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CROSSOVER SCALING FUNCTION FOR THE ONE-DIMENSIONAL XV MODEL

AT ZERO TEMPERATURE
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We computethe time-dependentspin—spincorrelationfunction (of(O) o~+i (r)) atzerotemperaturefor the one-
dimensionalXYmodel in thedoublescalinglimit R -~ ~ h —~1, ‘y —~O~,r -~ oo, such that the scalingvariables
(1 — h

2)“2R, R, and (1 — h2)r arefixed. Here-y is theanisotropyparameterin thespin hamiltonian andh is the
externalmagneticfield in thez-direction.

Of all the one-dimensionalspin systemsthathave RegionB: Forfixed h < 1 we let R —~00, y -~ 0~,
beenstudied[11,the simplestand bestunderstood T ~ suchthat rB = yR and tB =

quantummodelis the spin~ XYmodel [2]. This spin (1 — h2)1/2
7r are fixed and are of order

systemfor Nspinslocatedon a line is definedby the one.
hamiltonian . x

N In region A (B) (Sl(O)Sl+R(T)) is expressiblein termsI of a scaling function of thevariablesrA(rB) and
HN=—~.l~14,(1+7)SfS+i+(l—Y)SfS]’+i+hSj) tA(tB)[5]~.

(1) However,this is not.thecompletedescriptionof

whereS~= ~u?, a x,y, z, andu~are the usual the scalingbehaviorof(S~(0)S~+R(r)).In particular,
Pauli matrices,y is the anisotropyparameterwhich one cannotgo continuouslyfrom the scaling function
we taketo be 0 ~ y ~ 1, andh is the magneticfield of RegionA to thescalingfunctionof RegionB (or
in thez-direction.We considerthecaseof periodic vice versa).To be able to studythetransitionfrom
boundaryconditionsandthustakeS~~1S~.At one regionto the other,we mustanalyze(S~(O)S~+R(r)>

zero temperatureit is known [3] that thereexists in thedoublescalinglimit; that is
spontaneousmagnetizationin the x-direction:

RegionC: WeletR-+oo,h-*F,y_*O
4,T-÷oo

= [2(1 + y)]h12 71/4(1— h2)1/8 (2) suchthat r = (1 — h2)1/2R,g = y(l — h2)—1!2,

which clearlyvanishesfor eithery -~ 0~or h -÷ l~. andt = ~(1— h2)r are fixed and are of order
ThelargeR andlarger behaviorof (S~(0)S~÷R(r)) one.

wasstudiedin refs. [31and [4], and a descriptionof In RegionC the resulting scaling function,sometimes
the scalingbehaviornear thecritical points7 = 0 and referredto asa crossoverscalingfunction [6], will be
h = 1 wasgiven in ref. [5]. To be precise,the correla- a function of thethreevariablesr, g, and t. Note that
tion function (S~(0)Sf+R(r))was computed[5] in g is expressiblein termsof the interactionconstants
the two distinctscalinglimits: of thehamiltonian(1). RegionA will be recoveredin

the limit r -~ 00 g ~+ oo suchthat TA = ~r/g and tA = t
RegionA: For fixed 7>0 we let R -~ oo, h 1, are fixed; andRegionB will be recoveredin the limit

T~ 00 suchthat r~= (1 h)y 1R and r ~ 00 g ~ 0 t : oo suchthat rB = rg and tB = 2gt are
tA = (1 — h)T arefixed andare of order fixed’
one.

*1 As shownin ref. [5], thescalingvariablesr~and tA (TB
1 Permanentaddress:Departmentof Mathematics,Dartmouth andtB) of RegionA (B) occur only in thecombination

College,hanover,NH 03755,USA. (r~— t~)~2[(r~ — t~)i/2
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If we denoteby limC the scalinglimit in RegionC,
thenthe result*2 we find is 4.8

1im~c2Sf(o)S~÷~(r)>=P
2(r,g,t) 4.4

e(k,g)

= exp[—F2(r,g, t)] (3) 4.0

with 3.6

F2(r,g, t) = E h2~(r,g, t) (4)
n1 3.2

where
2.8

h2~(r,g,t)=(2n)
1(2~2~f dk~~fdk

2~
2.4

2
2n

~ ~ fexp(—i,*1 — ite~)(e~— e._______________ j+1 2.0 3
1=1 6i 1.6

andwe takek2n+l ~k1. Thequantity~ is givenby

e~=e(k1,g) [(~ +~
2)(k/+p_2)}1/2 (6)

0.8
where

(g+i~/ii~ for0<g~1 0.4

g + .~.Jg2— 1 forg> 1 -2.0 -1.6 -1.2 -0.8 -0.4 0.0 0.4 08 .2 .6 2.0

k
and (7)

= fg — i~’1— g2 for 0 <g~ 1 Fig. 1. e(k,g) asa functionofk for different valuesofg. (1)

forg>l. g=2.0;(2)g=1.0;(3)g=1/~J~(4)g~0.4;(5)g=0.2and
(6)g= 0.0.

Weconcludewith thefollowing remarks*2~

(1) Examinationof for all g, and forg < 1 this decreasingexponentialfac-tor is multiplied by a sumof oscillatorytermsof the
formexp(±i2mIm~.ir),m=0,1,2,...,n.Inbothf dre~rf dt ei~~)t[E

2(r,g, t) — 1] dt casestheseexponentialfactorsaremultiplied by
somepowerof r, dependinguponn, andtimessome

showsthat thequantitye(k,g),plottedin fig. i asa constantwhich dependsupon n andg.
function of k for variousvaluesof g, is thedispersion (3) From fig. 1 we seethat for g <2—1/2,themini-
curve for theelementaryexcitations(spin waves)~. mum excitationenergy,Emin 4g

2(1— g2), occursat
Furthermore,anyexcitationconsistsof an evennum- k = kmin = (1 — 2g2)112and for g>2~/2theonly
berof theseelementaryexcitations. minimum is at k = 0.

(2) Forfixed t aiid larger the behaviorof the func- Hence,in thecomplexw-planethe closestsingular-
tionsh

2~(r,g, t) dependsqualitativelyon the param- ity, correspondingto the2-spin wavestate,occursfor
eterg appearingin e(k,g). Forthe caseg< 1 thebe- a giveng at min(2, 2emin).
havioris oscillatory andforg> 1 the behaviorisnon- (4) Thelimit g —~0 for fixedr is of interest,since
oscillatory (forg = 1, F2(r, g, t) 0) ~. Specifically, in thislimit the quantity
h2~(r,g, t) is asymptoticallyequalto exp(—2nRe~ir) p(r, t) urn irg

1/2E
2(r,g, t) (8)

g-~0

~ Detailsto bepublishedelsewhere.
~ This wasfirst discussedin refs.[3] and [4). is thetime-dependent,one-particlereduceddensity

matrix for a systemof impenetrablebosonsin one
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