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Abstract. The short-distance assymptotics of the t-function associated to the
2-point function of the two-dimensional Ising model is computed as a function of
the integration constant defined from the long-distance behavior of the t-func-
tion. The result is expressible in terms of the Barnes double gamma function
(equivalently, the Barnes G-function).

1. Introduction and Summary of Results

If £=¢(T) is the correlation length, T is temperature, and {00,y y is the
spin—spin correlation function for the two-dimensional Ising model,! then in the
scaling limit, defined by

é-—POO, R=(M2+N2)1/2——>OO,
such that

t= 5 is fixed,
¢
it is known [3,6] (see also [4]) that

lim RV {aqoyn) = F 4 (1), (LY

where +(—) denotes the limit is taken above (below) the critical temperature T..
Furthermore, the scaling functions F . (¢) are given by [3,6]

1
F o (t)=2%8¢147, <t,A>, 1.2
T
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! For simplicity of presentation we assume that the horizontal and vertical interactions are equal



298 C. A. Tracy

_ sinh(Gy(t, A)) lm . 2 d_ 2) >
‘ci(t,i)—{Cosh(%w(t,l))}exp<4fs((smhlp(s,l)) (ds) ds), (1.3)

and Y(t, A) satisfies the differential equation

where

¥ tlady 1 .
— + — — =—sinh(2y), 1.4
dt* tdt 2 @) a4
subject to the boundary condition
Y(t,A)~2AKy(t) as t— + oo. (1.5)

Here K,(t) is the Bessel function and we assume 0 <nA<1. It is known [3] that
for 0<ni<1,

Y(t,A)= —clogt—logB+o(l1) as t—07" (1.6)

with 5
o = a(1) = — arcsin(nl), (1.7)

T

()

r < 1+ a)’
2
and I'(z) the gamma function.
Using the short distance behavior (1.6) of Y/(t, A) in (1.3), it is easy to show that
T4 (t, )~ 1ot 1792912 a5 107, (1.9)

where 7, is independent of ¢ but will depend upon the parameter A. However, the
“constant” 7, will not be determined by this elementary analysis. It is shown in
[3, 6] that (1.9) is also valid (with o=1) for 74 = 1. It is the purpose of this paper
to give 7, as a function of 4, or equivalently in view of (1.7), 7, as a function of o.

To state our result for 7, we first recall both the definition and some properties
of the Barnes double gamma function [1], I',(s):

1 ‘= Qm)2 e s2 = 2+ Ds? ﬁ <1 +S>ke—s+sz/2k,
Iy(s+1) k=1 k
where y is Euler’s constant and I,(s) satisfies [1]
Iy(s+ 1) =Ty (s)/T(s),
I(1)=1,
I3 =exp(—3(—1)+1logn—2Llog2), (1.10)
where {'(—1) is the derivative of the Riemann zeta function evaluated at minus

one.2 Another common notation is G(s) = 1/I",(s) which is called the Barnes
G-function. In this paper we prove

B=2"3% (1.8)

2 {'(—=1)=—0.16542 11437 00450 92925.... Some authors use the Glaisher, or Kinkelin—
Glaisher, constant A instead of {'(—1) - the two are related by log A=+ — {'(—1). Note the
1/12 is missing in (6.109) of [6] which came about from a sign error in (6.107) of [6]. Thus (6.110)
must be corrected but (6.104) of [6] is correct — which is the equation checked numerically in [6]
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Theorem 1. Let s =(1—0)/2, then
1o =¥ (V-G HUO02 (1 4 I, (1 —5).

The proof of Theorem 1 uses techniques very similar to the proof of the connection
formulae in [3].

We now apply Theorem 1 to the Ising model. If one first sets T = T,, then Wu
[5] has shown that

23 (= D+(1/12)log2 1
<O'OOO'NN>|T=T¢=‘—1V1/—4“(1+O<F>) as N - oo. (1.11)

Now part of the scaling hypothesis is that the constant calculated at T = T, in the
leading asymptotic behavior of the spin—spin correlation function, i.e. (1.11), should
equal F,(0)-in the language of asymptotic expansions, the two asymptotic
expansions should match. Setting s =0 (zA=1) in Theorem 1 and using (1.9) for
nAd=1 in (1.2) we see that the two constants are indeed equal (note R =ﬁN).
This closes a gap in the proof of the scaling hypothesis of the spin—spin correlation
function in the analysis given in [3,4,6].

2. Reduction to Integral Equations

In their generalization of the Ising field theory to holonomic quantum fields,
Sato, Miwa, and Jimbo [4] also discussed a neutral bosonic theory (the Ising
model, of course, is a fermionic theory) and associated to this bosonic theory a
t-function which in the case of the 2-point function and in the notation of Sect. 1
is given by (we set their parameter [=1;, — [, =0)

T5(t, A) = exp( ——% ? s((sinh Y(s, A))? — (%>2>ds>. 2.1

Just as in the Ising case (see (1.14b) in [3]), 15 has a representation as an infinite
series of integrals (see SMJ (4.5.31)):

0 Azk
t5(t, 4) = exp(E(L, /1))=exp< Y -k—ezk(t)>, 2.2)
k=1
where
© © k _1 . .—1
ek(t)= j. Xm'” j. dxk 1——[ exp( Zt(xj+xj )), (23)
0 0 j=1 X;+ X4

with x, ., = x, in the above integral. As in the Ising case, the integrals are of the
form of an iterated integral operator; and hence, both 7, and 7 can be expressed
as infinite product formulae in terms of the unknown eigenvalues of the cor-
responding integral operator. In the Appendix we show that the series (2.2)
converges for all 0 £ i< 1 and for all t>0.

We will show that

ek(t)=aklog(%>+ﬂk+o(l) as t—0%, 24)

E(t, ) = () log<%> +B(A)+o(l) as t—0%, 2.9
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where
© ,12k @ /12k
0‘(/1)=kz *k*“zm B(2) = Z — P (2.6)

=1 k=1 k
To begin, we take the Mellin transform of e,(t):

é(2)= ‘]3 t* e (t)dt, R(z)>1,
0

© © k -
_ . 1 1 |°¢
=2""1T(z) [ dxy - [ dx T (4 %5417 1I:xl—f—.-~+x,,+~+-~-+-j|
0 o

j=1 X1 Xk
1 1-61 1=8y~=6.-2 k
:22—1F(Z)Id51 _‘- do,--- 5 doy -y l—[ (5j+61'+1)—1
0 0 0 ji=1
[ dpp ™ [p? + A4,0)]17, @7)
0
where
1 1
A=+ +
8, O

and we made the change of variables
p=x1+ ...+xk’
x;= pd;, (2.8)

with 6, =1—6, — --- — §, _,, in going from the first multiple integral to the second
(note the Jacobian is p*~1). Using the integral

PO
o (A+Bp’y " 2 r@’
é,(z) becomes
1-6y 1-01——0dk-2

1 k
ék(2)=2"1F2(2/2)£d51 i doy:- ) d_y [T (0;+ 9,4 1)~ (A(9) ™
0 j=1

=221 12(2/2)4,(2), (2.9)

where ,(z) is defined by the last equation. This last expression for é,(z) provides
an analytic continuation to R(z)>0 and gives the boundary values on the
imaginary axis except at z =0 where we see that é,(z) has a pole of order 2. This
expression might give the analytic continuation for R(z) > — 2, but we have not
proved this. For k =2 (2.9) can be evaluated to give

6,(2)=2""1T*(z/2)T"*(z/2+ 1)/T (z +2).
We now proceed to calculate the principal part of é,(z) at z=0.
Proposition 2.1. For k=1,2,... we have

2 [tk k
f 0 =——-——B — = | == ,
KO =" <2 2) 4%






