
Volume61A, number5 PHYSICSLETTERS 30 May 1977

CONNECTION BETWEEN THE KdV EQUATION
AND THE TWO-DIMENSIONAL ISING MODEL *

Barry M. McCOY, Craig A. TRACY
Institutefor TheoreticalPhysics,State Universityof New Yorkat StonyBrook,

StonyBrook, L.I.,NewYork11794,USA

and

Tai TsunWU
GordanMcKayLaboratory,Harvard University,Cambridge,Massachusetts02138, USA

Received24 March 1977

Weconstructthe one-parameterfamily of solutionsto d
2w/dz2= zw + 2w3 that tendto zerofor z —~+00 by

specializinganequationpreviouslysolvedin connectionwith the two-dimensionalIsingmodel.Thesesolutionsare
intimately relatedto the KdV equation.

Amongthe variousprofoundbutsolvablemodels tion [41
of physics,two of the moststudiedare the Korteweg— d2v 1 dv 2 1 dv 1
de Vries(KdV) equationfor nonlinearwave phenom- —i +—(av~+ i3) + ‘yu3 +-~- (2)
enon[1] andthe two-dimensionalIsing model [2] for
statisticalmechanics.It hasbeenknown [3] for sever- whereyis the independentvariableanda,j3, y, and6
al yearsthat a Painlevétranscendent[4] of the third areconstants.In fact, if onesets
kind plays an importantrole in thetwo-dimensional
Ising model.RecentlyAblowitz andSegur [5] have a= ~

3_i~~~
shownthereexistsan importantrelationbetweenthe 2e6 266 �~ ‘ ~ 4~6‘ ~ = — 4~6

(3)
longtimeasymptoticsolution of themodified KdV y = I +e

2z, andv= 1 + 2ew
equation(andhenceindirectly theKdV equation)and
a certainPainlevétranscendentof thesecondkind. It in (2), then(1) is obtainedin the limit � —~0.
is the purposeto showhere that this transcendentof The thirdPainlevéequationwasfirst introduced
thesecondkind may be derivedfrom thepreviously into thephysicsliteratureby Myers [6], wherea par.
studiedtranscendentof thethird kind. Thus thereis ticular caseof (2) arosein the investigationof scatter-
an unexpectedconnectionbetweenthesetwo models. ing from a finite strip. Recentlythepresentauthors

The mostgeneralPainlevéequationof thesecond [7] explicitly constructedandanalyzedthe one-param-
kind is [4] eterfamily of Painlevétranscendentsof the third kind

d2w/dz2= zw + 2w3 + a’ (1) that remainboundedasy -~ +oo when the constants
a,(3, ~, and6 in (2) satisfy therestriction

wherea’ is a constant(in ref. [5] a’ = 0 is the relevant a~/~+
13n~j~T~0. (4)

case).As wasshownby Painlevéandis discussedin
the bookby Ince,thesecondPainlevéequationcanbe This restrictionis satisfiedby the choiceof a,(3,-,’,

obtainedasa limiting caseof thethird Painlevéequa- and6 in (3) if we set a’ = 0, i.e. thea’ = 0 caseof(1).
Henceit follows that the one-parameterfamily of
Painlevétranscendentsof thesecondkind satisfying
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which we denoteby w(z;r), that is neededin the References
work of Ablowitz and Segur [5].
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tionsof ref. [7] is that w(z;r) is givenby Phys. Rev. Lett. 19 (1967)1095; Comm.PureAppl.
Math. 27 (1974) 97;
P.D. Lax, Comm.PureApp!. Math. 21(1968)467;

w(z;r) = ~ r2~’w
2~~1(z) (5) V.E. ZakharovandL.D. Faddeev,Funct.Anal. andIts

n=O Appl. 5 (1972) 280;
V.E.ZakharovandA.B. Shabat,Funct. Anal, andIts

where App!. 8 (1974) 226.

w1(z)=—~—- f d~1exp[~j — [2] L. Onsager,Phys.Rev.65 (1944) 117;
z~1]= Ai(z) (6a) C.N. Yang,Phys.Rev.85 (1952)808.
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andfor n > 1 (HarvardUniversityPress,Cambridge,Mass.,1973).
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£ Lett. 31(1973)1409;
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X ~ exp[~~— z~1i)~(~+ ~‘,+i)~ (6b) [4] P. Painlevé, Acta Math.25 (1902)1;

B. Gambier,Acta Math. 33(1910)1.

where£ is any contourin the right half-planethat be- A summaryof thiswork canbefoundin E.L. Ince,
Ordinarydifferentialequations(DoverPubI.,New York,

ginsat a pointat infinity in the sector— kjr < arg ~‘ N.Y., 1945)Chapt. 14.
— ~ir andendsat infinity in the conjugatesector. [5] M.J. Ablowitz andH. Segur,Stud.App. Math.,to appear,

From thework of Painlevé[4] we know w(z;r) is a 1977.

meromorphicfunction of z. [61J. Myers,Ph.D.Thesis(HarvardUniversity, 1962),un-

Ablowitz andSegur[8] by useof inversescattering published.
A summaryof this work canbefoundin AppendixB ofmethodshavealso constructedthe solutionwe denote
T.T. Wu, B.M. McCoy, C.A. Tracy andE. Barouch,Phys.

hereby w(z;r). However,our representationis simpler Rev.Bl3 (1976)316.

becauseit involvesintegralsoverelementaryfunctions [71B.M. McCoy, C.A. Tracy,T.T. Wu, J. Math. Phys.18
whereasthe representationof Ablowitz andSegurin- (1977) 1058.

volves integralsoverAiry functions. [8] M.J. Ablowitz and H. Segur,preprint.
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