold. Moreover, for p < 3 fixed,
assume that

> IS*0%u' (2, )2 + > 1) /287 0w |l zrgs,
||+ <100—8(p—1) lo| +v<97—8(pu—1)
v<p—1 v<p—1
+ > IS*2%u'(¢, -)ll2 + > 1) /287 20U | zrzs,
la|+v<96—8(u—1) la|+v<94—8(u—1)
v<p—I1 v<pu—1
Se(l+0)%te (5.28)

and, for M < 100 — 8,

>, st et 3o 107 ES" 0 W g,

lal+v<M |al+v<M—3
vsp VS
+ YISzt )+ Y )T 2 sy Se(1+ 6 (5.29)
ol +v<M—4 || +v<M—6

vSp V<[
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for C,0 > 0. Then there is a constant C’ > 0 so that

Yo @ 0w sy + Y IS 20U, )2

|| +v<M—2 || +v<M—3
vSp v<p
+> ) Sz |ppgsy S e(1 4+ 1)CFTC7. (5.30)
|| +v<M—5 O
v<p

Proof of Lemma 5.1. We begin by bounding the first term in the left of (5.30). By (5.1) and
(5.5), it suffices to bound this term when u is replaced by w — v. By (2.23), we thus need
to establish control of

t
3 / IS"0°Lu(s, b ds+ S 1540 Lul s,

|| +v<M—2 la]+v<M-3
v<p v<p

We will show the bound for the first term. The estimate for the second term follows from
straightforward modifications of the argument.

For ;. = 0, we have, as above, that

D 2aw 271 S N oA T B N o T S NN A VA B N e A

|| <M—2 || <40 || <M—1 || <M—41 |la|l<M /2

When M < 41, the last term vanishes and, in this case, we have that

t t
(0% 6 (0%
3 /Ona LU(S»')szSS/ Y 0tuls, )l ds.

lal<M—2 0 lal<M—1

The desired bound then follows from (5.29). When M > 41, we apply (4.1) to see that

t t
(03 6 (63
> /0||a Lu(s,~)||2ds§/0 s S Jocul(s, )l ds

|| <M —2 la|<M—1

+ Z ||<X>71/zzau,||LfL§(St)»
|or|<max(M—38,M/2)

and (5.30) again follows from (5.29).
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For p > 0, we have the similar bound

dSoooIsrottul < Y ) D> Isvoru|

|| +v<M—2 |a|<40 la|+v<M—1
v<p vsp
+ E IS¥0%u/| E 0%u'| + E ISYO%u/| E IS*0“u']. (5.31)
la]+r<M—41 || <M—1 la|+v<M/2 |a|+v<M—1
v<p v<p—1 v<p—1

We may apply (5.14) and (4.1) to see that

t t
9
vV Qo . < vV Q& / .
> [Isrtu kdss [ £ X 1800wt )lads

|| +r<M—2 || +v<M—1

v<p vp

+ Y sz sy Y 1) 200U s,y

la|+v<M—39 | <M—1

v<p
—-1/2 112
+ Z ||<X> S'Z%u ”L?Lg(st)»
|a|+v<max(M—1,M/2+2)
v<p—1

and the desired bounds follow from (5.28) and (5.29).

Once the estimate (5.30) is established for the second term in the left, the bound
for the third term in the left follows from the arguments above using (2.24).

It remains to bound the second term in the left of (5.30). To this end, we shall

apply (2.21). We first examine the ¢ = 0 case. Notice that

SoLzoult, ) S D 120U e Y 127U )]z

lal<M—3 |a|<40 la|<M—3

+ > |1zow'(t, ) Z7u' (2, )|z

|a|<M—43,|3|<M /2

€ 1/2 _
< T Yae(d) + > )12z u' (¢, )3,
|a|<max(M—41,M/2+2)

and moreover notice that the last term is unnecessary when M < 43. By (5.14), when

M < 43, it follows from (2.21) and Gronwall’s inequality that

S olzw e S A+ 0% (2 Y 10U ooy )

lal<M—3 la|<M—2
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The desired bound then follows from that for the first term in the left of (5.30). When
M > 43, we similarly apply (2.21), (5.14), and Gronwall’s inequality to see that

> llzeu'e, )l
lal<M—3
- 1/2
S +t)Cs(52+ Z 1) 1/zZau,”i%L§(St> sup szﬂs,o(s)
|a|<max(M—41,M/2+2) 0<s<t

+ Z ||8au/||§fL§([O,t]><{\X|<1})>'

la|<M—2

Thus, by additionally applying (5.29) and bootstrapping the Y]},I/_zw term, the estimate
follows.

For ;i > 0, we argue in a fashion similar to (5.31). Indeed, we have

” € 1/2
Do LSzt )l S T Ve s ()

|| +r<M—3
v<p
D DR 67 e 1 AT (PR S e e AT (A
la|+v<M—41 || <M—3
v<p
+ > 1)~ 28vZu' (¢, - )13
la|+v<max(M—3,M/2+1)
v<p—1

Thus, by (1.6), (2.21), (5.14), and Gronwall's inequality, it follows that

Y lIstzeu'(t, I3

|| +r<M—3

v<p

1/2 a
< (141)C [52 + sup YMQH,H(S)( 3 1) /28" 20U 2o,
O<s<t la|+v<max(M—3,M/2+1)
v<p—1

+ Z ||<X>71/ZSVZau/HL§L§(St) Z ||<X>71/zzaul||L§L§(St))

la]+v<M—41 o] <M—3

v<p

+ ) ||S”aau,||12,fL,2(([0,t]><{\X\<1}):|'

|| +v<M—2
v<p

Applying (5.28) and (5.29) completes the proof. [ |
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Reverting back to (5.27) and applying (4.1) and Gronwall's inequality, it follows
that

1/2 £ - (6%
BSOSO+ (e+ 3 1072200 )
|a|<max(M—39,M/2)

for 40 < M < 100. Using this in an induction argument based on the previous lemma

gives

Do IOkt )l S e(1+ )%,

j<100

and coupled with elliptic regularity, this yields (5.16). Additionally, from Lemma 5.1, we

obtain

Z ||<X>71/28au/”L§L§(St)+ Z [Zou'(t, - )2

|| <98 || <97

+ 1)V 20U s,y S e(1+6)°°7C7, (5.32)
|x|<95

which gives the v = 0 versions of (5.17) and (5.18) and will provide the hypothesis (5.28)
for further applications of the lemma corresponding to a single occurrence of S.

We now approach the proofs of the estimates involving the scaling vector field S
following a similar strategy. For a fixed u = 1,2, 3, we shall assume (5.28), and the main

step is to show that

ST 87Ut )2 S (1 + )0 (5.33)

|a]+1v<100—8u
v<p

for some C > 0.
We need first to establish (2.17). Noticing that, for M < 100 — 8,

vyl Svaf K
t )
> (lS O Lyul +1[S"04, aka,]u\)

Jjtrv<M
v<p

< ST erw > 3Hdotul+ > Istetu|l Y Isvoru],

|| <40 jHv<M-—1 || +v<M—40 la]+v<M
vsp V<[ v<p—1
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it follows from elliptic regularity, (4.1), and (5.14) that

S (I OLyute, e + 1B0L odnute, ) < 1) S 1870w (e, )l

jrv<m JHv<M
v<p vsp
+ > sz )5+ D xS e (s, )5
|| +v<M—38 || +v<M
v<p vsp—1

Setting the sum of the last two terms above to be H, y—,(t), it follows from (2.18), (5.14),
and (5.28) that

3 Istotw(t, )2 S (14 )4 )e

la|+v<M
v<p
D S R T
|| +v<M—38
v<p
t
Y /||S”8“u'(s,-)HLz({‘X‘Q})ds. (5.34)
lal+v<m 0
v<p—1

To control the last term in (5.34), we apply (5.1), (5.5), and (3.22) to see that it is

Ae Ae ¢ vV dy dS
<elog(2+t)(1+ )% + (1 +1) > 1S¥ZLu(s, y)| o
la|+v<M+3 0 Y
v<pu—1

where we have also applied Sobolev’s lemma to bound the second term in the right of

(3.22) by the preceding one. Since the second term above is

< Z ”<X>71/25yzau/“§§L§(st)»
lal+v<M+4
v<pu—I1

it follows from (5.28) that

ST srorul(t, lls S (1+ A

|| +v<M

v<p

SR D DN [ i S

|| +v<M—38
v<p
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For M < 40, this yields (5.33). For M > 40, we again argue inductively using Lemma 5.1.

Arguing as such proves

Yoo lseru Dl Y 0 A 0w s,

|a]+1v<100—8u la|+v<97—8u
v<pu v<p
+ Y stz e+ Y )Tz s,y
|| +1v<96—8u la]+v<94—8pu
v<p v<p

Se(l+6)%%7, 1=0,1,2,3,

which implies (5.17) and (5.18).

It remains only to prove (5.15). Using (3.12), it is easy to see that the left side of

(5.15) is dominated by the square of the left side of (5.18), from which (5.15) follows.
This completes the proof of Theorem 1.1. |
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