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Abstract: We prove that the solution to a pair of nonlinear integral equations arising
in the thermodynamic Bethe Ansatz can be expressed in terms of the resolvent kernel
of the linear integral operator with kernel
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I. Introduction

Thermodynamic Bethe Ansatz techniques were introduced in the pioneering analysis
of Yang and Yang [11] of the thermodyamics of a nonrelativistic, one-dimensional
Bose gas with delta function interaction. Later this method was extended to a rela-
tivistic system with a factorizable S-matrix to give an exact expression for the ground
state energy of this system on a cylindrical space of circumference R [5, 12]. This
was done by relating the ground state energy to the free energy of the same system
on an infinite line at temperature T = 1/R. In all cases one expresses the various
quantities of interest in terms of “excitation energies” &,(6) which are solutions of
nonlinear integral equations of the form
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where ¢.5(0) are expressible in terms of the 2-body S-matrix, z, are activities,
and for relativistic systems u,(0) = m,R cosh 0. These nonlinear integral equations
are the so-called thermodynamic Bethe Ansatz (TBA) equations. Solving the TBA
equations is another matter. The methods used are either numerical or perturbative
and there are, as far as the authors are aware, no known explicit solutions to the
TBA equations.

It thus came as a surprise when Cecotti et al. [2] (see also [3]), in their analysis
of certain N = 2 supersymmetric theories [1], discovered that a certain quantity
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(the “supersymmetric index”), expressible in terms of the solution of the pair of
“TBA-like” integral equations
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is also expressible in terms of a Painlevé III function with independent variable .
(These TBA-like equations are a “small mass” perturbation of a system of TBA
equations; see (5.7)—(6.8) in [2].) Using results of McCoy et al. [6] on Painlevé
1L, they expressed this supersymmetric index as an infinite series related to the
resolvent of the integral operator with kernel
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Zamolodchikov [13] then conjectured that the system of nonlinear equations could
actually be solved in terms of this resolvent kernel. More precisely, if we denote
the operator by K, the kernel of the operator K(I — A2K?)~! by R,(0,6’), and set
R, (0) := R, (6,0) then the system should be satisfied if

e =R, (0)

and # is defined by the second equation. In fact he conjectured that this should hold
for operators with kernels of the more general form
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In addition he conjectured that, with the same function #,
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R(0)= ~R.(0)

where R_(0,0') is the kemel of K?(I — A2K?)~! and R_(0) := R_(6,0). (We state
everything in terms of kernels here; in the cited work the functions R were given
by infinite series. That they are the same follows from the Neumann series repre-
sentation for the kernel of (I — A2K?)~!.)

We prove these conjectures here. One of the main ingredients is the fact that
the equations are in a sense equivalent to relations among the analytic continuations
of the functions R1(6) into a strip. (See formula (6.8) of [13].) Another is a par-
ticularly convenient representation for these functions in terms of other functions,
which we call Q(0) and P(6). (That these latter functions are fundamental is known
from earlier work [4,8-10].) These representations are stated in Lemma 1, and in
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Lemmas 2 and 3 we state precise versions of the equivalence alluded to before.
In Lemmas 4 and 5 we derive general properties of functions in the range of the
operator K in order to derive, as Lemma 6, some basic properties of the functions
Q(0) and P(0).

If we try to prove the desired relation among the analytic continuations of Ry (0)
we find that we have to prove a certain crucial identity involving Q(6) and P(0)
which is by no means obvious. But once conjectured it is not hard to prove, given
the previous preparatory work, and that is stated as the proposition which follows
the lemmas. We show that a certain combination of these functions, which is clearly
analytic in the strip, extends by periodicity to an entire function. Combining this
fact with the use of Liouville’s theorem, we deduce the identity.

It should be mentioned that the main part of the argument may only be used if u
belongs to a restricted class, but the result for general u follows by an approximation
argument. This will be presented in the Appendix, as will proofs of some of the
lemmas and some facts about Fourier transforms we shall use.

I1. Preliminaries

We shall assume throughout that u is continuous and bounded from below and that
0<i<etminug, (2.1)

This assures that the series defining R (6) converge uniformly and that the operator
AK, acting on any of the usual function spaces, has norm less than 1, so that
I — 2?K? is invertible. (This follows from (4.5) below.) Since the parameter A may
be incorporated into ¥ we may assume that in fact 1 = 1. If we set

E(0):=V2e @ 2 (2.2)
then the kernel of K is given by
E(O)E0)
el + e (2:3)

Our functions Q and P are defined by
Q:=(I-K»'E, P=(I-K>)'KE.
Lemma 1. We have the representations

0(0)* — P(0)*
2ef
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Proof. We use the notations [4,B] := AB — B4, {4,B} := AB+ B4 and write X ® Y
for the operator with kernel X(0)Y(0') and M for multiplication by . Then we

have immediately
{M,K} =EQE,

from which it follows also that

[MK*)=E®KE —KEQE,






